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§ 1. Introduction

Let (M, g) be a Riemmanian symmetric space of noncompact type. Then
M is isometric to a coset space G/K where G is a non-compact semisimple Lie
group with finite center and K is a maximal compact subgroup of G. Put o =
{K}eM. Normalize g in such a way that it is induced by the Killing form of

the Lie algebra of G. Let Γ be a discrete subgroup of G acting fixed point freely
on M whose quotient manifold MΓ — Γ\M is compact. Let ΔΓ be the Laplacian
(cf. [1]) acting on C°° functions on MΓ for the Riemannian metric induced by g.
The compactness of MΓ implies that the spectrum of ΔΓ forms a discrete subset
of the set of non-negative real numbers. Let λ^Γ) denote the the first positive

eigenvalue of ΔΓ. Consider all such cocompact discrete subgroups Γ of G.
Then we know the following inequality for several (M, #)'s,

limsup Ai(Γ)< |p|2,
vol(Mr)-*00

where the positive constant |p|2 depends only on M (cf. §2). When (M, g) is
the unit disc with the Poincare metric, H. Huber showed this inequality in [6].
H. Urakawa in [7] generalized it to the case when (M, g) is a Riemannian sym-
metric space of noncompact type of rank one.

The purpose of the present article is to show this inequality when (M, g)

is the Riemannian symmetric space of noncompact type such that G is complex.
I would like to express my gratitude to Professor K. Okamoto for his

criticism and encouragement.

§ 2. Preliminaries

Let M = G/K be a Riemannian symmetric space of noncompact type where G
is a semisimple Lie group with finite center and K is a maximal compact subgroup
of G. Let g and f denote the Lie algebras of G and K respectively. Let B denote
the Killing form of g and let p denote the orthogonal complement of f in g with
respect to B. Then g = ! + p is the Cartan decomposition and p is identified with

the tangent space T0M. We assume that the Riemannian metric g on M is
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induced by the Killing form B restricted to p. Let A be the corresponding
Laplacian on M. Fix a maximal abelian subspace α c= p. If α is a linear form on α

and α^O, let gα = {Xeg | [#, X] = a(H)X for all He a}, α is called a restricted
root if ga^0. Let Σ denote the set of all restricted roots of (g, α). Let α' denote
the open set of α on which all roots in Σ are ^0. Fix a Weyl chamber α+ in α,
i.e., a connected component of α'. αeΓ is called positive (denoted α>0) if its
values on α+ are positive. Let Σ+ denote the set of positive elements of Σ. For
α e Σ+, put mΛ = dim gα, which is called the multiplicity of α. We know that mα = 2

for all α if G is complex. Let the linear form p on α be defined by 2p= Σα>o mαα

Put n=Σ α >o9α anc* let TV be the corresponding analytic subgroup of G. The
Iwasawa decomposition says that each g e G can be uniquely written as g =

κ(g)exp H(g)n(g) where κ(g)eK9 H(g)ea, n(g)eN. For any complex linear
form A on α, the zonal spherical function corresponding to λ is a function on G

defined by

φλ(x)= f
J x

where d/c is the normalized Haar measure on K. φλ satisfies (1) φλ(e)=l9

(2) φλ(kxk') — φλ(x), /v, k' e K, xeG, and hence it is regarded as a function on
M = G/K, (3) φλ is a joint eigen-function of every operators DeD(G/K) where
D(G/K) denotes the algebra of G-invariant differential operators on M = G/K.

In particular we have Aφλ = (\λ\2 + \p\2)φλ. Because of the Cartan decomposition
G = KC\(A+)K where Cl denotes the closure, φλ is completely determined by its
values on A + o. If DeD(G/K) and if /eC°°(G/K) is left invariant under X,

then the map /->(/>/)" (bar denoting restriction to A + o) can be realized by the
differential operator δ(D) on A+o which is called the radial part of D, i.e., (D/)~ =
δ(D)f. The radial part of the Laplacian is computed as

δ(Δ) = AA- Σα>o ma(coth α)//α .

Here Jx is the Laplacian on A, i.e., AA— — Σ/#? where (//,-){=! is an orthonomal
basis of α and vectors Hα, Hi are viewed as first order differential operators on A + o
(cf. [5] Ch II. Proposition 3.9). We normalize the Haar measure dg on G and dk

on K by Γ dk = l, Γ /(0)</0= f f f(gk)dkdg for /eCc(G/K), where ̂
J A^ J G J G/K J K

is the induced measure on G/K. Then we have for a suitable positive constant c,

Γ /(0o)dtf = c Γ Γ f(knpHo)dkD(H)dH9 /eCc(G/K),
J G/K J a J K

where dH is the Euclidean measure on α induced by the Killing form and D(H) =

From now on the assumption that G is complex is imposed. In this case the
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zonal spherical functions have a simpler expression :

φλ(a) = c(λ)&-9 aeA,

where c(λ) = π(p)/π(ίλ), π(λ) = ΓL>o<oU> and Alλ(a)=Σ, (det s)^<"> for fl =
exp H (H e α) the summation extending over the Weyl group W of (g, α). We

know that p = Σ«>oα and ^(«) = Πα>o(^(H)-^"α(//)) = Πα>o 2 sh α(//). Put
λ = tρ (f>0, a real number) in the above. Then we get that φtp(a) = TIΛ>o (s*n

ία(//))/(ί sh α(//». Put αf = {H e α | |ία(//)| <π for all α e £+}, X f = exp α, and M, =
Xy4,0. Then >4f (resp. M,) is a nodal set of φtp, i.e., a connected component of
the set {xεAo (resp. M)| φίp(x)>0} containing o. Notice that αf is a relatively
compact, convex, open set in α. We consider the functions φttε (0<ε<l) on M

defined by

<ptp(xγ+* if xεMt.

0 if jcί Af f

The continuous function \j/ttt on M has the following properties.

LEMMA 1. (1) ψttε is a K-inυariant function belonging to Cl(M)9 supp ψttε

cCl(Mt) and ψttε is C°° on M^dMt (d denoting the boundary). (2) Aψttε

is defined on M^dMt and belongs to L\M). (3) J^M<(l+ε)(l -t-ί2)|p|2<Af,ε

on M\δMf.

PROOF. (1) is clear. For (2) the assertion A\l/tεeL1(M) will be proved in

the proof of the next Lemma. As for (3), first we see that Aψttε = \l/ttε = Q on
M \C1 (Mf). We calculate AφttB on A + o by its X-invariance. On (At n X+)o,

since <5(J)φ/p = (l +ί2)|p|2φfp and φ fp>0 on ^lf.

According to Lemma 1, we can construct an approximate sequence {φ\^}m=\
of ψttε having the following properties.

LEMMA 2. There exists a sequence {φ(

t^}m=\ °f C™ -functions on M such
that (4) suppϊJ/(

t^c:{X Ea\dist(X, α,)<l}, (5) φl^ converges to φttε uniformly
on M as m-*ao and (6)
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Γ \Aψ(

t

m

e

}-Λ\l/1f\dg - > 0 as m — -» oo.
J M

PROOF. We will mollify ψttε on α. We identify α and A by the exponential

map and write ψt,ε(H) for ,̂ £(exp//). Take a function φeC™(R) such that

Joe
φ(x)xl~ldx=l where / = d i m Λ and c, = ( / — l)-volume

o
of the unit sphere S1'-1 in J?'. For each 0<<5<1 put pδ(X) = (llδ)lφ(\X/δ\) for

X e α . Then pδ is radially symmetric, suppp^cjX eα | \X\ <δ} and I pδ(X)dX
- J a

= 1. Convoluting with φt ε on α, we obtain the function

(ψt,ε*pδ)(H) = Γ φttε(H-X)pAX)dX, Hea.
J a

It is easy to see that ψt,ε*Pδ ιs invariant under W a n d hence ψt,ε* Pt extends to a

/(-invariant C°°-function ψ f ε on M = G/K. The function \l/\^ of the lemma

is now defined by φ(

t^E=Φί^ We have to show the properties (4), (5), (6).

(4) and (5) are clear from the definition. As for (6) we put ψ = ι/^ε for convenience.

Here we prove the assertion that δ(A)ψ e Ll(a, dH), from which Lemma 1, (2)

follows since Γ \Aφ\dg=c Γ \6(A)$\D(H)dH<c(supat D(H)) Γ \d(A)\p\dH
%J M I/ α J (it

<oo. We previously observed that for 0<ε< 1,

δ(Δ)$ = (\+ε)(l+t*)\pW-ε(l+ε)φΓp

lΣi(Hiφlp)
2 on α,.

We have to estimate φε

t~
l(Hφtp)

2 (f/ = some //,-) near the boundary dat. We see

that sα = //((sinία)/(f shα)) is C°° on α and Hφtp = φtp Σα>0 ((ί sh α)/(sin /α))sα.

Hence we get

= φε

t

+

p

l Σ*,β ((t sh α)/(sin to))((ί sh j8)/(sin tβj)sΛsβ

= ΣΛ*β φεtp(ΐly*Λ,β (sin tγ)l(t sh γ))sasβ

+ Σα>o (ΠΓH (sin ̂ Xί sh y))β+1((sin rα)/(ί sh α))β-'

The first term is C°° on α and for the second term there exists a positive constant

Mα such that

KΠy^a (sin ty)/(t sh y))ε+1((sin ta)/(t sh α))*"^! < MJsin ία^'1 on α r .

Near the boundary fα(X) = ττ, for example, we have |sin tu(X)\ε~l = |sin(π —

toί(X)\ε~l=O(\π-toί(X)\ε~l). We can take a coordinate system (xί9...,xt)

near rα(X) = π with x1=π — ta(X) and dH = dxίdx2 "dxl. On a small relatively

compact neighborhood U of a boundary point of tcn(X) = π, we get

,^α (sin ty)/(t sh y))ε+1((sin ία)/(ί sh α))8'1

J Γ Γc

I j s i n x j i w X j wx^ S: ivii \ ^
J υ Jo
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This shows that the second term of (*) belongs to L/oc(α, dH). Since δ(Δ)\ί/

has compact support α,, we obtain our assertion. It is easy to check that δ(Δ)

We have

Γ \Aψ*-Aψ\dg = c Γ \(δ(A)$)*pδ-δ(Δ}$\D(H)dH < M2 Γ \g*p,-g\dH9
J M J a J o

where we put g = δ(A)ψ and M2 = csup {D(H)\dist(H, at)< 1}, and we have

Γ
J \

\g(H-X)-g(H)\pδ(X)dX.
\x\<δ

Put τ(#, ^) = sup|X |<5 Γ \g(H -X)-g(H)\dH. Then it is well known that for
J α

g e L^J?')* τ(0> <5)-»0 as δ-+ + 0. Hence we obtain by the Fubini theorem that

Γ \g*pδ-g\dH < Γ Γ \g(H-X)-g(H)\pδ(X)dHdX
J a J \X\<δ J a

< τ(g, δ) J Pδ(X)dX = τ ( g , δ ) - > 0 as δ - > + 0.

This completes the proof of Lemma 2.

§ 3. Main Theorem

Let Γ be a cocompact discrete subgroup of G acting fixed point freely on M =

G/K. Then MΓ = Γ\M is a compact manifold with the Riemannian metric induced

from g on M. The corresponding Laplacian is denoted by AΓ. The volume

element on MΓ induced by dg is denoted by dω. Let F be the fundamental domain

in M for Γ-action, i.e. F = {xeM\d(x, o)<d(x, yo) for all yeΓ} where d is the

distance function on (M, g). It is known (see [2] for example) that M=\jγ€l-γF

and γF Π F has measure zero for all y E Γ, y 7^ 1.

We can define Γ-invariant functions/ f ε and/J^ on M, which are regarded

as functions on MΓ, from ψt>ε and i/^^ since they have compact supports.

Namely put

/,..(*) = Σ,./-*,,(?*), /ίrΛ*) = Σ^r^ίΓΛyx), ^e^

These functions satisfy the following:

LEMMA 3. (1) The function ft>ε belongs to CJ(MΓ) and is C°° on MΓ\
π(dMt) where π: M->MΓ /s ί/ig natural projection. (2) AΓftεeLί(MΓ) and

^Γ/f,ε<(l + ε)(l + ί2)|p|2/r,ε on Mr\π(5Mί). (3) /{^eC^iMr) converges
uniformly to ft ε and

I r/ίΓε'-^Γ/Jcίω > 0 as m > oo.
Mr
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Moreover we have

(4) f \fWΔΓfW-ft9gΔΓftt,\dω—*0 as m — > oo.
J Mr

PROOF. (1) and (2) follow from Lemma 1, (1), (2) and (3). For (3) notice
that supports of ψtίE and ψ(

t™ε

} are contained in a compact set M't = K exp { X e α |
dist(X9 α,) <\}o. Hence if Γt = {y eΓ\γF n M;^0}, the order |Γ,| is finite. We
have at x e F,

< |Γ,| sup \\l/($ - ψtte\ - > 0 as m - > oo
M

by Lemma 2, (5). Notice that AΓfttε(x)=ΣγerAψt,ε(yx) at xeF-^Γ(dMt).
Hence we have

Γ Mr/W ~ ^rΛ ldω = Γ \ΔfW-Δft,ε\dx
J Mr J F

< Γ ΣyerMΆίmε)(rχ)-^ /'(,ε(^)l^= ί μ^-^^,.1^—>o
%} F *) M

as m-»oo by Lemma 2, (6). The inequalities

f l/,(Γ^r/,..-Λ.Λr/Jdω
J MΓ

< f (i/wiMΓ/ίr -^Γ/j+i/w-Λ.iMΓ/jMω
J MΓ

< sup |/ί»>| Γ \AΓfW-AΓft E\dω + sup |/^>-/ίfβ| Γ |dr/ftβ|dω
M Γ J MΓ MΓ J Mr

together with (2) and (3) imply (4).

Notice that

(5) Γ / f i β dω=Γ ψttΛdg=cϊ φt
J MΓ J M J at

(6) Γ fltdω>{ W.tdg=cf
J MΓ J M J at

Then we obtain the following proposition.

PROPOSITION 4. λ^Γ) {1 -Kt vol (MΓΓ
1} < 0 + ί2) lp|2, vv/ierβ Kr is a

positive constant depending only on t, i.e.,
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PROOF. The minimum principle for the first eigenvalue λ^Γ) of ΔΓ says

(cf. [1], p. 186) that

A'(Γ) - inf

Therefore we get the inequality

Λ ι(O I η2dω < I ηAΓηdω if I ηdω = 0.
J MΓ J M Γ J MΓ

Apply this for η=f(

t

m

ε

) — (x. where # = vol (Mr)"1 I f(

t

m

ε

}dω. Then we get by
J Mr '

ω-volCΛ/^-'Cf /}:.'<toY} < Γ /'"M / ^ω.
Mr \J MΓ / J J MΓ

Letting m->oo, we obtain by Lemma 3, (3) and (4) that

λι(θ{f /f i βrfω-vol(MΓ)-^(Γ /ίiβdω)2UΓ ft.κAΓftftdω.
(J MΓ \J Mr / > J MΓ

By Lemma 3, (2), we have

Γ /f,^r/r^ω<(l+ε)(l + ̂ )|p|2 Γ /? Jω>

J Mr J Mr

since π(dMt) has measure zero, and hence

Green's formula

Λι(O { Γ /^Jω-voKMr)-1 ( Γ /MJωYl < (1 .+ f i)(l + r*)|p|2 Γ /? rfω.
(J MΓ \J Mr / J J Mr

Divide this inequality by I /r

2

 ε dω and use (5) and (6). Then we obtain
J MΓ '

where we put K f t ε = c (T φ}+εDdH^) ( \ φ^l+ε)DdH^] *. Letting ε-^+0,
\J Qt / \J rtr /

we obtain the inequality in the proposition.

THEOREM. Let M — GJK be a RΊemannian symmetric space of noncompact

type such that G is a complex semisimple Lie group. Consider all discrete

cocompact subgroups Γ of G acting fixed point freely on M. Then we have

limsup λ^n^lpP,
voI(ΛfΓ)->°o

where \p\2 is the positive constant defined in §2.
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PROOF. For a discrete subgroup Γ with sufficient large vol(MΓ) (such Γ

always exists; see [2], Theorem 2.1) such that vol(MΓ)>/C,, we have by Propo-
sition 4,

Hence lim supvoHMr}^ λ{(Γ)<(\+t2)\p\2 for every f>0. Letting ί->+0, we

finally obtain the inequality of the theorem.
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