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0. Introduction

As a generalization of a topological group in the homotopy theory, an
H-space (or a Hopf space) is defined to be a topological space Y with a base
point * admitting a continuous multiplication u: Y x Y — Y such that = acts as
a two sided homotopy unit, that is, the restrictions u|Y x * and u|*x x Y are
both homotopic (preserving *) to the identity map idy: Y — Y; and an H-space
Y = (Y, u) is said to be homotopy associative when the two maps u(u x idy)
and p(idy x p) of Y x Y x Y to Y are homotopic. The loop space QX of a
based space X admitting the usual loop multiplication is another important
example; and in the homotopy theory, 2X can be regarded as a topological
group G when X = B; is the classifying space of G.

Moreover, as a generalization of a topological abelian group, an H-space
Y = (Y, p) is said to be homotopy commutative when p:Y x Y - Y is homo-
topic to uT for the homeomorphism T on Y x Y commuting coordinates. A
compact connected Lie group G is homotopy commutative if and only if G is
abelian, that is, G is a torus, the product of some copies of the circle group
S!, by Araki-James-Thomas [2]. Moreover Hubbuck[13] proved that if a
connected finite CW-complex Y is a homotopy commutative H-space, then Y
has the homotopy type of a torus.

In this paper, we are concerned with the homotopy commutativity of the
loop space 2X of a connected, simply connected finite CW-complex X. It is
easy to see that

(i) If X itself is an H-space, then QX is homotopy commutative.

But the converse is not true for the complex projective 3-space CP(3). In
fact, Stasheff [21; Th.1.18] proved that QCP(3) is homotopy commutative; but
CP(3) is not an H-space which is seen by Borel’s theorem on the cohomology
ring of an H-space.

We note also that X is an H-space if and only if QX is strongly homotopy
commutative in the sense of Sugawara [23].

Now the purpose of this paper is to prove the following

THEOREM 1. Let X be the suspension X = XA of a connected finite CW-
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complex A. Then the loop space QX is homotopy commutative only if X is an
H-space, that is, only if X is contractible or is homotopy equivalent to the
n-sphere S" for n =3, 7.

THEOREM 2. Let X be the mapping cone C(x) = S*U,e" of aem,_,(S)
(k,n>2). Then QC(a) is homotopy commutative if and only if C(a) is contrac-
tible, that is, k = n — 1 and +o = [idg] = 1, € m(S¥).

Let E, denote the k-sphere bundle over S" with characteristic class y e
7p—1(0c+1) (ks n > 2), which is the CW-complex of the form

E, =Sy, e"ve™*  for a = q,(y) en,_(S") ([15]),

where O, is the orthogonal group of transformations on the real k-space and
q: 041 = O1/0, = S* is the projection. Also, in addition to the generator
1, € m,(S") = Z, consider those n;emn;,,(S)=Z (i=2), =Z, (i>3) and we
ne(S3) = Z,,.

THEOREM 3. QE, of the bundle E, is not homotopy commutative, except for
the following cases (1) ~ (4):

(1) E, is an H-space, that is, it is homotopy equivalent to S* x S3, § x §7,
S7x 8" (xa=0), 8 (a = +13), SUB) (. =13), or a = +aw fora=1,3,4,5.

(2) a= +£mn,, that is, E, is homotopy equivalent to CP(3).

(3) (k,n)=(3,4), (3, 0dd) and (7, 0dd), and E, is not an H-space.

(4) k and nare odd, k +2<n<2k—1 (k+#3,7), the order of a is even
and the Whitehead product [1,,1,] is in the image of o, : Ty_1(S"™*) = 7y, (S¥).

In Theorem 3, the case (1) is determined by Zabrodsky [25]. As is stated
above, QE, is homotopy commutative in the first two cases; but the author
cannot determine whether so is or not in the last two cases.

In case when X is not simply connected, we note only the following

PROPOSITION 4. When X = S"/Z,, is the real projective space (n > 2, m = 2)
or the lens space (n:odd > 3, m > 3), 2X is homotopy commutative if and only if
n=3or 7, and X is an H-space if and only if n= 3,7 and m = 2.

Our method to prove the above theorems is based on the following results
which may be well known:

(i) (cf. Arkowitz [3].) If QX is homotopy commutative, then all White-
head products on X vanish.

@iii) (cf. [4], [11], [18].) For any set P of primes, the loop space QX, of
the P-localization X, of X is homotopy commutative if so is 2X.
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We also use Adams’ theorem which states that S" is an H-space if and only
ifn=1,3or 7. For the properties of the homotopy groups of spheres and the
calculation of several Whitehead products, we use Toda’s book [24] and so on.

The author would like to thank Professor M. Sugawara for help and
encouragement and to thank T. Matumoto, T. Ohkawa and Y. Hemmi who
gave him many useful suggestions and hospitality.

1. Preliminaries

In this paper, all topological spaces will be assumed to have a base point =
and to have the homotopy type of connected CW-complexes, and all maps and
homotopies to preserve *. We denote by =n(X, Y) the homotopy set of all
homotopy classes [ f] of maps f: X — Y (preserving *), and f and [f] are
denoted frequently by the same letter.

A space X = (X, uy) is an H-space with multiplication g = puy: X x X > X
if u|X x * ~id ~ u|* x X, and is homotopy associative (resp. commutative) if

plu xid) ~pid x g): X x X x X - X (resp,uz,uT:XxX—»X).

(Here ~ means ‘homotopic (preserving *)’, id = idy : X — X is the identity map,
and T:X x X » X x X, T(x,y)=(y,x), is a commuting map.) A map f:
X = (X, ux) » Y = (Y, uy) between H-spaces is an H-map if fuy ~ uy(f x f).

The loop space 2X of a connected space X is the space of all loops
w:(I,0) » (X,*) (I=[0,1],0I ={0,1}) with the compact open topology,
whose base point is the constant map *. By the loop multiplication

B=pox: 02X x QX > QX, Wy, 0;) = w0,

given by (0, w,)({t) = w,2t) if t < 1/2, = w,2t — 1) if t > 1/2, QX is a homo-
topy associative H-space; and QX is homotopy commutative if X is an H-space.
Also 7:QX - QX, 1(w)=w™}, is given by o !(t) = w(l — t), which satisfies
u(d x 1) ~ * ~ u(r x id).

We note that QX has the homotopy type of a CW-complex by Milnor’s
theorem. Also, QX is connected if and only if X is simply connected. Here-
after, we are concerned with QX by assuming that X is simply connected unless
otherwise stated.

For f, g: A— QX, we have f-g: 44— QX given by (f-g)(a) = f(a) g(a);
and the homotopy set n(4, 2X) forms a group by [f]-[g]=[f"g] so that we
have the natural isomorphism

Q,:n(ZA, X) = (4, 2X) (A=A x I/(A x oI U x x I), the suspension)

by sending f:2A4—> X to its adjoint Q,f =f':4A->QX, f'(a)(t) = f(a, t) for
acAandtel.
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Now consider the commutator map
P: QX X QX ->QX, @0, n,;)=(0,0,) (@' x;').
Then ¢|QX v QX is null homotopic, and there exists a map
P:02X A QX - QX with Ppr~eo.

(Here A v B=A x *U* X B is the wedge, A A B=A x B/A v B is the smash
product, and pr: A x B— A A B is the natural projection.)

DerFiNITION 1.1. (1) The Samelson product of f/:A;,-» QX (i=1,2) is
given by

SL>=0fi Af2)iAi A A, 5 QX A QX - QX .
(2) The Whitehead product of f;: 2A; - X (i = 1, 2) is given by

[f15 2] = 254011, Q02> : Z(A; A A;) > X,

by using the adjoint operator £,.
(3) The homotopy classes of these products give us the Samelson product
L[f{]), [f>]) and the Whitehead product [[ f,], [ f,1] of homotopy classes.

For f, in (2), consider f; = f; pr:(CA;, A;) = (X, %) and define the map
h:A;*A,=CA; x AuA; x CA, » X

by h|CA, x A, = f,pr, and h|A, x CA, = f,pr,. (Here CA=A x I/
Ax1uxx1I (A=A x0)is the cone, pr: CA—2XA = CA/A is the projection,
A, * A, is the reduced join and pr;: X; x X, - X; is the projection to the i-th
factor.) Then Arkowitz[3; Th.2.4] proved that

vifi, fol=h:4,x4; > X

for the projection v: A, x A, - X(A; A A;), where v is a homotopy equivalence;
and for a homotopy inverse v_! of v, v"'h is known to be the usual definition of
the Whitehead product [ f;, f51.

To study the homotopy commutativity of 2X, we use the following

ProposITION 1.2. (i) The loop space QX is homotopy commutative if and
only if the commutator map ¢ : QX x QX — QX is null homotopic.

(ii) (Arkowitz[3; Prop.5.1].) Let A; be a finite CW-complex. Then the
Whitehead product [f,, f,] vanishes for f,:XA;,— X if and only if there
exists a map f:XA; x LA, —> X of type (fi, f;), that is, f|XA; X * ~ f, and
fl* x EA, ~ f,.
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(iv) (Stasheff[21; Th.1.10]) Let d = Qy'idgy: ZQX — X be the adjoint of
idgy. Then QX is homotopy commutative if and only if there exists a map
Y: 20X x 2QX — X of type (d, d).

On the other hand, for a set P of primes, we consider the P-localizations
l=lX:X_’XP and fP:XP_)YP
of X and f: X - Y (cf, e.g, [4], [11] and [18]), satisfying the following

LEMMA 1.3. (i) For each i, there exists a natural isomorphism m,(Xp) =
7,(X)p such that the diagram

n(X) = m(X)

l !

n(Xp) = m(X)p

commutes where 1. G — Gp is the P-localization of a group G.
(i) We have the homotopy commutative diagram

x Ly, 72

K

XP fr N YP dr R ZP

for a given upper sequence; and if the upper sequence is a fibration or a
cofibration, then so is the lower one up to homotopy equivalence.

Lemma 14. If QX is homotopy commutative, then so is 2Xp.

PrOOF. We see the following by [4] and [11]: If Y is an H-space, then
sois Ypand [: Y —> Y, is an H-map; and if Y is homotopy commutative, then so
is Yp. Moreover, the induced map QI/: QX - QX, of I: X — X, is also the
P-localization so that there exists a homotopy equivalence

r:(2X), - 2X, with rlox ~ QI

for lox:Q2X —(2X)p and r is an H-map since so is QI These show the
lemma.

RemMARK 1.5. For a simply connected space X and a positive integer n,
consider the space X, obtained from X by attaching (i + 1)-cell to kill the
homotopy groups 7;(X) for i > n. If QX is homotopy commutative, then so is
QX,.
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2. Proof of Theorem 1 and a note on the non-simply connected case

We prove Theorem 1 in the introduction which says in particular that 25"
of the n-sphere S” (n > 2) is homotopy commutative only if n = 3, 7.

PrOOF OF THEOREM 1. Assume that QX of X = 2’4 is homotopy commu-
tative. Then the Whitehead product [idy, idy] € n(Z(4 A A), X) is defined and
vanishes by Proposition 1.2 (ii). Hence there is a map u: X x X - X of
type (idy, idy) by Proposition 1.2 (iii), which means that X is an H-space by
definition. Therefore X = XA is S* or S7 by West[26].

In the rest of this section, we note on the case that X is not simply
connected. In this case, we consider the universal covering

p:X->X=X/n, mn=p'=n(X).

Here, 7 is the covering transformation group identified with p~*() and also
with the fundamental group =,(X), by identifying « € = with a = a(x) € p~1(%)
(1(x) = % for the unit 1 of n) and with a =[pl,]en,(X) by a fixed path
L:(I;0,1) > (X; %, ) (I; = #).

LEmMMA 2.1. If QX is homotopy commutative, then so is QX and w is
abelian.

Proor. Consider the space LX of all paths I:1— X and its subspace
L(X; A, B) = {le LX|l(0)e A, (1) e B}. Then, p induces the homeomorphism

P L(X; %, 0) ® (@X), = {we 2X|[w] =a},  p)=pl,

by the unique lifting property. Here (2X), is the path component of QX
containing pl,; hence so is (2X), 2 %, and (2X), is an H-space by the loop
multiplication. Also, p, : QX = L(X; *, %) ~ (2X), is an H-map. Thus, if QX
is homotopy commutative, then so are (2X), and QX.

LEMMA 2.2. (i) We have the homotopy equivalence
Q: QX x - QX

given by (&, a) = p@-pl, for & e QX aen.

(i) Assume that X is an H-space with multiplication X x X > X such
that u(x, x) = a(x) for a € &. Then ¢ is an H-map; hence the converse of Lemma
2.1 is also valid.

PrOOF. In the path space LX, we have ™' and the path multiplication
[-1" when [(1) = I'(0), as usual.
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(i) A homotopy inverse of ¢ is obtained by sending we QX to
(@171, 0) € QX x 7, where a = [w], & = p, (w), and p, is the homeomorphism
in the above proof.

(i) We have to show that the two maps of QX x QX xnx7n to QX
Sending (J’la(bz,“n“z) to (p(bl'pla,)'(p(bz'Plaz) and p((bl'(bz)'pla,az’ respec-
tively, are Pomotopic. Here, pl,,, and pl, -pl,, are in the same path com-
ponent L(X;*,a;0,). Therefore, by the homotopy associativity of the path
multiplication, it is sufficient to show that

p~¢ QX xn->QX, where (@, o) =pl, pd.

Now, p in the assumption gives us the map u: LX x LX - LX given
by u(l, I')(®) = p((r), I'(t)). Then, u(l,, ®) can be deformed continuously to
ull, *,, % @) = pull,, *)- u(*,, @) (%, is the constant path to «) and also to
u(x-1l, & *) = p(*, @)- u(l, *), and so are these to l,-a® and @-1,, respectively,
because m)? x * ~id and p(a, x) = a(x) by assumption. Since p(l,-ad) =
pl, pd = ¢'(®, a) and p(&+1,) = p(d, a), these show that ¢ ~ ¢'.

By these lemmas, we can prove Proposition 4 in the introduction.

ProOOF OF PROPOSITION 4. In this case, we have the universal covering
S"—S"Z, =X. If QX is homotopy commutative, then so is 2S" by Lemma
2.1; hence n=3 or 7 by Theorem 1. Conversely, if n =3 or 7, then the
multiplication u of quaternions or Cayley numbers on S" satisfies the assump-
tion of Lemma 2.2 (i), which shows that QX is homotopy commutative.
S"/Z, (n=3,7) is an H-space when m = 2 by the multiplication induced from u
on S" of above, and is not an H-space when m > 3 by Browder [8] and [9].

3. The case when X has two cells

For the homotopy group =,(S") (n > 2), we use the following results (see
Adams[1], James[14], Serre[20] and Toda[24]):

31 () =#,(8)=0ifm<n.

(i1) =,(S") =~ Z generated by 1, = [id].

(iii) 7,(S") (m > n) is finite except for the case that m =2n—1 and n is
even.

(iv) If nis even, then n,,_(S") =~ Z @ F,. Here,

F,=Im[2: nzn—z(sn—l) = Mu-1(8")] = {“|H(“) = 0}

(X is the suspension homomorphism and H(x) is the Hopf invariant of a) is finite
and F, = 0. Also the infinite cyclic part Z is generated by a, such that

H(a,) = +1 for n=2,4,8, and H(x,) = +2 otherwise;
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and H(x) = +1 when « is the Hopf class n,, v, or a4, and H([1,,1,]) = +2 for
the Whitehead product [1,, 1,] € 7,,_;(S").

(v) For odd n, X:m,, ,(8" ) > my,_,(S") is epimorphic, and [1,,1,] €
Ty—1(S") 18 0 if n =3, 7, and is of order 2 if n # 3, 7. Moreover [1,,1,] (n > 2)
is not contained in 27,,_,(S") unless n + 1 is a power of 2.

Berstein-Ganea [6] introduced the numerical invariant of homotopy type,
nil QX, for any space X; and in particular, nil 2X <1 means that QX is
homotopy commutative. Hereafter we use this notation frequently for the
simplicity.

In this section, we prove Theorem 2 in the introduction for the mapping
cone

C@)=S"u,e" of aem_ (S5 (k,n>2).

Ifn—1<kora=0, then C@) ~S*vS" If n—1=k, then o« =s1, =
2(sy—,) and C(a) ~ ZC(sy,_;). Thus, in these cases, C(a) is the suspension type,
and Theorem 2 follows from Theorem 1 by noticing that C(sz,) is contractible if
and only if s = +1.

Therefore, in the rest of this section, we assume that

n—1>k>2 and a#0.
LemMa 3.2. If a € m,_,(S¥) is of finite order, then nil QC(a) > 1.

Proor. Consider the (F-localizations X of X and ag:Xy— Yy of
o: X — Y, which are the localizations with respect to the empty set J. Then,
Lemma 1.3 shows that oy :S%" — 8% is null homotopic by assumption, and
that C(x) 5 ~ C(x ). Therefore,

Cg>~Clag)~8v ISy =8 v S~ (S v Sy

Consider the inclusions i:S* — S*v 8" j:S" —» S*v S". Then, [i,j] €
Tysn-1(S¥ v S") is of infinite order, because d:m,,,(S* x S",S* v §") (=2Z)—
Tysn—1(S* v S") is monomorphic and [i,j] is the od-image of a generator.
Therefore,

U, 1 = 1[G, j] € Tyan-1 ((S* v §") )

is non-trivial for the (F-localization I:X — X 5. Thus Q(S* v S")4 is not
homotopy commutative by Proposition 1.2 (ii), and so is 2C(«) 5, which implies
the lemma by Lemma 1.4.

For a space X, an even integer n>2 and a map h:S"— X, consider
the induced homomorphism h*: H¥(X) — H*(S") of the integral cohomology
groups. Then:
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PROPOSITION 3.3.  Assume that a cohomology class u € H*(X) is mapped by
h* to a generator of H¥(S") =~ Z and that

[h,h]=0 in my,_,(X).
Then u* € H*"(X) is of infinite order. Moreover, if
u*=tv  for some ve H*(X) and teZ,
thent=+1or +2.
Proor. Consider the Whitehead product o = [1,,1,] € 7,,-1(S"). Then,
h,(®) = [h, h] = 0 in m,,_,(S") by assumption. Therefore, there exists a map
h:C=Cl)=8"u, e >X with hi=h
for the inclusion i: S" — C. Consider the induced homomorphism
h* : H¥(X) - H*(C) .
Here i*:H"(C) = H"(S"), H*"(C) ~ Z and generators ¢;€ H/(C) for j=n, 2n
satisfy
e,’= +H()e,,= +2e,, in HC)x=Z
by definition of the Hopf invariant. Therefore, h*(u) = +e, by assumption,
and
h¥*w?) = (h*))* = e,” = +2e,,.
Thus u? is of infinite order, since so is +2e,, If u? = tv for ve H*(X) and
t € Z, then h*(v) = se,, for some integer s and

+2e,, = h*(u?) = h*(tv) = tse,, ;

hence ts = +2 and |t| =1 or 2.

COROLLARY 3.4. Assume that k is even and the Hopf invariant H(x) of
o € Ty, (S¥) is not equal to +1 and +2. Then [i,i] # 0 in ny_,(C(x)) for the
inclusion i: §* - C().

PrROOF. Assume that [i,i] =0. Then the inclusion i:S*— C(x) satisfies
the assumption of Proposition 3.3. On the other hand, H*(C(«)) has a Z-basis
{1, e, e} (dege;=j) with a relation e? = H(a)e,, where H(x) # +1, +2,
which contradicts the conclusion of Proposition 3.3.

LEMMA 3.5. Assume that H(@) = +1 for a € my_,(S*) (k = 2,4,8). Then
[p,P]1#0 in me(C(®) if k=2,
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where p:S° — C(a) = C(£n,) = CP(2) is the projection; and
[in.i1#0 in n,(C() if k=48,

where i:S* — C() is the inclusion and n, € m,,(S*).

Proor. By (3.1) (iv), we have the following two cases:
(a) k=2and a = +1,.
(b) k=4,8anda= +h+ ZB (h=v,,ag) for some B € myy_,(S¥?).

Case (a): Then C(a) is homotopy equivalent to the complex projective
plane CP(2). From the homotopy exact sequence associated with the fibration
St - 8% 5 CP(2), we see that

Py m(S%) = m(CPR)  for j=>3,
since 7;(S') = 0 for j > 2. Thus we have
[Pyis: Pyts] = Pylis, 151 £0  in mo(CP(2)),
because [1s,15] # 0 in 74(S>) by (3.1) (v).

Case (b): From the theorem of Blakers-Massey, we obtain the exact
sequence

7o (S =25 71, (8) —* 7,,(C()) ,

where i: " — C(«) is the inclusion.

Let 7,,_, be a generator of m,,(S?*"!)=~ Z,. Also let h’ be a generator of
the cyclic group m,;,_,(S*!) (k =4, 8), i.e, ' =V (k=4) or ¢ (k =8) in [24].
Then, o« = +h + X = +h + bZh’ for some integer b, and

ay (M2k—1) = (£h + bZh' )y = Thnye + bZh )Ny,
and hn,,_, # 0 by [24; Prop.5.8 and 7.1]. On the other hand,
(> 4] = (ER )0 -y by [24; (5.11) and p.63] .

These show that [#,, ,] ¢ Im a, = Ker i, in the above exact sequence.
Thus

(in, 1] = i [me, 5] #0 in 7,(C(x)) .

By Corollary 3.4 and Lemma 3.5, nil 2C(a) > 1 in these cases according to
Proposition 1.2 (ii).

To consider the case that H(x) = +2, we prepare the following
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PROPOSITION 3.6. Assume that the cohomology H*(X; k) with coefficient in
a field k for x < 3n has a k-basis
{l,e,,e,5,} (dege;=)) with e, =0,
and e,e,, = 0 in H*"(X; k), for some n > 2. Then, nil QX > 1.
PRrOOF.

In this proof, we omit the coefficient field k for the simplicity.
Consider the projection p:L = L(X;* X)— X, p()=11), the adjoint d:

20X - X of idoy and the map d': CQX — L, d'(w, t)(s) = w(ts).
d pr and we have the commutative diagram

Then, pd’' =
HX) —X HLQX) Z— HQX)

ld* jd'* ’
H(ZQX) o HiCQX, 0X) =

—— H7Y(QX).

By assumption and by studying the cohomology spectral sequence for the
fibration QX — L — X (cf. [20]), we see that H*(QX) for * < 3n — 3 has k-basis
{1, a(e,), €', a(ezn), ale,)e’} (deg e’ = 2n — 2), where o = (6*)'p* is the suspen-
sion homomorphism. Thus, H¥*(2'QX) for * < 3n — 2 has k-basis

{1, Ay bypy, Azps b3n—2} (deg C; =j),
where the suspension isomorphism o* = (6*)! pr* maps g; to a(e;), b,,—, to €,
and b;,_, to a(e,)e’.

Hence, the above commutative diagram shows that
d*(e;) = q; for j=n and 2n.
Suppose that QX is homotopy commutative.

Stasheff stated in Proposition 1.2 (iv), there exists a map

Then, by the result of
V20X x 2QX - X

such that Y| 22X x x ~d ~ y|* x TQX. Consider the homomorphism
y*: H¥(X) > H¥(2QX) ® H¥(2QX)
induced by . Then, by the above results on the cohomologies, we see that
Y*e,) =d*e,)®1+1@d*e,) =a,®1+1®aq,,
Y*(ezn) = d*¥(e2,) ® 1 + 1 ® d*(e;,) + gd*(e,) ® d*(e,)

=a2n®1+ 1®a2n+gan®an
for some g € k, and so
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0 = '//*(eneZn) = l/’*(en)./”'g("’Zn) = a, ® azy + (M ® a, # 0 H

which is a contradiction. Thus nil 2X > 1.

COROLLARY 3.7. If H(a) = +2 for a € my_,(S*) (k: even), then nil QC(x) >

Proor. H*(C(x); Z,) has a Z,-basis {1;e,e,} (dege;=j) and e =
H(a)e,, = 0 by assumption. Thus the result is a special case of Proposition
3.6.

Thus Theorem 2 is proved completely.
4. The case when X is a sphere bundle over a sphere

By Steenrod[22; 18.5], the k-sphere bundles over the n-sphere S" with
group O, are classified, up to bundle equivalence, by equivalence classes of
elements of n,_,(0,,,) under the operations of ny,(0,,,). Hereafter, we denote
by E, the k-sphere bundle over S which corresponds to the equivalence class of

7 € M1 (Ok+1) k,n>2)),
which is called the characteristic class of E,, and by
p:E,—»S" and i:S*=pl(x)>E,

the projection and the inclusion, respectively. Then, we have the following
exact sequence

e nm(S")i, nm(Ey)i, ‘,-,:"'(S'!)_A> nm—l(Sk)—’ s
and there holds the equality
“.0) o= 40,) = 4,() € m,_,(S¥)

for the homomorphism g, : 7,_; (O 4,) = m,_,(S*) induced by the natural projec-
tion q: 0,4, = O41/0, = S*. Also, for the boundary homomorphism 4, we
have the formula

4.2) A(ZP) = A@,)B = op for any B e m,,_,(S"?).

In particular, (4.1) shows that E, admits a cross section if and only if & = 0.

In the first place, we consider the case that
=0, e.g., n<k, or n=k+1 and kiseven.

In fact, n, ,(S)=0 if n <k, and g, = 0:m(O+,) - m(S¥) if k is even by
[22; 23.7].
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PROPOSITION 4.3. Assume that a fibration (E, p, B) with fiber F = p~(%)
admits a cross section s: B— E, and B and F are simply connected. Then:

(1) u(Qi x Qs): QF x QB — QE is a homotopy equivalence, where i: F — E
is the inclusion and u is the loop multiplication on QE.

(ii) If QE is homotopy commutative, then so are Q2B and QF.

PrROOF. (i) We see that u(Qi x 2s) induces the isomorphisms of the
homotopy groups, which implies (i) by J. H. C. Whitehead’s theorem.

(i) If QE is homotopy commutative, then we can see that u(Qi x Qs) is
an H-map. By (i), QF x QB is also homotopy commutative and so are Q2B
and QF.

COLLORARY 4.4. For the bundle E, with « = q,(y) =0en,_(S*), QE, is
not homotopy commutative unless {k, n}c {3, 7}.

PRrOOF. This follows from Proposition 4.3 and Theorem 1.

From now on, we consider E, for y € m,_,(0,+,) such that
n>k>2 and q,() =4@1,)=a #0 in m,_,(S*).
By James-Whitehead[15], the bundle E, admits a CW-structure
E, =8, e"ve™ = Cla)uz e = C(p).
Here B:S"**~! - C() is the attaching map of the top cell e"** so that
B=pBIS*t  for  B:(V"K S"TN) > (E,, C(0)),
where f is the characteristic map for e"**. Also,
o=a|S" ! for @:(V", 8" )= (C(),S" 1)

where @ is the one for e", and there holds the following

PROPOSITION 4.5 ([15]). (i) S* = p~!(*) and p|C(x): (C(®), S*) - (8", *) is a
relative homeomorphism for the projection p: E, — §".

(i1) kB =Tl for  jyiMue—1(C@) > Tpipy (C(@), SY)

where j is the inclusion and [@, 1,] is the relative Whitehead product.
LEMMA 4.6. If k <n — 1, then [@, 1, ] and B are of infinite order.

Proor. Consider the homotopy exact sequence

i nm(Eya Sk) g 7zm(E'y’ C(a)) i 7'[m—l(c(a)’ Sk) g 7.':m—l(E'y’ Sk) -
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of the triple (E,, C(a), S¥), where
0" = ju0: y(E,, C(0)) = 7,y (C(2)) = 7,y (C(), S¥)

and m,.,(E,, C(®)) = Z generated by B. Then, T,4i(E,, S¥) is finite, because
Py Twm(E,, S~ n,(S") and n<n+k<2n—1 by assumption. Thus & for
m = n + k is monomorphic; hence &'(f) = J«(B) = [4, 1] is of infinite order, and
so is also f.

LEMMA 4.7.  Assume that n or k is even, and that o = q,(y) € m,_,(S*) is of
finite order. Then,

[p,p]#0 in my,_,(E,)  for some p e m,(E,) if nis even,

and
[i,i]#0 in Ty—y(E,) if k is even .

Proor. Consider the exact sequence

o T ($4) > 1 (B, ) L (7)o Ty (81—

Assume that n is even and sa =0 in =,_,(S*) for s #0. Then, from (4.1)
and the exactness,

A(st,) = sA(1,) = s =0 and so St, = py(p)
for some p € m,(E,). Thus
P«([p, p1) = [Ps(p), P4(P)] = $*[10 1, ] #0  in 7p, (")

by (3.1) (iv). Thus [p, p] # 0 in n,,,(E,).
Assume that k is even. Then [i,, 1,] € 7,,_;(S*) is of infinite order by (3.1)
(iv). On the other hand, the image of

A 73(8") = 71 (S¥)

is finite because 7,,(S") is finite if n # 2k by (3.1), and Im 4 is generated by
A@,) = a if n = 2k. Therefore [1,, 1] is not contained in Im 4. Hence, by the
above exact sequence, we have

[i,i] = i*[lk, ]1#0 in 7f2k—1(Ey) .

Thus we have nil QE, > 1 in case of Lemma 4.7 by Proposition 1.2 (ii).

LEMMA 4.8. Assume that n =k + 1 # 4 and a = q,(y) # 0 in m(S*). Then
nil QE, > 1.

ProoF. k is odd by assumption, as is noticed in front of Proposition 4.3.
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Put a = sy, (s # 0), and consider the homotopy exact sequence
1 T (C(0) 5 7 (C(@), 85— Ty (8) — Ty 1 (C(@), S —

of the pair (C(2), $*) for C(x) = S* U, e**'. Then, by Proposition 4.5 (ii) and
[7] on the relation of the relative Whitehead product and the absolute one, we
see that

0=20j,(B)=0([o u]) = — [0 1] = —[o, 1] = —s[t, 1]
in 7,,_,(S¥). Thus s is even if k # 3, 7 by (3.1) (v).

(a) The case that s is even: By Blakers-Massey[7], 7,4,—1(C(®), S*) is the
direct sum

Im [&, : iy (V" 8"71) = 7,1 (C(a), SHlez (k=n-1)

where Z is generated by [a,7,]. Consider 0: m,(V**?, §) = n,_,(S*). Then,
for any p € m,, (V*¥*, S¥), we have

0(@,(p)) = (00),,(0p) = a,,(Op) = (s1)4(Op) = sOp
since dp € My _1(S¥) = 27y, _,(S¥71) by (3.1)(v). Thus,
Im [0: 7 (C(a), §*) = 741 (S¥)] = 571 (S¥)

by the above direct sum decomposition, since d([@, z,]) = 0 as is shown in the
above. Since s is even, this and (3.1) (v) show that

[t 4] ¢ Im 0 if k + 1 is not a power of 2.
On the other hand, we have the commutative diagram
T8 —— mu (8w (Ey)
Lo
naulEy 8% —— m1,(Cla), 5,

where ¢ is the inclusion map and ¢, is epimorphic since E,= C(x)u e**!,

Therefore Im 4 = Im 0 % [, 1] and

Li,i]l=i,[u,ul#0 in Tc2k—1(Ey)

if k + 1 is not a power of 2.

Now, consider the case that k + 1 = n is a power of 2. This proof can be
applicable in the case k = 3, 7 and a = sy (s is even).

We consider the exact sequence

s T (8) = T (E,) 2 1, (SKH) = 7y (S —
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Then, for the generator n,,; = 2%n,_; € m,,,(S**!) = Z,, we see that

A(Mys1) = A1) by (4.2)
= any = Sty by (4.1)
=0

since s is even. Thus there exists an element p € m,,,(E,) such that n,,, =
p.(p). Therefore, by Hilton[10],

Px(Lp, P1) = [Mw1> M+11 # 0 in m,,,5(S**1);

hence [p, p] # 0 in m,,,5(E,) and nil QE, > 1.

(b) The case that k=n—1=7, a =51, and s is odd: We consider the
set P of primes p with (p,s) = 1. Then 2 € P and the P-localization ap: Sp — S
is a homotopy equivalence. Thus C(xp) has the homotopy type of a point x*.
Therefore fp ~ * : Si* - C(ap) ~ C(a)p ~ * and

(E,)p =~ C(Bp) =~ Sp°.
For the P-localization I: S™ — Sy’ of S™, we note that
[y, 1] = iy 1,1 # O in 7wy, (S™)ifm+#3,7and 2€e P.

In fact, this is shown by Lemma 1.3, since 2 € P and the order of [, 1,] is 2 or
infinite by (3.1).

Therefore [li;s, ;5] # 0 in m,9(Si%) in the above case, and Q2Si° is not
homotopy commutative by Proposition 1.2 (ii), and so is (E,)p, which implies
the lemma by Lemma 1.4.

LEMMA 4.9. Assume that n=2k > 8, k is even and a = q,(y) € my_,(S")
satisfies H(a) # 0. Then [i,i] # 0 in ny_,(E,).
Proor. Consider the case H(x) # +1, +2. Then,
[i,i'1#0 in 75, (C(2))
for the inclusion i’ : S¥ - C(«), by Corollary 3.4. Also,
T,(C(0) = n,(E,) form <3k —2

by the homomorphism induced by the inclusion C(«) > E, = C(x) U e**. There-
fore [i,i] # 0 in m,y,_, (E,).

Now, we show that the assumption implies H(x) # +1, +2.

By Barratt-Mahowald[5] and Krishnarao[17], we see that 7m,;_(O,4,) for
even k > 10 is the direct sum of a finite group and an infinite cyclic group
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generated by 6 and
q,0) = Aly, y 1+ ¢ for A =¢(k)((k — 1)1)/8 =2

for the homomorphism g, : 75— (Op+1) = -4 (S*) induced by the projection g,
where @ € F, in (3.1) (iv) and &(k) = 1 or 2 according as k/2 is even or odd.

Consider the case k = 4, 6, 8. By [16] (cf. the table of =,,(0,) and =,(S*) in
[27; 11, pp.1415-7]), we can see that m,,_,(O,4,) is the direct sum of a finite
group and an infinite cyclic group generated by 6 which satisfies

6[14,1,]1 + 6 for k=4
q,(0) = < 2[16, 6] for k=6
(18 [1g, 151 + 0 for k=8

where 0’ € F,. Therefore,
H@e)# +1, +2 if H(x)#0 and kiseven>4.

since a = ¢,(y); and the lemma is proved.

REMARK 4.10. Let X be a CW-complex obtained from C(x) = S¥u, e" by
attaching r-cells with r > m for some m. Assume that [, (] # 0 in C(x) for
ten,(C(x)) and { emy(C(2)) and a+ b <m. Then [j&j{]#0 in X for the
inclusion j: C(x) - X, because j, : n,(C(a)) = n(X) for s <m, and we see that
nil QX > 1.

LEMMA 4.11. Let E, be the bundle with o = q,(y) € n,_,(S*) (k < n — 1).
(i) If n>2kandk # 3,7, then [i,i] # 0 in n5,_,(E,).
(i) If the order of o is odd and (k, n) # (3, 7), then nil QE, > 1.

Proor. (i) Consider the homotopy exact sequence

4 i
s (ST — 7‘2k—1(sk)—" Tok—-1 (Ey)—’ E

Then i, is a monomorphism since 7,,(S*) =0. Thus i [y,1]=1[ii]#0
in 7y (E,).

(i) We consider the 2-localization (E,), of E,. Then the 2-localization
@, of a is null homotopic. Thus the fibration S5 —(E,), >S5 has a cross
section. Therefore we have nil QE, > 1 by Proposition 4.3 and 1.2 (i), because
[l 1] # 0 in m,,,_(S5) for m # 3, 7 as noted in the case (b) of the proof of
Lemma 4.8.

LEMMA 4.12. Assume that a = q,(y) € m,_,(S*) (k < n — 1) satisfies the fol-
lowing condition (1) or (2):
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(1) [, 2] is not contained in the image of o, : 7y (S"™') = 7y —1(S*) and
k#3,7,

(2) «=2a for some o € m,_(S*), k + 1 is not a power of 2 and k > 4.

Then [i,i] # 0 in my_4(E,).

ProOF. In the exact sequence

n A il‘
fr e T (8T) = g1 (8F) — Tk (E)— 7,
we see by (4.2) and the suspension theorem that
oy = A2 1 Ty 1 (S"71) = M (S™) = Ty (S¥)

since k <n — 1.
Case (1): In this case, we have

A(ma4(S")) = “*(nzk—1(Sn_l)) [, 1]

Therefore [i, i] = i, [1, 3] # 0 in 7, (E,), by (3.1) (v) and the exactness.
Case (2): In this case, we have

A(m(S") = a*(nZk—l(Sn_l)) < 2n2k—1(Sk)

since a =20 and X:my_,(S""2) > m,_,(S"7!) is epimorphic. On the other
hand, [1, 1,] ¢ 275, (S%), by (3.1) (v), since k + 1 is not a power of 2. Thus we
obtain 4(n,,(S")) # [, u,]. Therefore [i,i] # 0 in n,,_, (E,).

REMARK 4.13. [y,1] does not lie in the image of o, :my_((S"')—
25—, (S¥) for the following o € m,_, (S*):

e for k=1mod 4, 0,1, N15: Vio Vios s Mibksr fOr k= 11, 13 and 15; {, for
k = 13 and 15, (the notation are the ones in [24]).

LEMMA 4.14. Assume that n=0, 1 mod 4 and n # 5, and that o = q,(y) €
7,1 (S¥) satisfies
AMp—1 = 0 for Hp-1 € 7tn(S"_l) = ZZ s eg., a€ 2n2n—l(sk) .
Then [ﬁm ﬁn] ?é 0 in n2n+l(Ey) for any ﬁn € 7rn+1(Ey)'

Proor. Consider the exact sequence

T My (Sk)—il" 75n+1(Ey)_pL’ ”n+1(sn)—d’ ”n(Sk)—’ .
Then,
AN,) = 4(ZNy-1) = AN by (4.2)

=an,., =0 by (4.1).

Thus, there exists an element 7, € 7,,,(E,) such that p,(7,) = 7,
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Therefore, by Hilton [10],

Ps([F 11ad) = My 1a] #0  in m,5,,,(S™);
hence [ﬁn’ ﬁn] # 0 in n2n+l (Ey)

LemmA 4.15. nil QX > 1 for any 2-sphere bundle over S* such that o =
4, (y) # 1, € 13(S?).

ProOF. Let E,, denote the bundle E, with a =mn,. Then E, has a
CW-structure

E, ~5%0,, etues,

where 7, : S3 — % is the Hopf map.
From the homotopy exact sequence associated with the bundle E,, and
(4.1), we have

n,(E,) = Z generated by i 1, =i,
n5(E,) = Z, generated by i, n, = in, (=0ifm= 1),

where i: S? - E,, is the inclusion.
Let m# +1, +2. Then

[i*lz’ i*12] = i*[lza 12] = i*(2n2) = 2i*’72 #0 in 7'::&(Em) .

When m = +2, [#,, fis] # 0 in nye(E,,) by Lemma 4.14.

When m = +1, E,, is homotopy equivalent to the complex projective space
CP(3). By Stasheff [21; Th.1.18], QCP(3) is homotopy commutative.

Therefore QE,, is homotopy commutative if and only if m = +1.

Now, Theorem 3 in the introduction is proved by Corollary 4.4 and
Lemmas 4.7-15.
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