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Pointwise Fourier inversion with Cesaro means
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ABSTRACT. Conditions for pointwise Fourier inversion using spherical Cesaro means of

a given degree are established in euclidean and hyperbolic spaces.

1. Introduction

To solve the Fourier inversion problem, that is, to reconstruct an inte-
grable function / on R" from its Fourier transform !Ff one has in general to
use summation methods. For example it is known that the kth Cesaro means
Jj|/(l^(l - \\t\\/N)k^f(t)Q2πi(<x^dt converge, when N tends to infinity, to/(jc) at
every Lebesgue point x of / if k > (n — l)/2.

This is in general no more the case if k < (n — l)/2. For example, if / i s
the indicator function of the unit ball in R3 and k = 0, there is convergence
everywhere except at x = 0, which is a Lebesgue point. In this work we
determine for a large class of functions, including the above indicator, the least
value of k implying convergence at a given point.

We do this not only on Rπ but also on the real hyperbolic space H". Our
results: the more differentiable the spherical mean of the function, the smaller
the degree k insuring convergence, are natural and show a complete parallelism
between both spaces. We emphasize that still little is known about summa-
bility for Fourier transforms on H" (see [5] and its bibliography). Forming the
basis of our reasonings are those of [7], specified and corrected (see the remark
at the end of §6).

2. Cesaro summability: definition and elementary properties

DEFINITION 1. Let beL}0C(R+), k > 0 and BeC. We say that b is
(C,k)-summable to B if l i m ^ ^ J0*(l - (t/x))kb(i)dt = B and we write

J
'+OO

b(ήdt = B (C,fc).
0
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REMARK. 1. If b is integrable on R+, it is (C,O)-summable to J0

+o° b(t) dt.

LEMMA 1. Let beL}OC(R+), k>0 and BeC. If b is (C,k)-summable to
By it is (C,k!)-summable to B for all kf > k.

PROOF: [4] p. 111.

PROPOSITION 1. Let k>0, λ > - 1 and a > 0. Then
i) Jo4"00 tλe~aitdt = e-mW*r{λ + l)a-χ-ι(C,k), if k > λ;
ii) J 0 *(l - t/x)ktλe-aitdt~Γ(λ + i ) α - λ - i ( e - μ i ) / 2 ( A i )

-hoo, if k = λ.

PROOF: According to [4] p. 353,

- t/x)ktιe-aitdt =
o Jo

r+oo

Jo

When x -> +oo, the first term on the right tends to

Jo

and the second term behaves like

Q(k+l)πi/2e-aiXχλ-k

The result follows.

ί+°° ̂ Arg-^^ =

Jo

REMARKS. 2. In particular tλt~ait is (C, fc)-summable if and only if k > λ.
3. As special cases of i) we have for all m e Z+:

f *x2mcosxdx = 0(C,2rn + l) and [ *x2™*1 sinxdx = 0 (C,2ιw + 2).
Jo Jo

4. Also ί^e"*1*;^)+oo[(0 is (C,0)-summable. This is easily obtained with
an integration by parts.

3. Summability for Bessel functions

PROPOSITION 2. Let v > — 1, Jv the Bessel function of first kind and order v
and k>0; then J0

+o° tv+ιJv(t) dt = 0(C,k) if and only ifk>v + \.
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PROOF: We show first that tv+ιJv(ή is (C,fc)-summable if and only if

k>v + \. According to [11] p. 199, when z —> +oo

- sin(z - vπ/2 - π
(-l)mΓ(v

v 5
We note θ = -vπ/2 - π/4 and let mi be an integer greater than - + -. There

exist K>0 and ^:[l,+oo[—>R analytic such that, for all z > 1, \φ(z)\ <

K z-V-5/2 and

_ _-
— z °° (*+*> Σ fe - s i n(z +*> Σ ^ Γ + o ω

m=0 m=0 *

(with co,...,cW l,db,...,rfW l real constants). Hence

co ί ( l - ^

+ Σ
m=\

oos(t + θ) dt

The last integral of the right hand converges when N —> +oo, whatever A: we

take, by the decay condition on φ: tv+^ι^φ(t) is integrable. If we take

v + 3 > ί: > v - 5, the integrals in the two sums converge when N —» +oo but

not the first integral of the right hand, by proposition 1; so ?+xJv{i) is not

(C,fc)-summable. On the contrary, if k > v + \> all integrals of the right hand

converge and tv+ιJv(ή is therefore (C,£)-summable.

That tv+ιJv(t) is (C,λ:)-summable to 0 for sufficiently great k is shown in

[3].

REMARK. Suppose k = v + ̂  then reasoning as above we see that

$"(l-t/N)ktv+ιJv(ήdt behaves, when JV-^+oo, as $"(\-t/N)ktv+χl2-

cos(t + θ)dt, that is, oscillates as siniV (point ii) of proposition 1).
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4. Summability for Legendre functions

We note Pv the Legendre function of first kind, order 0 and degree v.
Using formula 7.4.7 p. 173 in [6] we have, for t>0 and x e R ,

/ i x / /^/ N f+co sin(xArgch(M + chί)) ,
th πx P-(i/2)+fe(ch t) = (V2/π)x , = ^ du

J θ yβ^/(u + Cht)2-l

PROPOSITION 3. Let t>0 and I e Z + ; we have

Jo Wt Έ) [x t h πx p-v/2)+U&t)] dx = o (c, / + 2).

PROOF: One easily shows that

sin(;cArgch(ι/ + ch

/

' sin(x Argch(w + ch /) +jπ/2) FJ(u + ch t)
7=0

where Fj(y) has the form cyλ(y2 - lγ~λ~ι~ι)/2 with λeZ+ and c a real
constant. So it will suffice to show that the functions of x

and

- ^ xlm+1 cos(x Argch(« + ch /)) / ^ ! + / (u + ch /)
o Vu

f - ^ x2m+ι sin(x Argch(w + ch ή) F%(u + ch t)
Jo Vu

are (C, 2w + 3) and (C, 2m + 2)-summable respectively to 0. We will do this in
detail for the first function only. Note that F^^\ (u -f ch i) behaves as cur7™'2

at infinity; hence F%£t\ (u + ch t) u~1/2 is integrable on R+ and by Fubini

N k[f+co du

^ S i 1 ( + ch 0 J (l - £ ) x W 2 cos(xArgch(M + ch /)) dx.

Let ^ = Argch(« + ch t); we have θ > t for u > 0 and

0 0 -iv
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Assume k = 2m + 3. The function s*-+ JJ(1 - (y/s))2m+3y2m+2cos{y)dy is
continuous on R+ and vanishes when s —• +00 (proposition 1), hence is
bounded in absolute value by a constant M > 0. So the functions of
u : JJ^ίl — Jc/JVr)2m"h3jc2m-|"2cos(βx)Λc are bounded in absolute value by
M/t2™*3 for all N > 0 and converge everywhere to 0 as N —• +oo. The
conclusion follows from Lebesgue dominated convergence theorem.

5. Inversion formula in euclidean space

We fix n > 2. For / e Lι(Rn), we denote by M(f,x,r) the mean value
o f / on the sphere with centre x and radius r: Jί(f,x,r) = ω~ι J5«_!
f(x + ru)dσ(u), and ωΛ the area of the unit sphere 5""1 : ωn = 2πn/2/Γ(n/2).

We say that a function A :]0, +oo[—• C is piecewise Cq for a ^ G Z+ if there
exist 0 = αo < αi < < aχ+\ = +oo such that h is Cq on Uyίi1]έI7-i>έI./[ a n c *
the limits of h® at aj (j = 1,..., K) from the right and the left and at αo = 0
from the right exist for all 0 < i < q.

We write, for z e R, \z] = min{w sZ\m>z} and [zj = max{w eZ\m<z}.

THEOREM 1. Let / G L 1 ( R Λ ) and x in RΛ such that h\r^> J((f,x,r) is
piecewise OnM and hU)(r) = O{r-^1^/2) as r -> +oo, for all 0 <j < \n/2]
(ε > 0 arbitrary). Define I — max{0 <j< (n — 3)/2|λ^ is continuous} if h is
continuous and / = — 1 if it is not, and take k > 0. Then

lim [ -ψ) &f(y)e2πi{xly)dy = M<JΛx,0+)
N

if and only if k > — / — 1.

PROOF: We have

= ί f(p) \\ ( l - ψ
JR Λ LJibn^ΛrV N



546 Francisco Javier GONZALEZ VIELI

(For the Fourier transform of a radial function (third equality) see [1] p. 89.)
Hence, integrating by parts on each interval [aj-u aj\9

Γ+OO

2πωnp
n'2 h{r)J(n_2)l2{2πrp)rnl2dr

Jo

= 2πωnp
n>2 £ WrV-2 (- *^- J{n-4)/2(2πrp)) P

j=\ L \ LnP /la,.,

{h'{r)rn-2 + (n - 2)A(r)r"-3} ̂ ^ J{n.4)/2(2πrp) dr]

Γ ( ^ + *(r)

where for the first equality we have used the identity —(zμJμ(z)) =—(zμ

—z~μJμ+\{z) and for the second one the facts that ao = 0, (n — 2)ωn/2n = ωΠ_2
and Jμ{z) = ^(z-1/2) as z -• +oo.

We define for every integer 0 <j < \n/l\ a piecewise C^2^~j function λ'7'
on R | by

n _ 2jv' / v / " v / " 1 —J < \n/2\-

One has A[yl(0+) = ALM1(0+) and h[J](r) = o(r^n+ι+ε^2) asr-> +oo; h[J] can
be written A'y'(r) = crJ'h^(r) + ΣίZo Pi{j)h^\r) where c is a non zero constant
and the pfs polynomials of degree <i.

By iteration we obtain for n — 2m + 1 or n = 2m + 2:

f fl-MYjr/ίOe^W')* (1)

m~^ Γ ^ f ̂  / /7\^ 1

,wίi L Λ ' έ f J Jo ̂  ^ π J
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I w h e r e the sum ]Γ)™7+i *S e m P t y if / + 1 >-/w—1 i.e. if / > j since

Λ A M ( t y ) : = Λ M ( f l y + ) - A M ( β y - ) = O for a U ! < y < ^ a n d o < / < / by

continuity o f these A^. If / < , we also k n o w that there exists at least one

j in {1,...,A:} such that j n

The last term in (1) converges to A'ml(0+) = A(0+) when N-+ +oo for
k = 0 (hence for all k > 0): for n = 2m + l, we have, since J-\/i{z) =
y/2/πzcosz,

which converges to Atml(O+) when N —» +oo, as A'm' is of bounded variation in
[0,αi] (see [1] 4.7 p. 28); for n = 2m + 2 it is proved in [7] p. 657.

If / > , the theorem is then proved. Suppose now / < .

Let k > — / - 1; then, for all / + 1 < i < m - 1, proposition 3 gives

Vm^ J " ( l - ^)Vπ-2 l-2 ) /V ( Λ_2 /_4)/2(2παy />) rfp = 0.

Let k = — / — 1. T h e n the same limit holds for / > / + ! . M o r e o v e r

Jo ^ N'
ijp) dp

oscillates like sin(2πajN) (REMARK at the end of paragraph 3). Hence, by
linear independence,

^ ^ ^ ( a j )

does not exist, and the theorem is established.

REMARKS. 1. In any case, for the class of functions considered there is
always (C,fc)-summability to ^ ( / , x , 0 + ) if k > (w-3)/2, that is, also with
values of k lower than the "critical index" (n— l)/2. 2. I f / i s the indicator
function of the unit ball, / = [ ( « - 3)/2J at x φ 0 and / = - 1 at x = 0. 3. The
particular case A piecewise C00 with bounded support and k = 0 is Theorem l.a
of [7].
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6. Fourier transformation in hyperbolic space

We recall first some elementary facts about hyperbolic spaces (see [5] [9]
[10]).

The hyperbolic space of dimension n > 2 can be defined as H Λ =
{xeR n + 1 | [x |x] = l,x0 > 0} where [x\y] = xoyo -x\y\ xnyn if x,yeRn+ι

(so H Λ is one sheet of a two-sheeted hyperboloid). If x,y e H " , then xo > 1
and [x\y] > 1, with [x\y] = 1 if and only if x = y; we can also define
d(x,y) = Argch[x\y\: this is a distance on Hn which makes it a Riemannian
manifold with constant curvature - 1 .

Let SΌ(l,/i) be the set of linear transformations of Rπ"Hl with positive
determinant which preserve the bilinear form [|]; it is a subgroup of GLn+\(R)
that acts by isometries and transitively on Hn. We choose an 'origin' in
H Λ : e = (1,0,.. ., 0). Given a point x in H n , let t = d(x, e); we have x0 = ch /

and x\-\ h xl = x% - 1 = sh21, so the w-tuple (JCI , . . . , xn) is on the sphere
{ueRn I ||w|| = shί}. With this parametrisation we can define an SO(l,n)-
invariant integral on H":

f f{x) dx = Γ°° f /(ch t, sh t w)shn"1 tdσ{u) dt
JHΠ J O i s n l

where dσ(u) is the area element on Sn~ι = {u e Rn \ \\u\\ = 1}.
For a well behaved function / on Hn (e.g. feCf{Άn)\ the Fourier

inversion formula can be written ([9] p. 79)

Jo

where ^>λf{x) = lΆ-nψχ{d{x,y))f{y)dy and the function nφλ is given by

nφλ(d(x,y)) = γn(λ) ί [x\ξ(u)Γ+iλ[y\ξ(u)Γ-adσ(u)
J5"-'

with ς = (n - l)/2, ξ(u) = (1,«) e R " + 1 and

2πyn ( ΠjU1 (^2 + / ) ) if » « odd,

I ^ 7 2 2 + (y + 1/2)2)) if n is even.

Since d(x,e) = Argchx0 does not depend on JCI,...,JCΠ, we can suppose, to
calculate nφλ(d(x,e)), that x= (chί ,-shί ,0 , . . . ,0). We then have [x\ξ(u)] =
ch/ + sh/ <?(«)! and [^|ί(«)] = ζ(u)0 = 1. If we parametrise u = (wi,..., un) e
S"-1

 : M l = cos#i,W2 = sin^icos02> 5«π = sin#i . . . sin^π_2sinβn_i with
0<θj <π ΐorj = 1,...,«- 2 and 0 < β«_i < 2π, then ξ(u)ι =u\= cos^i and
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nφλ(d(x,e))=Hφλ(t) = γn(λ)ωn-ι f (chί + shίcosfliΓ^sin 1-^! dθx

Jo

Hence, using formula 3.7(7) p. 156 of [2] and denoting by P% the Legendre
function of the first kind, order μ and degree v, we obtain

nΨχ{t) = γnW(2π)n/2 sh1-"/2* Pl

a-_1f2(ch t). (2)

From the formula 3.8(9) p. 161 of [2] follows:

and so, if n > 3,

By iteration we obtain, noting that Pv

1 / 2(ch0 = wQ^ch((v+l/2)£) ([2]
3.6.1(12)),: When n is odd,

When n is even,

/ —1 / A ( W ~ ~ 2 ) / 2/ 2 ( ^ J (5)

PROPOSITION 4. Let t>0 and k>0; then J0

+co

 Π ^(ί) rfλ = 0 (C, fc) if and
only ifk>(n-l)/2.

PROOF: When n is odd one easily calculates using formula (4) that

(0 = 2 ^ l s h 2 l l r * Σ λJ C°^λt -JΦ)Xmj{<& ί, *h 0

where the -Rwj's are polynomials in two variables of degree < w - l , and
Rm^cht, shί) = sh'""11. The proposition follows in this case from propo-
sition 1.

When n is even, n<Px(t) is (C,A:)-summable to 0 for k = (« + 2)/2 by
formula (5) and proposition 3. To show that ny>x(t) is in fact (C,A:)-summable
if and only if k > (n — l)/2, we use an asymptotic expansion in [8] II p. 232:
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U-1/2V

X
p=0

m + 1/2) ^/π(a -

cPΓ(p +1/2)

00

(m+l/2)πi.-iAί V* CpΛP + V 2)

2

as A —• +oo. Therefore

(the 4> a n ( i df

p being constants) as A —* +00; and we can conclude by a similar
argument to that used in the proof of proposition 2.

REMARKS. 1. Identities (2) and (3) are incorrectly stated in [7] (pp. 664,
665 resp.), with a sign error for (2) and a constant depending on λ and «,
instead of l/2π, for (3). 2. According to [8] (II p. 223 and III p. 153), for
every N > 0 there exists a constant Ci > 0 such that \P^"ff2(chή\£
C\t(cht)~1/2 for all / > 1 and 0 < λ < N; so there exists a constant C2 > 0 such
that \nφλ(ή\ < C2t(shtf-n)/2 for all t > 1 and 0 < λ < N.

7. Inversion formula in hyperbolic space

For / e L^H"), n > 2, the mean value of/ on the sphere with centre e
and radius t is: J({f, e, t) = ω~ι J^^ /(ch f, sh t «) rfσ(w).

THEOREM 2. Lέtf / e l ^ H " ) ίww/ x in Hn such that h : t>->Jί(f,x,t) is
piecewise OnM and Ψ\t) = O(sh{ι-n~ε)/21) as t -> +00, /or α// 0 <y < \n/l\
(ε > 0 arbitrary). Define I = max{0 <j<(n — 3)/21 A^ίs continuous} if h is
continuous and / = — 1 if it is not, and take k>0. Then

A Γ 0 ~ £ί^ / ( x ) dλ =

if and only if k> — / — 1.

PROOF: Let geSO{\,n) such that x = ge; then /ogf e l ^ H " ) ,

&χf(x) = &λ(f °0)(e) and Jί{f,x,t) = Jί{fog,e,t). So we can suppose
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x = e. We have

fV λ\k f
= 1 I 1 —— 1 dλ I nψi(d(

Jo V NJ J H Λ 'y))f{y) dy

f^/ ΛΛ* f+0°
= Jo V1 " NJ ω" Jo ^(/> *' ί)Λ(')sh"~1 tdtdλ

With the points 0 = αo < tfi < < Qκ+\ = +oo defined as in paragraph 5, we
have then, by formula (3) and an integration by parts on each interval [0,-1,0/],

roroo K+\ raj f d \

KhfάήAr1 tdt = Σ g j β A(ί)sh«-2^-^n_2̂ (/)J dt
K+\

»-2VA(0

«7

βy-i

+ P {h'(ή sh""21 + (n - 2)h(ή sh"-3 t}n_2φλ(t) dt]
Jaj-i J

= Σ § sh"-2(fly )n_2

f
J

+0° ΓΛ'(ί) sh ί

o ( n _ 2

using the fact that αo = 0 and remark 2 of the preceding paragraph.

We define for every integer 0 <j < fn/2] a piecewise C^"^~J function

on R* by

ifi<y<r»/2i

One has AW(0+) = Aϋ-O(o+) and AtΛ(ί) = O{shj+^-"-^2 ή as ί -* +oo;

can be written A { Λ(ί) = cshyί A ( Λ(ί) + J2iZoPi(cht,shήh^(t) where c is a non

zero constant and the />,'s polynomials in two variables of degree </.
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By iteration we obtain for n = 2m + 1 or n = 2m + 2:

L z π

_2m fJo

The last term is (C,O)-summable to λ<m>(0+) = λ(0+) as a function of

Λ,: for n — 2m + 1, we have i^(/) = - cos A/ and it is the same integral as in
71

the euclidean case; for n = 2m + 2 it is proved in [7] (lemma 1.8).
The proof then follows exactly the same lines as that of theorem 1, using

proposition 4 in place of proposition 2.

REMARKS. 1. As mentioned in the introduction, we see that Theorems 1
and 2 are parallel; in particular remarks 1 and 2 in paragraph 5 also hold

here. 2. If / e C^fH"), then —-— < / and we have proved in this way the

inversion formula f(x) — J0

+o° &χf{x) dλ. 3. The particular case h piecewise
C00 with bounded support and k = 0 is Theorem l.c of [7].

We would like to thank the Institut fur Angewandte Mathematik of
Heidelberg University and Prof Michael Leinert for their hospitality. We also
express our thanks to the referee for the suggested improvements.
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