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§1. Introduction

For a prime p = 5, H. Toda [7] introduced the B-family {|s = 1} and
showed the relation uvf,f, = stf,B,(s +t =u + v) in the p-component of the
stable homotopy groups 7,(S) of spheres. An easy consequence of this relation
is BB, = 0 if p|st, since the order of 8, is p. In this paper we find the following

THEOREM 1.1. Let s and t be positive integers with p ¥ st. Then,
BB #0 in n(S) if s+tel,
where 1 ={kp'—(p""' = 1)/(p—1D]i=1, ptk+1}.

Consider the Adams-Novikov spectral sequence converging to 7,(S), in
which Miller, Revenel, and Wilson [1] defined the p-elements B, (s=1)
surviving to f in m(S). This sequence has sparsity in its E,-term enough not
to kill the product B8, Therefore the above theorem follows from the non-
triviality in the following

THEOREM 1.2. Let s and t be positive integers with p ¥ st. Then, in the E,-
term of the Adams-Novikov spectral sequence,

BB #0 if s+tel
Furthermore suppose that s +t 2 p?> + p + 2. Then we have
BB.=0if p¥s+t)(s+t+1),0orif s+t+1=kp and pyk(k + 1).

Notice that p|n(n + 1) if nel. We also note that the relation “g,f, = 0 if
plst” is also valid in the E,-term ([2], [6; Cor. 2.8]), and that f,8, = 0 if and
only if p|st in both 7 (S) and the E,-term for the case when p =15 and s + ¢
=p*—p+1([3 Chap. 7]).

This theorem does not determine whether or not S8, (p £ st) is trivial in the
E,-term for the following cases:

a) plls+t+p, b)s+t=kp*>—p*—1,and c¢) s+t=kp>—p—1¢&I.

In §2, we recall the Brown-Peterson spectrum BP at p and the E,-term
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H*BP, of the above spectral sequence; and give the elements B, in H>N}
mapped to BB, in H*BP, by the Greek letter map G: H*N3 - H*BP,. Then
the triviality in Theorem 1.2 is proved in Theorem 2. 9 by noticing uvfpf,
= stB,B,(s+t=u+v) in H*BP, and by showing B,,=0 for u=1,
2. Furthermore G is an isomorphism (see Lemma 3.3); and the non-triviality in
Theorem 1. 2 is proved for the case p|s + ¢ in §3 by mapping B, 8, to H3M}
whose structure is given in [4], and for the case p|s+t+ 1 in §4 after
determining the structure of H'M32 at the corresponding degree.

§2. Triviality in the E -term

Throughout the paper p denotes a prime = 5. Let BP be the Brown-
Peterson spectrum at the prime p. Then the coefficient ring BP, and the BP,-
homology BP,BP are the polynomial rings

A=BP,=Z,[v,, vy, ---] and I"= BP,BP = BP [y, t;, - ],
where |v;| = e(i) = |t;|. Here we use the notation
21) |x| = (deg x)/(2p — 2) and e(i) = (p' — 1)/(p — 1).

The pair (4, I') = (BP,, BP,BP) is the Hopf algebroid (cf. [3]), and we use here
the following formulae for the right unit n: 4 - I and the coproduct 4: I
- I'®,T.

2.2) nvy = vy + pty, Nu, = v, + vt — vht; mod(p).
no3 = v3 + v,t8° — V8t + v,t5 + v3V mod(p, v?) and
Ny = Vg + 0512 + 0,88 — t,nv8 — t,08" mod(p, v,); and
A, =t; ®1+1Q®¢t; and 4t, =, @1 +t, R+ 1®¢t, + v, T

Here pv,V=102t8" — v8°t? + v — v} and pT=t! @1+ 1@t — 4t!. For a
I'-comodule M with coaction ¥, we define the homology H*M as the homology
of the codar complex

OM=M® I ®, -, (k copies of I')
with the differential d;: Q*M — Q**'M given inductively by
2.3) dm=ym—m, dix =x®1 —A4x +1®x,

dm@x=dm®x +m®d,;x and
MR XxRYy=dmRxQy —mROSxd,y

for meM, xeI’ and ye Q*M (k= 1).
Consider the I'-comodules N and M with the coaction 5 induced from
the right unit # of I" defined inductively by the equalities
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N2 = A/(p, vy,--+, v,—1)(N3 = A), Mi = v, ;Ni and the exact sequence

0 — Ni 2 M} — NIt —0.
Then we have the long exact sequence
Q4) - — H*NL AL HME L HENIYT S g N

for each i, k and n, and the Greek letter map
G= 5k+i—1"'6k+15k: HkN:) ——)Hk+iN8 — Hk+iA,

whose range is the E,-term of the Adams-Novikov spectral sequence converging
to the stable homotopy groups of spheres. As usual, we write an element of
M: as a summation of fractions x/v for xev, ;N? and v=a,a,,; " Gpsi_1
(a; =v§ for n £j <n+iand e; > 0) with a convention that x/v = 0 if a;|x for
some j. Hereafter, v, = p. With a calculation by (2. 2-3), we find the element

Bs = vi/pvl in HON(Z)y
and define
B, = GB,e H?A,

which is the f-elements given in [1].
From here on we study the product BB, in the E,-term H*A.

LeMMA 2.5 [2; Lemma 4.4]. The element B is represented by

B, = <;>KS_2 + sT,_, mod(p, v,) in Q2A,

where K; = v52t, Q8 + t,;®t?") and T, = vyT.
LemMAa 2.6 [2; Remark after Prop. 6. 1]. In H*A, we have

uvB B, = stBB, if s+t=u+vo.

We notice that H*M is an H*A-module for a comodule M, and that each
map of (2.4) is an H*A-module map. Thus we have

B.B. = GB,f,c H*A for B,B,c H>*N3.
LemMMA 2.7. Let u be a positive integer. Then in H*>N3,
2.7.1) uK,_,/pv, = — 2T,/pv,, and
(2.72) BB, = T./pvy if pXu and B,p, , = K,_/pv, if plu.

ProoF. By (2.2-3), we compute
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(2.7.3) dH/p*¥} = uK,_, + 2T,)/pv;,

where H = o8~ 104t — pv?~ 204, — puvl ™ 4™ 1k,

Thus we have (2.7.1). (2.7.2) follows from (2.7.1) since B,f, = ((g)K“_1
+ uT,)/pv, and B,B,,_; = (K,,-; — T,,)/pv; by Lemma 2.5. q.e.d.
LEMMA 2.8. Let u be an integer such that u= p* +p+ 1. Then,
T./pv; = Ku_1/pv, = 0 in H?N}
ifpXu+1)u+2),o0rifu+2=kp and pfkk + 1).

PROOF. Put D = 14~ 18t, + 047>~ 2~ Y(v,t8nv8 + vhttnv, — tinvg* 1), E = v,t?’
+ v,t8" — t,qv} — v8’t, and F = v,04(Pt8 + (u + 1)~ w4 1P for the element (
=054, —v; ME* + vy PtE — 0P tPqv,. Then D/pv,, E/pv? and F/pv?
belong to Q'N2 by the assumption on u. By (2.3), we have (d,xnv)
=dx(1 @nm)—xRdev for xeQ'M and veQ°M (Misal-
comodule). Using this and the equalities in (2.2-3), we compute
28.1) d;D/pv; = (5L @ & — K,—; — v§77"gP)/pvy, d,E/pv: = (g7 + v5 T)/pvy,

d,{?/pv} =0 and d,F/pv} = — v5(? ® 1} /pvy,

where g =t, @ 15 + t, ® t2°. We also have the element U = v§*! — vBv,eAd
such that d,U/pv, = v8°*?*1({ — {?)/pv, (cf. [1;(3.20)]). Now consider the
element

C,=0D+ 5 PE+F — 04 P P U 4 uv, v’ P "t no,)
of Q?N2, and we have

(2.8.2) d,C,/pvi = T,/pvy — K,-1/pv, € 2*N§.

Thus T,/pv, = K,_/pv, in H?N32 if p ¥ (u + 1), which is trivial if p ¥ (u + 2) by
(2.7.1).
For the case u = kp — 2, we further consider the elements

X, =522t qoy — 27 10,t3° — 0,t2718) and
X = o T2(08 7 — B)qus ™t — 27 0,003 + {Pedr Tt + g0 PO UR)
and recall [6; Lemma 2.6] that the element V satisfies
V= — 05" + 27,08 2t2Pmod (p, v?) and
d ¥ VipiR*? = T2 pv} + svf ~Pth @ V/pvi.

Then we obtain
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d,X,/pv} = v P @ ty/pv} + 27 KE -, /po} — V¥ T2PeE” @ V/pv} and
d X ,/pv} = v 728" @ V/pvi + 27 'Kyp_3/p0,
in the same way as we compute above. Therefore,

_(k+1
dlY/PU'l’+4=_2 1( 2 >Kkp—3/l701

k+1 .
for Y=0%t, —kvfX, — 27 Y%k, CP_, + 27 Yko2fP PV — ( ; >v{+2X2, which
implies K,_,/pv, = 0in H2NZ if p ¥ k(k + 1). Thus the lemma is also valid for
this case. qg.e.d.

THEOREM 2.9. In the E,-term H*A, we have

BB, =0 if plst, if pY¥(s+t)(s+t+1)and s+t =p>+p+2,
orifs+t+1=kp, pYk(k+1) and s+t =p?>+p + 2.

Proor. Lemma 2.6 implies the triviality for the case p|st, and the
equalities uff, = stf,p, and 2(u — 1) B, = stB,f,_, for u=s+t—1. Let
u=p?+p+1 and suppose that ptu(u + 1)(u + 2), or that u + 2 = kp and
pAk(k +1). Then B,,=0 in H2N3 by Lemmas 27-8, and so B8,

=stu”'B,f,=0. In case p|u, the triviality similarly follows from the equality
B,B,_, =0 shown by Lemmas 2.7-8. g.e.d.

§3. Non-triviality for the case p|s + ¢
In §§3-4, we study the element
BB, in H*A for s, t = 1 with p|(u + 1)(u + 2), where u=s+t— 1.

In this section we assume that p|lu + 1 and prove the non-triviality of 8, by
showing that 6AB,f, # 0 in H3M}. Here A: H2N3 —» H?M3 is the localization
map in §2, and 6: H?*M} — H*M! is the boundary homomorphism associated to
the short exact sequence

3.1) 0—M LM im0 (fx=x/p).

LeEmMMA 3.2, AB,B, = — vit? ® {/pv, in H*M3.

PrOOF. Note that (2.8.1) is also valid in Q2M32 for the case u < p? +
p+ 1. Then we obtain

(3.2.1) d,Z/pv} = (= v3t} @ { — Ky—y + T)/pvy,

for Z =v,D + v P°E + uv, 05" 7" " 'tEnu, 4+ v,05¢t8. Now apply Lemma 2.7
to get the lemma. q.ed.
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Since H*MJ =0 = H*M} for k=2 by [1; Th. 3.16, Th. 4.2], the exact
sequences (2.4) for (k, n, i) = (3, 0, 0), (2, 0, 1) imply the following
LEMMA 3.3. The Greek letter map G: H>*N% — H*A is an isomorphism.
PROPOSITION 3.4. In the E,-term H*A, we have the non-triviality
BB, #0 if pkst, pls+t and p>¥s+t + p.

Proof. Note first that {/v; = {P'/v, (i = 0) in H'M} (cf. [1; Lemma 3. 19])
and the following:

(3.4.1)[S; Lemma 2.6] There exists an element {' of v; 'T'/(p?, v%) such that
d,{'/p*v} = 0 and {'/pv, = [P/pv, in Q*M3.

We also have the relations 14t} ® { ® {/v, =0 and T,/v, = — 1%+ 1g,/v, in
H*M}. In fact, these are given by 27 'd,v42 ® (*/v, and (d,v4 P E
+ uv, 04"~ 18yv,)/v2. Then by the definition of 8, (2.7.3), (3.2.1) and Lemma
3.2,

0AB, B, =f1(do( — H + prf22) @ {'/p*1h)
=v3"1g; ® {/vy,

which equals the generator x4G; ® (®/v, (ap=u+ 1) of H3M! if pfa+ 1 by
[4;Th.4.4]. Thus we see that B8, # 0 and so is 8,6, by Lemma 3.3. Hence
we have the proposition by Lemma 2.6. g.e.d.

§4. Non-triviality for the case p|s + ¢+ 1
The integer u also denotes s+t — 1 =1 here, and is supposed to be
plu + 2. Consider the long exact sequence
@.1) 0 — HOM} S HOM3 25 HOMZ 20 imy
N1 H'M2 -2 H'M? 01 H>M! S2 H>M?

assiciated to the short exact sequence (3.1). Note that this exact sequence is
homogeneous. We first determine X = H'M32 at the degree

kg={(ap—Dp+1)—2}q (@=2p—2)
for u=ap — 2 by the following

LEMMA 4.2. Let B be a direct sum of submodules L{g) (geY(j) < X
= H'M3), where Y(j) is a homogeneous subset of X with the degree j and L g )
denotes the Z-module generated by g which is isomorphic to Z/n if the order of g
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isn. Then B = X at the degree j if B contains Im f, and the set {61glge Y(j)} is
linearly independent.

This is proved in a same manner to [6; Lemma 3.9] by using
[1; Remark 3.11]. We also need

LemMMA 4.3. The Z/p[v,]-module H*M! at the degree kq is
0)(1; Th. 5.3]  the direct sum of L {xi/vi> for (i, s, jye A(k), if n =0,
1[6; Th. 3.10] the direct sum of L {x{{/vi> for (i, s, j)e A(k), and
Ly /vi> for m = sp* with (i, s, j)e Ag(k), if n =1, and
2)[4; Th. 4.4]  the direct sum of L {x{G;/vi> for (i, s, j)e A(k — |G;])
with p¥s+ 1, and L {y, @ {/v])> for m = sp' with (i, s, j)e Ay(k)
(1Gl=—-@+Deli—1)—1), ifn=2
Here L' {x/v{) denotes the submodule generated by the element x/vi which is
isomorphic to Z/p[v,]1/v]), A() and Ay(l) are the sets of triples of integers
A ={G, s, )Ii=0, j<a; and sp'(p + 1) —j =1 for s with p ¥s}, and
Ao = {(i, s, )i 2 0, j < A(sp) and sp'p+ 1)+ 1 —j=1
for s with p¥s(s + 1) or p?|s + 1},
for the integers a; and A(m) defined by
ap=1, a;=p +p'" ' —1; and A(sp’) = 2 + &(s)p'(p® — 1) + (p + 1)e(i)
(s, and &(s) =1 if p*|s + 1, and = O otherwise), and the generators satisfy
(4.3.1) Yml V3 = V3(ty — 270, L)/ 0} if plm, and
(4.3.2) X5G;/v, = v3T)v, = T, /v, m=sp' —e(i—1)—1) if i = 2.
Here we note that i = 2 if (i, s, j)e A(k) | 4,(k) except for the case i = 1 and
pls + 1 and so we see that ptj if (i, s, j)e A(k)|J A(k) since k = — 3 mod p.

PROPOSITION 4.4. The Z-module H' M3 at degree kq is the direct sum of
L<g) for ge Y(kq), where

Y(kq) = {ym/pvi|m = sp' and @, s, j)e Ao(k)}.

Proor. Let B denote the direct sum of L<{g) for ge Y(kq). If A(k) = ¢,
then BoIm f, by Lemma 4.3. For the element x = x§/vie H°M! with
@, s, j)e A(k), we obtain

Solfox) = — jym/v1™" — 27 1jxC + -

by [1; prop. 6.9] and (4.3.1), where f, is the map in (4.1) and --- denotes an
element killed by v{~!. Therefore x{ is dependent on the elements of Y(kq) in
Im f; and so we have B > Im f;.

By the definition of &), we have
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(4.4.1) () = —jt; @ y/vy + [ 1y y,)/p?v]

for y = y,/pv} € Y(kq) and y,./p*vi e Q' M} with y = y./pv}, whose last term is
killed by v™' since y,/p*v} = v2(t, — 27 0, {)/p*vi + - and (d,y,)/p*v}
=mo, 7 2 ® (b, — 27 '0,{)/p*v] + - by (34.1) and (4.3.1). The element
vot, ® t,/vi*?! turns out to be a part of --- by considering d,v3¢3/vi*'. Then
the first term of (4.4.1) turns into

—jt @y =27y @+

by (4.3.1). Therefore we see that the set {6)(y)|yeY(kq)} is linearly
independent by Lemma 4.3, since ptj. Hence the proposition follows from
Lemma 4.2. q.e.d.

By observing the proof of this proposition, we also have

PROPOSITION 4.5. Im &, at the degree k is the submodule of H*M}
generated by 2t; Q y/v; = —y QR { + - for ye Y(kq).

COROLLARY 4.6. In the E,-term H*A, we have the non-triviality
BB, #0 if phst, pls+t+1 and s +tel

Proor. By virtue of the exact sequence (4.1), we see that T,/pv, # 0 for
u + 1el by (4.3.2), Lemma 4.3 and Proposition 4.5. Now the corollary follows
from Lemmas 2.6-7 and 3.3. g.e.d.
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