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Cofine boundary behaviour of temperatures
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1. Introduction, notation and terminology

The Dirichlet problem for the heat equation is much less satisfactory
than that for Laplace’s equation, because the set of irregular boundary points
is not necessarily polar, or even negligible. Therefore the behaviour of gener-
alized solutions near irregular boundary points is more important. In this
paper, we study such behaviour in the case of irregular points that are also
cofine boundary points, that is, boundary points in the fine topology for the
adjoint heat equation. We show that cofine limits exist and coincide with
the values of the given boundary function at many such points, and character-
ize the points where this occurs in terms of both barriers and zero limits of
the Green function. It is natural to call such points ‘cofine regular’. Earlier,
Bauer [3] and Doob [6], p. 358, have studied the existence of fine limits
(that is, limits in the fine topology for the heat equation itself) of generalized
solutions at irregular boundary points, but our results differ from theirs in
both the topology and the fact that the limits assumed are the values of the
given boundary function.

Non-polar sets of irregular boundary points that are also cofine boundary
points, commonly occur within a single characteristic hyperplane. However,
such a phenomenon does not occur if cofine irregular points are considered
instead of (Euclidean) irregular ones. We prove this using a new reduction
(or balayage) operator, which is introduced in Section 3. There Theorem 2
establishes the most important properties, and Theorem 3 uses these to prove
a new result on the cofine boundary behaviour of greatest thermic minorants,
which easily implies the existence of zero cofine limits of potentials (and hence
of Green functions). Section 2 is devoted to proving a result which was
stated and given an erroneous proof by Doob in [6]. In fact, we give a
slight extension of the result, which is required for the proof of Theorem
2. Section 4 is where the results on cofine limits of generalized solutions
are established. The methods are adaptations of classical techniques.

Throughout this paper, D denotes an arbitrary open subset of real Eucli-
dean space R"*!' = {(x,t):xe R" te R}. A typical point will be denoted by
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p or (x, t) as convenient. Given p, € D, we denote by A(p,, D) the set of all
p € D\{po} which can be joined to p, by a polygonal path in D along which
t is strictly increasing from p to p,. The set A*(p,, D) is defined analogously,
with ‘increasing’ replaced by ‘decreasing’. A temperature on D is a solution
of the heat equation. Supertemperatures are defined in [9], and superparabo-
lic functions in [6]; the equivalence follows from the Riesz decomposition
theorems given independently in those works, or from [2], Theorem 2.5. The
class of all non-negative supertemperatures on D is denoted by S*(D). The
Green function for D is denoted by Gy, except that the subscript is omitted
when D = R"*!. If u is a non-negative, locally finite Borel measure on D,
we put

Gpu(p) = L Gp(p, 9) du(q)

for all pe D, and call Gpu a potential if it is finite on a dense subset of D,
in which case Gpue S*(D). If ve S*(D), the greatest thermic (or parabolic)
minorant of v on D is that temperature u < v which majorizes all others, and
is denoted by GMpv. An element we S*(D) is a potential on D if and only
if GMpw = 0. For details of these concepts see [6] or [9].

The fine topology is the coarsest topology that makes every supertempera-
ture continuous, and the cofine topology is the corresponding concept for the
adjoint heat equation. A polar set is any subset of the infinity set of any
supertemperature. A proposition which is true for all points outside a polar
set is said to hold quasi-everywhere (q.e.). For any set B, the set of cofine
limit points of B is written B*/, and the cofine boundary of B is é*/B. If
v is a function on D which has a cofine limit at a point g € D*/, that limit
is denoted by v*(g). In particular, if v, we ST(D) then (v/w)* exists g.e. on
the subset of D where v + w > 0, and is finite g.e. on the subset where w > 0
([6], p. 351). If u is a function on D, its lower semicontinuous smoothing
1 is the lower semicontinuous minorant of u that majorizes all others. Given
an arbitrary subset 4 of D and any v e S*(D), the parabolic reduction of v
on A is defined by

Rf =inf{we S*(D):w>v on A},
and ﬁﬁeS*(D). The reader is referred to [6] for details of these concepts.

The term ‘increasing’ is used in the wide sense.
Finally, u A v denotes the pointwise minimum of u and v.

2. An internal limit theorem

Theorem 1 below is a slight extension of a result given by Doob. Unfor-
tunately, Doob’s proof ([6], p. 354) is invalid, since it is not necessarily true
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that (in his notation) ‘the restriction of v to Do is a potential’, because the
Riesz measure associated with © may have some mass outside D,, particularly
in 6Z. However, a modification of Doob’s method reduces the result to the
corresponding one for non-negative temperatures on R" x ]0, o[, and for
this there are several known proofs. Here u*(q) denotes the cofine limit of
u(p) as p—q.

THEOREM 1. Let v, we S*(D), let p, be a limit point of {p: w(p) > 0} in
D, let A = A(py, D), and let y be the characteristic function on D of D\A, so
that vy, wyeS*(D). If v, o are the Riesz measures associated with vy, wy
respectively, and v,, w, are their restrictions to DN JOA, then

() -t ot 0

w-a.e. on the component I' of DNJA that contains p,.

Proor. Put E = A*(py,, D). We can assume that D = AUT'UE. Since
Do is a limit point of {p: w(p) > 0}, the quotient v/w is defined q.e. on E. Since
E is a deleted cofine neighbourhood of p for every pe I, we may further
suppose that v = vy and w = wy. It is sufficient to prove that (1) holds w-a.e.
on an arbitrary compact subset F of I. We can therefore suppose that v
and w are potentials of finite measures on D; for if N is an open neighbour-
hood of F and is relatively compact in D, then RY e S*(D), R¥ =v on N,
RY <v=0on AUT, and the Riesz measure associated with RY is supported
by the compact subset N\ 4 of D and is therefore finite, so we could replace
v, w by RN, RY,

We now prove that if v(I")=0 then (v/w)* =0 w-ae. on I Let be
10, o[ and put B = {p: v(p) > bw(p)}. Then (as in [6], p. 354)

v > RE > bR = bGp(wdB) > bGpw', )

where for each p e D the measure d5(p, ) is the sweeping over B of the unit
mass concentrated at p, and o’ is the restriction of w onto B*/\E, the set
of cofine limit points of B outside E. The Green function G is the restriction
to E x E of Gy ([9], p. 271, and [6], p. 300). Therefore, since v(D\E) =0,
the restriction of v to E is a potential. By (2), this potential majorizes the
restriction to E of bGpw', which is a temperature and is therefore zero. Hence
o(B*\E) = 0, and therefore

cofine lim sup (v/w)(p) < b

pP—q

for w-almost every qe I. Since b is arbitrary, (v/w)* =0 w-a.e. on I.
It follows from this result that
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w — Gpw 4 *_O_ v— Gpv\*
Gpw 4 T\ Gpoy,
w-a.e. on I, so that (v/w)* = (Gpv,/Gpw 4)* w-a.e. on I. Thus only v, and
w4 are relevant, and we can suppose that v and w are supported by NN T.

If v, w are defined to be null on R"*!*\ D, there are non-negative tempera-
tures h,, h,, on D such that

Gv = GDV + hu N Gw = GDw + hw (3)
on D ([9], p. 276), so that q.e. on E we have

v Gv_h,, l—ﬁ
w \Go Go Gw) '

There are already several proofs that, for any potentials on R™*! of measures
on R" x {0},

Gv\* d
<G_(j)) = é o —ae. on R" x {0} 4)
([5], (81, [4], [6] p. 382). Therefore the result will follow if we show that,
for ue {h,, h,}, (u/Gw)* =0 w-ae. on I'. Since all the potentials in (3) are
zero on D\E, the same is true of u. Since u is continuous on D, it therefore

suffices to show that (Gw)* > 0 w-a.e. But this follows from (4), because

1 *_dm,I< .
@ _dw [e0] w a.c.

REMARKS. (i) It is easy to check that vy = R4, with 4 = D\ 4, in Theo-
rem 1.

(i) f w=1 on D, then w, =m, on I This is clear when D = R"*!,
and the general case can be deduced from this using [9], Theorem 19.

3. Cooling

We now define the reduction operator, and use Theorem 1 to establish
its fundamental properties. Although it can be defined on arbitrary subsets,
we restrict its definition to those on which we can prove its idempotence;
this is ample for our present purpose.

DEerINITIONS.  If A = R"™! and t € R, we write A(f) for AN(R" x {t}). If
D is open, A is a subset of D such that A(t) is Borel for all ¢, and v e S*(D),
we put

P = {weS*(D): w* > v* qe. on A(¢) for all t},
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and define CZ, the cooling of v over A relative to D, by
CA =inf P2 .

Where convenient, we write C4(v) for C2.

Obviously v > CA> CA on D. Also, if B< D and the symmetric differ-
ence of A(t) and B(t) is polar for every t, then CA = C2 on D. By the
fundamental convergence theorem ([6], p. 314), CA e S*(D). There are several
other conclusions we could draw from that theorem, but they are all improved
upon by our next result, which shows that CA = C# on D and that cooling
is idempotent.

THEOREM 2. If A< D and ve S*(D), then
(i) CA=cC# on D,

(il) (CH* = v* g.e. on A(t) for all t,

(iii) CA=CAC?) on D.

(iv) C# is a temperature on D\ A.

PROOF. We begin by proving that (CA)* = v* g.e. on A(t) for all t. Let
u=CA fix teR, and let E=DN(R" x ]t,0o[). If y is the characteristic
function of E on D, then y, vxeST(D). Let A, v be the Riesz measures
associated with y, vy, respectively. Then 4 is the restriction to D(t) of m,. Let
Z = D\E, and let v, denote the restriction of v to Z. Since vy is a tempera-
ture on Z° v, is supported by D(t). There is a sequence {p;} in D(t) such
that both E and D(t) remain unchanged if Z° is replaced by ()2, 4(p;, D), and
it therefore follows from Theorem 1 that

w_ [VX\* _ dvg
= (%) - ®
m,-a.e. on D(t). Since the m,-null subsets of D(t) are precisely the polar
subsets of D(t) ([10]), (5) holds q.e. on D(¢).

Let u, denote the restriction to A(t) of the absolutely continuous part of
v, with respect to m,, and let v, = Gpu,. Then v > vy > Gpv, > v, on D, so
that for any w in P4® we have w* > v¥ q.e. on A(t). The absolute continuity
of u, and the coincidence of m,-null sets with polar sets in A(t), imply that
polar sets are u,-null and that v} < w* y,-a.e. on D. Therefore the domination
principle ([6], p. 358) implies that v, <w on D. Thus C# > CA® > v, on D,
and therefore u > v, on D. Furthermore, by (5) and the corresponding result
for v,,
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m,-a.e. on A(t), hence qe. on A(t). Thus u* >0v* qe. on A(t), and since
u<v on D we deduce that u* =v* qe on A(t). Since t is arbitrary, we
have proved that (C4)* = v* q.e. on A(t) for all t.

It follows immediately that CA4 > C4, so that equality holds. Thus (i)
and (ii) are established.

If u= C# and w e P4, then we P4 by (ii), so that w > C = u. Therefore
C2 > u, so that equality holds and (iii) is established.

To prove (iv), let B be an open interval with B < D. Following [6], for
each u e S*(D) we put tzu = u on D\B, tzu equal to the (parabolic) Poisson
integral PI(B, u) of u|,5 on B, and tzu(q) = hm PI(B, u)(p) for inner points ¢

of the upper boundary of B. If ue ¥4 and BCD\A then tzue YA and
tgu <u on D. Therefore, on B,

C# = inf{(tu)|p:ue ¥4} .

By the Harnack convergence theorem ([6], p. 276), C2 is a temperature on
B, and (iv) follows.

EXAMPLE. Let —oc0 <a<0<b<oo, let D=R"x ]Ja,b[, let u be a
measure supported by B = R" x {0} such that v = Gpu is a potential, let
f = du/dm,, let A be a Borel subset of B with characteristic function y,, and let

dv(y) = f(Mra(y) dy .

We show that C2A = G,v on D. If u = Gpv then, by Theorem 1, v* = f and
u* = fy, m,-a.e. on B, so that u* = v* m,-a.e. on 4. Since m,-null and polar
subsets of B coincide ([10]), ue ¥ and so u> C2A. Let we ¥Y2. Since
u* < 0 my-a.e. on A and u* = v* < w* q.e. on 4, we see that u* < o0 v-ae.
and u* < w* qe. on a Borel support of v. Therefore u <w on D by the
domination principle ([6], p. 358), so that u < C# and hence G,v= CZ. It
follows that the restriction of u to B is absolutely continuous with respect
to m, if and only if C® = v, and that it is singular if and only if C? = 0.

Despite Theorem 2(ii), it is not necessarily true that C =v on 4. For
example, if v=1, 4 =R"x {0} and D = R"*!, then C{ is the characteristic
function of R" x ]0, oo, so that CA < v on A.

We now use Theorem 2 to prove a new result on the cofine boundary
behaviour of greatest thermic minorants.

THEOREM 3. If B is an open subset of D, and ve S*(D), then
(GMgv)* = v* < ©

g.e. on (DN*/B)(t) for all t.



Cofine boundary behaviour of temperatures 109

PrOOF. Put u=GMpzv on B, and u=v on D\B. Then u is the reduc-
tion of v over B relative to D, in the terminology of [9], p. 263 (but not a
parabolic reduction in the sense of [6]), so that u is the limit of a decreasing
sequence of elements of S*(D). Therefore u* is defined and finite q.c. on D
([6], p. 355). By Theorem 2(ii), (C>"%B)* = v* q.e. on (DNJB)(t) for all t.
Therefore, since the restriction to B of CP?B js a thermic minorant of v
on B (by Theorem 2(iv)), q.e. on (DNo*/B)(t) for all t we have

v* > u* > (CPNoBy* — p* |
which implies the result of the theorem.

CoOROLLARY. If v = Gpv is a potential on D, and vg is the restriction of
v to B, then (Ggvg)* =0 g.e. on (DNO*/B)(t) for all t.

Proor. If we put vg(D\B)=0, then Gpvze S*(D) and there is a non-
negative temperature h on B such that Gpvy = Ggvg + h on B ([9], p. 276).
Since Ggvg is a potential on B, h = GMgGpLvg. Therefore, by Theorem 3,
h* = (Gpvg)* < © q.e. on (DNJ*/B)(¢) for all ¢, and the result follows.

ExampLE. Taking D = R"*! and v to be the unit mass at a point r € B,
we see that Gg(-,r)* =0 q.e. on (0*/B)(t) for all ¢.

4. The Dirichlet problem

Throughout this section, g denotes a given function on 0D (which includes
the point at infinity if D is unbounded) and H,, ﬁg, H, denote, respectively,
the solution (if it exists), upper solution, and lower solution of the Dirichlet
problem for g in the PWB sense ([6]).

The example at the end of Section 3, combined with standard techniques,
yields new information about the behaviour of H,, H, and H, at certain
irregular boundary points.

DEFINITIONS. A positive supertemperature 4 on D will be called a weak
cofine barrier for D at a point g € 0*/D if u*(q) exists and is zero. It will
be called a cofine barrier for D at q if, in addition, inf u > 0 whenever B is
a (Euclidean) neighbourhood of gq. D\B

If E is an open subset of D, and ge 0*ENJ*/D, then the restriction
to E of a cofine barrier for D at q is a cofine barrier for E at q. Conversely,
suppose that there is an open neighbourhood V of g such that VN D = VNE,

and that there is a cofine barrier u for E at q. If a = inf u, then « > 0 and
E\V

the function v, defined by putting v=a Au on DNV, v=a on D\V, is a

cofine barrier for D at q. Thus the existence of a cofine barrier is a local

property.
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THEOREM 4. If there is a weak cofine barrier for D at q, then there is
a cofine barrier for D at q that is also a temperature on D.

Proor. Follow [6], p. 333, choosing v to be continuous at 0 and taking
the limit at the end in the cofine topology.

THEOREM 5. If there is a cofine barrier for D at q, and if g is bounded
above, then
cofine lim sup H,(p) < lim sup g(p) .

rp—q p~q

In particular, if g is bounded on 0D and continuous at q, then

H}(q) = H*(q) = g(q) -

Proor. It is easy to adapt the proof for the classical case in [6], p.
126, to the present situation.

DEFINITION. A point g€ 0*/D is called cofine regular if, whenever g is
real-valued and continuous on 0D,

Hy(q) =9(q).

THEOREM 6. A point q € 0* D is cofine regular if and only if there is a
cofine barrier for D at q.

Proor. The proof follows that for the classical case in [6], p. 127, except
that the suggestion therein for a barrier is no use in thermic case (despite
the remark apparently to the contrary in [6], p. 334). Let f denote the
distance from g, let g = f A 1, take H, as a weak cofine barrier for D at g,
and apply Theorem 4 above.

It follows from Theorem 6 that cofine regularity is a local property.

ExampLE. If g is a cofine regular point of %D and reD, then
Gp(+,r)*(g) = 0. This follows because Gp(-, r) = G(-, r) — H, with g the restric-
tion of G(-,r) to oD ([6], p. 331).

This example, together with that in Section 3, suggests that cofine regular
boundary points might be characterized in terms of Green functions. This
is, indeed, the case, as we show in Theorem 7 below. It seems that the
corresponding result for (ordinary) regularity has not been given before, so
we draw attention to its details after the proof of the theorem. To some
extent, there is a parallel between the roles played by the components of D
in the case of Laplace’s equation and by the sets A*(p, D) here. The main
differences occur because the relation r € A*(p, D) is not symmetric in r and
p, and because 0A4*(p, D) £ dD. In Theorem 7, we also use the results of
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Section 3 to prove that, for each t, quasi-every point of (3*'D)(t) is cofine

regular.

We use the following terminology.

DerFINITION.  If {p,} is a sequence of points in D such that the family
{A*(p,, D): k e N} covers D, we call {p,} an ancestral sequence for D.

The Lindel6f property ensures the existence of ancestral sequences.

THEOREM 7. Let q€ 0% D, let {p,} be any ancestral sequence for D, and
let 1,={k:qed*A*p,,d)}.

(1)
(i)

(iif)
(iv)

If 1, =@, then q is cofine regular for D.

If 1, # ¢, then q is cofine regular for D if and only if q is cofine
regular for every A*(p, D) such that kel,.

If I, # @, then q is cofine regular for D if and only if Gp(-, pi)*(q) =0
for all kel,.

For each t, quasi-every point of (0*/D)(t) is cofine regular for D.

PROOF.

(1)

(ii)

Put

u= é (Gol-2 ) A 27%). (6)

Since Gp(:, p) >0 on A*(p,, D) for each k, and {p,} is ancestral
for D, u>0 on D. The series converges uniformly, so that ue
S*(D). For each je N, there is a cofine neighbourhood V; of ¢
such that the j-th partial sum of the series is zero on V;N D, because
Gp(, px) = 0 outside A*(p,, D) ([9], p. 271) and I, = ¢. Therefore
u <277 on V;ND, and it follows that u*(g) = 0. Hence u is a weak
cofine barrier for D at g, and q is cofine regular for D.

Suppose that g is cofine regular for D, and let v be a cofine barrier
for D at g. Given any ke, the restriction of v to A*(p,, D) is
a cofine barrier for that subset at g, so that g is cofine regular for
A*(py, D). Conversely, suppose that g is cofine regular for every
A*(py, D) such that ke I,. Given any ke I,, put E = A*(p;, D) and
choose a sequence {rf} in E with limit p,. The Green function Gg
is the restriction of G, to E x E ([9], p. 271). Therefore, on E,

GD(',V:‘)=GE(',T:‘)=G(',7':()—Hg

([6], p. 331), where g is the restriction to dE of G(-,r¥) and H, is
taken relative to E. The cofine regularity of q for E implies that
Gp(-, r)*(q) = 0 for every i. Since {rf} converges to p, it is ances-
tral for E, and because this holds for each k € I, the countable set
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{rk:ieN, kel }U{p,: ke N\I,}

can be arranged as an ancestral sequence {r;} for D. This se-
quence has the property that, if qea*fA*(nj, D) for some j then
Gp(*, m;)*(@) = 0. Therefore, if

W= i (G-, 1) A 279),

then w is a weak cofine barrier for D at gq. It follows that q is
cofine regular for D.

(i) Suppose that Gp(-, p,)*(q) =0 for all kel,, and let u be defined
by (6). Then u is a weak cofine barrier for D at g, so that g is
cofine regular for D. The converse follows from the example in
this section.

(iv) Given t and k, we know from the example in Section 3 that
Gp(,p)*=0 qe. on (3*D)(t). Therefore, given t, we have
Gp(, p)* =0 for all k, qe. on (0*/D)(t). The result now follows
from (iii).

Results analogous to Theorem 7 (i)—(iii) hold for (ordinary) regularity.
Let qedD, replace I, by {k:qe dA*(p,, D)}, delete the word ‘cofine’ and
replace cofine limits by Euclidean limits, throughout the statements and proofs.

Theorem 7 (iv) shows that cofine regular points occur in sufficient quantity
to be of interest. In [9], a subset ab,(dD) of D was defined by the conditions
that A(q, B(q, ¢)) = D and A*(q, B(q, &) N D # ¢ for some ball B(q, &) in R"*!.
By [9], Lemma 31, ab,(dD) is contained in a countable union of hyperplanes
of the form R" x {t}. It therefore follows from Theorem 7 (iv) that quasi-every
point of ab,(@D)Nd*/D is cofine regular.

The implication of Theorem 7(iv) is that more complete information
about boundary regularity can be obtained if we consider non-Euclidean
topologies. This was the idea behind the treatment of the Dirichlet problem
in [9], but the half-ball topology used there is not as appropriate as the
cofine topology, as can be seen by comparing Theorem 7(iv) with the results
in [1]. Perhaps the neatest Dirichlet problem will turn out to be one where
the cofine topology replaces the Euclidean one in both the boundary limits
and the boundary itself.

After the research for this paper was completed, I discovered that closely
related questions had been asked in [7].

References

[1] M. T. Barlow and N. A. Watson, ‘Irregularity of boundary points in the Dirichlet problem
for the heat equation’, Rend. Circ. Mat. Palermo (2), 31 (1982) 300-304.



Cofine boundary behaviour of temperatures 113

[2] H. Bauer, ‘Heat balls and Fulks measures’, Ann. Acad. Sci. Fenn. Sér. A. 1. Math., 10
(1985) 67-82.

[3] H. Bauer, ‘Fine boundary limits of harmonic and caloric functions’, Bull. Sci. Math. (2),
109 (1985) 337-361.

[4] J. Bliedtner and P. A. Loeb, °‘A measure-theoretic boundary limit theorem’, Arch. Math.,
43 (1984) 373-376.

[5] J. L Doob, ‘A relative limit theorem for parabolic functions’, Trans. 2nd Prague Conf.
Info. Th., Stat. Decision Fcns.,, Random Processes, 1959 (Publ. House Czech. Acad. Sci.,
1960) 61-70.

[6] J. L. Doob, Classical potential theory and its probabilistic counterpart (Springer, 1984).

[77 J. Lukes and J. Maly, ‘Cofine potential theory’, Potential theory surveys and problems,
eds. J. Krdl, J. Lukes, I. Netuka, J. Vesely (Springer, 1988), 231.

[8] J. C. Taylor, ‘An elementary proof of the theorem of Fatou-Naim-Doob’, Canad. Math.
Soc. Conf. Proc., 1 (1981) 153-163.

[9] N. A. Watson, ‘Green functions, potentials, and the Dirichlet problem for the heat equa-
tion’, Proc. London Math. Soc. (3), 33 (1976) 251-298.

[10] N. A. Watson, ‘Thermal capacity’, Proc. London Math. Soc. (3), 37 (1978) 342-362.

Department of Mathematics.
University of Canterbury,
Christchurch,

New Zealand

b








