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0. Introduction

The first result on fractional powers of a closed operator was obtained
by S. Bochner [ 4 ]. In 1949, he constructed fractional powers of —4, using
essentially that the Laplacian 4 generates a bounded C,-semigroup. E. Hille
and R. Phillips (see [ 8 ] and [21]) took up this idea and defined fractional
powers of the negatives of arbitrary generators of bounded C,-semigroups.

In 1960, A. V. Balakrishnan [ 2 ], giving a new definition, extended the
theory of fractional powers to closed operators A for which the resolvent
R(A, A):= (A — A)™! exists and satisfies

C
R(4, A4 —
IR, )IlSM|

on an open sector {A€ C:|arg A| < a} for some 0 <a < g For such opera-

tors, other, by [ 14 ] equivalent definitions of fractional powers have been
given, e.g. by T. Kato [10], H. Komatsu [12], H. W. Hovel and U. Westphal
[9] and C. Martinez, M. Sanz and L. Marco [15].

Motivated by the examples below, we study in this paper fractional
powers (—A)’ (beC) and the semigroups generated by their negatives (if
any) in the case that the resolvent set p(A4) contains a closed sector X'(a) =
{AeC:|arg A| < a}U{0}, and the resolvent satisfies

IR(4, A)| < C(1 + |A])"
for some ne N, and all e X(a).

ExaMpLES. (1) A closed, densely defined, linear operator A is the genera-
tor of an integrated semigroup (see for example [ 11 ] or [18]) if and only
if the resolvent of A exists and is polynomially bounded on a right half plane
{Ae C:RA1> w}. If in addition [0, ) < p(A4), then A belongs to the class
of operators we will discuss in this paper. The domains of the fractional
powers of such generators are important in the study of the associated abstract
Cauchy problem
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(ACP) w(t)=Au(t) t>0), u(0)=x.

It is shown in [23], that the (ACP) has a classical solution for all xe
D((—A)**'), where b >0 depends on the growth of the resolvent of 4 on
the right half plane.

In defining fractional powers of the negatives of certain generators of
integrated semigroups, approaches have been made by K. Yoshinaga [24],
H. A. Emami-Rad [ 6 ] and M. Balabane [ 1] within the framework of
distribution semigroups.

(2) In 1972, R. Beals [ 3 ] investigated the class of closed, densely defined,
linear operators A such that R(4, A) exists and satisfies |R(4, A)|| < C(1 + |A])"
for all 1 € C with RA > y(|I34|) and RA > w, where w > 0 and ¢ is a continu-
ous, nonnegative, concave function on [0, o0) such that y(t) - oo, t *Y(t) >0
(t > o), and [Tt 2Y(t)dt < oo (see also [ 19 ]). If in addition [0, o) S p(A),
then A satisfies the assumptions above.

The paper consists of two sections. In the first part, we construct frac-
tional powers and study some of their properties. The definition is motivated
by a functional calculus similar to the one used by H. O. Fattorini [ 7 ] and
S. G. Krein [13] in the case n = —1.

One of the reasons for the construction of fractional powers is their
application to incomplete abstract Cauchy problems

(%)mu(t) = (—1)""1A4u(t) (t >0), u(0) = x

for m > 2 (see example below). Here, it is of interest whether the fractional
powers —(—A)Y™ are infinitesimal generators. In Section 2, we show that
for every exponent 0 < b < 4 the operator —(—A)® is the complete generator
of an analytic semigroup of growth order o.

1. Construction of fractional powers

Let 4 be a closed, densely defined, linear operator on a complex Banach
space X. We assume that there are constants 0 < a < g, C>0 and ne N,

such that the closed sector
Z(a):={AeC:|arg A| < a} U {0}

is contained in p(A4), and ||R(4, A)| < C(1 + |A]|)"* for all A€ X(a).

Since p(A) is open, the assumption 0 € p(4) implies the existence of a
constant 0 < d < 1 such that the closed ball B,:= {1 € C:|A| < d} is contained
in p(A). The resolvent is analytic on p(A4) and therefore bounded on B,.



Fractional powers of operators with polynomially bounded resolvent 531

Hence, we can assume that
(1.1) IR(4, A)| < C(1 + |A]) for all Ae Z(a)UB,.

Throughout the paper, we use the following notations. For 0 <d<a
and 0 < d <d, the (upwards oriented) curve I'(d,d) is given by I UT,U 3,
where

I:={ieC:argi= —q, | >d}={—te: —0 <t < —d}
(12) I,:={AeC:largi|>a, | =d} = {de’®*M:d <t <2n — &}
[y:={leC:argi=a,|i >d} ={te®:d <t < o0}.

Note that the argument function used takes on values in (—m=, 7].

For every b e C, the mapping A+ (—A)® is given by (—A):=e
where we take the main branch of the complex logarithm. Hence, A — (—4)°
is defined and analytic on C\[0, o) and can be estimated by

blog(—4)
b

(13) I(_A)bl = eﬂbloglil—Sbarg(—A) < Ill‘}iben|3b| .

Our definition of fractional powers (—A)® is based on a functional calcu-
lus, ie. on improper integrals of the form

(1.4) % f i (—A)°R(A, A)xdA .

Note that the curve I' encloses the spectrum 6(A) and is contained in the
intersection of p(A4) with the domain of the analytic mapping A +— (—A)%.

LEMMA 1.1. Let Rb< —(n+1). Then, the improper integral in (1.4)
exists for all x € X and is independent of the particular choice of I' = I'(d, d).
Further,

Rb+n

< |3l onj Rb+1 )
“Rb+n+i Il

”J—J (—A)PR(4, A)xdA U
2ni J -

Proor. Using the estimates (1.1) and (1.3), one can show that

1 [ N . 1 ([
5= | (—te®)’eR(te”, A)x||dt < — | t™e™PIC(1 + 1| x| dt
21 ); 2n J;

-C . .
<" d + 1)"d ™ x| .
2Rb+n+1) ( ) I~
Considering the parametrizations given in (1.2), this yields the existence of
the curve integral over I';. Similarly, with the same final estimate, one obtains
the existence of the integral over I';. The integral over I, exists because
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I, is a finite path. Further, since ||(—A)’R(4, A)| < d®e™®IC(1 + d)* for all
Ael,,

To see the independence of the choice of I' = I'(a, d), it is sufficient to show
that all integrals coincide with the one over I'(a,d). By Cauchy’s Theorem,
we have

e"¥IC(d + 1)'d™

5 Il

1 ~
i f . (—A)R(4, A)xdA “ <2nd

1 1
*U — f }(—l)”R(/l, A)xdi = lim — | (= AR, A)xdA,
270 () ra,a) I(@,d) m—co 270 Iy,
where the curve I,, (m>d) is given by I, :={me":—a<t< —a}U
{me":d <t<a}. Along I,, the integrand (—A)’R(4, A)x is bounded by
m%e™3C(1 + m)*|x|. Hence,

1 n| 3b|,,, Rb 1 n
L R, Ayxda | < 2umEmCAEM S0 mo 00).
2ni Jr, 2n
|
Similar to the case n = —1 (see for example [ 2 ] or [ 7 ]), we introduce

first linear operators J® (b € C) which will later form the basis of our definition
of fractional powers of A. Here, [b] (b € C) denotes the largest integer smaller
than or equal to Rb. Note that —(n+2)<Rb-[p]—n—-2)< —(n+1)
for all beC.

DEFINITION 1.2. Let be C. On D(A™*"*2), the operator J® is defined by
1
_,f (=A'R(, A)xdh  if —(n+2)<Rb< —(n+1)
Jbx =< 27 Jr

Jolmn=2(__ g)blnt2y otherwise .

REMARKS. (1) The operators J® are well-defined since, by Lemma 1.1,
our definition gives a bounded linear operator for —(n + 2) < Rb < —(n + 1).
Note that we use ‘bounded operator’ in the meaning of ‘bounded operator
on X

(2) With the generalized resolvent equation

(15) (=) ™DR(, A)(—A"x = R(%, A)x + 5 (= 2)"0+(— AYx
j=0

for all Aep(d), A#0, meN, and xeD(A™'), and the equality

1
%fr(—,l)”dl =0 if ®b < —1, we obtain the following representation of the
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operators J® (b€ C). For every x e D(AP*"*2),
1
2ni | -
(16) be —
1

i f (=AP"BITIR(A, A)(— A)P*ixdA  if Rh>0.
r

(3) The operator J® is bounded if Rb < —(n + 1).
ProPOSITION 1.3. If Rb > —(n + 1), then the operator J® is closable.

Proor. It follows from the closedness of (—A)®!1*"*2 that the operators
JoTBImn=2 apnd (—A)P1*"*2 commute on D(A®*"*2). Therefore,

Jb — Jb—[b]—n—2(_A)[b]+n+2 c (_A)[b]+n+2Jb—[b]—n—2 .

With its maximal domain, the operator to the right is closed. Thus, J? is
closable. |

Next, we show that the operators J® (b € C) satisfy the properties expected
of fractional powers. We begin with the semigroup property. Here, <b)
denotes max {0, [b] + n + 2} for any be C.

LeMMA 14. Let b, ce C. Then, J?Jx = J***x for every x € D(A®>*<®),

Proof. The claim is proved in two steps. First, assume that Rb, Rc <
—(n + 1) which implies (b) =<{c) =0. By (1.6) and Lemma 1.1, we obtain
for every x e X

2
JoJex = <2—1-> j J~ (=41 (= 4;,)R(Ay, A)R(A,, A)xdAdA, ,
Tl rJr

where I'= I'(a,d) and I' = I'(@,d) for 0<d<a,0<d<d. Since I'NI"=,
the resolvent equation (4 — u)R(4, A)R(u, A) = (R(u, A) — R(4, A)) and Fubini’s
Theorem yield

_ b
J”J‘x=~1— f{i J (=4) dll}(—lz)‘R(lz,A)xdlz
r

27i 2 Jr Ay — 4,
1 b 1 (_12)6
+ %J‘r(—ll) {% iy lldlz}R(ll, A)xdi, .
It follows from Cauchy’s Integral Formula that
1 [ (=4 > 1 [ (=4)
el P (#el) and o7 ) 3 =7 0 =(A) Gel),

since I" runs to the right of I. Therefore, J?J°x = Jo+ex.
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Now, let b, ¢ be arbitrary complex numbers and x € D(A®>*<). Then,
x € D(J°) and, since the operators (—A4)™! and J° commute on D(J¢), Jx €
D(A®) = D(J?). Hence, x € D(J?J°). The inequality <b)> + {c) <[b+c] +
n + 2 yields that x € D(J**) as well. By Definition 1.2, we have

Jchx — Jb—[b]—n—Z(_A)[b]+n+2Jc—[c]—n—2(_A)[c]+n+2x i
The operators J*1"""2 and — A commute on D(A4). Thus, the first part of
the proof yields
Jchx — Jb+c—[b]—[c]—2n—4(_A)[b]+[c]+2n+4x i
The statement J®J°x = J**°x follows from
(1.7) JP=J(— A" for all beC. =
LEMMA 1.5. J® = (—A)®|p ez for all integers b.

Proor. First, let b =1 and x € D(A"*3). By (1.6), we have to show that
1
Vf (=A)7'R(A, A)(—A)*xdi = — Ax .
271'1 r
Applying Cauchy’s Integral Formula, we obtain

lim L 1R(,l, A)(—A)*xdAi = R(0, A)(—A)*x + L 1R()y, A)(—A)*xdA,
A 2ni ) A

m-w 27 )

where the curve I, is given by I, := {me": —a <t < a}. The resolvent equa-
tion (1.5) and the resolvent estimate (1.1) yield the existence of a constant
M > 0 such that

M
”R(l, A)x” S m("x” -|- ”Ax” + cee + ”An+1x”)

for all x e D(A"*!) and Ae Z(a)UTI with |A| >d. Hence,

1 1 )
I% er = R(L A)(—A)*xd} “

M
<2am—([4%x| + [|4°x]| + - 4+ 14"3x]) >0 (m > )
2nm
1,1 , . .
and 5 [} FER(L A)(— A)*xdA = Ax. The assertion follows with (1.7). [ |
PROPOSITION 1.6. lim,_,, J° = —Ax for every x € D(A"*3).

Proor. Let S:={beC:0<Rb<2}. By (1.6) and (1.7), we have
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Jbx = L f (=A™ 3R(4, A)(— A" *xdA
27i )

for all be S. Now, the mapping (b, ) — (—A)* " 3R(4, A)(— A)"*3x is contin-
uous on S x I By Lemma 1.1, the integral above converges uniformly on
every compact subset of S. Therefore, b — JPx is continuous on S. In partic-
ular, J°x —» J'x (b—1). But, by Lemma 1.5, J'x = — Ax. [ |

The remaining part of this section is devoted to the closures J® of the
operators J° (b e C) (see Proposition 1.3). In the proof of Proposition 1.3,
we have shown that, for every b € C, J® is a restriction of the closed operator

Cb = (_A)[b]+n+2Jb—[b]—n—2
with maximal domain. By Lemma 1.1, J® = J* € #(X) if Rb < —(n + 1).

PrOPOSITION 1.7. (a) For every integer b, J? = (= A).
(b) If Rb>n+ 1, then J® = C°.

PrROOF. (a) By Lemma 1.6, J® = (— A)’|p 2. Therefore, it is sufficient
to show that D(4°*"*?) is a core for (—A)".

If b <0, this follows immediately since (—A)’ € #(X) and D(4°*"*?) is
dense in X. Thus, assume b >0 and x e D(4%). Since D(4"*?) is dense in
X, there is a sequence (V,)men in D(A"*?) such that y,, —(—A)’x as m - co.
Define x,,:= (—A4)7%y,, € D(A4°*"*2). Then, x,, = (—A) "y, > (—A)b(—APx =
x and (—A)x,, = y, = (—A)Px.

(b) As mentioned above, J® is the restriction of the closed operator C°
to D(A®*"*2)  Similar to part (a), we will prove that D(J®) = D(A®1*"*2) is
a core for C°.

Let x € D(C?), ie. JP7117""2x € D(A®1*"*2), Since D(A"®*"*2) is dense in
X, there is a sequence (y,)meny in D(A®*"*2) such that y, — Cbx (m — o).
We take x,:=J %y,. Note that J®e #(X). Since the operators J~° and
(—A)* (ke Z) commute on D(A*), the set D(4*) (k> 0) is invariant under
Jb. Hence, x,, € D(A®1*"*2), Moreover, using Lemma 1.4 and part (a),

J—bcbx — J—b(_A)[b]+n+2Jb—[b]—n—2x — (_A)[b]+n+2J—[b]—n—2x =x.

Analogously, one can show that Jbx, = (—A)1*r*2jb-Bl=n=27=by — 3 for
all me N. Thus, x,,=J %y, - JPC’x = x and J*x,, = y,, = C’x as m— oo.
|

Unfortunately, we do not know whether the above result holds for ex-
ponents —(n+ 1) <Rb<n+1, b¢ Z, ie. it is not clear at present whether
J? = C? for every b e C and all operators A. An example in which the equal-
ity holds is given next.
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EXAMPLE. On X = C,(R, C?), consider the matrix multiplication operator
1.8) Ay fqf, feD(H):={feX:qf e X},
where q: R — M,(C) is defined by

_(x+ix+1) x?
q(x).—( b x—i(x+1)) (xeR).

The spectrum of ., is given by o(&,) = {x +i(x +1),x —i(x + 1):x € R},
and R(4, #)f = (A —q(-))"Yf(f € X), where

1 x?
(- g0) = A—x—i(x+1) (l—x—i(x+1))1(i—x+i(x+1)) (xeR).
0 A—x+i(x+1)

Hence, the set S:= 2% <g>UB J2/4 is contained in p(s/,), and |R(4, o) <M

for all AeS. Thus, o/, satisfies the assumptions of this paper with a =g
and n=0.

By Cauchy’s Integral Formula and induction, it follows that the operators
J? (be C) with domain D(&[""*?) concur with multiplication by
1.9

2
2i(x + 1)
0 (=x+i(x+ 1))

(=x—i(x+ 1)) [(—x —i(x+ 1))y —(—x+i(x+ 1))]

Jp(x) =

Obviously, J® is bounded if Rb < —1 (compare to Remark 3). For Rb > —1,
the operator J® is a restriction of the closed matrix multiplication operator
M,,: f + j,f (with maximal domain). Moreover, since D(J*) = D(«/["*?) con-
tains Coo(R, C?) which is a core for M;, it follows that J* = M, . Calculating
the pointwise product of j, and —q shows that

(1.10) Jp)(=q(x)) = (=q(x))jp(X) =Jjp+1(x)  for all xeR.

Consequently, the operators J? and C? coincide on the core Coo(R, C?). This
yields J* = C® for all beC.
Note that J® is unbounded if —1 < Rb < 0. [ |

By definition, the space D(A®"*"*2) = D(J?) is a core for J® (be C). In
order to extend the semigroup property of the operators J® (be C) to their
closures, we need to know that the spaces D(A®1*"*2+%) (k > 1) have the same
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property. For Rb < —(n + 1), this follows instantly since the operator J® is
bounded and the spaces D(4*) (k€ N) are dense in X.

Lemma 1.8, Let Rb> —(n+1). Then, D(AP*"*2%*) (k> 1) is a core
for J°.

ProOF. Let k> 1 and x € D(A®*"*2), Since D(4*) is dense in X, there
exists a sequence (y,,)men in D(A4¥) such that y,, = (— A" 2x as m —» c0. We
define x,, 1= (—A)"@1*"+2y, e D(API"+2+k) - Now,

X = (__A)—([b]+n+2)ym - (_A)—([b]+n+2)(_A)[b]+n+2x =x,
(=AY n+2y =y (= Aty
and
Jox,, = JETIIn=2 (L g)Blene2y L, gh-Bl-n=2(_ g)blnt2y — goy
as m— co. Note that Jo~1¥17""2 ¢ g(X). ]

_ We can now prove a weakened semigroup property for the operators
J® (beC).

PROPOSITION 1.9. For all b, ¢ € C, J°*¢ < JPJ° with equality if JP*° = C**.

PROOF. By Lemma 1.4, J**¢|p s+ = JPJ|par+cery < JPJ°.  Taking clo-
sures on both sides, the first part of the assertion follows by Lemma 1.8.

Now, assume that J°% = C’**, Take any x e D(C’C°), ie. Jo " 2¢
D(Al1*n+2) and Jo-PBImn=2(_ g)lel*n+2 je-lel=n=2y ¢ p(4B1*"+2)  Since the opera-
tors Jo717""2 and (— A)I*"*2 commute on D(A¥1*"*2), it follows by Lemma
1.4 and equality (1.7) that Jb+e-lb+d=n=2x ¢ p(4l+el+n+2)  Hence, x € D(C?**)
and C***x = C°C°x. Therefore, C’C° < C?** and, since C*** is a closed opera-
tor, also C°C° < C’**. With the first part of our proof, it follows that

Jb¥e < JbJe = CPC < CPe.
But, by assumption, we have Jb¥e = CP*e which gives the assertion. |

_ Next, we consider the special case ¢ = —b. By Proposition 1.7, we have
J® = Iy. Therefore, Proposition 1.9 yields

JP = Iy
for all be C. However, one can even get a more precise result.
LEMMA 1.10. J%J? = Ipgs, for every be C.

ProOF. Let x e D(J?). By Lemma 1.8, there is a sequence (Xp)meny IN
D(A®>* <) such that x,—»x and Jbx, —JPx as m— oo. Taking y, :=
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J*X, € D(ATP"42) yields y,, = J’x,, > J°x and, by Lemma 1.5, J7y, =
J7J%,, =x,, = x (m— o). But this means J’x e D(J™%) and J?Jbx =x. B

Hence, as expected of fractional powers, the operator J7? is the possibly
unbounded inverse of J°. In particular, the operators J® (b e C) are injective,
and for Rb > n + 1, we have 0 € p(J®). However, a spectral mapping theorem

() = (—a(4)
can in general not be expected, as the following example shows.

ExampPLE. Consider again the matrix multiplication operator .2/, on X =
Co(R, C?) given in (1.8). As shown above, the operators JP (b € C) correspond
to matrix multiplication by j, (see (1.9)). Hence, if the inverse of A — J°
(4 € C) exists, it must concur with multiplication by

(A = jpx)) !

1 x2 1 1 :I
A—(—x—ix+ 1P 2ix+1)| A—(—x—i(x+ 1)y A—(—x+i(x+1)y
1

0 A—(=x+i(x+1))P

Take any 0 < Rb < 1. The term in the upper right of (1 — j») ! is unbounded
for every Ae C. Thus, (J?) = C. [ |

Coming to the end of the first section, and justified by the properties
shown above, we finally define fractional powers of —A.

DEFINITION 1.11.  For every be C, we define the fractional power (— A)®
of the operator —A by

(—Ap:=JP.
We summarize the results of this section.

THEOREM 1.12. The fractional powers (—A)? (b € C) satisfy the following.
(i) For every be C, the operator (—A)® is closed. If Rb < —(n + 1), then

(— AY € B(X).
(@) If beN, then (—AY =(—A)...(—A) and (—A)° = (=4 Also,
%—J
b times
(AP = Iy.

(iii) The operators (—A)® (be C) are injective, and (—A)™"(—A)P = Ipap
for every beC.

(iv) For all b, ce C, (—A)’** = (— A)’(— A with equality if (—A)P* = Cb*

(v) lim,,,(—A)P’x = —Ax for every x € D(A™*3).
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ReMark. In the case that A is not densely defined, the results for the
operators J® (b e C), that is Lemma 1.4, Lemma 1.5 and Proposition 1.6, still
hold.

2. Fractional powers as generators

As in the previous section, the linear operator A4 is closed and densely
defined. Its resolvent exists and satisfies ||R(4, A)|| < C(1 + |A])" on the set
2(a)U B,.

Regarding applications to higher order abstract differential equations, it
is of interest whether the negative fractional powers —(— A) as defined above
are infinitesimal generators. In the following, we will show that for exponents

n . . . .
0 < b < —, thus in particular for 0 < b < 3, the negative fractional power

2(n — a)

—(—A)® generates an analytic semigroup (7T;(t)),»>, of growth order "

given by
1 >
2.1) T,(t) :== =— f e 'CA'R(A, A)dA (t>0).
27 | -

Semigroups of growth order a were introduced by G. Da Prato [ 5] in
1966 (see also I. Miyadera, S. Oharu and N. Okazawa [ 16 ], N. Okazawa
[20], P. E. Sobolevskii [22] and A. V. Zafievskii [25]). We recall the
definition.

DEerFINITION 2.1. Let > 0. A family (T(t)),>, of bounded, linear opera-
tors on X is called a semigroup of growth order a if it satisfies the following
conditions.

@) T@E+s)y=T@ET(s) for all t, s > 0.

(ii) The mapping t +— T(t) (t > 0) is strongly continuous.
@) If T(t)x =0 for all t >0, then x =0.

@) |t*T(t)| is bounded as t tends to zero.

®  Xo:=i>oT(t)X is dense in X.

As a first step, we prove the existence of the integral in (2.1).

PROPOSITION 2.2. Let Y be a complex Banach space. Assume that
F:p(A)—> Y is analytic, and that there are constants K >0 and ke N, such

that |F() < K(1 + |A)* for all Ac Z@UB,. If 0<b< Z(n”_ 3

and I’ =

2

~ 2 ~
I'(a,d) for any max { T, 0} <d<a and 0<d <d, then the improper
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integral
1 v
UHt) = — f e "CAF(2)dA
27i ) r

converges for all t e W(b, ) := {t € C: |arg t| < arctan (cos (b(r — a)))} uniformly
on compact subsets of W(b, @) and coincides with the curve integral over I'(4, d)
for every < d<a and 0<d <d. Moreover, there exists a constant M > 0
depending on I, b, K, k such that |Up(t)| < M(ct, — |t,|)"**V®, where c:=
cos (b(m — @)), for all t =t, + it, € W(b, a).

V3
2n—a)’

2b—1
Proor. The assumption d@> max {T T, O} yields b < Thus,

for all Aerl, 0 <blarg(—2)| < b(n — d) <g and therefore cos (b arg (—A4)) >

cos (b(m — @)) =c > 0. Now, take t =t, + it, € W(b, 4). Since |t,| < ct,, which
. t .
follows from the assumption |arg t| = arctan lt—ZI < arctan ¢, we obtain
1

(22) [e7HA?| = gTtildlPcos(barg(—A)F1alAPsin(barg(—A) < p=(cti~lrDIAP

for all Ae . By this, it follows that

[ee]
. e e el (re'd)|| dr
T Ja

1 (1 i o .,
< 2f e_(ctl_ltzl)r K(l + r)kdr +%J e—(ﬂl_ltzl)f K(2r)"dr
d

1

< (1 _ J)e—(ctl—ltzl)iszk—l + K21 J\n e—(ctl—ltzl)r”rkdr
0

= K2"‘1|:(1 — d)e~Cnmizhd 4 %F(E%l) (ct, — |t2|)""+”/”:| ,
where I'(-) denotes the gamma function. Considering the parametrizations
given in (1.2), this yields the existence of the curve integral over I;. Analog-
ously, with the same final estimate, one obtains the convergence of the integral
over I';. The integral over the finite path I, obviously exists, and, since
leT A" F(R)|  e%tTD@K Dk for all 1e T, it can be estimated by

IUL ()] < K2¥em(nah®,

The coincidence of the integrals follows with Cauchy’s Theorem. In fact, if
I'=r@, 3) for any d<d<a and 0 <d <d, then U{t) — U(t) = lim, ,, U (¢),
where I, ={re: —a<¢ < —a}U{re’:da<¢@<a}. Along I, (r>1), the
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integrand is bounded by e~“"¥2)"K(1 + r)*. Thus,

e—(cu—ltzl)r"K(l + ,.)k
—_

U ()] < 2nr 3
n

0 (r— 00). [ ]

ProPOSITION 2.3. Let F, b and I' be as in Proposition 2.2. Further, let
Ao € p(A\(Z(a)UB,). If me{0, 1}, then the improper integral

—(=2 mb ,—t(—A)b
f , Ei —)x:)"“ Fidal

converges uniformly for t € W(b, d).

Proor. Let me {0,1} and t e W(b,d). Note that i, ¢ I. By (2.2), we
have

|[e7HA%| < gl ~lDIAP <

for all AeI”. Hence,

:

This estimate yields the uniform convergence of the curve integrals over I75.
Similarly, one shows that the curve integrals over I'; converge uniformly. W

_ ( _ reiﬁ)mbe—t(—rei")beiﬂ

(reiﬁ _ 'lo)k“

F(re')

© ,.mb k
drsf Mdr

i |rem _ 10|k+2 :

It follows from our assumptions on R(4, A) and Proposition 2.2 that the
following definition is justified.

DEFINITION 2.4. Let 0 <b < ﬁ and I'=1I(a,d). For t>0, the

operator T,(t) € B(X) is defined by
1 »
T,(t) :== — j e 'CV°R(A, A)dA .
27 | r

We will show that the operator family (T,(t)),», satisfies Definition 2.1.
It follows immediately from Proposition 2.2 that there is a constant
N, > 0 such that for all t >0

(2.3) ITOI < Nt~

ProPOSITION 2.5. The mapping t — T,(t) has an analytic extension into
the open sector W(b,a). For all me N,

(%)mnm - f (SAPeTCIRG AL (e Wb, a).
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Proor. For every teC, 1+ e """ is analytic on C\[0, ). Hence,
a m
for m=0, 1, 2, ..., the mapping (41— <5_t) e"CAR(A, A) =

(—1)"(—A)™e *"P"R(4, A) is analytic in ¢t and continuous on I" x W(b, a).
Further, we have for all m>0 and A€ 2(a)UB,

I(=A™R@, Al < |A™CA + [Al)" < C(1 + [A])" 1+t
By Proposition 2.2, the improper integrals

(="

Unlt) := 2mi

J (= A)m™e P R(4, A)dA

r

converge uniformly on compact subsets of W(b, a). Hence, for every m > 0,
the mapping t — U,(?) is analytic on W(b, a), and its derivative is given by

d
E Um(t) = Um+1(t)‘ n

The following part treats the semigroup property of the operator family

(’I;r(t))t>0‘
PROPOSITION 2.6. T (t)Ty(s) = T,(t + s) for all t, se W(b, a).
Proor. If t, s > 0 then, by Proposition 2.2, we can write T,(s) as a curve
2b—1

integral over I'(d, J), where max {T I, 0} <d<a 0<d<d. Similar to

the proof of Lemma 1.4, one can show that the semigroup property holds.
Since ¢t — T,(t) is analytic on W(b, a) (see Proposition 2.5), the assertion follows
by the uniqueness theorem for analytic functions. |

The set X, :=(J,;>0T;()X is a dense subset of the continuity set
Q,:={xeX: T({t)x > x (-0}

of (T,(t));>o- In order to show that statement (v) of Definition 2.1 is fulfilled,
it is therefore sufficient to prove that €, is dense in X.

LemMma 2.7. If x e D(A™*2), then
1 1 b-1 b
—(Ty@)x = x) > —5— | (=47 R4, A)(—A)xdi = —Jx
t 27 | r

as t—0, te W(b,a). In particular, D(A"*?) < Q,.

ProOF. Let x € D(4"*?). Fix Ay € p(A\(Z(a)UB,). For every 1€ p(A),
A # )'0’
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(=) . —1y
(4) R(A A)x = ,-;o (A(—_io%a“ — AYx + G%R(L A)(hg — Ay*2x .

We insert this in the definition of T,(tf). By Proposition 2.2, we can inter-

change integration and summation. Cauchy’s Integral Formula for the deriva-
tives yields

1 [ e fmt (=1) .
T ()x =ﬁfre oA {,Zb (l—(_”g);jﬁ(lo—/i)’x

(= »t
+ WR(A, A)(Ao — A) Zx} d

_n+1(_1}i d\V b
_j;o J! <ﬂ>e

Lo e R, A) (2o — AY+2xdA
i = A2 e e x

(Ao — AYx

A=Ao

for all t € W(b, a). Therefore,

1 D i(-1y1/dy —t(-a)® j
;[T,,(t)x x]—;[e 1]x+j;1 T\@ e A=Ao(lo Ayx

1(=1)" i P
+ A _ n+2
+ t 27ti -[F (l — lo)n+2 R(l) )(10 A) xdl

1 v
for all t e W(b, a). Now, ;[e“"" — 1] - —(—A)® for every A e C\[0, o0) and

LAY
@)

as t —» 0. Further,

> (-1 [H ®- i)](—zo)b-f (1<j<n+1)

A=A,

11 e t—MP R(4, A)(A AY*2xdA
;E rmo)n—+2 9 0
11 e-t("l)" -1
=15  _R(A A, — A2
t 2mi J; (A = A2 (4, A)(Ao — A" *xdA

L ﬂR(A A)(Ao — A)+*xdA
i Jp(A— Aot
since, by means of Proposition 2.3, we can interchange differentiation and

. . 1
integration. Hence ;[E(t)x — x] converges as t -0, t e W(b, a), and
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1
lim -[T;()x — x]
t—0 t

teW(b,a)

- —(orx+ Y, ﬂ( 1y- [ﬁ - i)}(—zo)"-fao — Ayx

(=1y —(—4r nt
T L = 2y R Ao — 4 2%d),

Using Cauchy’s Integral Formula for the derivatives and (2.4), one obtains

1
lim A[T;(t)x —x]=—(—4)x+— | —(=A°| R4 4) — xdA .
-0 2ni | r A=A
teW(b,a)
Note that Cauchy’s Integral Formula can not be applied to the term —(—4,)°

( l)"

since the integral jr di does not exist. But, with the identity

R(A, A)A—A)x=x for all Ae p(A) and Cauchy’s Integral Formula, it follows
that

1 1
—(—lo)bx+%fr —(—;.)b[m, 4) = = lo]xdl

1
— 5= | —(=A"'R@A, A)(—A)xdA
27 ),
_ . ( l)b 1
= —( /lo)x+{2 iy lod'l
=0.
By (1.6), this gives the assertion. |

PROPOSITION 2.8. The operators Ty(t) (t € W(b, a)) are injective.

Proof. Let tye W(b,a). Assume Ti(t,)x =0 for some x € X. Proposi-
tion 2.6 yields T;(t, + t)x = T,(t) T,(to)x = O for all t € W(b, a). Since, by Prop-
osition 2.5, t +— T,(t)x is analytic, it follows by the uniqueness theorem for
analytic functions that T(t)x = O for all t € W(b, a). Using that the operators
(—A)™ and T,(t) commute, we obtain T;(t)(—A) " ?Px = (—A)""*IT()x = 0.
But (—A)""*?x e D(A"*?). Therefore, Lemma 2.7 yields (—A) ®*2x =
lim,_,, T,(t)(— A)~"*?x = 0 which implies x = 0. [

From the results above, it follows that the operator family (7,(t)),», forms

. . 1 .
an analytic semigroup of growth order nt The generator A, of this

b
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semigroup is defined by
1 1 .
Apx := lim ;[’I},(t)x —x] on D(4,):= {x € X :lim ;[n(t)x —x] ex1sts} .
10 -0

In general, the generator of a semigroup of growth order « is not closed. But,
by [20], Lemma 3.1, it is always closable. Its closure is called the complete
generator of the semigroup. In the following, we will show that the complete
generator A, of (T;(t)),», coincides with the negative fractional power —(— A)°
given in Definition 1.11.

LEMMA 29. —(—A) < 4,.

ProoF. By Lemma 2.7, —J®= A,|p4n+z. Thus —J®< 4, Taking
closures on both sides, the assertion follows by Definition 1.11. [ ]

To prove Lemma 2.9, we used that the operators —(—A)® and A, coincide
on the core D(A"*?) for —(—A)’. The opposite inclusion can be shown in
a similar way. Consider the space

X, = ToX.

t>0

LemMma 2.10. X, = D(A™).

Proor. Fix t>0 and xeX. For meN,, the function g,(1):=
e "=M")mR(4, A)x is continuous on I, g,(4) e D(A) and Ag,(A) = gpn+1(A) —

v . . 1
e”'CA°)mx for all Ae I By Proposition 2.2, the integrals %f rg(DdA (ke Ny)

1 b .
exist. Cauchy’s Theorem yields f—ijre"(“" A¥dAi =0 for all ke N,. Since
n

A is closed, we can conclude that

1 1 1
5 j _gnDdieD(A) and 4 <_2; L gm(l)dl> = J (@

By induction, it follows that for all me NV
1 b
T,(t)x € D(A™) and A™"T,(t)x = ﬁf e 'O mMR(A, A)xdA . |
r

In particular, X, is contained in D(A"*?) and therefore in the domains
of —(—A)® and 4,. To see that X, is a core for A, we need the following
considerations.

It x € Q,, then, by (2.3), the mapping t +— || T,(r)x| (¢t > 0) is bounded, i.e.

Ny(x) := sup || T,(t)x||

t>0
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exists. Further, N,(x)> ||x| for every xe€ £,. Obviously, N,(-) defines a
norm on £, and the space @, provided with the norm N,(-) is a Banach
space.

Since T,(t)X < @, for all t >0, we can restrict the semigroup (7;(t)),>o
to the space Q,, i.e. we study the operator family (U,()),», given by

Up(0):= T,(®)|o, (¢>0)
Uy(0) := I, .

Further, let E, be the restriction of the generator A, of (T,(t)),-, to the space
Q,, ie.

E,x = Apx for all x € D(E,):= {x € D(4,): A,x € ,} .

Being a restriction of the closed operator A4,, E, is closable in X. By [ 16 ],
Lemma 3.2, we even have that D(E,) is a core for A4, or, equivalently,

(2.5) E,=4,.

Moreover, Theorem 2.2 in [ 16 ] yields that the operator family (U,(?))»0
forms a strongly continuous semigroup of contractions with generator E, on

(€2, Ny(*)).

PROPOSITION 2.11. The space X, is a core for the operator A,.

Proor. We will first show that X, is a core for E, in the Banach space
(825, Ny (+)).

Since the operators A4, and J® coincide on D(A"*2), and J® commutes with
(—=A)™! on D(J®) = D(A"*?), it follows that A,D(4%"**) < D(A"*?) < D(A4,).
By definition of E,, we therefore have D(4%*"**)< D(E,), and Lemma 2.10
yields X, = D(E,).

Let t >0 and x € X. By definition of the semigroup (U,(t)),», We obtain
Uy(8)T,()x = T,(t + s)x € X, for all s >0. Hence, X, is (U,(-))-invariant.

If x € ©Q,, then N,(Uy(t)x — x) = 0 (t — 0) since (U,(t)),»o is strongly contin-
uous on (£2,, Ny(-)). But, for t >0, Uy(t)x = Ty(t)x € X,. Thus, X, is Ny(-)-
dense in Q,. .

By [17], A-I, Proposition 1.9, it follows that E,[y, "0 _ E,.

On the other hand, being a restriction of the closed operator A,, Eyly,
is also closable in X, i.e. with respect to the norm |-||. Since N,(x)> |x||
for all x € ,, we obtain

=—Np(") _ ="

E, = Ely, S Ely, < A,.
="

Moreover, since E,|,, "1is closed in X, it follows that E, = Eply, < A,. By
(2.5), this gives the assertion. |

-
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Lemma 2.9 and Proposition 2.11 allow the following conclusion.
PROPOSITION 2.12. A, = —(—A)".

Proor. By Lemma 2.10, we have X, < D(A®) < D(A"*?). Hence, Lemma
2.7 yields Aly, < —Jb. Taking closures on both sides, we obtain

Ay s —(—AP

by means of Proposition 2.11 and Definition 1.11. Now, Lemma 2.9 gives
the assertion. n

ExampLE. If A is the generator of a n-times integrated semigroup such
that R(4, A) exists on {i1e C:Ri1>0}U{0}, and D(A4) is dense in X, then,
for every 0 < b < 1, the negative fractional power —(— A)® is the generator

n+1

b In particular, the incomplete

of a semigroup (T;(t)),>o of growth order

abstract Cauchy problem

(%) wO) = (0w 620, u0)=x,
where m > 2, has a bounded solution given by T},,(-)x for every x € D(A™"*?).
|
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