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1. Introduction

We consider the following system of neutral differential equations of the

form

(u ΐ ixw + (- J)μ «<(')*«(*,('))] = Σ piMMxλβijm,
at j=ι

i = 1, 2,...,ΛΓ, N > 2, n > 1, μe{0, 1}, ί0 > 0, where

(a) flί:[ί0, oo)->(0,A], 0 < β < 1, Λ,, ̂  , Py: [ί0, oo) -> Λ, and ftJ:R^
R9i9j=l929...9N are continuous functions

(b) MO < ί, ί > ί0, lim Λi(0 = oo, lim gtj(t) = oo, ij = 1,...,ΛΓ;
ί-»oo ί->oo

(c) u/0.(u) > 0 for M / 0, i,; = 1, 2.....JV;

(d) lim α,(t) = αί0 e [0, ft], i = 1, 2,..., JV.
ί->QO

Let ίλ > ί0 Denote

ί2 = min {mf Λ£(ί), mf ^-(ί); U = 1>•••»#}.

A function Jί = ( x l 9 . . . 9 X N ) is a solution of (lμ), if there exists a ίx > ί0 such

that X(t) is continuous on [ί2, oo), Λ;l (ί) + (-l)μαί(ί)xI (/ιί(ί)), ( ι=l , . . . , JV) are
n-times continuously differentiable on [tl9 oo) and ̂  satisfies ( l μ ) on [ίl5 oo).

A solution X = (X I ? . . . ,X N ) of (lμ) is nonoscillatory if there exists an a > ί0

such that every its component is different from zero for all large t > a.
The asymptotic properties of nonoscillatory solutions of neutral differential

equations with variable coeficients and systems of nonlinear differential

equations with deviating arguments have been studied for examle in
[1-3,4,6,7].

In this paper we prove the existence of nonoscillatory solutions of the

system ( l μ ) which approach to nonzero constant vectors as ί -> oo.

Denote

(2) Ht(09 t) = ί, Hf(/c, ί) = Ht(k - 1, Λ£(ί)), ί = 1,..., AT, k = 1, 2,...,
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fc-l

(3) At(09 t) = 1, Aάk, t) = Π «.-(#,•(/, ί)), i = 1,...,JV,

2. Main results

THEOREM 1. Let the conditions (a)-(d) hold and

ί
oo N

t-1 Σ \Pii
o J = l

(4) ί"-1 Σ |Py( f ) |A<αo, i =!,...,#.
Jίo J=l

Then for any (&I,.. . ,&N) (̂  > 0, i = 1,...,N) there exists a nonoscillatory

solution ΛΓ = (XI,...,*N) of the system (1 ) such that lim xέ(ί) = bt (ί = 1,...,ΛΓ).
μ f->oo

PROOF. Let ct > 0, i = 1,...,N, be given constants.
(I) Let μ = 0. Choose δt > 0, Mi > 0, i = 1,...,.N, T> ί0 such that

0 < δt < (1 - ^)/(l + ft),

(5) M£ = max {^(z); ze(ct(l - ft) - δt(l + ft), c£ + δj, j = l,...,N}9

f oo N

(6) (f-T)11-1 £ |P0 (ί)l<
•) T J 1

and

(7) T0 = min (inf ^-(ί), inf g^t)', i,j= 1,...,N} > ί0.t>τ t>τ J

We denote C[ί0, oo) the locally convex space of all vector continuous

functions X(i) = (x^ί),...,*^)) defined on [T0, oo), which are constant on
[T0, T] with the topology of uniform convergence on any compact subinterval
of [T0, oo). Thus C[T0, oo) is a Frechet space.

We put

(8) Xi(t) + αΛOxΛMO) = Mi(0> t>T,i=l,...,N.

We consider the closed, convex subset S of C[T0, oo) defined by

S = {U = (M l 5...,wN)eC[T0, oo), U(t) = U(T) on [T0, T], ^(f) - ct\ < δi

From (9) in view of ufc) = ut(T) for ίe[T0, T], i= 1,...,N, (2) and (3)

we obtain for i = 1,...,JV:
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(10)

, tε[T0, T],

(- iM(/c, ί)", (fl, (fc, ί)) + (-

where n^ί), (i = 1,...,JV) are the last positive integers such that T0 < H^n^t), t)
< T. It is easy to see that xf(ί), i = 1,...,ΛΓ are continuous on [7^ oo). The
functions in (10) are adaptation of the function introduced in [3, 5].

We now prove if U = (uί,...,uN)eS for t > T then

(U) 0 < C; - δi U;(ί)

where ct = c,(l - βt), δ, = δ,(l + β(), i=ί,...,N. The inequalities xt(t) < w,-(ί)
< Cj + δh i = 1,...,ΛΓ follow from (8) with regard to (9). From (10) in view
of the observation cf - δt < wf(ί) < cf + <5f for ί > T (i = ί,...,N), and (3) we

get xt(t) > c, -δt- at(t)(ct + δt) + At(2, t)[c, - δt - at(Ht(2, t))(c, + <5()] + - +
Λ,(2m(, t) [c, - ί, - αί(Hi(2m;, t))(c, + 5,)] for n,(ί) = 2mf + 1 or n,(t) = 2m( + 2,
m, = 0, 1,...,, i = ί,...,N. From the last inequality with regard to the
assumption (a) we have

(12)
x,(t) > [c, -δt- βiict A((2, , t)]

>cί(l-βi)-δί(l + βί),i=l,...,N.

We define the operator F = (F1,...,FN): S-»C[Γ0, oo) by

(13) (F,l/)(ί) =

/ Λoo

c + ί If 1c, + 1 i)
Jί

Γ00

r + ί 1 Vcι + l ij
Jr

(s-t)""1

(«-!)!

(s - Γ)"-

(»-D!

JV

Σ/u(

1 N

ΠΓ

t > T,

T0<t<T, ί=l,...,JV.

We shall show that F maps S into inself. Let 17 = (w1 ?...,MN)eS. Then using

(5), (6), (11) and the assumption (c), we get for t > T and ί = 1,. . .,JV:

(FtU)(t) f °° (s - TΓ1 Σ I
Jr 7=1

Mf f °° (s - TΓ i
JT j

δi9
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(F4t/)(ί) > C| - Γ(s - T)"-1 £ |Py(s)|
Jr ;=ι

> Cί - Λf, Γ(s - Γr ' Σ |Py
JT .7 = 1

> c, - (5,.

We prove that F is continuous. Let Ur = (ulr,...,uNr)εS for r = 1, 2,...,
and u^-^Ui for r-»oo, ϊ = 1,...,AΓ in the space C[Γ0, oo). Denote

fl£(T)), ί > T; i = 1,...,ΛΓ, r = 1, 2,....

From (13) we obtain for i= 19...,N:

\(FtUr)(t) - (F t/HOI < ί°°(5 - ΓΓ 1 Σ \Pij(s)\ x
Jr j=ι

Γf^rMds,
JT

where

Pί(0= Σ IP^M/yίx^XίM-y xx^Xί)))!, t > T.

It is easy to see that lim PJ(ί) = 0 and
-

With regard to (4) and the Lebesque's dominant convergence theorem we

get ( F ί U r ) ( t ) ^ ( F i U ) ( t ) uniformly in C[T0, 0) for r->oo, i = l,...,ΛΓ. This
implies the continuity of F.

Using the Arzela-Ascoli theorem we can prove in a routine manner that
F(S) is relative compact in the topology of C[T0, oo). Therefore by the
Schauder-Tychonov fixed point theorem, there exists a ΰ = (ul9...9uN)eS such
that FU = U. The components of Ό satisfy the following system:

= C, - ί°° (S~t)n* Σ
Jt (n — !)! j = ι

ί > T,
Jt (n — !)! j = ι

(14)

for which
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lim ΰi(t) = ct > 0, i = 1, . . . , N.
t-»oo

The system (14) in view of (8) can be rewritten as

xt(t) + βΛflxΛMt)) = ct - Γ (s~tT* Σ PIJ® *
J, (n — l)\ j=ι

(15)
fij(Xj(9ij(s)))ds, t>T,i = l,...,N.

From (10) with regard to (a), (d) and (12) there exist bt > 0, i = l,...,N such

that lim Xj(ί) = i>|. Differentiating (15) we get X(t) = (x1(t),...,xN(t)) is a
f-+oo

nonoscillatory solution of the system (10) on [7; oo) such that limxi(t) = bi.
i=l,.,N.

(II) Let μ = 1. Choose d, > 0, M, > 0 (i = 1,...,JV), Γ> t0 such that

0 < dt < ch MI = max {/y(z): ze(c, - d,, (c, + d()/(l - ft)), 1 <: / < N},

(16)

and (7) hold.
We put

Γ(t-Γ)"-1 Σ IPyWId^dj/M,, i=l,. . . ,N,
JT y=ι

(17) χt(t) - at(t )*,(*,(*)) = vt(t) for t>T,i=l,...,N.

Let S1 = {F=(ι»1,...,ι;11)6C[T0,oo), F(t) = V(T) on [Γ0, T], |»,(ί) - c,|
<dι for t> T; i = 1,...,N}.

From (17) in view of i;f(t) = f, (T) for ίe[T0, Γ], i = ί,...,N, (2) and (3) we
obtain for i = 1,...,N:

(18)
πi(r)-ι

X

where ^(ί), z = !,...,« are as in the case (I). From (18) with regard to (17),
V = (vί , . . . , vn) e SΊ and the assumption (a) we get c, — ά{ < v^t) < xf(ί) < (cf + d^l

(1-^for i=l,. . . ,N.
Define the operator F = (Fl9...9FN): S1 -> C[T0, oo) by (12), in which ufc)

we replace by i ί̂), i = 1,...,JV.
Proceeding in the same way as in the case (I) we show that there exists
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a fixed point V=(vί9...9vN)eSί9 FV= V and for its components the following

holds: lim vt(t) = lim (xt(t) - fl;(ί)x;(MO)) = ̂  > 0, i = 1,...,7V. Then it is
ί-»oo ί-» oo

easy to see that ( x ι ( t ) 9 . . . 9 x N ( t ) ) satisfies the system (l j) on [7^ oo) and

lim x£(ί) = 5, for some b^\ci9 fa + df)/(l - ft)], i = 1,...,ΛΓ.

The proof of theorem is complete.

Let now

- 1, 1}, 9y: [ί0, oo) - >(0, oo)

for all ij= 1,...,ΛΓ.

THEOREM 2. Let the assumptions (a)-(d), (19) hold. System (lμ) has a

nonoscillatory solution (x ί9...9xN) with the property

(20) lim χt(t) = ct > 0, i = 1, . . . , ΛΓ
r-*c»

if and only if

(21) I ί"- 1Σ ί y(ί)Λ<cx), i=l , . . . . JV.ί
oo N

f-1 Σ ίW(
o 7=1

PROOF, (i) Let c{ > 0, i = 1, . . . , N, be fixed constants and X(t) = (xί9...9 XN)
be a nonoscillatory solution of (lμ), which satisfies (20). If we put

y.(ί) = Xi(t) + (- l)μαί(ί)xί(/ιί(0)J then with regard to (a) and (20) we obtain

(22) lim>;Sk)(ί) = 0, fc=l,...,n-l, i = l , . . . , Λ Γ .
l->oo

Integrating (lμ)(n— l)-times from ί(>ί0) to τ-*oo and using (22) we have
for i = 1,...,JV:

σt(- IΓ'vKt) = Γ {S~tT* Σ
Jt (n-2)! j=ι

(23)

In view of (a), (c) and (20) there exist δ > 0, 7\ > ί0 such that

(24) fijίxjiβijit))) >δ ϊoτt>T1,i,j=l,...,N.

Then integrating (23) from Tt to τ -» oo, using (20), (24) and (d) we get for

ί
oo /s _ rp \n - 1 N

,,1ΓΠ)Γ,?.
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From the last inequalities after modification we get (21).

(ii) The "if" part follows from Theorem 1.
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