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Ascending or descending chain conditions on various classes of sub-
algebras of Lie algebras have been investigated by numerous authors. A
survey of results up to 1974 may be found in chapters 8, 9, and 11 of Amayo
and Stewart [2]. Subsequent work includes Aldosray [1], Ikeda [6], Kubo
[8], Kubo and Honda [9], Tégé [13,14], and Stewart [12]. Here we
introduce a new chain condition: Min-c, the minimal (equivalently maximal)
condition on centralizer ideals. It is perhaps curious that this chain condition
has hitherto been neglected, because an analogous condition—the minimal
condition for annihilator ideals—is prominent in the theory of associative rings.
See e.g. Faith [3], Herstein [5], Goldie [4]. However, a crucial ingredient,
prime ideals, was not supplied for Lie algebras until the work of Kawamoto
[7], later extended by Aldosray [1].

Here we develop a theory of Lie algebras with Min-c that is analogous to,
but differs in several respects from, the associative theory. The main results are
as follows. In §2 we show that abelian-by-finite Lie algebras satisfy Min-c; that
like the associative case, Min-c is not closed under extensions or quotients; and
that unlike the associative case Min-c is not closed under taking ideals. In §3
we show that any hypercentral ideal of a Lie algebra with Min-c must be
soluble (though not necessarily nilpotent). In §4 we study prime ideals of
semisimple Lie algebras with Min-c. We show that for such algebras, maximal
centralizer ideals are the same as minimal prime ideals. The main result of this
section is that in a semisimple Lie algebra with Min-c, every centralizer ideal is
the intersection of a finite number of maximal centralizer ideals, that is, minimal
prime ideals. We conclude by stating some open problems.

1. Preliminaries

Throughout the paper, Lie algebras are of finite or infinite dimension over
a field of arbitrary characteristic, unless stated otherwise. We use the notation
and terminology of Amayo and Stewart [2]. For convenience we summarise
the required notation here. If H is a subalgebra of L we write H < L; if
it is an ideal we write H<1 L. Angular brackets { ) denote the subalgebra
generated by their contents. If X, Y < L then XY is the smallest subspace
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containing X that is Y-invariant. If a is an ordinal then L% L®, {,(L) respec-
tively denote the a-th term of the lower central series, derived series, and upper
central series of L. We require the following classes of Lie algebras:

o abelian (L? = 0)

N nilpotent (L" = 0 for finite n)

Esf/ soluble (L™ = 0 for finite n)

oA soluble of derived length d (L@ = 0)
4 hypercentral ({,(L) = L for some «)
LA locally nilpotent

Min-< minimal condition for ideals
Max-< maximal condition for ideals.

L is ideally finite if it is generated by finite-dimensional ideals. If & is a class
of Lie algebras then L € 4 if there exists a finite series

O0=Ly<L;<<L,=L

whose quotients L;,/L;eZ. If I<LeX then I e1& and L/l e Q. We say
that & is E-closed if & = EZ and similarly for 1 and Q. If I = L then the
centralizer C;(I) = {x e L|[1,x] = 0}. It is an ideal if I is. The soluble radical
a(L) is the sum of the soluble ideals of L. If a(L) = 0, or equivalently if L has
no nonzero abelian ideals, we say L is semisimple. An ideal P of L is prime if
whenever 4 and B are ideals with [4, B] = P then either A < P or B < P.
The radical Rad I of an ideal I is the intersection of all prime ideals containing
I. See Kawamoto [7].

We now introduce some new terminology. Say that I is a centralizer ideal
of L if there exists an ideal J of L such that I = C,(J). Say that L satisfies
the minimal condition on centralizer ideals (Min-c) if every descending chain
I, o1, o+ of centralizer ideals terminates finitely. Similarly L satisfies the
maximal condition on centralizer ideals (Max-c) if every ascending chain I, <
I, -+ of centralizer ideals terminates finitely. We use the same notation for
the corresponding classes: note that (Lemma 2.1(a)) Min-c and Max-c turn out
to be the same.

If I<< L then I is a complement ideal if there exists a nonzero ideal J of L
such that InJ =0 and, if K<a L, K 2 I, then KnJ # 0. Say that L satisfies
the maximal condition on complement ideals if every increasing chain of com-
plement ideals terminates finitely; and that L has no infinite direct sum of
nonzero ideals if every direct sum of nonzero ideals contains a finite number of
terms.

2. Closure properties

In this section we establish some elementary properties of the class Min-c,
showing in particular that it is not closed under the operations Q, E, or 1. It is
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easy to show that if < L then I « C,C.(I) and C,C,C,(I) = C.(I). Hence C,
defines an order reversing bijection, or Galois duality, between the set

% ={C< L|C = C(I) for some I <1 L}

and itself. We begin by establishing some properties analogous to those
known to hold for rings with the minimal condition on annihilator ideals.

LEMMA 2.1. Let L be a Lie algebra. Then

(a) L e Min-c if and only if L € Max-c.

(b) L e Min-c if and only if every ideal I of L contains a finitely generated
ideal J of L such that C,(I) = C,(J).

Proor. (a) follows from Galois duality, and (b) can be proved exactly as
in Faith [3].

LEMMA 2.2. Let L be a Lie algebra. Then L has no infinite direct sum of
non-zero ideals if and only if L satisfies the maximal condition on complement
ideals.

Proor. Let I, = I, c--- be a strictly ascending chain of complement
ideals in L. Then there exist non-zero ideals J, such that [, nJ, =0 and
IL,g,nJ,#0 Let K,=1I,,,nJ,. Then J,oK, (n>m), and the sum
K, +--+ K,, is direct. Hence L contains an infinite direct sum of non-zero
ideals.

Conversely, suppose there exists an infinite direct sum of non-zero ideals
LelL® . Let J,=1,®1,,,®---. Then J, has a complement ideal
K, > I,. Since K,nJ, =0, we have (K, ® I,)nJ; =0, hence J; has a com-
plement ideal K; > K, ®@I,. Continuing in this way we obtain an infinite
ascending chain of complement ideals K,,.

LEMMA 2.3. Let L be a semisimple Lie algebra, and I # L. Then I is a
centralizer ideal in L if and only if I is a complement ideal in L.

ProOF. Suppose that I # L is a centralizer ideal. Then C,(I) # 0 and
InC,(I)=0 since L is semisimple. Moreover if K<a L, K C,(I) =0, then
[K,C.()]= KnC,(I)=0s0 K < C,(C.(I)) =1 Therefore I is a complement
ideal in L. Now suppose that I is a complement ideal in L. There exists a
non-zero J<a L such that InJ =0. Therefore I = C, (J). If C (J)R2 I then
C.(J)nJ # 0 since I is a complement ideal; but this is impossible since L is
semisimple. Therefore I = C,(J) and I is a centralizer ideal.
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COROLLARY 24. Let L be semisimple. Then L € Max-c if and only if L
satisfies the maximal condition on complement ideals.

COROLLARY 2.5. If L is a semisimple ideally finite Lie algebra over a field
of characteristic zero, then L has Min-c if and only if L is finite-dimensional.

It is easy to show that Min-c is closed under taking finite direct sums.
However it is known, Herstein [5], that for associative rings the minimal
condition for annihilators is not preserved under quotients or extensions. Not
surprisingly, the same is true for Min-c in Lie algebras:

EXAMPLE 2.6. Min-c is neither E-closed nor Q-closed.

(a) E-closure. Let F be a field, let P = F[x,, x,,...] be a polynomial
algebra in an infinite number of indeterminates x;, let I be the associative
ideal of P generated by all x?, and let 4 = P/I. Considered as an abelian
Lie algebra, A has derivations §;:fr>x;f (fe€ ). The 4, commute. Let
H = {§;]i > 1) and form the split extension L = A + H. Then L is metabelian.
Every abelian algebra lies in Min-c, so 4 and L/A € Min-c. However, L ¢
Min-c. For let [; = {x;x, ... x;>, which is the associative ideal of 4 generated
by x;x;...x;. Then Cy(I})=A+<d,,...,0;). Then L ¢ Max-c= Min-c.
Hence Min-c is not E-closed.

(b) qQ-closure. Let P be as above and define ¢;: fr—x,f (fe P). The g
commute. Let K = {g|i > 1). Consider P as an abelian Lie algebra with the
¢; as derivations and form M =P 4+ K. Then P, K are abelian. We claim
that M e Min-c since the only centralizer ideals in M are 0, P, M. To see this,
let C=Cy(I) be a centralizer ideal. It is easy to see that if C # 0 then
CnP#0, whence CNnP = P since P has no divisors of zero. Then either .
C =P or C= M. This establishes the claim.

Let I be as in (a). Then I< M and M/I = L as in (a). Thus M € Min-c
but M/I ¢ Min-c. Hence Min-c is not Q-closed.

This example also shows that a maximal centralizer ideal of a Lie algebra
in Min-c need not be prime, because P is a maximal centralizer ideal in M but
M/P is abelian. We will see below that for semisimple algebras, maximal
centralizers are prime.

However, the following result is true:

THEOREM 2.7. Let L be a Lie algebra, A<a L. If A is abelian and L/A €
Min-<a n Max-<a, then L € Min-c.

Proor. Let I oI, >---be a descending chain of centralizer ideals in
Then (I, + A)/A o (I, + A)/A o -+ is a descending chain of ideals of L/A €
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Min-<a. Therefore there exists me N such that I, + A = I,, + A for all n > m.
Also (C.(I,) + A)/A = (C.(I;) + A)/A = --- is an ascending chain of ideals in
L/A e Max-<a, so there exists m’ € N such that (C.(I,) + A)/A = (C.(I,) + A)/A
for all n>m'. Replacing m and m’ by max(m,m’) we may assume m = m'.
Then C,(C.(I,) + A) = C,(C.(I,) + A) and C,(C.(I,)) = C4(C.(I,)) for all n >
m, implying that An1l, = ANI, for all n >m. As in Amayo and Stewart [2]
Theorem 1.7.3, p. 26 we have I, = I,, for all n > m, so L € Min-c.

COROLLARY 2.8. The class oA F is contained in Min-c.

ExaMPLE 2.9. Let I be an ideal of L and let C = C,(K) be a centralizer
ideal of L, K being an ideal of L. Then clearly CnI = C,(K). However,
C 1 need not be a centralizer ideal of I. For example, let L = A + H be as
in Example 2.6(a), and let K = {x,Y* + (§,>. Then K = C;(K), but Kn A4 =
(x>t is not a centralizer ideal in A since A is abelian.

In rings, the minimal condition for annihilators is closed under taking
ideals, Herstein [5]. The reason for this is that the annihilator of a subset is
an ideal. This is not the case for centralizers in Lie algebras:

ExaMPLE 2.10. Min-c is not I-closed, even when L € &3 and the ideal is of
codimension 1.

Let P = F[t], a polynomial algebra in one indeterminate t. Let K be the
Lie algebra of differential operators

e frtf
D': fdif/dt’

(feP,i=0,1,2,...) where D° is the identity. Then [D’, D] =0, [D’¢] =
iDi' (i>1),[D%¢] =0. FormL =P + K. Clearly L e &>

(i) LeMin-c. To prove this let I < L and suppose that f + ke I where
feP, keK. Then f=[f+k D°lel. If f+# 0 and the degree of f is i then
[f, D] = o belongs to I, and « #0, a€ F. Thus 1€ I, whence P = I by re-
peated application of e. On the other hand, if all f are 0 then I = K, whence
easily I =0. Thus every ideal I is either 0 or contains P. If I o P then
C.(I) = C (P)=P, whence C,(I)=P or C,(I)=0. If I =0 then C.(I)= L.
Thus L has only three centralizer ideals, so L € Min-c.

(i) Let H=(D|i=0)<K,and let M =P+ H< L. Then codim M =
1. We claim that M ¢ Min-c. Let I, =F{l,¢,...,t/} <M. Then Cy(I)) =
P + F{Di*', Di*2 ...} and these ideals form a strictly decreasing chain.
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However, the structure of ideals of algebras in Min-c is subject to a chain
condition weaker than Min-c, which shows that the failure of 1-closure of Min-c
is due to “bad nilpotent sections”. More precisely, we shall prove:

THEOREM 2.11. Let I LeMin-c. Let K, =« K, =+ be an ascending
chain of centralizer ideals in I. Then there exists m such that K{ < K,, for
all i.

ProOOF. K{<1 L by Schenkman [11]. Therefore C,(K{’)<at L. Therefore
C/(K;)" = C (KP). Let D, = C,(C,(K))*) o C,CL(KP) > KP. The chain {K;}
increases, so {C,(K;)} decreases, so {C,(K;)"} decreases, so {D;} increases;
also D; is a centralizer ideal in L. Therefore there exists m such that D, =
D,., =---. Thatis, K = D, for all i > m (and hence for all i) Now K{ < I,
SO

K? = CCHK ") = CCi(K,) = K,

since K, is a centralizer ideal of I.

We define classes Fin-w and Fin-cw as follows. A Lie algebra L € Fin-w if
for every proper ideal K of L, every increasing chain {K;} of ideals of L with
K{? = K stops. A Lie algebra L e Fin-cw if for every proper centralizer ideal K
of L, every increasing chain of centralizer ideals {K;} of L with K = K stops.
Then Fin-w < Fin-cw. For example, if L € Min-c and every ideal J of L is
perfect, that is, J = J2, then L € Fin-o.

COROLLARY 2.12. Let I<1 L € Min-c, and suppose that I € Fin-cwo. Then
I e Min-c.

3. Local nilpotence

If L is locally nilpotent and satisfies Min-<a then L must be soluble, by
Amayo and Stewart [2] Lemma 8.1.2, p. 163. We have not been able to decide
whether this result extends to Min-c. However, hypercentral algebras with
Min-c must be soluble. Indeed we have a stronger result:

THEOREM 3.1. If L € Min-c then every hypercentral ideal of L is soluble.

PrOOF. Let Z < L be hypercentral. We claim that there is an ideal V of
L that is maximal with respect to V< Z, Z + C(V)/C.(V)eE«. To show V
exists, let

¥ ={U< L|U c Z, Z + C,(U)/C,(U) e E#} .
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Then0e ¥ so ¥ # ¢. Let
¢={C.(U)Uev}.

By Min-c, € has a minimal element C,(U). If Xe¥ and U < X then C,(U) =
C.(X). Thus V =J{X e¥'|X o U} is a maximal element of ¥~ In fact we
can show that V is the unique maximal element, but that is not required for the
present proof.

Suppose for a contradiction that V #Z. Let W/V ={(,(Z/V) so that
W>V. Then W< L and [Z, W] = V. We have Z™ < C, (V) for some m.
Then

[, W] < [2, [Z, W]] < [Z*, V] = 0.

Thus Z™*Y) = C (W) and Z + C,(W)/C.(W) € B, a contradiction.
Therefore V = Z, so Z + C.(Z)/C.(Z) e e, whence Z/{,(Z)eEs, and Z €
ES.

ExaMpLE 3.2. Hypercentral algebras with Min-c need not be nilpotent.

Let A = {a;/ie N) be abelian and define a derivation o: a;>a;_; (i = 1),
ao—0. Let L=A+ (o). Then Le Z nMin-< c & nMin-c, by Amayo
and Stewart [2] p. 119, but L ¢ A"

4. Prime ideals

LemMA 4.1. If L is semisimple and M is a maximal (proper) centralizer
ideal of L, then M is a prime ideal.

ProOF. Let A, B< L, M c A, M c B, and [4, B] = M. Suppose for a
contradiction that 4, B# M. Let C = C, (M), which by Galois duality is a
minimal centralizer ideal. In particular C #0. Then C.(4) = C so either
C.(A)=0 or C,(4)=C. Suppose C;(A)=C. Then A< C,(C)= M, a con-
tradiction. Hence C;(A4) = 0. Similarly C,(B) = 0.

If AnC =0 then [4, C] =0 so C = C,(A), which is not possible. Hence
AnC#0. Now [B,ANnC]cMnC=0 by semisimplicity, so C,(B)>
AN C # 0, a contradiction.

Even when L € Min-c is semisimple, not every prime ideal is a maximal
centralizer. For an example let L = End(V)/S where V is an infinite-dimensional
vector space, End(V) is its algebra of endomorphisms, and S is the set of scalar

multiples of the identity. Then by Amayo and Stewart [2] Theorem 8.4.1,
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p. 172, L has a unique well-ordered chain of ideals, all of whose factors are
simple. Each of these ideals, other than L itself and T + S/S, must be prime.
But the only centralizer ideals of L are 0 and L.

There is nevertheless a partial converse to Lemma 4.1:

LEMMA 4.2. Let L be semisimple with Min-c and let P be a prime ideal
which is a centralizer ideal. Then P is a maximal centralizer.

Proor. Let P = C,(I). Suppose C,(J)> P, J#0. Then [C.(J),J]=0
so either C;(J) = P or J = P. Thus by assumption J = P. But if J = P then
[J, P] =0 so J = {,(P) = 0 by semisimplicity.

To pursue the matter to a more satisfactory conclusion, say that a prime
ideal of L is a minimal prime ideal if it does not properly contain any prime
ideal. Then we have:

CoROLLARY 4.3. If L is semisimple with Min-c, then every prime centralizer
ideal is a minimal prime ideal.

PrOOF. Let P be a prime centralizer ideal of L. By Lemma 4.2 P is a
maximal centralizer. Suppose that P > Q for a prime ideal Q. We show that
Q is also a centralizer ideal. If Q # C,C.(Q), then there exists x € C;,C.(Q)\Q.
Then [x%, C,(Q)] = 0, but x ¢ Q and C,(Q) # Q by semisimplicity. This con-
tradicts Q being prime. Thus Q = C,C,(Q) is a centralizer. By Lemma 4.2 Q
is a maximal centralizer. Therefore P = Q, so P is a minimal prime ideal.

We prove the converse below in Lemma 4.5. First we prove:

LEMMA 4.4. If L is semisimple with Min-c and I < L, then C,(I)nRad I =
0. In particular if 1 is a centralizer ideal of L then I = Rad I.

ProoF. Let R=Radl, and suppose that X = RN C.(I)#0. Then
C.(X)< L, and I = C;(X). Choose 0 # Y < X such that Y<s L and C,(Y) is
maximal with respect to C,(Y) > C.(X). We claim that C,(Y) is a maximal
centralizer. If not, there exists a larger maximal centralizer C,(Z), which
is prime. But now C, (YNnZ)> C.(Z) > C,(Y). The only possibility is that
YNnZ=0. But then Z < C;(Y) € C,(Z) contradicting the semisimplicity of
L. Then Yc X =RnNC,(I)c RcC,(Y) and Y is abelian, also contradicting
the semisimplicity of L.

The second statement now follows immediately.
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LemMa 4.5. If L is semisimple with Min-c, then

(a) L has only a finite number of maximal centralizer ideals M,, ..., M,,.

b) Min---NnM,=0.

(c) A prime ideal of L is minimal prime if and only if it is a maximal
centralizer ideal.

Proor. (a) Let {M,},., be distinct maximal centralizer ideals, 4 being
an index set. As in Herstein [5] Lemma 4.7, the sum XC,(M,) is direct. By
Lemmas 2.2 and 2.3, A4 is finite.

(b) Taking 4 ={1,...,n}, let J =)}-; M; and suppose for a contradic-
tion that J # 0. By assumption C,(J) is contained in some maximal centralizer
ideal M of L. By definition J =« M. Therefore C,(J) > C. (M), so C (M) = M.
Therefore C;(M)? = 0, so C (M) = 0 by semisimplicity. This is a contradiction,
soJ=0.

() Let P be a minimal prime ideal of L. Since (| M;=0 we have
[M,,...,M,] = P, whence M;c P for some i. But M,; is prime by Lemma
4.1, and P is minimal prime, so P = M; which is a centralizer ideal. The
converse follows from Corollary 4.3.

We now prove our main result, an analogue of a theorem of Goldie [4]:

THEOREM 4.6. If L is semisimple with Min-c, then every centralizer ideal in
L is the intersection of a finite number of maximal centralizer ideals, that is,
minimal prime ideals.

ProOOF. Let

I= :"=1Pi

where the P, are the minimal prime ideals containing I. By Lemma 4.5(a) only
finitely many P, occur so we may take k finite. Let

K= ﬂi.;zP‘.

so that K<l Since L is semisimple, InC,(I)=0. Therefore P, N
(KNnC,(I))=0 and [P,, KNC,(I)]=0, so KNnC,(I)= C,(P;). But KnC,(I)#
0, otherwise K < I, hence C;(P;) # 0. Similarly we can show that C.(P,) # 0
for all i. Now suppose that P, > M where M is a minimal prime ideal of
L. If P,# M, then there exists x € PAM. Therefore [x, C,(P;)] =0. Hence
[x,C.(P)]=M and x¢ M, so C,(P) <= M, which implies C;(P;) = P,.. This
contradicts the semisimplicity of L. Therefore P,= M, and P, is a minimal
prime ideal of L. By Lemma 4.5 each P, is a centralizer ideal in L and by
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Lemma 4.2 each P, is a maximal centralizer. As already noted, by Lemma
4.5(a) only a finite number of P, occur.

In closing we mention four open questions.

QusstioN 1. If L € LA/ N Min-c, is L soluble?

QuesTiON 2. If L € Min-c, is L/{,(L) € Min-c?

QuesTioN 3. If L/I € Min-c for all proper ideals I of L, is L € Min-c?

QuEesTioN 4. If L is semisimple with a finite number of maximal central-

izer ideals, is L € Min-c? If not, is L € Min-c if further the intersection of the
maximal centralizers is 0?
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