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ABSTRACT. This paper is devoted to the functional analytic approach to the problem
of construction of Feller semigroups with Ventcel’ (Wentzell) boundary conditions in
probability theory, generalizing the previous work. In this paper we construct a
Feller semigroup corresponding to such a diffusion phenomenon that a Markovian
particle moves both by jumps and continuously in the state space until it “dies” at
the time when it reaches the set where the particle is definitely absorbed.

0. Introduction and results

Let D be a bounded domain of Euclidean space RY with smooth boundary
oD, and let C(D) be the space of real-valued, continuous functions on the
closure D = DUJD. We equip the space C(D) with the topology of uniform
convergence on the whole D; hence it is a Banach space with the maximum
norm

I£1l = max | f(x)].
xeD
A strongly continuous semigroup {T,},., on the space C(D) is called a
Feller semigroup on D if it is non-negative and contractive on C(D):
feCcD), 0<f<1 onD=0<Tf<1 onD.

It is known (cf. [8]) that if T, is a Feller semigroup on D, then there exists
a unique Markov transition function p, on D such that

T.f(x) = L_) px, d)f(y),  feC(D).

It can be shown that the function p, is the transition function of some strong
Markov process; hence the value p,(x, E) expresses the transition probability
that a Markovian particle starting at position x will be found in the set E
at time t.
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Furthermore it is known (cf. [1], [8]) that the infinitesimal generator
of a Feller semigroup {T;},., is described analytically by a Waldenfels operator
W and a Ventcel’ boundary condition L, which we formulate precisely.

Let W be a second-order elliptic integro-differential operator with real
coefficients such that

Wu(x) = Pu(x) + S,u(x)

5 a2t

1 ax,axl

t,J

L ou
+ L s(x, y) [u(y) —a(x,y) <u(x) + ; i — xj)&-_(X)ﬂdy,

N . Ou
(x) + ; b'(X)g;(X) + c(x)u(x)

where
(1) aYe C®RM), a¥ =a’" and there exists a constant a, > 0 such that
N
Y a¥(x)E & = a0lé)?, xeR", £ RN
i,j=1

(2) b'e C*(R").

(3) ceC®R") and ¢ <0 in D.

(4) The integral kernel s(x, y) is the distribution kernel of a properly
supported pseudo-differential operator Se L2 ¥(RY), x>0, which has the
transmission property with respect to the boundary 0D (see Subsection 2.2),
and s(x, y) > 0 off the diagonal {(x, x):x € RV} in R¥ x RY. The measure dy
is the Lebesgue measure on RY.

(5) The function o(x, y) is a non-negative smooth function on D x D
such that a(x,y) =1 in a neighborhood of the diagonal {(x,x):xe D} in
D x D. The function o(x, y) depends on the shape of the domain D. More
precisely it depends on a family of local charts on D in each of which the
Taylor expansion is valid for functions u. For example, if D is convex, one
may take o(x,y)=1 on D x D.

6) Wli(x)=c(x) + J s(x, Y[1 —a(x,y)]dy <0 in D.

D
The operator W is called a second-order Waldenfels operator. The

differential operator P describes analytically a strong Markov process with
continuous paths (diffusion process) in the interior D. The integro-differential
operator S, is supposed to correspond to the jump phenomenon in the interior
D. Therefore the Waldenfels operator W is supposed to correspond to such
a diffusion phenomenon that a Markovian particle moves both by jumps and
continuously in the state space D.

We remark that the integro-differential operator S, is a “regularization’
of §, since the integrand is absolutely convergent. Indeed it suffices to note

i
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(see [5, Chapitre IV, Proposition 1]) that, for any compact K — R¥, there
exists a constant Cy > 0 such that the distribution kernel s(x, y) of S satisfies
the estimate

C
ly%, x, yEK, x # ).

The intuitive meaning of condition (6) is that the jump phenomenon from
a point x e D to the outside of a neighborhood of x in D is “dominated”
by the absorption phenomenon at x. In particular, if ¢(x) = 0 in D, condition
(6) implies that any Markovian particle does not move by jumps from x € D
to the outside of a neighborhood V(x) of x in the interior D, since we have

Is(x, y)I <

L s(x, Y[1 — a(x, y)1dy =0,

and so by conditions (4) and (5)

s(x,»)=0,  yeD\V(x)

Let L be a second-order boundary condition such that in local coordinates
(X145 X35 ..., Xy—y) On 0D

Lu(x') = Qu(x') + ,u(x’)g(x’) — o(x")Wu(x') + Tu(x’)

N-1
= Z a¥(x ’) (X)+ Z ﬂ(X)—(x’)+v(X')u(X’)

l]—

+#(x) (X’) o(x")Wu(x')
N-1
+LD r(x’, y’)[u(y’) a(x’, y)<u(X)+ Z (v — ) (x )>]

N-1
J t(x’, J’)[u(Y)—G(X ,V)<u(x)+ Z (yi— ) (x ))]dy,

where:
(1) The operator Q is a second-order degenerate elliptic differential opera-
tor on 0D with non-positive principal symbol. In other words the o are

. . 2
the components of a smooth symmetric contravariant tensor of type < 0) on

0D satisfying
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N-1 N-1
i,jz=1 a¥(x’)¢;¢; >0, x" € dD, &= j; ¢dx; € T(D).

Here T*(0D) is the cotangent space of oD at x'.

2) Q1 =yeC>®@D) and y <0 on 4D.

(3) peC>®@D) and u >0 on aD.

4) 6eC®@D) and 6 >0 on dD.

(5 mn=(ny,n,,...,ny) is the unit interior normal to the boundary dD.

(6) The integral kernel r(x’, y’) is the distribution kernel of a pseudo-
differential operator R e L} §(dD), x; >0 and r(x’,y’) >0 off the diagonal
d;p ={(x',x"):x"€ 0D} in 0D x dD. The density dy’ is a strictly positive
density on dD.

(7) The integral kernel t(x, y) is the distribution kernel of a properly
supported, pseudo-differential operator T e L3 F2(R"), x, >0, which has the
transmission property with respect to the boundary dD, and t(x,y) >0 off
the diagonal {(x,x):xe R"} in RV x RV,

(8) The operator I' is a boundary operator of order 2 — min(k,, k,),
and satisfies the condition

r'x’) = LD r(x’, y')[1 — o(x’, y')]dy’

+ J t(x’, y)[1 — a(x’, y)]dy =0, x’ € dD.
D

The boundary condition L is called a second-order Ventcel’ boundary
condition. The six terms of L

N-1 2
i u
E a¥(x")

0
i,j=1 axiaxj

N-1 | 0
() + T x5 (),

pP(x"u(x"), ,u(x’)g—:(x’), o(x"YWu(x"),

/ ’ ! ’ ’ N—l au ’ ’

f r(x,y)[u(Y)—O'(x,y)<u(X’)+ ) (yj—xj)—a (x ))]dy,
oD Jj=1 Xj

N-1 ou
f t(x’, y) [“(}’) —o(x',y) <u(x’) + 2, - xj)a_'(x,)>:|dy
D j=1 Xj

are supposed to correspond to the diffusion along the boundary, the absorp-
tion phenomenon, the reflection phenomenon, the viscosity phenomenon and
the jump phenomenon on the boundary, and the inward jump phenomenon
from the boundary, respectively.
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The intuitive meaning of condition (8) is that any Markovian particle
does not move by jumps from x’'e€dD to the outside of a neighborhood
W(x') of x’ in the closure D = DU@D, since we have

{r(x’, y')=0, y' € 0D\(W(x')N oD);
t(x’, y)=0, y € D\(W(x')N D).

This paper is devoted to the functional analytic approach to the problem
of construction of Feller semigroups with Ventcel’ boundary conditions. More
precisely we consider the following problem:

PrOBLEM. Conversely, given analytic data (W, L), can we construct a Feller
semigroup {T;},., whose infinitesimal generator W is characterized by (W, L)?

We say that the boundary condition L is transversal on the boundary
oD if it satisfies the condition

f t(x', y)dy = +o0 if u(x')=4(x")=0.
D

Intuitively the transversality condition implies that a Markovian particle jumps
away “instantaneously” from the points x’ € 0D where neither reflection nor
viscosity phenomenon occurs.

The next theorem asserts that there exists a Feller semigroup on D
corresponding to such a diffusion phenomenon that one of the reflection
phenomenon, the viscosity phenomenon and the inward instantaneously jump
phenomenon from the boundary occurs at each point of the boundary:

THEOREM 1. We define a linear operator W from the space C(D) into
itself as follows:
(@) The domain of definition D(U) of W is the set

D) = {ue C(D): Wu e C(D), Lu = 0}.

(b) Wu = Wu, ue D).
Here Wu and Lu are taken in the sense of distributions.

Assume that the boundary condition L is transversal on the boundary 0D.
Then the operator U generates a Feller semigroup {T,},», on D.

Theorem 1 was proved by [9, Theorem 1], and also by [3, Théoréme 3.2].
We remark that Takanobu—Watanabe [11] proved a probabilistic version of
Theorem 1 in the case where the domain D is the half space RY. On the
other hand, Taira [10] studied the case where the differential operator P is
degenerate and the integro-differential operator S, vanishes identically in D.

The purpose of this paper is to generalize Theorem 1 to the non-
transversal case, improving [9, Theorem 2], which we state precisely.
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First we assume that
(H) there exists a second-order Ventcel’ boundary condition L, such that

Lu = mL,u + yu, (0.1)
where

(3’) me C®@D) and m>0 on 0D,
and the boundary condition L, is given in local coordinates (x,, X5, ..., Xy_1)
by the formula

Lyu(x') = Qu(x’) + ﬁ(X')g;(X’) — 3(x")Wu(x') + Tu(x')

No1 0%u N-L_ oy
— 1) ’ ’ i n_ " ’
= I, T 5 )+ 3 B

0 _
+ Alx) 5 () — 5(x) Wa(x)

= ! ! !’ !’ ! !’ N_l 6“ ! ’
+LD r(x,y)[u(y>—o(x,y)<u(x)+ T 0= p ))]dy

_ N-1 au
+f t(x, y)|:u(y) —a(x’, y)<u(x’) + Y (- X,—)é—(X’))]dy,
D j=1 X
and satisfies the conditions

Ix)= LD Fx', y )1 — o(x', y')]dy’

+ J;) t(x’, y)[1 — a(x', y)]dy = 0, x' € 0D, 0.2)
and
JD t(x', y)dy = +0 if E(x’)=20(x")=0. 0.3)
We let

M= {x’ €dD:u(x')=0(x") = 0,f t(x', y)dy < oo}.

D

Then, by condition (0.3) it follows that
M = {x' € D :m(x') = 0},
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since we have u(x') = m(x")a(x’), 8(x’) = m(x’)5(x’), and t(x’, y) = m(x")E(x’, y).
Hence we find that the boundary condition L is not transversal on dD.

Furthermore we assume that

(A) m(x')—7y(x)>0 on 0D.

Intuitively conditions (H) and (A) imply that a Markovian particle does
not stay on 0D for any period of time until it “dies” at the time when it
reaches the set M where the particle is definitely absorbed.

Now we introduce a subspace of C(D) which is associated with the
boundary condition L.

By condition (A), we find that the boundary condition

Lu=mLu+yu=0 on D
includes the condition
u=0 on M.
With this fact in mind, we let
Co(D\M) = {ue C(D):u=0 on M}.

The space C,(D\ M) is a closed subspace of C(D); hence it is a Banach space.
A strongly continuous semigroup {T;},., on the space Co(D\M) is called
a Feller semigroup on D\ M if it is non-negative and contractive on Co(D\ M):

feCy(D\M), 0<f<1 on D\M=0<T,f<1 on D\M.

We define a linear operator M from C,(D\M) into itself as follows:
(@) The domain of definition D(IM) of M is the set

D) = {ue Co(D\M): Wu € Co(D\M), Lu = 0}. 0.4)

(b) Mu = Wu, ue D(M).

The next theorem is a generalization of Theorem 1 to the non-transversal
case, and is an improvement on [9, Theorem 2] which only treated the case
where i=1 on dD:

THEOREM 2. If conditions (H) and (A) are satisfied, then the operator M
defined by formula (0.4) generates a Feller semigroup {T,},, on D\M.

Theorem 2 asserts that there exists a Feller semigroup on D\M corre-
sponding to such a diffusion phenomenon that a Markovian particle moves
both by jumps and continuously in the state space D\M until it “dies” at
the time when it reaches the set M where the particle is definitely absorbed.

Theorems 1 and 2 solve from the viewpoint of functional analysis the
problem of construction of Feller semigroups with Ventcel’ boundary condi-
tions for elliptic Waldenfels operators.
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The rest of this paper is organized as follows.

Sections 1 and 2 provide a review of basic results about Feller semigroups
and pseudo-differential operators which will be used in the subsequent sections.

In Section 3 we give a general existence theorem for Feller semigroups
in terms of boundary value problems. We reduce the problem of construction
of Feller semigroups to the problem of unique solvability for the boundary
value problem

(a0 —W)u=f in D,
Lu=¢ on 0D,

where o is a positive parameter.

Section 4 is devoted to the proof of Theorem 2. The idea of our ap-
proach is essentially the same as that of [9], although the proof is a little
more complicated and difficult.

First, applying Theorem 1 to the transversal boundary condition L, we
can solve uniquely the following boundary value problem:

(o —W)v=f in D,
Lyv=0 on 0D.

We let
v=Gf.

The operator G, is a generalization of the classical Green operator. Then
it follows that a function u is a solution of the problem

{(oc —Wu=f in D,

_ _ (*)
Lu=mLu+y§u=0 on dD

if and only if the function w=u — v is a solution of the problem
(c—Ww=0 in D,
Lw= —Lv= —yv on 0dD.

However we know that every solution w of the homogeneous equation
(0 — W)w =0 in D can be expressed as follows:

w=H\.

The operator H, is a generalization of the classical harmonic (Poisson) opera-
tor. Thus, by using the operators G, and H, one can reduce the study of
problem (x) to that of the equation

LHYy = —LG)f = —yv on dD.
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We find that if S € L27F(R") and T e L §2(R") have the transmission property,
then the operator LH, is a pseudo-differential operator of second order on
the boundary dD. Thus we can reduce the study of problem (*) to that of
the pseudo-differential equation

LH,Y = —yG)f on 0D.

By using the Holder space theory of psuedo-differential operators, we
can show that if condition (A) is satisfied, then the operator LH, is bijective
in the framework of Hdlder spaces.

Therefore we find that a unique solution u of problem (x) can be expressed
in the following form (see formula (4.5)):

u=G;f — H,((LH,) ™ (LG;/)).

This formula allows us to verify all the conditions of the generation theorem
of Feller semigroups.

The author would like to thank Kéhei Uchiyama for his helpful sugges-
tions on the formulation of conditions (H) and (A) in Theorem 2 from the
viewpoint of probability theory.

1. Theory of Feller semigroups

This section provides a brief description of basic results about Feller
semigroups, which forms a functional analytic background for the proof of
Theorem 2.

If K is a locally compact, separable metric space, then we add a point
0 to K as the point at infinity if K is not compact, and as an isolated point
if K is compact; so the space K; = KU{d} is compact.

Let C(K) be the space of real-valued, bounded continuous functions on
K. The space C(K) is a Banach space with the supremum norm

If1l = sup [ f(x)!.
xeK

We say that a function f € C(K) converges to zero as x — 0 if, for each
¢ > 0, there exists a compact subset E of K such that |f(x)] <e¢ xe K\E;
we then write lim,_, f(x) =0. It is easy to see that

Co(K) := {fe C(K): lim f(x) = 0} = {fe C(K;): f(0) = 0}.

The space Co(K) is a closed subspace of C(K); hence it is a Banach space.
A family {T;},., of bounded linear operators acting on Co(K) is called
a Feller semigroup on K if it satisfies the following three conditions:
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) Tw=TT, 1520 T, =1
(i) The family {T;} is strongly continuous in ¢ for ¢t > 0:

lif; ITsf — Tf1 =0,  feCo(K).

(iii) The family {T;} is non-negative and contractive on C,(K):
feCy(K), 0<f<1 on K=0<Tf<1 on K.

If {T},50 is a Feller semigroup on K, we define its infinitesimal generator
A by the formula
Tu—u

A = lim , (L1)
40 t

provided that the limit (1.1) exists in the space Cy(K).
The next theorem is a version of the Hille-Yosida theorem adapted to
the present context (cf. [8, Theorem 9.3.1 and Corollary 9.3.2]):

THEOREM 1.1. (i) Let {T.},»o be a Feller semigroup on K and U its
infinitesimal generator. Then we have the following:

(a) The domain D(U) is everywhere dense in the space Cy(K).

(b) For each o >0, the equation (ol — Wu = f has a unique solution
u in D(A) for any fe Cy(K). Hence, for each a >0, the Green operator
(e — AW™L: Co(K) = Co(K) can be defined by the formula

u=(l —Wf, feCyK).

(c) For each o >0, the operator (oI — W)™ is non-negative on the space
Co(K):

feCy(K), f=0 on K=l —A)'f>0 on K.

(d) For each a >0, the operator (ol — W)™ is bounded on the space
Co(K) with norm

_ 1
el — W~ <.
o

(i) Conversely, if W is a linear operator from the space Cy(K) into itself
satisfying condition (a) and if there exists a constant o, > 0 such that, for all
o > o, conditions (b) through (d) are satisfied, then U is the infinitesimal genera-
tor of some Feller semigroup {T.},~, on K.

COROLLARY 1.2. Let K be a compact metric space and let W be the
infinitesimal generator of a Feller semigroup on K. Assume that the constant
function 1 belongs to the domain D(W) of W and that we have for some con-
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stant ¢
Al < —¢c on K.

Then the operator W = A + cl is the infinitesimal generator of some Feller
semigroup on K.

2. Theory of pseudo-differential operators

In this section we present a brief description of basic concepts and results
of the Holder space theory of pseudo-differential operators which will be used
in the subsequent sections. For detailed studies of pseudo-differential opera-
tors, the reader is referred to Chazarain—Piriou [4], Hormander [6] and
Rempel-Schulze [7].

2.1. Holder spaces

Let Q be an open subset of Euclidean space R". If m is a non-negative
integer, we let

C™(£2) = the space of functions of class C™ in Q,
and

C™R) = the space of functions in C™(R) all of whose derivatives
of order <m have continuous extensions to the closure Q.

If Q is bounded, then C™(Q) is a Banach space with the norm

|ull cm@) = max |0%u(x)|.
xef
la| <m
If m is a non-negative integer and 0 < 6 < 1, we define the Holder spaces
C™*9(Q) = the space of functions in C™(2) all of whose m-th order

derivatives are locally Holder continuous with exponent 6
in Q,

and

C™%(Q) = the space of functions in C™(Q) all of whose m-th order
derivatives are Holder continuous with exponent 6
on Q.

If 2 is bounded, then the Holder space C™*°(Q) is a Banach space with the
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norm

|0°u(x) — 0°u(y)|
“uucm+0(ﬁ) = "ullcm(g_2) + max Sup_ 8
lal=m x,yeQ |x—,VI
xX#y

If M is an n-dimensional compact smooth manifold without boundary,
then the Holder space C™*%(M) is defined to be locally the Holder space
C™*°(R"), upon using local coordinate systems flattening out M, together with
a partition of unity. The norm of C™**(M) will be denoted by |- [|cmsoqa)-

2.2. Pseudo-differential operators
If meRand 0<d<p <1, we let

o 5(£2 X RM) = the set of all functions a e C*(2 x RY) with the property
that, for any compact K < Q and any multi-indices «, f,
there exists a constant Cy , ;> 0 such that we have for all
xeK and e RY

|6502a(x, 0)] < Ck. 4 (1 + |Gy Plei+oIA1,

The elements of SJ;(2 x RY) are called symbols of order m.

A psuedo-differential operator of order m on Q is a Fourier integral
operator of the form

Au(x) = f f e %a(x, y, Hu(y)dyds,  ue CP(Q),
QxR

with some a € §;';(2 x  x R"). Here the integral is taken in the sense of
oscillatory integrals.
We let

L7} 5(€2) = the set of all pseudo-differential operators of order m on Q.

Now we formulate the notion of transmission property essentially due
to Boutet de Monvel [2], which is a condition about symbols in the normal
direction at the boundary.

We let

L7 o(R%) = the space of pseudo-differential operators in LT o(R%) which can
be extended to a pseudo-differential operator in LT o(R").

A pseudo-differential operator A € LT o(R%) is said to have the transmission
property with respect to the boundary R"™' if the restriction of A(u°) to R}

has a C* extension to R" for every u e Cg’(R%), where u°® is the extension of
u to R" by 0 outside R".






