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0. Introduction

Let E, be a real separable infinite-dimensional Hilbert space with an inner
product (-, ), and suppose that we are given a densely defined selfadjoint
operator D of E, such that D~! is of Hilbert-Schmidt type and D > 1. Let
Ec E,c E* be a real Gel'fand triplet rigged by the system of norms
{IID?-|lo; peR} and H < Hy, < H* be its complexification. The canonical
bilinear forms defined by the pairs of elements (x, {)e E* x E and (z, y)e H* x
H are denoted by <x, £) and <{z, 1), respectively. The functional C(¢) =
exp [—31/£]|2], which is continuous and positive definite in ¢ € E, determines a
unique probability measure u on E* such that

1
f exp [/ —1<x, £ 1du(x) = CXP[— > IIEII?)].
Et

If H* = E* + \/—‘IE* is identified with the product space E* x E*, it is
possible to define the product measure v=pu x u on H*. Let 2(E*) be the
space of all polynomials in {{x, £>; &€ E} with complex coefficients and 2(H*)
be the space of all polynomials in {{z, ¢); (e H}, where xe E* and ze H*.
Then 2(E*) is dense in (L?) = L2(E*, ). The L?-closure of 2(H*) is a proper
subspace of L?>(H*,v). This subspace is denoted by (&,). It is called a
Bargmann space ([4]).

For ¢(x)e Z(E*), @(x) has a natural analytic continuation ¢(w)e2(H¥*)
and its restriction to E* is trivially the original ¢(x). Thus we can define a
map G: 2(E*) > 2(H*) by

Go(w) = f o (x + w/y/2)du(x), 0.1)

E*
(ref. Kondrat’ev [17], Hida [10]). This map is called Gauss transform because
of its similarity with Gauss transform %,[F] of a function F(v) of one real

variable v:

4.[Flu) = jw F(v + u)nt)~ 2 exp [— v?/(2t)] dv.
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Further, the inverse of the map G: 2(E*) - #(H*) is given by

67 /() =J S22+ /= 1) du). (02)
E#

It can be shown that G preserves the L*-norm. On the other hand, the
conditions imposed on D make the operators {D”; peR} act continuously
on H*. So it is natural to introduce the system of operators {A(D”); peR}
whose actions in #(H*) are described as

A(D?)f(z) = f(D?2)  for feP(H*), (ze H*, peR).

The action of A(D?) is intelligible and convenient to treat: the eigensystem of
A(DP) is derived almost directly from the eigensystem of D”; the introduction
of norms

I1f 1, = IIA(D")fII(ZgO,=J |f(DPz)dv(z)  (peR)
H*

into #(H*) is also very direct; the completions of #(H*) by these norms
afford us a Gel’'fand triplet of Bargmann space (§,) quite naturally. We will
denote the completions by (&, (peR) and the Gelfand triplet by
(F) =(Fo) = (F). Now let us combine G and A(D?), peR. Then the
operators {I'(D”) = G~ 'A(D)G; peR} act on Z(E*) as {A(D?); peR} do on
P(H*). Therefore we can bring over the structure of Gel'fand triplet of (&)
to (L?). Thus we get a Gel’fand triplet of (L?). We will denote this Gel’fand
triplet by (&) < (L*) = (¥'). We propose this construction of the triplet of
(L?) as a simple setting of white noise calculus. This setting can clarify the
problem of white noise analysis and simplify the related matters considerably,
which will be seen in §6 and §7.

As we saw above, if pe#(E*), ¢ can be analytically continued to H*
naturally. Furthermore Gg(w) is an analytic continuation of S(p(é/\/f), the

composition of S-transform and (1 /ﬂ)-multiplication to its variable. It is a
well-known fact that S¢(£) can be defined for functionals ¢ e(L?) and for the
variable £e E (see [23]). This observation suggests that even if ¢ belongs to
a much wider class than polynomials’, ¢ and G¢ could have an analytic
continuation $(w) and an analytic version f(w), respectively on H*. Hence
S@(w//2) could be defined for the variable we H and f (w) = S@(w/+/2) could
hold. We will show that this is possible.

The organization of this paper is as follows: §1 is for the notations. In
§2 we will extend the Gauss transform G: Z(E*)— 2(H*) to an isometric
isomorphism from (L?) onto (§,). In §3 we introduce the system of operators
{A(DP); peR} into Z(H*) and construct a nuclear rigging (§) < (o) = (F-,) <
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(%) by using this operator system. The analyticity of functionals of (&) is
stated in this section. The operator A(D?) (peR) will turn out to act on
(&). In §4 we will derive a Gel'fand triplet (&) = (L?) = (¥) of white noise
analysis from (§) < (&o) < (&) with the help of {G~'A(D?)G; peR}. It will
be noted in some concrete case that this construction of the triplet is the
same as the usual one. In §5 we will show the following things: the existence
of analytic continuation ¢ of ¢e(¥,) for p > p, and the continuous version
@ for p> sy (py and s, are given in §1); some estimate inequalities of these
functionals @; the integral representation of G and G~ !; and the rigorous
meaning of Sgb(w/ﬁ) (we H*). In the estimate inequalities mentioned above,
the functional exp [$ x[|%,] appears as follows:

N 1
o) < a1 @]l em[zllxllip} (0.3)

In §6 we will prove that this functional belongs to (#) for p and g such that
0<qg<p—po, That () and (&) are algebras is also mentioned in this
section. In §7 using (0.3) and the results of §6, we will refine the theorem
about positive functionals which we got before (Theorem 5.1 in [39]) and
obtain a somewhat delicate characterization about positive functionals and
their associated measures.

Some results similar to the ones in §7 of this paper are already obtained
in Lee’s paper [29]. But, because of the use of the different method from
[29], in particular the use of Bargmann space and the operators {A(D”); peR},
we can clarify the roblem and can obtain the refined results, including new
ones, more simply. The point of [29] is to construct the space .o/, of analytic
versions of test white noise functionals. The method is complicated. But if
our method is applied, the construction of the space which would correspond
to &/, is quite natural and simple. It is just the inverse image of (¥) by
Gauss transform G, i.e., {G~!f(w); fe(§)} (weH*). And this space coincides
with the space {¢(w); p e(¥)} (we H*), where ¢(w) is the analytic continuation
in H* of pe(¥). These three spaces (&), {G~'f(w); fe(F)} (weH*), and
(&), at least their roles, should rigorously be distinguished.

1. Notations

Let E, be a real separable Hilbert space with dim E, = oo and (-, ),
be its inner product. Let D be a densely defined and selfadjoint operator of
E, such that D > 1 and D™! is of Hilbert-Schmidt type. Further we assume
that the eigensystem of D!,

{(’q'ja Cj)};o=0 with D—IC,' = ’q'jCj (J =0, 1, 2,-+),
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satisfies
1> '1}2 A’j-’-l (.]= 09 17 2,)

and that {éj; j=0,1,2,---} is an orthonormal basis of E,. The following
constants t,, s, and p, will appear frequently:

to = —log2/2log A, ie., A2 =1/2,

so =inf {s; )72, 4}* < o0},

Po = max (to, So)-

Since |D~'lljis = Y. ;2o4; is finite, s, is in [0, 1].
For any real number p > 0 write E, = the domain of D” and define the

inner product (x, y), for x, ye E, by
(X, )’)p = (Dpx’ Dpy)O'

Then (E,, (-, -),) is a Hilbert space. If 0 <q <p, then E,c E,. Every E,
contains (;s, and so E=(),,0E, is not empty. Set ||, = \/(5, ¢), for
¢eE. The system of norms {|¢||,; p >0} is compatible. Since D~' is of
Hilbert-Schmidt type, the space E equipped with the projective limit topology
of {(E,, Il - I ); p > 0} is a nuclear space. We can easily see that D?(E,) = E,
for p>0. For p>0, let E_, be the completion of E, with respect to the

norm | -|-,=[D"?-|, Clearly, if 0<g<p, then Ec E_,c E_,. Let
E* ={),>0E_, and let it be equipped with the inductive limit topology of
{(E_,, ' I-p); p>0}. We have E < E, < E*. Once the increasing family

{E,; peR} of Hilbert spaces is set, the operator D%geR) acts naturally and
isometrically as

D% E,— E,_, (surjective) (peR),

and so it acts continuously on E* with respect to the inductive limit
topology. We can naturally identify the dual space of E, with E_,(peR) and
the dual space of E with E*.

Let H, be the complexification of E,, ie., H,=E,+./— 1 E,. Then

D7 extends to an isometry from H, onto H,_, naturally by setting

Dix+./—1y)=Dix+ ./ —1D% for x, yeE, (p, qeR).

According to this way the real spaces E and E* also have their
complexifications H and H*, respectively. The letters w and z are often used
for elements in H* or H_, and letters x and y for ones in E* or E_,, where
p>0. Like in the real case, the operator D? acts on H (also on H¥*)
continuously. Obviously,
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(D*w, {) = {w, DL

holds for any we H* and any (e H.

Suppose that X is a locally convex topological vector space and X* is
the dual of X. Then x*(x), the canonical bilinear form, defined by each pair
(x, x*)e X x X* is always denoted by (x*, x). Here, to be bilinear does not
mean to be sesquilinear. Denote by 2(X*) the space of all polynomials in
{{x*, x); xe X} with complex coefficients; that is,

P(X*) = {finite sums of c[[;<{x*, x;>; x;€ X, ceC}.

If X is a nuclear space or a Hilbert space over R or C, then the n-fold
symmetric tensor product of X is denoted by X®". If x,, x,,---,x,€ X, then
®;=1xj is the symmetrization of x; ® x,--- ® x,. In particular the n-fold
tensor product of x is denoted by x&n,

The following notation on infinite-dimensional indices of non-negative
integers will be used:

A" = {all sequences of non-negative integers},
No ={n=(ng, ny, ny,---);me N, nj=0 for almost all j}.

Let n,keA,. Writt n>k if and only if n;>ki(j>0). Let p be a
non-negative integer. Define

pn = (png, pny, pny,--), In| =ny +n; +ny + -,

n Ak =(n0 A k05 ng A k1> n; A st"')’

nl =[]n! and (:>=H1<:j>

For reR and ne #; with |n| = n, the symbols A™, (8 h, and z" are defined
as follows:

wm =LA,

¢én = ®n,-¢oC,°§"" = the symmetrization of ®,.,-¢0C}§"",

" =12"(z) = (2"n!) "2 (28 E8ny  for ze H*, (1.1)
hy = ho(x) = 212 [H,,({x, ;>/y/2)  for xeE*, (1.2)

where {(4;, {})}2o is the eigensystem of D~' and H,(u) is the Hermite
polynomial of n degrees defined by

H,(u) = (— 1)" exp [u*](d/du)" exp [ — u*].

% is the smallest o-algebra containing all cylindrical sets of E*. Here,
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cylindrical sets of E* are subsets of E* of the form

{XEE*; (<X, €1>,"'9<x9 €n>)€Bn}

where n is any integer > 1, B, is any n-dimensional Borel set, and &,,---,¢&,
are any elements of E.

2. The space of white noise functionals (L2), the Bargmann space (&,) over
a nuclear space, and Gauss transform G

The functional C(&)=exp[— 1| &|13] of ¢ is positive definite and
continuous on the nuclear space E. Bochner-Minlos theorem assures us that
this functional defines a unique Gaussian measure p in the measurable space
(E*, #) such that

C©O= f exp [/ — 1<{x, &> 1 du(x),
Et

(Minlos [30]).

Since D™° is of Hilbert-Schmidt type for s > s,, u(E_;) = 1 holds. Hence, if
a functional is defined in E_, for s > s, then we may consider that it is given
u-a.e. in E*.

The space L*(E*, 4, p) is called the space of white noise functionals and
denoted by (L?) (Hida [9], [10]). Then 2(E*), the space of all polynomials
in {{x, £); e E} with complex coefficients, is dense in (L?). It is readily
seen that the system {h,;neA,} of (1.2) is contained in Z(E*) and is a
complete orthonormal system of (L?). From now on let CONS stand for
complete orthonormal system.

Let us consider the product measure v = pu x u in the space H* = E* +
</ — 1 E*. Then the system {z";neA,} of (1.1) is orthonormal in the space
L*(H*,v). A Bargmann space (&) is the closure of Z(H*) in L*(H*, v), where
P(H*) is the space of all polynomials in {{z, ¢); £eH} with complex
coefficients. It is evident that the system {z";ne.#;} is contained in 2#(H*)
and forms a CONS of (§,). It is well-known that the space of all entire
functions, "(C), which are defined on C" and square integrable with respect to

dg(z) = 2n) "exp [—(z2)/2]1(\/ — 1/2)"dzdz

is closed in L*(C", dg(z)) (see Bargmann [1]). The space (&,) is an analogue
of &(C") in passing from C" to the infinite dimensional space H*. (g&,) has
similar properties with (C"). For instance, every element of (&,) is associated
with an analytic functional in H, whose Taylor series converges to the original
functional in (&,) (see Kondrat’ev [17]). But it is not an analytic version in
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the sense of v-a.e. because v(Hy,) =0. Throughout this paper, “a version”
means an element of v-a.e. (or p-a.e.) equivalence class. If we introduce a
nuclear rigging (&) < (F,) = (Fo) = (F-,) = (&), we can see this more
clearly. The construction of the nuclear rigging and the problem of version
will be discussed in detail in §3, (cf. Berezansky and Kondrat’ev [4][17]).

In the rest of this section, we observe the isometric maps G and G 1
between (2(E*), |- llp2q) and (ZP(H*), || - llL2ux,,) and their extensions to
isometric maps between (L?) and (&,). (cf Berezansky and Kondrat’ev
[4]). Each polynomial ¢(x)e 2(E*) can be naturally and analytically extended
to @(z)e #(H*) replacing {x, £) by <z, £>. So we can define a map G on
P(E*) by

Go(w) = J

E

o(x +w//2)du(x)  for peP(E¥). .1)
Then obviously, Go belongs to #(H*). The inverse map G ! is given by
G f (%) =j 26+ /= 1))dpt)  for fe?HY).  (22)
E*

Actually, we see that

Gh,=2z" and G~ 'z°=h,. 2.3)

Since {h,;ne Ay} and {z,; ne A} are CONS’ in (L?) and (&,) respectively,
the map G extends to an isometry from (L?) onto (&,):

“G(P“(igo) = ”‘P”(z}) for ‘PE(LZ)- (2.4)

The map given by the form such as (2.1) is often called Gauss transform
([4], [10], [17]), so we also call this isometric map G and its extension
G: (L?) — (&,) Gauss transform. The integral representation (2.1) of G (resp.
(2.2) of G™1) is not valid on (L?) (resp. on (F,)). But in §5 we will show
that these representations can extend to the ones between much wider spaces
than 2(E*) and #(H*). Furthermore, the expression (2.1) shows us that if
¢ is a good functional, then G¢(w) is an analytic continuation of

Sqo(f/ﬁ)(feE) to H*=E* + . /— 1 E*, where S is the S-transform in
Kubo-Takenaka [23]. It will also be shown in §5 that this is possible.

3. The Gelfand triplet (F) < (&,) < (§') rigged by the operator A(DP)

Let D be the selfadjoint operator of H, introduced in §1. Since D?’(peR)
acts on H* naturally and continuously, we can define an operator 4(D?) on
P(H¥*) for peR by
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A(D")f(z) = f(D"z2), fe P(H¥). (3.1)
Let f(z) = [[}-, <z &) eP(H*). Then, by the relation
ADY)f(2) = []}-,<DPz &> = [}, <z D?¢p
we see that {(A7P", z"); ne 4, } is an eigensystem of A(DP):
AD)2(2) = ([1,47 ™) 2°(@) = A~ "2"(2). (3.2)
As is easily seen, 2(H*) is a pre-Hilbert space with the inner product

(4D f, A(D")g)g = J (A4(D?) f(2)) A(D?)g(z) dv(2). (3.3)
H*

We will denote its completion by (§,) and the inner product by (f, g)g,)- As
well as in the case of D?, we can see that the operator A(D? is an isometry
from the Hilbert space (&,) onto the Hilbert space (§,-,). We can easily see
the following.

PROPOSITION 3.1.  For any peR, {A™z"; ne A, } is a CONS of (§,). And
hence any fe(g,) can be expressed in the form

f = neso CaZ" (34)
with coefficients {c,; ne Ny} satisfying
112 = Youss 22 leal? < . (3.5)
Furthermore, for fe(§,) of the form (3.4) we have the following:
ADYf =Y e ATz e(F,p- ) (3.6)

By the proposition, we can identify (F_,) with the dual space of (¥,) and
get the inclusion relation for p > g >0

(&p) = (&) = (&o) = (&-5) = (§-))-

Actually the canonical bilinear form (F, ) for Fe(&_,) and fe(¥,) is realized
by

(F,f)= j (A(D™P)F(2)) A(D?) f(2) dv(2).
.

Since D~! is of Hilbert-Schmidt type, it follows that for any peR and for
any s> §,
Zne% ” J(p+sngn ”{2&,) — Hj(l _ ;les)—l < oo, (3.7)

This shows that the canonical injection from (&,,,) into (§,) is also of
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Hilbert-Schmidt type. Thus, if we write

(& = Np=0(&,) and (§F)=U;-0(&-)): (3.8)

then the dual space of (&) is (§). About this triplet several interesting
properties have been obtained, e.g., this triplet is isometrically isomorphic to
a triplet of “holomorphic functionals” of at most order 2 (ref. [4] and
[17]). For the later use we paraphrase this within our setting as follows:

PROPOSITION 3.2. For any peR and any fe(§,) with the expression (3.4),
the series

Y oneto CaZ"(2) (3.9)
converges absolutely and unijﬁormly to a functional f(z) on any bounded set of
H_,. The limit functional f(z) satisfies

~ 1
If(Z)IsCXp[lezllz_,,] Iflg,  for any zeH_,. (3.10)

Further f (z) is not only continuous but analytic in H_, in the sense of [14]

(E. Hille & R. S. Phillips).

-p

Proor. By Schwarz’ inequality and (1.1), we see that for any zeH_,

Yo a2 @ = Y20 Y i =nlCaZ @)
=37 oY m=nlca (28", (2 ml)T1278my

1\1/2 R R
= :°=0(2"n!)‘”22.n.=n1c..|P“(Z;) |(28n, Arng@ny|

1
< I/ ll g, exp [Z ||Z||2—pj|-

Therefore the series converges to a continuous functiona~l fin H_ , absolutely
and uniformly on any bounded set of H_, and hence f satisfies (3.10). The
finite sums of (3.9) are functionals analytic and locally uniformly bounded in
H_, in the sense of [14]. Applying Theorem 3.18.1 of [14], we can see the
analyticity of f in H_,. O

DEeriNITION 3.1.  The functional f given in Proposition 3.2 is called the
analytic functional associated with fe(§,) or the associated functional of f
(peR).

For p <s, and fe({,), the associated functional f of f can not be a
version in the sense of v-a.e., because of v(H_,) = 0. However, the functional
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f recovers f by means of Taylor coefficients (ref. [4], [17]). We will discuss
this point in a forthcoming paper. For p > s,, we have the following:

ProrosiTION 3.3. Let p>s,. If fe(F,), then the analytic functional f
associated with f is a unique continuous version of f in H_,; that is, f(z) =
f(2) holds for v-a.e. ze H*. Moreover, if p > q+ sq, then f(Dz) coincides

with the continuous version of A(D)f(z) in H_,.,.

Proor. Since v(H_,) =1 for p>s,, f of (3.4) is equal to f v-ae. in
H*. Since every non-void open set in H_, has strictly positive v-measure,
the continuous version of f is uniquely given on H_,. If p>s,+4g and
zeH_,,,, then D%zeH_, and p —q >s,. Therefore we see that

fD2)=Y x,2"(D%2) =Y. 2 A"™"c,z"(z)

neAo

converges uniformly on any bounded set in H Therefore we have the

last assertion. []

-p+gq-

If fe(%), then f(z) can be defined on H_, for any peR and sof(z) is
a functional defined on H*. Moreover, if p > g, the continuity of f(z) on
H_, implies the one on H_,. From this it follows that f(z) is continuous
in ze H* =limH_, with the inductive limit topology. But we omit the
proof. Besides we can say that f (2) is not merely entire of at most order 2
on any H_,(peR) but also of minimal type (ref. [4], [17]), as we can easily
see in the following as a corollary of Proposition 3.2.

CoROLLARY 3.1. If fe(§), then for any peR, any k>0, and for any

zeH_, we have

. 1
SOOI e CXP[Z Ak IIZIIZ-,,]- (3.11)

Proor. Let ze H_,. Then this is clear from (3.10) and

212 ey < 430212, O

4. The triplet (¥) = (L?) = (%) derived by Gauss transform from the triplet
& = (&o) = (&)

In §2 we introduced Gauss transform G which is an isometric isomorphism
from (L?) onto (&,). But in this section, we begin by reconsidering G as a
map from 2(E*) onto #(H*). Next, we define the system of operators
{r(D") = G~' A(D?)G; peR} which acts on 2(E*) and by using this system
we construct the nuclear rigging of white noise functionals:
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(F)c () < (L*) < (&) = (F). 4.1)
It will turn out that the rigging (4.1) is obtained as the image of
(&) = &) = (o) = (F-,) = (&)

by the extended G~ 1.
Let us define the operator I'(D?) from £ (E*) onto itself. G is an isometry
from 2(E*) onto 2(H*):

(PE¥, || lz2) —Z— (PH*), | ll o) 4.2)

isometric

and A(D?) maps #(H*) onto #(H*). Therefore we can define I"(D?) for each
peR by setting

I'(DPo = G~ A(DP)Go for peP(E*). 4.3)
It is easy to see that #(E*) is a pre-Hilbert space with the inner product
(" (D?)o, (D)) = J (I'(DP)(x)) I' (D) (x) du(x). (44
E*

Let us denote its completion by (#,) and the inner product by (¢, ¥),. We
evidently see that (%,) = (L?). Let us recall the relations (2.3) and (3.2), that is,

Gh,=1",G 2" = h,, and
AD?)2(2) = ([],477) 2(2) = A~ P"2n(2).

Then, corresponding to the eigensystem of A(DP), I'(DP) has the eigensystem :
L(DP)hy(x) = ([ ]; 47 P")ha(x) = 277" hy(x). (4.5)

The system {h,; ne #,} is a CONS of (L?), so we can easily see the following.

PROPOSITION 4.1.  For any peR, {A*h,; ne A,} is a CONS of (¥,). And
hence any @e(¥,) can be expressed in the form

¢ = Zneﬂo cnhn (4.6)
with coefficients {c,; ne Ny} satisfying
19120 = Yoness A~ 27" 1cal* < c0. 4.7)

Furthermore, for any p and qeR, I'(D%) can extend its domain to (¥,) as an
isometry from (%) to (¥,-,) such that, for pe(¥,) of the form (4.6),

FDY9 =Y e 2 ™cahn€(%,-,). (4.8)
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By the proposition above we can identify the dual space of (#,) with (£_))
for peR. In fact, the bilinear form, (¥, ¢, of (¢, Y)e(4,) x (£-,) is given by

Y, 0> = J D)y (x)(I'(DP)(x)) du(x). (4.9)

Let us write

F)=Np=o(#) and (&) =U;-o(-)) (4.10)

Corresponding to (3.7), for any peR and any s > s, we have

Zne% ||,1(p+s)nhn“(2%) 1—[ a- 125 .

Thus we obtain a nuclear rigging
A< cllP)c(F)<(&), p>0. (4.11)

As well as (&) and (&), (¥) is a nuclear space and (¥') is the dual space of
(&). We call (¥) the space of test white noise functionals and (&) the space
of generalized white noise functionals, as usual.

Let peR. It follows from (4.2) that for any fe 2(H*)

”G_lf”(y;,) = “r(Dp)G_lf“(LZ) = “A(Dp)f“(iffo) = “f“(g»,,)-

Therefore G~* can extend uniquely to the isometric map G, ' from (§,) onto
(#,). These extensions {G,'; peR} are consistent. That is, if p <g, then
G, ! coincides with G, ' on (F,). So we have a unique continuous extension
from (§) onto (&), which we denote by the same symbol G~!. It satisfies

the property that for any f, ge(%,) and any peR

(G, Gl g)gy = ([, Dz, (4.12)
Moreover, we can easily see that for Fe(¥-,) and fe(¥),)
{G™'F,G™f>=(F, f)>. (4.13)

We note that the above construction of the nuclear rigging of white noise
calculus is the same as the ordinary ones. Actually, we can see that the
triplet (&) c (L?) = (¥') is coincident with the one in [20] or [39]. Here,
let us see this in the following concrete case: Let L*(R"; R) (resp. L>(R"; C))
be the Hilbert space constructed with all R-valued (resp. C-valued) squate
integrable functions defined on R". Let E, be L*(R;R) and H, be its
complexification. Then we can easily see that

H, = L*(R; C), E&" = [>(R"; R), and H®"=L[*R";C),
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where L2 denotes the space of symmetric L2-functions (n>2). Next, let
D=1+ u?—(d/du?*. Then D has an eigensystem:

D{;(u) =2(j + D) (j=0,1,2,-),

where

£i(u) = @/j1y/m) " V2 H,u) exp [— u?/2].
Hence (DP)®" has an eigensystem:
(DP)En (8™ = ®,(D7E))%m = (1,20 + 1)} 8m. (4.14)

Further the equalities on spaces

={f;f€Ho,f ID”f(u)lzdu<oo} and

H?n = {f, f€H§na J\ I(Dp)®nf(u1""’un)|2dul '“dun < w}
R

hold for p > 0. All the conditions of our setting are fulfilled; accordingly we
have the (¥) < (L?) = (¥’). But the usual construction of Gel’fand triplet of
white noise calculus is apparently different from this (see Kubo & Takenaka
[22-24]). In this case the usual (&) for p > 0, which we denote by (%’), is
constructed by means of S-transform, a reproducing kernel, and the multiple
Wiener integral, etc.; as a result (&) is the totality of functionals

o =2,"oL(f) with 32 nl(|lf,las)* < oo (4.15)

where I,(f,) is the multiple Wiener integral of f,,eH;?". The inner product
for ¢, Yy e(¥,)') is given by

(@ Yoy = 2o o (fos ) me (4.16)

if q>=z ol.(f,) and Y =% 'I.(g,). Especially, by Theorem 3.1 in Itd
[15], we can see the important relatlon

L3/ /nl) = hy = ") 2[]H, (1, (C)//2)- 4.17)

From (4.14), (4.15), and (4.17) it follows that (&) is the totality of elements
of the form

Zne%cﬂhn Wlth Zneﬂo(l—lj{z(j + 1)}pn,-)2lcn|2 < .

But A; corresponds to (2(j + 1))~ " in this concrete case. Hence (4.6) and (4.7)
in Proposition 4.1 show that the space (¥,) coincides completely with the
space (4,") including their norms.
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5. TIntegral representation of Gauss transform and analytic continuation of
Se(¢/\/2)

At first the maps G and G~! were introduced as isometric isomorphisms
between 2(E*) and #(H*) with L?-norm (in §2). And in the preceding section
we have extended them to continuous maps between (') and (§'). In this
section we will show that if they are restricted to the spaces (¥,) and (&),)
for p > p,, then they have integral representations as well as between Z(E*)
and #(H*). To see this, we prepare two lemmas.

LEMMA 5.1. If p > po, then exp [5lx||2,] belongs to (L*) and the square
of its (L?)-norm is

e = J exp [[1x[12,]du(x) = J[;(1 —2437)7 12
E-p

If p> s, then exp [3x(%,] belongs to (L') and its (L')-norm is

1
apzf exp[gllxllz_p}dy(x) [T, —a3p-12
E-,

ProOF. Recall the definition of constants sy, t,, and pg: s, = inf {s;

fLo4® < oo}, 1/2 = 23", and p, = max (sy, to). Then by direct computation

we have, if 2¢A3? < 1, then

f exp [c] x| ,]du(x)
E*

@ 1
=[1" Qr)y Y2exp| = = — cA?? |u? |du
ji=0 2 J
=150 — 202774

This is equal to y, if ¢ = 1 and p > py, and to a, if c = 1/2 and p > 54. [

LEMMA 5.2. Let peR and fe(§,). Then for x, yeE_, and weH _,, the
analytic functional f associated with f satisfies the followmg inequalities,

1F (/2 +w+ /=)< flgmexp [IxI2,Jexp [Iwl2,lexp [lyl2,]
and especially for w =20

- 1 1
26+ /=1 <1 flg, exp[5||x||2.p] exp[g ||y||2_,,].

Proor. Trivial by Proposition 3.2. [
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In the next theorem it should be noticed that p, > s,.

THEOREM 5.1. Suppose p > p, and @e(¢,). Let f=Go and f be the
continuous version in H_, of f in Proposition 3.3, which is analytic in
H_,. Define the functional ¢(w) in H_, by

P(w) = f F(/2w+ /= 1y)dpu(y). (5.1)
E-p

Then @(w) is analytic in H_, and its restriction to E_, satisfies ¢(x) = ¢(x)

u-a.e. xe E*, and

-p

160 + W)l <, @l exp LlixlI2,Texp [Iwl]2,] (5.2)

holds for xe E_, and we H_,. Furthermore, under the weaker condition p > s,,
the variable w in (5.1) can be replaced with xe E_, and then ((x) is continuous
in xeE_,, ¢(x) satisfies ¢(x) = @(x) for p-a.e. xe E*, and

N 1
1p(x)] < o, [l @ ]l 55 exP [5 IIxIIZ_,,] (5.3)

holds for any xeE_,. Proor. Let the Fourier expansion of fe(&,) with
respect to the CONS {z"; ne A} of (&F,) be

= T With ([, = Yy leal?2727" < c0.

Let z, weH_, and J be any finite subset of .4#;. Let us set
f:l(Z) = Zne] CnZn(Z) and QDJ(W) = anj cnhn(w)'
If x,yeE_,, it follows from Proposition 3.2 that

Jim (/20 +w+ /= ) =2+ w+ /= 1), (54)

By the property of Gauss transform between polynomials we have

@y(x + w) = j L2+ w+ /= 1y)du), (5.5)

while it follows from the first inequality of Lemma 5.2 that

A2+ w+ /=19 < T leaz(V2(x + w + /= 1)

<[ flgpexp LilxI2,exp LIwl2,Texp [ly]2,]. (5.6)

In addition, if p > p,, exp [||y|2,] is p-integrable. So for p > p,, it follows
from Lebesgue’s dominated convergence theorem that
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Jim )(x + w)

= lim j H(/20c+w+ /= 1y)duy)
(] E-p

= J J 26+ w + /= 19)du() = §(x + w). (5.7)

Therefore Y. _ 4 Caln(x + W) converges absolutely to @(x + w). Besides, (5.5),
(5.6), and the isometric property of G™!, ie.,
lollg =1G""f g =1 lgp
imply that
loy(x + w)|

< )1 f i, exp Cllx 12 T exp ClIwl2,] J exp [llylIZ,1du(y)

E-p
=7l @llis exp [IIx112,Jexp [ w2 ,].
By (5.7) we have

1¢(x + W) <7, ll @l exp [Ix]2,Jexp [Iw]2,].

Thus putting x = 0, we can see that ¢(w) is analytic in H_, as the limit of
{oy(w); J (finite) = A} which consists of analytic and locally uniformly
bounded functionals in H_, (see [14]).

Furthermore, putting w = 0 in the above but under the condition p > s,
from the second inequality of Lemma 5.2 it follows that

1 1
IAG26+ /=TI < 11 £ ll gy e3P [EIIXIIZ-,,] exp [EII,VIIZ-,,]-

. 1 . .
Since p > s, exp[i ||y||2_p:| is p-integrable by Lemma 5.1 and so

1
los(x) <, [0, exp [ 5 llx IIZ_,,} (5.8)
holds. Therefore the series
e Cala(x) = Jim ;(x)

converges to @(x) absolutely and uniformly on ahy bounded set of
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E_,. Consequently ¢(x) is continuous on E_, and ¢ = ¢ p-ae. Letting
J > A in (5.8), we obtain

. 1
[9()| < o, ¢l €xP [5 IIXIIZ-,,]- O

DerINITION 5.1. For p > p, and @ e(¥,), the analytic functional ¢(w) in
H_, given by Theorem 5.1 is called an analytic continuation of ¢ from E_,
to H_,. For p>s,and pe(¥,), the continuous functional ¢(x) in E_, given
by Theorem 5.1 is called a continuous version of ¢ in E_,.

REMARK. Let p > p,. For ¢pe(¥,), let ¢(w) be the analytic continuation

of ¢. Tt is clear that the restriction of ¢(w) (w=x+ /—1y) to E_, is equal
to the continuous version ¢(x) of ¢ in E_,.

Now it is easy to show that if p > p,, the Gauss transform G from ()
onto (%,) has an integral representation. That is, for pe(¥,), ¢ and f = Go
have the analytic continuation ¢ and the continuous version f, respectively ;
and then f is expressed as

f(w)=f (I)(x+w/\/5)du(x) for any weH_,.
E-p

Moreover this representation can be considered as a modified S-transform of
o, ie., f(w)=S@w/ ﬁ) forweH_,. It is well-known that since the measure
u(-)=pu(- —¢&) for £eE in absolutely continuous with respect to u(-),
S-transform can be defined as follows: for ¢(L?),

So(&) = J ¢(x +&du(x),  C€E.
E*

Because of modifying S and restricting the domain of S, we can enlarge the
domain of variable of the transformed functional.

THEOREM 5.2. Let p > p, and @e(¥,). Suppose that f = Gg. Let ¢ be
the analytic continuation of ¢ from E_, to H_, in Definition 5.1 and f be
the continuous version of f in H_,. Then

-p

fw)=58p(w//2) = f G(x + w//2)du(x) (5.9)

E-p

holds for any weH_,.

Proor. By replacing w with w/\/f in Theorem 5.1 and its proof, we have
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Jim o,(x + w/\/2) = Glx + w/y/2).
while we have
93(x + w/\/2) <7, 1 f 5, exp Ll x[12,] exp [—;— IIWIIZ-,,]-

Therefore, from Lebesgue’s dominated convergence theorem and the evident
equation

fiw) = f @3(x + w//2)du(x),
o

it follows that

Fw) = lim fy(w) = lim j 3% + w//2)dp(x)

-p

j S(x +w//2)du(x). O

6. Other properties of two triplets

1
THEOREM 6.1. Let 0 <p <q —po,. Then the functional exp [E I x ||2_qu

defined in E_, belongs to (%,). Actually, the (%,)-norm is evaluated as

1
exp [5 Il IIZ-.,]

PrOOF. If g > p,, then the functional exp [$]|x % ,] belongs to (L?) = (%)
by Lemma 5.1. So it is expanded into a Fourier series. Let us compute the
Fourier coefficients

= I | ((I j— 12. q)2 4(11_[))) 1/ )
J j - j 4
(%) J

1
Ca = J exp [5 ||x||2_.,]h,.(x>du(x) (6.1)
E*

with respect to the CONS {h,(x); ne A5} of (L?). To get the values c,, if
we note the equality

1 w 1
exp [5 ||x“2—q:| =1lj=0XpP [E}vgq@, §j>2]

and independentness of {x, {;»’s, we have only to calculate the integrals
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1
J exp [Eﬂéq (x, ¢,~>2]H,.(<x, >/4/2)du(x)
E*

But if n is odd, then the integral is equal to zero and if n is even, say n = 2k,
then it is equal to

(1 2q)—1/2 }.Zq/(l AZq )
So we have for n =2k = (2k,, 2k,, 2k;, )
non—12M! .
Ca = ,(2"n!) I/ZE [T;(229/(1 — 229y

else ¢, = 0, where «, is the constant in Lemma 5.1, i.e.,

o0 =1, (1= A2~ 12
Therefore
1 2
exp[—ll-llz_qjl =Y nesst Pl
2 (%)
=07 Y eno 2 ( )H, AP (1 — jRa), (6.2)

If we recall the definition of the constant p, and the formula

2K\ [ —1)2
(%)= (07)

(6.2) is followed by
1/2

T I,

But 0 < p < g — p, implies that 479" /(1 — A}%) < 1 and so this infinite sum
of the finite product is equal to

o n,-z;:;o( -2

)(— J397P)(1 = 2.

J

) )(— 2P/ — iz
= Otf l_[j(l _ A}”‘"”’/(l — lqu)z)—l/Z
— Hj((l _ ,1]241)2 _ i;}(q—p))—I/Z_ O
THEOREM 6.2. Let sq <s and py, <p. Then we have

(8s+p 8s+p) < (8’s)
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and for f’ ge(g’s+p)
lf-g ”(rys) < 7,2; ”f“(gsﬂ,) lg ”(35,,,,) (6.3)
where 7y, is given in Lemma 5.1. Hence (&) is an algebra.

Proor. First we note that for m, ne 4,

<m + “) < 2|ml+|nl and Zm(Z) — (m + n>1/zzm+n(z)‘
n

n
Let ¢, = (f, 2%g, and d, = (g9, 2")g,)- Then we have

f@ =Y, ca2™@) and §(2) =3, d2"(2).

By Proposition 3.1 these two series are absolutely convergent on H__,.
Therefore we have

~ 1/2
F@ 30 =Y ners c.,,d,.<“‘ : ") 20 (z)

and so, using Schwarz’ inequality,
1f 9@ < Yomoness | Cm! [dg] 201 ¥ 12072 47 smbm)
< (Zme% [Conl i-(s+p)m21ml/21pm)(zne‘% |d,| )V-(sw‘p)nzlnI/Z;vpn)
S e 19 e [T 200 RA77)
= 1S @ ”9“(3“,,)1—11'(1 - 2'11?")_1- O

For the use of the next section let us mention the fact that (&) is an
algebra. How to conclude this result was shown in [23]. But our setting
described above makes some computations a little bit simple. A rewritten
form about this fact within our framework is:

PROPOSITION 6.1. Let so <s and 2py <p. If the functionals ¢ and Y
are in (% ,), then @ -\ belongs to (%) and

-y “(3;) < Bst l|¢||(x+p) I (P“(y;”,)
where

BS=H,~(1 —1}‘5/4)“1/2 and Kp:nj(l —4).%")_1_

PrROOF. Let ¢, Yy e(%.,). Suppose that ¢ and ¥ have the expansions
as elements of (¥):

(p:ZnEM)Cnhn with Zne%i-an'cn|2<oo
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and
Y =3 ressduha with Yoneto A dy]? < 0.
The absolute convergence for xe E_ of the series
P = Voo caln®) and Y(x) =3, duha(x)
implies the absolute convergence of
G0) P (X) = ¥ ety Emn i () ().
Therefore we have

|y "(y;) < Zm,ne% |Cm@n! | APy H(y;)
< Zm’ne% }'—(s+p)(m+n) |cmdn| ” '{smhmis“hn H(y;)l"(m +n)'

But if we apply the formula

Hm(u)Hn(u) = Z::A(;l 2kk| (:) (Z)Hm+n—2k(u)’

the fact that {(A7°", h,); ne A4} is an eigensystem of I"(D®), and the inequality
(r:) < 2™ to the norm ||A*™h, - A"k, ||4), We have

+n -2k
ASmp asep 2 m n m };4SR < 24m+n.
” m n”(%) stm/\n<k ><k>< n—k )Bs

After all we obtain

I (pw ”(%) < [gszm,ne%l—(ﬁp)(mﬂ)[Cmdnl(zip)(m+n)
= Bs o “(y;,,p) [ lﬂ ||(y;+p)znayo (2)?)2"
= Bst I §D||(x+p) |y “(.9;”,)- O

From this proposition we can easily conclude that (&) is an algebra (cf.
also [37], [381, [39]).

7. Integrability of exp [ x|% p] by the measures associated with positive
generalized white noise functionals

A generalized white noise functional ¥e(¥”) is called a positive functional
if (¥,¢>>0 for any @pe(¥) which is u-a.e. non-negative. The following
theorem on positive generalized white noise functionals is already known (ref.

[16], [38], [39]):
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To every positive generalized white noise functional We(¥') there
corresponds a unique finite measure vy on (E*, B) such that for any @e(¥)

¥, 9> = j P(x)dvy(x) (7.1)

E#
where @ is the continuous version of ¢ on E* with the inductive limit topology.

In Theorem 7.1 below, we firstly refine the above theorem and, using this
refined form, we obtain the estimate of Fernique type about the measure
vy. Finally, in Theorem 7.2 we show that every measure which has such an
estimate defines a positive generalized white noise functional.

THEOREM 7.1. Let ¥ be any positive generalized white noise functional.
Then there exist a real number qo, >0 and a unique finite measure vy on
(E*, #) such that

e (-0 (7.2)

(W, /710y = J /IO gy (x),  EeE, (7.3)
E*

V(E¥*\E_,,_)=0  for s>s,, (7.4)

and that if p > qo + So + 2py, then for any @e(S,)
¥, 9= j P (x)dvy(x), (7.5)
E‘P

where ¢(x) is the continuous version of ¢ on E_, defined in Definition 5.1.
Moreover, if qo+ so + 3po<q and qo + So + 2py < p < q — Do, then

f exp B [lelz_qjldv.,,(x) < . (1.6)

Proor. The existence of the number g, > 0 such that (7.2) holds is clear.
The existence of the measure v, which satisfies (7.3) and the equality
Ve(E*\E_, _) =0 for s > s, follow from Minlos’ theorem. Compared with
(7.1), the space to which the functional ¢ in (7.5) belongs is larger. To prove
the equality (7.5), we need Proposition 6.1 with the condition p > g, + s¢ + 2p,.
But the proof is almost the same as the one of Theorem 5.1 in [39], so we
omit the proof of this part. Let us prove (7.6) by using (7.5). If ¢ > qo + so +
3po, there exists a number p such that qq + sq + 2py <p < g — po. It follows

from Theorem 6.1 that
1
exp [5 [l I!Z-q]e(y;)-
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Clearly, exp [3 ||x||2_q] is continuous in xeE_,. Applying these to (7.5), we

have
1 2 1 2
exp EHXII-,, dvg(x) = ( ¥, exp Ell‘ll-q <oo. [
E-p

THEOREM 7.2. Let y be a positive measure on (E*, ) which satisfies the
following property: there exists a number q, >0 such that for p > q,,

Y(E*\E_))=0 and J

E

1
exp [Ellx”z_p] dy(x) < oo. (7.7

Then the functional ¥, on (&) defined by

¥y @) EJ P(x)dy(x) (7.8)
E*

is positive; and for any p > s,V q, it follows that ¥,e(¥-,) and

I qjy "(ya,,) < apf

E

1
exp [5 lellz-,,] dy(x), (7.9)

where @ is the continuous version on E* of ¢e(¥).

Proof. The linearity and the positivity of ¥, is trivial. Let pe(¥). If
P > So V 4o, then the restriction ¢ |E_, of the continuous version ¢ in E* on
¢ is a continuous version in E_,. If we apply the estimate (5.3) in Theorem
5.1 to @|E_,, we have

J P(x)dy(x)| = J (PIE- ) (x)dy(x)
1
<o, ||¢||(57,)J exp [5 IIXIIZ-p]dv(X) < .

So ¥, is a continuous functional on (&) and belongs to (¥-,). The norm
of ¥, is evaluated by

175l < Ocpf

E-

1
exp [5 [l x Ilz_p]dv(X)- O
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