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Pointwise Fourier inversion with Cesaro means

Francisco Javier GONZALEZ VIELI
(Received August 1, 1997)

ABSTRACT. Conditions for pointwise Fourier inversion using spherical Cesaro means of
a given degree are established in euclidean and hyperbolic spaces.

1. Introduction

To solve the Fourier inversion problem, that is, to reconstruct an inte-
grable function f on R” from its Fourier transform &%/ one has in general to
use summation methods. For example it is known that the kth Cesaro means
Ji<w (= llell/N Y F £ (1)e?*Idt converge, when N tends to infinity, to f(x) at
every Lebesgue point x of fif k> (n—1)/2.

This is in general no more the case if k < (n—1)/2. For example, if f is
the indicator function of the unit ball in R? and k = 0, there is convergence
everywhere except at x =0, which is a Lebesgue point. In this work we
determine for a large class of functions, including the above indicator, the least
value of k implying convergence at a given point.

We do this not only on R” but also on the real hyperbolic space H". Our
results: the more differentiable the spherical mean of the function, the smaller
the degree k insuring convergence, are natural and show a complete parallelism
between both spaces. We emphasize that still little is known about summa-
bility for Fourier transforms on H" (see [5] and its bibliography). Forming the
basis of our reasonings are those of [7], specified and corrected (see the remark
at the end of §6).

2. Cesaro summability: definition and elementary properties
DeFINITION 1. Let be L) (Ry), k>0 and BeC. We say that b is
(C,k)-summable to B if lim,_, o [;'(1 — (¢/x))*b(t)dt = B and we write

+00
J b(t)ydt=B (C,k).
0
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ReMARK. 1. If b is integrable on Ry, it is (C,0)-summable to J;"® b(z) dt.

LemMA 1. LetbeL} (Ry), k>0 and BeC. Ifb is (C,k)-summable to
B, it is (C,k')-summable to B for all k' > k.

Proor: [4] p. 111.

PrOPOSITION 1. Let k>0, A> —1 and a>0. Then

i) [ tteotdt = e~ VU2 L(A 4 1)a~*1(C k), if k> X

i) [(1—t/x)* P~ dt~ [(A+ 1)a~21 (e WHDmi/2 | elb+Dm/2gaix) gg x
+o0, if k=A.

Proor: According to [4] p. 353,
X . . +00
J (1 —t/x)*tle~ds = e‘(‘“)’"/zj (1 + is/x)*s*e~> ds
0 0
~+00
+ ekt D)mi/2gaix -k J s*(1 — is/x)*e™* ds.
0

When x — +o0, the first term on the right tends to

+
e—().+l)m'/2j * sle~85ds = e~ M2 4 1)g~A-)
0

and the second term behaves like
+00

e(k+l)1zi/26—aixxl-—kJ skema3ds = elk+Dmi/2g-aix Ak [k 1 1)1,
0

The result follows.

REMARKS. 2. In particular t*e~%" is (C,k)-summable if and only if k > A.
3. As special cases of i) we have for all me Z,:
+00 +00
J x™cosxdx =0 (C,2m+1) and J x™+sinxdx = 0 (C,2m + 2).
0 0

4. Also t“e“""xu, +o[(?) is (C,0)-summable. This is easily obtained with
an integration by parts.

3. Summability for Bessel functions

PROPOSITION 2. Let v > —1, J, the Bessel function of first kind and order v
and k > 0; then [ r*'J,(£)dt =0 (C,k) if and only if k> v+1.
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Proor: We show first that #+'J,(f) is (C,k)-summable if and only if
k>v+3 According to [11] p. 199, when z — +a0

z) ~ z—vn n ()" (v +2m+3})
Ji(z) \/—[cos( /2- /4)2(2m)'1"(v—2m+2)(22)

. +oo (=)"T(v+2m+3)
—sin(z — va/2 — "/4)';(2”, + I (v—2m— %)(22‘7)2"'+l ] .

We note § = —vn/2 — n/4 and let m; be an integer greater than §+% There

exist K >0 and ¢:[l,+o0[— R analytic such that, for all z>1, |p(z)| <
K -z7"=5/2 and

m—O m..0

J(z)=z" [cos(z +6) Z—- —sin(z + 6) Z ) + (p(z)]
(with ¢o,...,Cm,,do,-..,dn, real constants). Hence

N A% v+1
Jl (1 ——) £ T,(1) dt
N Nk L,
= - (1/2)
o jl (1 N) t cos(t+ 6) dt

N
+ i ch (1 - i)kt‘”f('/z)‘z"‘ cos(t + ) dt
1 N

m N k N k
INE o) ot t
+ E odm Jl (1 - N) t +(1/2)-2m-1 Sln(t + 0) dt + Jl (1 - N) tv+(l/2)¢(t) dt.

The last integral of the right hand converges when N — +o00, whatever k we
take, by the decay condition on ¢: "*(/2g(¢) is integrable. If we take
v+1 >k >v—1 the integrals in the two sums converge when N — +oo but
not the first integral of the right hand, by proposition 1; so '*1J,(¢) is not
(C,k)-summable. On the contrary, if k > v +1, all integrals of the right hand
converge and t**1J,(¢) is therefore (C,k)-summable.

That *+1J,(¢f) is (C,k)-summable to O for sufficiently great k is shown in

13].

REMARK. Suppose k = v+2, then reasoning as above we see that
Y —t/N)kr+1,(t)dt behaves, when N — +oo, as [ (1—t/N)*r+1/2.
cos(t + 6) dt, that is, oscillates as sin N (point ii) of proposmon 1).
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4. Summability for Legendre functions

We note P, the Legendre function of first kind, order 0 and degree v.
Using formula 7.4.7 p. 173 in [6] we have, for t >0 and x€R,

+00 o3
0 uy/(u+che)* -1

PROPOSITION 3. Let t >0 and l € Z,; we have

-+ 00 1 a l
Jo (E é—l) [X th nx P_(]/2)+,'x(Ch t)] dx=0 (C, I+ 2)

Proor: One easily shows that

(_1_ a )’ sin(xArgch(u + cht))
shtdt) |\ Jutchn?—1

1
= Z x/ sin(x Argch(u + ch £) + jn/2) - Fj’(u +chi)
=0

where F/(y) has the form ey (y? — 1) D2 ith AeZ, and ¢ a real
constant. So it will suffice to show that the functions of x

+oo
J :j_u,; x?™+2 cos(x Argch(u + cht)) - F2mH (u + cht)
0

and

+ 00
J au x¥*1 sin(x Argch(u + cht)) - F2"(u + ch?)
0o Vu

are (C,2m + 3) and (C,2m + 2)-summable respectively to 0. We will do this in
detail for the first function only. Note that F2"!(u + ch ) behaves as cu=2"~2
at infinity; hence F2™Hl(u+cht)-u~'/2 is integrable on R, and by Fubini

+00
J au x"*2 cos(x Argeh(u + ch)) - FZ" 1 (u+ch t)] dx

J:(l_%)k[o Vi

= rw au F2mil(u 4 chi) J
0 \/ﬁ 2m+1 0

Let 6 = Argch(u +cht); we have 6 > ¢ for u >0 and

N( X\ omi2
1- N) x“"72 cos(x Argch(u + cht)) dx.

L (l _ ﬁ) x2™+2 cos(0x) dx = WJO (1 - 0LN) ™2 cos(y) dy.
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Assume k=2m+3. The function s fj(1— (y/s))*"y?**2cos(y)dy is
continuous on R, and vanishes when s — +oo (proposition 1), hence is
bounded in absolute value by a constant M > 0. So the functions of
u: [¥(1 = x/N)™3x2m2cos(fx)dx are bounded in absolute value by
M/t?+3 for all N >0 and converge everywhere to 0 as N — +oo. The
conclusion follows from Lebesgue dominated convergence theorem.

5. Inversion formula in euclidean space

We fix n>2. For f e L!(R"), we denote by .#(f,x,r) the mean value
of f on the sphere with centre x and radius r: . #(f,x,r) =, [ -
f(x+ru)da(u), and w, the area of the unit sphere $"! : w, = 27"/2/I'(n/2).

We say that a function 4 :]0, +oo[— C is piecewise C? for a q € Z, if there
exist 0 =ap < a; < --- < ag4+1 = +oo such that 4 is C? on U 1 ]aj 1,a;[ and
the limits of A at a; ( j=1,...,K) from the right and the left and at @y =0
from the right exist for all 0 s i<gq.

We write, for zeR, [z] =min{meZ|m > z} and |z] =max{me Z|m < z}.

THEOREM 1. Let f e L'(R") and x in R" such that h:r— M(f,x,r) is
piecewise CM2 and hU)(r) = O(r—+1+9/2) g5 r — +oo, for all 0 <j < [n/2]
(¢ >0 arbitrary). Define | =max{0 <j < (n—3)/2|h") is continuous} if h is
continuous and | = —1 if it is not, and take k > 0. Then

N—+o0

k
lim J (1 — M) F f(y)e™ D) dy = 4(f,x,0+)
<N N

if and only i n—3

ProoF: We have

1-— ”}’”) g,—f(y) 2m(x|y)dy

IIyII <N (
-]

k
(1 _ ”_J’ll) e2mi(xly) dyJ f(v)e—Zm'(vly) dv
i< N R’

Ln J) |J Iyll<N (l B %)kez’"("_"ly)dy] @

+00 2 N k
Jo Ln_l f(x+ru) [W L (1 - %) Jn-2) /2(27trp)p"/ 2dp] r" Y dao(u)dr

(9]

N p k +
Jo (l - ﬁ) 2nw,p™? Jo M(f,%,7)](n-2) /2(21zrp)r"/ 2drdp
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(For the Fourier transform of a radial function (third equality) see [1] p. 89.)
Hence, integrating by parts on each interval [a;_i,aj],

+00
2nwnp™? I h(r)Jn-2)/2 (2nrp)r™/2dr
0

aj

, Kl d-n)/2
= 2ncnp™ Z [h(r)r"_ (—- 37 J(,,_4)/2(27trp)>
J_

aj—1

+ J {H ()r"2 + (n — 2)h(r)r"~ —4)/2(27rp) dr]

K
=wn Y a}?p=D2y 4 5 (2na;p){h(a;+) — h(a;—)}
=

+ 27wy p"D/? J {ﬁ W, h(r)}J(,,_4) 12(2mrp)r"=2/2gy
0

where for the first equality we have used the identity %(z‘”],,(z)) =

—z"*J,41(z) and for the second one the facts that @y = 0, (n — 2)w, /27 = wp—2
and J,(z) = O(z"'/2) as z — +oo.

We define for every integer 0 < j < [n/2] a piecewise C"/21~/ function AUl
on R} by

h(r) if j=0,

By = . .
) L WY ) + AN i 1< < [n/2).
n—2j
One has A1(0+) = AU~1(0+) and h[j](r) = O(P~-("+1+9)/2) a5 r — +o0; hV) can
be written AUl(r) = /A (r) + Z, o ! pi(r)h (r) where ¢ is a non zero constant
and the p;’s polynomials of degree <i.
By iteration we obtain for n=2m+1 or n=2m + 2:

_ Ly 2ni(x]1)
J"I"SN(I N) Ff(t)e dt (1)

Ma

k .
a2 gh)(a )J ( %) P EDR 5 4y2(2majp) dp]

m—1
= Z [wn 2i

i=l+1

I
—_

J

N

p k +00 am)/2
+27zco,,_2,,,J (1 _N) pn=2m)/2 <Jo h['”](r)J(,,_Zm_z)/z(anp)r(”' )/ dr) dp.

0
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where the sum Z,-'i;ll is empty if I+1>m—1 ie. if ] >2;—5) since

4h)(a;) = hl(a;+) — hfl(aq;—) =0 for all 1<j<K and 0<i<I by
continuity of these All. If < n—;—é, we also know that there exists at least one

jin {1,...,K} such that Al+(a;+) # hli+l(g;-).
The last term in (1) converges to A(0+) = h(0+) when N — +oo for
k=0 (hence for all k>0): for n=2m+1, we have, since J_j;5(z) =

vV2/mzcos z,
smNt

+00
i ) SO5(277P) - J i)
J anlf(J ™ (r) —~ Vrdr|dp = (2/n) ™ (t/2n) t,
which converges to A"(0+) when N — +o0, as hl" is of bounded variation in
[0,a] (see [1] 4.7 p. 28); for n=2m+ 2 it is proved in [7] p. 657.
1> 2 , the theorem is then proved. Suppose now / < —;§

n-3

—1—1; then, for all /+1 <i<m— 1, proposition 3 gives

. N P\E (n-2i2)2
. Jo (1 - 7v‘) PO DR g 4y2(2majp) dp = 0.
n-3

Let k = >

Then the same limit holds for i >/+ 1. Moreover

o P\ (n-2+1)-2)/2
Jo (1 - N) prDD2 0 o ir1)-ay2(2maip) dp
oscillates like sin(2za;N) (REMARK at the end of paragraph 3). Hence, by
linear independence,

K N k
: (n=2(1+1))/2 (g ll+1] ¢, . _P\* (n—20+1)-2)/2 )
Nl—l»Too].:Zla’ 4h (a])JO (1 N) p Jn-2(1+1)-4)2(2na;p) dp

does not exist, and the theorem is established.

REMARKS. 1. In any case, for the class of functions considered there is
always (C,k)-summability to .#(f,x,0+) if k > (n— 3)/2, that is, also with
values of k lower than the “critical index” (n—1)/2. 2. If f is the indicator
function of the unit ball, / = |(n —3)/2] at x#0and /= -1 at x=0. 3. The
particular case h piecewise C® with bounded support and k = 0 is Theorem 1.a
of [7].
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6. Fourier transformation in hyperbolic space

We recall first some elementary facts about hyperbolic spaces (see [5] [9]
[10]).

The hyperbolic space of dimension n>2 can be defined as H" =
{x e R™|[x|x] = 1,x0 > 0} where [x]y] = xoy0 — X1y1 — - - - — XY if X,y € R™!
(so H" is one sheet of a two-sheeted hyperboloid). If x,y € H”, then xo > 1
and [x|y] >1, with [x|y]=1 if and only if x=y; we can also define
d(x,y) = Argch[x|y]: this is a distance on H” which makes it a Riemannian
manifold with constant curvature —1.

Let SO(1,n) be the set of linear transformations of R™! with positive
determinant which preserve the bilinear form [|]; it is a subgroup of GL,;(R)
that acts by isometries and transitively on H”. We choose an ‘origin’ in
H":e= (1 0,...,0). Given a point x in H", let t = d(x, e); we have xo = cht
and x? + +x2 = x2 — 1 =sh?¢, so the n-tuple (xq,...,X,) is on the sphere
{ueR”|||u|| =sht}. With this parametrisation we can define an SO(1,n)-
invariant integral on H":

+00
J f(x)dx=J J f(cht,sht-u)sh™ ! tda(u)dt
H" 0 Jsm

where do(u) is the area element on S" ! = {ueR"||ju| = 1}.
For a well behaved function f on H" (e.g. fe CX(H")), the Fourier
inversion formula can be written ([9] p. 79)

0 =[" psa
where 2, f(x) = [y n0;(d(x,))f(¥)dy and the function @, is given by
w04(d(x, ) = 7,(3) L e 1 @) [y @) do(w)
with ¢ = (n —1)/2, £(u) = (1,u) e R™! and

)T (32 +7) if n is odd,
"a(4) =
(27)” (,uhfza]'[c 2+ G+ 1/2)2)) if n is even.

Since d(x,e) = Argchxy does not depend on xj,...,x,, we can suppose, to
calculate ,¢,(d(x,e)), that x = (cht —sht,0,...,0). We then have [x|&(u)] =
cht+sht-&(u); and [e|é(u)] = &(u)y = 1. If we parametrise u = (u1,...,u,) €
Sy = cosHl,uz = sinfycosby,...,u, = sinf, -...-sinf,_,sinf,_; with
0<@j<nforj=1,...,n—2 and 030,,_1 < 2z, then &(u), = u; = cos ) and
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703 (d(x,€)) = n0;(2) = Y, (A)0n—1 J (cht+ shtcos6;)™"sin"2 9, d6,

Hence, using formula 3.7(7) p. 156 of [2] and denoting by P¥ the Legendre
function of the first kind, order x4 and degree v, we obtain

n0:(8) = 7,(A) (2m)" sh' =2t PR (ch). 2)

From the formula 3.8(9) p. 161 of [2] follows:

1d 1V R
(shtdt) [sh*z- Pl 12(ch )] = [(5—‘“) +12:| sh#~z. P 1/z(cht)

and so, if n >3,
1 /-1d
n93(t) = o (ﬁz)n—z @a(2)- (3)

By iteration we obtain, noting that Pl/z(chC)= ,/nsh ch((v+1/2)¢) (2]
3.6.1(12)),: When n is odd,

_ -n/2
0,(8) = (27) \[ (sht dt) cos At. (4)
When 7 is even,
a2 —1 d\"I?
n9(1) = (27) Mhﬂl(ﬁa) Pi3_1/2(ch ). (%)

PROPOSITION 4. Let t > 0 and k > 0; then
only if k> (n—1)/2.

7 a0, (£)dA =0 (C,k) if and

ProorF: When n is odd one easily calculates using formula (4) that

1 1

Wr ZAJCOS }.t—_]ﬂ/Z) m](Cht Sht)

Jj=0

2m19;(2) =

where the R, ;’s are polynomials in two variables of degree <m —1, and
Ry m(cht sht) = sh™ 't The proposition follows in this case from propo-
sition 1.

When n is even, ,¢,(¢) is (C,k)-summable to 0 for k= (n+2)/2 by
formula (5) and proposition 3. To show that ,¢,(?) is in fact (C, k)-summable
if and only if k > (n —1)/2, we use an asymptotic expansion in [8] II p. 232:
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I(iA+1/2) et/
r@iA+m+1/2) \/a(iA —1/2)(e% - 1)

, e T'(p+1/2)
[ Mzr 11}2) il —1/2)7

P;% jp(chl) ~

m+ m —i, c F(p+1/2)
+emty MZI"l‘/,Z)(M——l/Z)”}

as A — +4oo. Therefore

I
npa(2) ~ A-D/2 [cos Atz 7+ smltz )."]

pr=0

(the dj, and d, being constants) as A — +oo; and we can conclude by a similar
argument to that used in the proof of proposition 2.

REMARKS. 1. Identities (2) and (3) are incorrectly stated in [7] (pp. 664,
665 resp.), with a sign error for (2) and a constant depending on A and n,
instead of 1/2z, for (3). 2. According to [8] (II p. 223 and III p. 153), for
every N >0 there exists a constant C; >0 such that IPM_';//ZZ(ch n| <
Cit(cht)” 12 for all t > 1 and 0 < A < N; so there exists a constant C; > 0 such
that |,¢;(f)| < Cot(sh£)"™/2 for all t>1 and 0 <A < N.

7. Inversion formula in hyperbolic space

For f e L'(H"), n > 2, the mean value of f on the sphere with centre e
and radius ¢ is: #(f,e,t) = ;! g, f(cht,sht-u)do(u).

THEOREM 2. Let f e L'(H") and x in H" such that h:t— M(f,x,1) is
piecewise C™™? and h)(t) = O(sh"™"9/2¢) as t — +oo, for all 0 <j < [n/2]
(e > 0 arbitrary). Define | = max{0 <j < (n— 3)/2|hWis continuous} if h is
continuous and 1 = —1 if it is not, and take k > 0. Then

lim JN (1 _ %)k%f(x) di = M(f,x,04)

N—-+o0 0
, . n—3
if and only tfk>-T-—l—1.

PrOOF: Let geSO(1,n) such that x=ge; then fogeL!(H"),
P f(x) =Py (fog)(e) and A (f,x,t)= M (fog,et). So we can suppose
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x=e. We have

j: (1 - %)k%f (e)da

~[[(1-2) aa ] i nr

0

_ JN (1 - %)k di d:m w0,(0) [ L f(cht,sht-u) da(u)] sh™ rdr

0

N y) k r+00 )
=J (“N) @ [ A 0,00 (050" tdrd

With the points 0 = ap < @) < --- < ag4+1 = +oo defined as in paragraph 5, we
have then, by formula (3) and an integration by parts on each interval [a;_, a;],

+00 el K+1 wn a; w2 —d
“"’Jo h(6),0,(¢) sh tdt=25;t—] h(z)sh t(ﬁn_zm(t)> dt

j=1 aj_,
K+1 aj
(1)) _
-y [— h(t)sh™2 tn20,(1)
- (4
Jj=1 aj-1

+[7 OB+ (- D) 00 dt]
X ,

=3 28 s (a)), o9a(a) {hlas+) — h(aj-)}
=1

+ Wp—2 Ew {ﬁr_ff)s_ht + h(?) },, 20,(f)sh™ 3 ¢

using the fact that ap = 0 and remark 2 of the preceding paragraph.
We define for every integer 0 < j < [n/2] a piecewise C"21~/ function h{/}
on R} by
h(t) if j=0,
h{f}(t) = sht
n-—

(h{f (@) +rU-e)  if 1 <)< [n/2].

One has AU} (04) = A/=1}(0+) and AU} (1) = O(sW+(17"9/2¢) as t — +00; KU}
can be written At} (£) = csh/t - hO)(2) + 370 pi(cht,sh£)h)(z) where c is a non
zero constant and the p;’s polynomials in two variables of degree <i.
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By iteration we obtain for n=2m+1 or n=2m+ 2:

+o0
a),,J h(2),0;(t)sh™ ! tdt
0

m—1 . K . . i
- Z liwn_z, Z sh"%72(a;) (W'} (a;+) — K} (aj-)],_i_29a(a;)

i=l+1 2n j=1

+00
+ On_2m J R (8), @ (D)sh™ 2" L 1 1,
0

The last term is (C,0)-summable to A{"}(0+)=h(0+) as a function of
A:forn=2m+ 1, we have ¢,(t) = — cos At and it is the same integral as in
the euclidean case; for n =2m + 2 it is proved in [7] (lemma 1.8).

The proof then follows exactly the same lines as that of theorem 1, using
proposition 4 in place of proposition 2.

REMARKS. 1. As mentioned in the introduction, we see that Theorems 1
and 2 are parallel; in particular remarks 1 and 2 in paragraph 5 also hold
here. 2. If fe C®(H"), then z ; >
inversion formula f(x) = o+ © P,f(x)dA. 3. The particular case h piecewise
C*® with bounded support and k =0 is Theorem 1.c of [7].

< I and we have proved in this way the

We would like to thank the Institut fiir Angewandte Mathematik of
Heidelberg University and Prof. Michael Leinert for their hospitality. We also
express our thanks to the referee for the suggested improvements.
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