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Abstract. In this paper, applications of the fractional calculus to the form
(z—a)z—beo, +(C+ D)o, +Ep=f (z#a,z#D)

and the partial differential equation

2

o’
0z2

ou o*u ou
z—a)(z—b+(C+Dz)— +d-pu(z,t)=A— + B— (z#a,z#Db)
0z or? ot

are discussed.

§0. Introduction

Fractional calculus is a very useful and simple means in obtaining
particular solutions to certain non-homogeneous linear differential equations.
The solutions of linear ordinary differential equations of the Fuchs type
[17-[7], Gauss type [8, 9] and Laguerre’s type [10] obtained by K. Nishimoto,
S. L. Kalla, H. M. Srivastava, S. Owa, and S. T. Tu, are but a few important
discoveries stemming from these researches. Now, we begin with the statement
of the following definition of the fractional calculus (fractional integrals and
fractional derivatives) given by Nishimoto 1976.

DerINITION.  If f(2) is a regular function and it has no branch point
inside C and on C(C = {C_, C,}, C_ is an integral curve along the cut joining
two points z and — oo + i Im(z), and C, is an integral curve along the cut
joining two points z and oo +i Im(z)), D={D_,D,}, D_ is a domain
surrounded by C_, D, is a domain surrounded by C,,

_ _Iiv+1) f© I': Gamma function
fo= @ =—5g L(c—z)”“‘” <v;e -2 )
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and
fow=lim f, n=12..)

where { #z, —n<arg({—z)<n for C_ and 0 <arg({ —2) <2z for C,,
then f, (v>0) is the fractional derivative of order v and f, (v <0) is the
fractional integral of order |v|, if |f,] < 0. (Consider the principal value for
many valued function f.)

We call the function f= f(z) such that |f,|<oo in D as fractional
differintegrable functions by arbitrary order v and denote the set of them with
notation &#. We use

Ifil <oo<==fe# (in D).

In order to discuss the solutions of ordinary and partial differential
equations, we need the following lemmas [1].

LemMa 1 (Linearity). Let U(z) and V(z) be analytic and one valued
Sfunctions. If U, and V, exist, then

(1) (aU), =al,,
(i) (aU + bV), = aU, + b¥,

where a and b are constants and zeC, veR.

LeMMA 2 (Index Law). Let f(z) be an analytic and one valued function. If
(f,), and (f,), exist, then

(S = s

Tu+v+1)

where zeC, u, ve R and
'+ 1)Ir'v+1)

LemMMA 3 (Nishimoto 1979). Let U(z) and V(z) be analytic and one valued
Sfunctions. If U, and V, exist, then
d I'v+1)

(v, = ,,‘;, T —n+ )I(n+1)

v—n'n>

Irv+1
Irv—n+10)Ir'(n+1)

where ve R and

LEMMA 4 (Nishimoto 1979). If |I'(v — a)/I'(— a)| < oo, then

I'(v—a) A

(za)v = e—mv r(_ a)

where v is a real number and zeC.
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LEMMA 5. (e%),=a"e*”*, a #0, zeC, veR.

§1. Main Theorem

With the help of above Lemmas, we have the following main results of
this paper.

THEOREM 1. If feF and f_,_, # O, then the nonhomogeneous second order
differentil equations

(1.1) —a)z—be, +(C+D2)o, +Ep=f (z#a,z#D)

has a particular solution of the form

(1.2)
@ =((foa-1lz = @) (z = b)]7CF2(z — q)CFePW@=0(z — p)=(CHoDI@E)
. [(Z _ a)(z _ b)]l+at(z _ a)—(C+aD)/(a—b)(z _ b)(C+bD)/(ll—bj)(z
for a#b
and
(13) Q= ((f—az—l(z _ a)~(201+4—D)e“(C+aD)/(z—a))‘1 . (Z _ a)luz+2—De(C+aD)/(z—a))lx
for a=0b.

Here a,b,C,D and E are constants, ¢ = @(z), f=f(z) is known and

0= /D1y -4E (D — 1) > 4E.

2

Proor. For a # b, we choose suitable a such that
(1.4) o+ 1)D—-—a—2)=E
or

D=3 D1 —4E

(1.5) 5

with (D — 1)2 > 4E, and let ¢ = W,, we have

(1.6) ' 01 =Werr, @2=Ws

Substituting (1.6) into (1.1), (1.1) becomes

(1.7) z—a)z—=—bW,., +(C+ D)W, +(x+ 1)(D—a —2)W, =1

It follows from Lemma 3 that
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(1.8)  (Wi(z — a)(z = b))a+s
2 I'+2)
T & Ta—k+2Tk+1)
=Wz—acz-b+@+1)2z—a—-bW,,;, +ala+ W,

Woiz-((z — a)(z — D))

(1.9) Qe+ 2 — D)(Wz2)y41 = Qo + 2 = D)Wy z + (¢ + YW
=Qa+2—D)zW4y +2a+2—-D)(x+ )W,

and

(1.10) ([C+(@+b)a+ )IW),,, =[C+ (@a+b)(x+ DIW,,,.

Therefore, with the aid of (1.8), (1.9) and (1.10), (1.7) gives

(1.11)

Mz — a)(z = b))ysy — R0t + 2 = D)(Wa)yuy + [C + (a + D) (@ + DIW,.,

=(z-a)(z—bW,., +(C+ D)W,y + [a(x + 1) — (20 + 2 — D) (o + 1)]W,
=/

That is, (Wi(z —a)(z—b) —[Qa+2—D)z—(C+ (a+ b)(x + 1))]W),sy = f.
This is equivalent to

L12) Wl_(2a+2—D)z—(C+(a+b)(a+1)) Wt 1 ‘
(z—a)(z—D) (z—a)(z—D)
Let
(1.13)
P() = _J(2a+2—D)z—(C+(a+b)(a+ 1))dz
(z—a)(z—b)

= - {[(1 + o) — s iDjIlog(z—aH [(1 + o) + c+ I;D—:Ilog(z—b)}.

Then (1.12) is equivalent to
1
1.14 W-ef@), =f_ ., ——— ',
(1.14) W)y = foams =
Thus we have

1
1.15 = s LP() -P(z)
(113 v O*”&—me—we>qe '



. Fractional calculus 67

Therefore, a particular solution ¢ of (1.1) is given by

(1.16) 1
=W = R . 2 -P(2)
o=" ((f‘“"(z—a)(z—b)e )-le )

= ((f-a-1[le — @z = )]~ Dz — Q) CH PV @D (g — p)~(C*DIa~D)
[(Z _ a)(z _ b)]¢+1(z _ a)—(C+aD)/(a—b)(z _ b)(C+bD)/(a—b))a’

where a is given in (1.5). Conversely, if (1.16) holds true. From (1.13) and
(1.15) we have

(e7"9), = e™"(= P(2)),

_ra2e+2-D)z—(C+@+bE+1)
B z—a)z—b)

- ___L,__mj -mo
™ <<f‘““(z—a)(z—b)e L0

— 1 1 P(z)> —P(2)
f‘““(z—a)(z—b)+<f‘““(z—a)(z—b)e e
Ra+2-D)z—(C+(a+b)(x+1)

(z—a)(z—b) '

Then, substituting (1.15) and (1.16) into the left hand side (L.H.S.) of (1.1),
we obtain

and

L.H.S. of (1.1) = (W,(z — a)(z — b))ys, — (20 + 2 — D) (W),
+[C+(@+b)a+ )W,
=Wz —-az-b)~[{Qu+2-D):
—[C+(a+b)a+ )]} Wl),sy

- 1 P(z))
(f—a—l+<f—a—1(z_a)(z_b)e 1
e PP(Q2a+2—-D)z—[C+ (a+b)(x+1)])

—(2e+2—-D)z—-[C+(a+b)(a + 1)])<f_a,_1

. 1 eP(z)> e—p(Z))
(z—a)(z—b) -1 a1
=(f—a—l)a+1 =(f)0 =f
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Next, we consider the case a =b. For a=b, (1.1) becomes
(1.17) (z—a?¢p,+(C+D2)o, +Ep=f (z+#a).

Define « and ¢ as in (1.4) and (1.6) respectively, and do the same way
as (1.7), (1.8), (1.9) and (1.10). Then (1.17) gives

(118) Wiz — @)*)ysy = (Qa+2 = D)z — [C + 2a(x + DD W)y = f

that is,

(1.19) Wl_(2oz+2—-D)z—[C+2a(a¢+1)]W=f_m—1 1 ‘
(z — a)? ‘ (z —a)?
Letting
0() = — (2 +2 — D)z — (C + 2a(x + 1))dz
(z — a)?
- —(Qu+2-Dylogz—a)— <P
z—a
we get
(120) eQ(z) = (Z _ a)—(2¢+2—D)e—(C+aD)/(z——a).
From (1.19), we have
(1.21) e Y L
z—a
Thus (1.21) has a solution of the form
(1.22) W= <f—a—1 1 . eQ(z)> e~ 2@
(z—a -1
Therefore, a solution ¢ of (1.17) is given by
(1.23)
o=W

- ((f N . ay eqm) ; e_Qm>a

= <(f—a—1 ;(Z - a)"Z“”‘D)e—(C+aD)/<z—a)>

(Z —a)2 -1

. (Z _ a)(2a+2—D)e(C+aD)/(z-a)>

a
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= ((f—a— 1(2 — a)-(2a+4—D)e—(C+aD)/(z—a))_ L (Z _ a)2a+ 2 —De(C+aD)/(z—a)) .
Conversely, if (1.23) holds true, from (1.20) and (1.22) we have

(e729), = 7%= 0(2)),
_ 0w (@2 +2— D)z —(C +2a(x + 1))

and (z—a)

1
= Q(z) —Q(z)
K <(f-a—l(2—a)2e >-1e >1

1 L
=f—a—1 + (f-a—l eQ(Z))
-1

(z—a) (z — a)?
. e»Q(z)(za +2—D)z—(C+ 2a(x+ 1))
. (z—a)? ’

Substituting (1.23) into L.H.S. of (1.17), we obtain
L.H.S. of (1.17) = (z — a)* W, 4, + (C + D2)W, ., + EW,
=(z —a)* W4, +(C + D)W,
+ [o(@+ 1) —Ra+2—D)(+ 1)] W,
= (Wi(z — @ — (22 + 2 = D)z — C = 2a(x + 1) W),

1
_ Q(z)
(f—a—1+<f—z—l(z_a)2e >_1
e 29[(2a + 2 — D)z — (C + 2a(x + 1))]

—(Qa+2—D)z— C —2a(x + 1))

1
. . eQ(2)> e~ Q(2)>
(f ' (z - a)2 -1 at+1

=(fa-tda+1 = f.

This completes the proof of Theorem 1.

THEOREM 2. The homogeneous second order linear ordinary differential
equation

(1.24) (z—a)(z—b)o, +(C+D2)p; + Ep=0 (z#a,z+#Db)

has solutions of the form

(125) o= M((e - @)z — b)) "oz — @)D — pCrIDIah),
for a#b



70 Shih-Tong Tu, Katsuyuki NisHIMOTO, Shing-Jong Jaw and Shy-Der LIN

and
(1.26) @ = M((z — a)**+2 DelCraDiz=a)y  for a=0b,

where a, b, C, D and E are constants, M is an arbitrary integral constant,
¢ = 0(2),

(1.27) a=(D”3)iv(D_1)2'4E or @+1)(D—a—2)=E

2

with (D — 12 > 4E.

ProoF. For a # b, define « and ¢ as in (1.4) and (1.6) respectively. Then
(1.24) becomes

(1.28)
z—a)z—bW,., +(C+ D)W,y + [+ 1)— (2 +2—D)(x+ 1)] W, =0.

It follows from (1.8), (1.9) and (1.10) that
Wz — a)(z = b))ps1 — Qa + 2 = D)(W2)psy +(C+(a+b)(a+ 1))W,sy =0
that is

(1.29) Wl_(2a+2—D)z—C—(a+b)(a+1)W=0.
(z—a)(z—-Db)

A solution of the differential equation (1.29) is given by
(1.30) W= Me™P@

where P(z) is defined as (1.13) and M is an arbitrary integral constant.
Therefore,

(131) Q= m = (Me_mz))a

- M ( ( (Z —_ a)(z — b))l+a . (Z _ a)—(C+aD)/(a-—b)(Z _ b)(C+bD)/(a—b))

Conversely, substituting (1.31) into L.H.S. of (1.24), we have
L.H.S. of (1.24) = (W, (z — a)(z — b))y, — 2ot + 2 — D)(W2), 4,
+(C+@+ba+ )W,

Qe +2—-D)z—(C+(a+b)(x+1))
(z—a)(z—Db)

~[Ra+2—-D)z—(C +(a+b)(x+ )] Me "),
= (0)s1 =0.

= (Me™P® (z—a)(z—Db)
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Finally, for a = b, the proof of (1.26) is similar to the proof of (1.25).
With the help of Theorem 1 and Theorem 2, we have

THEOREM 3. If fe& and f_,_, #0 then the fractional differintegrated
Sfunctions

(1.32)
0 = ((f-ams((z = @)(z = b))~ D(z = a)CHePID (7 — p)=(CovIaD) |
(& = @)z — D)}z — @)DV (g _ pyCHeDIab),
+ M([(z = a)(z = b)]**(z — a)~(C*aD@=by(5 _ p)C+bD)/a=b)
satisfies (1.1) for a #b. And
(1.33)

Q= ((f—a—l(z — a)—(21+4—D)e—(C+aD)/(z—a))_l(z _ a)2a+2—De(C+aD)/(z—a))¢
+ M((Z _ a)2¢+2—De(C+aD)/(z—a))a

satisfies (1.17). Here ¢ = ¢(2), a, b, C, D and E are constants, o is defined as
(1.5), and M is an arbitrary integral constant.

If we take a= —b=k, C=0,D=1 and E = — P? in Theorem 1, then
(1.1) becomes Chebyshev’s equation of order P and we have the following
corollary.

CoroLLARY (Theorem 1 in [13]). If fe&F and f_p#0, then the
generalized second-order nonhomogeneous Chebyshev’s equation of order P

(1.39) (22— ko, + 29, —Pro=f (z#kz# —k)
has a particular solution of the form

@ = ((f-p(z? — k?)7CFTNZ)_ (22 — kHP-D12),_ |
where P and k are constants and PeR.

Proor. Take a =P — 1 in (1.2).

§2. Examples
ExampLE 1. The nonhomogeneous second order differential equation
(VA (22 =2)p, =2z, +20=(z—1)® (z#0,z#1)

has a particular solution of the form
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22) Q= %(z —1)3

If we set a=C=0,b=1,D=—2, E=2, and f=(z— 1)® in Theorem 1,
we obtain « = — 2 or a = — 3. Here we take « = — 2 then by (1.2), we have

z—1

<p=((f1(z— H=3H_,- > =03z - 1))_2=%(z-— 1)3%.
' -2

ExampLE 2. The nonhomogeneous second order differential equation

(2.3)

(22 = 22)9, + <§z—2>(p1 +1<p =<(z -2) -z”2> (z#0,z+#2),
2 2 z 1 1/2

has a particular solution of the form

ra |
r'3/2)

-1

(2.4) o=y, =i

. -2
Ifweseta=0,b=2,C=—-2,D=5/2,E=1/2 andf=<<z ) -2”2>
Z 1 1/2

in Theorem 1, we obtain « =0 or « = — 1/2. Here, we take a = — 1/2, then
by (1.2), we have

_ - - _ . ra
o=((f-12"2 V) _ 272z - 2) '1)—1/2 =(z 3/2)—1/2 = IFF(3/2) Z‘ n
rq
Indeed, ¢ =i (1) z71 satisfies (2.3). Since
I(3/2)
(p1=_iﬂz'_2, (p2=2iﬂz—3
r@3/2) r(3/2)
substituting into the left hand side (L.H.S.) of (2.3) we obtain
1
L.H.S. of (2.3) = i—i(l—)—<2z_1 —4z72 — éz'1 +2z7%2 4+ —z’1>
r3/2) 2 2
= —2i __F(l) -2,
rQa/2)

and

= 22 . 1/2) = 2(z-32 Y ra _,
d << z )1 ’ 1/2 -1z = 211?(%2 ’
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ReMARK 1. Taking a=b=0, C=0, D=2v—k, and E=v(v—1—k)
in Theorem 2, we obtain « = v — 1. And the result coincides with Theorem
1 by Nishimoto ([1, vol II, p. 28]).

REMARK 2. Bytakinga=0,b=1,C=y—1,D=yand E=k(y—k—1)
in Theorem 1, the equation (1.1) becomes hypergeometric differential equation
and we obtain o = k — 1, this result coincides with Theorem 1 by Nishimoto
([1, vol 11, p. 73]). '

REMARK 3. By takinga=1,b=—-1,C=0,D=2,and E= —v(v+1)
in Theorem 1, the equation (1.1) becomes Legendre equation of order v and
we obtain a = v, this result coincides with Theorem 1 by Nishimoto ([1, vol
II, p. 88] or [11]).

REMARK 4. Takinga=1,b=—1,C= —k,D=2vand E=v(v—1)in
Theorem 1, we obtain a =v — 1, this result coincides with Theorem 1 by
Nishimoto ([1, vol II, p.'99]).

REMARK 5. Taking a=0,b=1,C=—-v—1, D=2y and E=v(v—1)
in Theorem 1, and we obtain a = v — 1, this result coincides with Theorem
1 by Nishimoto ([5]).

REMARK 6. Taking a=0,b=1,C=—-v+1, D=2v and E=v(v—1)
in Theorem 1, and we obtain o = v — 1, this result coincides with Theorem
1 by Nishimoto ([12]).

REMARK 7. Taking a=0,b=v,C=—v?+v,D=2v and E=v(v— 1)
in Theorem 1, and we obtain a = v — 2, this result coincides with Theorem
1 by Nishimoto ([1, vol II, p. 110]).

§3. Partial Differential Equation
THEOREM 4. A partial differential equation of the second order

0*u op o*u ou
3.1 —(z— —-b)+(C+Dz)—+5 - ulz,t)=A4A— + B—
(3.1) i AC=D+(C+D) T 45 ue = AL+ B
(z#a,z#b,a#b)
has solutions of the form
(3.2)
ke, ) = M([ = @)(z = )T (z = a) oD~z — pycropa),

— 2 —
.expl: B+yB + 4400 E)t:I for AB #0;

24
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(3.3
B )= M([e = )z = BT (2 — @) CHPIeD. (2 — p)C IR,
6—E\'?
-exp[i<T> t] for A#0 and B=0;
and
(34

B 0= M([e = )z = BT+ (z = @)D (o — p)C IV,

-exp(i—_B—Et> for A=0 and B #0,

where a,b, C,D and 0 are given constants, E = (o + 1)(D —a —2) with
(D — 1) > 4E, and M is an arbitrary constant.

PROOF. Let u(z, t) = @(z)e* (4 # 0) be a solution of (3.1). Since

ou o*u
= oA ).t, R 12 ).r,
a P W T
ou 0?
&= 0", = 0,6M,
(3.1) becomes
(3.5) @y(z—a)(z—b)+ ¢,(C+ Dz)+ (6 — AA> — Bi) =0.

Here we choose 4 as 6 — AA*> — BA = E, that is,

— B+ 2 —
(3.6) g ZBEVB HAA0-E) B0

24

3.7 A= for A=0 and B#0

8 —E\'?
(3.8) ,1=:I:<T) for A#0 and B=0.

Then (3.5) becomes
@y(z—a)(z—b)+ ¢,(C+ Dz) + Ep =0, (z#a,z#b,a#b).
By Theorem 2, a solution is given by
0 =M([(z - )z = D) (z — @) DDz — p)CrIDIeD),

for a#b.
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Thus, for AB # 0, the partial differential equation (3.1) has a solution of the
form (3.2). Moreover, for B=0 and A # 0, a solution of (3.1) is given by
(3.3) and for B# 0 and 4 =0, (3.1) has a solution (3.4).

Conversely, for AB # 0, we shall show that (3.2) satisfies (3.1). Let

M([(z — a)(z = B)J** ! - (z — @)T(CTaDN@TD (z — p)CHIDIETD), = g(2)

and

——B:I:./B2+4A(6—E)'_l
24 -

Then (3.2) becomes

iz, t) = p(2)e*.

Since
6/4 At 62# At
relia e, - = e,
Y P, 522 @2
ou o*u
hlagy | eM, - F - 12 e‘“,
a0 ar " C

the left hand side of (3.1) = e*[¢@,(z — a)(z — b) + (C + D2)¢@, + 6¢]

e#(d —E)¢  (by Theorem 2)
e*p(A)* + BJ)
2
0*u Ba_y

=A-—C + .
ot? ot

The proofs of (3.3) and (3.4) are obvious.
Similarly, we can easily deduce the following result.

THEOREM 5. A partial differential equation of the second order

ou ou oy op
y(z—a)2+(C+Dz)£+5-u(z,t)=A—a—t—2+BE (z#a)

has solutions of the form

— B+ ./B? —E)
ﬂ(Z, t) = M((Z _ a)2a+2—D . e(C+aD)/(z—a))a eXp( B le: 4A(6 E) t)

for AB #0;
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5 — E\"2
ue, t)=M((z—a)“”"’-e‘C“"”“‘"’)aexp<i< a4 ) t)

for A#0 . and B=0;

and

0—E
u(z, t) — M((Z _ a)2a+2—D . e(C+aD)/(z—-a))a exp< 3 t>

for A=0 and B # 0,

where a,C,D and & are given constants, E=(a+ 1)(D —a—2) with
(D — 1)* > 4E and M is an arbitrary constant.

ReMARK 8. By taking a=—-b=K, C=0, D=2, 6=1 and E=
— a( + 1) in Theorem 4 and Theorem 5, the equation (3.1) becomes Legendre’s
differential equation of Fuchs type and the results coincide with the main
theorem by Nishimoto, Tu and Wu ([14]).

ExaMpPLE 3 [14]. A solution of the partial differential equation of Fuchs
type
*u, , ou u  ou
— -1+ —2z4+uzt)=2 — + —
e A g e I=255 g

is given by
p(z, 1) = 4(32% — 1)t~ 1 £V,

Letting a=1, b=—-1, C=0, D=2, =1, a=2, A=2 and B=1 in
Theorem 4, by (3.2) we obtain the solution directly

iz, 1) = M((z* = 1)?), CXp(#SJ t)-
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