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ABSTRACT. A phase-field model accounting for memory effects is considered. This
model consists of a hyperbolic integrodifferential equation coupled with a parabolic
differential inclusion. The latter relation rules the evolution of the phase field and
contains a time relaxation parameter which happens to be very small in the appli-
cations. A well-posed initial and boundary value problem for the evolution system is
introduced and the asymptotic behavior of its solution as the time relaxation goes to
zero is analyzed rigorously. Convergence results and error estimates are obtained under
suitable assumptions ensuring that the limit problem has a unique solution.

1. Introduction

Consider a two-phase system which occupies a bounded domain Q < R?
until a given time 7 > 0. Denote by § its relative temperature (fixed in order
that 3 = 0 is the equilibrium temperature between the two phases) and by y the
so-called phase-field, that is, an order parameter which could represent the local
proportion of one phase. To describe the evolution of the pair (39, y), we have
recently introduced and studied the following system (see [7-9])

0/(3+Ax+oxS+yxy)—Adk*x3) =g inQ2x(0,T) (1.1)
uory —vAx +B(x) 2 y(x) + A3 in Qx (0,T) (1.2)
coupled with the boundary and initial conditions
Onlkx3)=h and d,y=0 onadQ x (0,7) (1.3)
3(0) =9 and x(0)=yx, inQ. (1.4)
Here * denotes the usual time convolution product over (0,T), defined by
(axb)(t) = J‘: a(s)b(t—s)ds, tel0,T)] (1.5)
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while 9, and J, indicate the partial time derivative and the standard outward
normal derivative, respectively. Moreover, A, u, and v are positive constants,
@, W, k:]0,+oo[— R are time-dependent memory kernels, f: R — 2R is a
maximal monotone operator, and y is a Lipschitz continuous function. We
further remind that the source term g depends both on the heat supply and on
the past histories of $ and datum /% may rely on the values attained by & for
negative times.

Equation (1.1) comes out from the energy balance when the internal
energy linearly depends on 3, y and on their evolutions, while the constitutive
assumption on the heat flux is the linearized version of the Gurtin-Pipkin law
(proposed in [13] and recently reviewed in [14-15]). On the other hand,
equation (1.2) is an extended version of the phase-field relationship introduced
in [11] and [6] on the basis of the Ginzburg-Landau theory of phase transitions.

The corresponding system with the Fourier law for the heat flux and
without any memory term (i.e., (1.1-2) with k proportional to the Dirac mass
and ¢ =y = 0) has been extensively studied. General existence results and
asymptotic analyses can be found in [17], [10], and in the review paper [16],
along with a list of references.

Coming back to (1.1-4), well-posedness and regularity of solutions were
essentially dealt with in [7-9] (see also [1], where the long time stability is
investigated as well). Besides, in [9] we showed that there exists a sequence of
problems (1.1-4) whose solutions converge to a solution to a hyperbolic phase
relaxation problem as the interfacial energy coefficient v tends to zero, provided
that y =0. The limit problem is formally obtained from (1.1-4) by setting
v =0 and, as far as we know, the related uniqueness of solutions is still an
open issue.

Here we are going to examine carefully the asymptotic behavior of the
solution to (1.1-4) as the relaxation time u goes to zero. From the physical
standpoint, the limit problem is interesting in itself, as pointed out in [6] within
the framework of the Fourier law (for an existence theorem see [19]).
Moreover, investigating asymptotics as x4 \, 0 seems even more important than
the analysis done in [9] for x is much smaller than v in the actual application
[11]. For these reasons, we study the question in detail and prove strong
convergences for the whole sequence of the variational solutions (9,7,) as
4\, 0. Also, strengthening a bit the regularity requirements on the data, some
error estimates of orders O(u) and O(u'/?) are obtained. All these results are
achieved under suitable conditions on A, £, and y which imply that the solution
to the limit problem is unique.

A plan of the paper follows. After some preliminaries, in the next section
an equivalent formulation of problem (1.1-4) is introduced on account of [9].
Then, referring to that formulation, the main results are stated. Section 3 is
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concerned with the uniqueness for the limit problem. Section 4 contains the
proof of the convergence theorem. Finally, in Section 5 the error estimates are
derived.

2. Main results

Let QcRY (N>1) be a bounded, open, and connected set with
boundary I' := 02 of class C>! and let T > 0. Set

0:=0x]0,T[, 2:=TIx]0,T|

and let the following constants and functions fulfill the assumptions listed
below.

A,v €0, 0] (2.1)
pe Wh(0,T), yeL'(0,T) (2.2)
ke w»'(0,T), k(0)>0 (2.3)
ye C%'(R), y(0)=0. (2.4)

Moreover, we consider a maximal monotone operator
B:R— 2R with g(0)>0. (2.5)
Next, we set for convenience
V=H'(Q), H=L*Q), and W =H*Q) (2.6)

and define the operator 4: V' — V' by means of
yi{Au,v)y = J Vu-Vo Yu,veV. (2.7)
Q

In the framework of the Hilbert triplet (V,H, V'), we introduce the
(formal) problem of finding (3,x) such that

03+ Ax+o*x3+yxy)+Ak*x3)=fin V', ae. in(0,7) (2.8)
udyy +vAye H ae. in (0,7) and
uox +vAy +p=y(x)+A3in V', ae.in (0,7)
and for some p fulfilling p € f(x) a.e.in Q (2.9)
3(0) =% and x(0) =y, (2.10)
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where u is any strictly positive constant and the right hand sides of (2.8) and
(2.10) are given.

As mentioned in the Introduction, the basic theory for (2.8-10) is
developed in [7-8] where existence, uniqueness, and regularity results are
proved in a number of functional settings. Though the structure of (2.9) is
more general as far as nonlinearity is concerned, the kernels ¢ and y are not
considered there. On the contrary, in [9] these kernels are introduced and the
theory is completed along with the study of the asymptotic behavior as v \, 0,
using an alternative formulation of the problem which we recall briefly.

The state variable 3 is substituted with the integrated enthalpy w specified
by

w:=1%xe wheree:=3+y+o*x3+yx*y. (2.11)

Since (2.11) gives
S+ oxF=w,—Ay—yYx*xy (2.12)

it turns out that 9 can be expressed in terms of w, and y by introducing the
so-called resolvent @ of ¢. This function is, by definition, the solution of
D+ ox®d =g (see, e.g., [12, Ch. 2, Sect. 3]) and allows us to rewrite (2.12) as

S= (W =g —Yxy)— Dx(w, — Ay — Y *y).

Moreover, setting

ki :=k(0)P+ k' x® — k' (2.13)
Ky:=Ak+kxyy—AkxD—kxDxy (2.14)
V=y—-AD—-Dxy (2.15)

we note that (2.2-3) imply
&, x1,kpe WHY(0,T) and ¥ eLY0,T). (2.16)
Then, equations (2.8-9) formally become
Wi+ k(0)Aw = f — k)1 x Aw — Ky x Ay
1ot + vAx + B0 3 7(x) — A+ Awe — Dk w — ¥ % ¥)

in V', ae. in (0,T), with the expected meaning for the latter. There, taking
u =0 leads to the elliptic differential inclusion

vAy + B(x) —y(x)+12xal(w,—¢*w,— ¥xy)

where the operator 4 reduces to —4 with the Neumann homogeneous
boundary conditions. Since we are interested in the asymptotic behavior as
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u\, 0, it seems quite natural to ask for a strong monotonicity condition on the
left hand side which is surely satisfied if the Lipschitz constant of y is smaller
that A%,  From the physical point of view, this corresponds to require the latent
heat to be large enough. For the sake of convenience, we introduce a new
graph «, related to f, y, and 1 by

a(z) := B(z) — y(z) + A’z VzeR (2.17)

and state directly on o the conditions we need. We assume
a=0dj:R— 2% with «(0)30 (2.18)
J : R — [0,+00] is proper, convex, lower semicontinuous and j(0) =0 (2.19)
m —m)(z1 —22) = (21 — )2 Vzi e D(a), Vy,ea(z;), i=1,2 (2.20)

for some £ > 0, where D(a) is the effective domain of «. In the sequel, for
ze D(x), the symbol a°(z) denotes the element of «(z) having minimum
modulus.

Thus we end up with the equivalent version of problem (2.8-10) (see [9,
Sect. 2] and observe that ¢ takes the place of p — y(x) + A%y)

wy +k(0)Aw=f —k1x Aw — k2 x Ay in V', ae.in (0,7) (2.21)

we, +VvAx+E=Aw,—P*xw, —¥xy) inV', ae.in(0,T) (2.22)
x€D(a) and ¢ea(y) ae.in Q (2.23)

w(0) =0, w,(0)=ey, and x(0)=y, (2.24)

where eg := 9 + Ay, and [9, Thm. 2.4] ensures that the following result holds.

PrOPOSITION 2.1. Let 4 >0 and assume (2.1-3) and (2.18-20). More-
over, let f,, e , and x,, satisfy

£, e L'(0,T; H) + wh'(0,T; V') (2.25)
eu€H, xo,€V, and j(x,) €L (Q). (2.26)
Then there exists a unique triplet (wy,x,,&,) with
w, € W2Y0, T; V)N C'([0, T); H)N C°([0, T); V) (2.27)
x, € H'(0,T; HYN CO([0, T); V)N L*(0, T; W) (2.28)

&, e L*(0,T; H) (2.29)
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which fulfills (2.21-24) with f = f,, eo = eo u, and x5 = X0 ,» L€,
0wy +k(0)Aw, = f, — k1 x Aw, — k2 x Ay, in V', ae.in (0,T) (2.30)

1oy, + vAy, + & = A0w,—Px 0w, —¥ xy,) inV', ae in(0,T) (2.31)

X, €D(@) and & ea(y,) ae inQ (2.32)
wu(0) =0, 0wu(0)=eoy,, and x,(0)=xo (2.33)
In addition, if
[, e WO, T; HY + W20, T; V') with £,(0) e H (2.34)
e €V (2.35)

then w, enjoys the regularity conditions

wy, € W20, T; HYN WL (0, T; V). (2.36)

Furthermore, if
Yo €W and ‘3nX0,,l|, =0 (2.37)
Xo,u € D(2) a.e.inQ and 0‘0()(0,,,) eH (2.38)

then x, and ¢, also satisfy
X, € Whe(0, T; HYNH' (0, T; V)NL™(0, T; W) (2.39)
£, eL*(0,T;H). O (2.40)

As stated in the Introduction, the aim of this paper is to study the
asymptotic behavior of the solution of the above problem as u \, 0. There-
fore, from now on, we let x vary, say, in (0,1) and denote by (wy, x,,<,) the
unique solution to problem (2.30-33) given by Proposition 2.1. This is the
solution that corresponds to the data f,,eo X0, satisfying (2.25-26).

Here are the basic conditions allowing us to pass to the limit in (2.30-33)
as 4\, 0. Let

f,— f inLY0,T;H)+ wW"(0,T; V") (2.41)
€0,y — €0 in H (242)
%%, —0 inH (2.43)

12 x0,ully + lliCxo W)@y < € (2.44)
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for some C > 0 and any u€ (0,1). Observe that no convergence is required
for {xo, ,} since in the limit problem the third initial condition of (2.24) must be
removed.

THEOREM 2.2. Let the structural assumptions (2.1-3) and (2.18-20)
hold.  Moreover, let f,, € 4, X, w S and eq satisfy (2.41-44).  Then there exists
one triplet (w,x,&) such that the strong, weak, or weak* convergences listed
below hold.

w, —w in C'([0, T]; H)N C°([0, T]; V) (2.45)
X, —x in L*(0,T; V) (2.46)

u'?x, =0 in L*(0,T;H) (2.47)

X, —x in L*(0,T; W) (2.48)

Hx, — 0 in H'(0,T; H) (2.49)

& —¢& inL*0,T; H) (2.50)

p?y, =0 in L®(0,T; V). (2.51)

In addition, the triplet (w,x,&) solves the problem

wy +k(Q)Aw = f —Kk1xAw —rKyx Ay in V', ae.in (0,T) (2.52)
VAY+E=Aw,—@*xw,—¥xy) inV', ae in(0,T) (2.53)
xeD(@) and Eeoa(y) ae. inQ (2.54)

w(0)=0 and w,(0)=ep. O (2.55)

Note that Theorem 2.2 ensures, in particular, the existence of a solution to
problem (2.52-55) whenever f and u, are as in the statement below. Indeed,
it is sufficient to choose approximating data fulfilling (2.25-26) and (2.41-
44). For instance, one can take f, = f, e, = ey, and y, , = 0.

THEOREM 2.3. Let the structural assumptions (2.1-3) and (2.18-20) hold
and let f and ey satisfy

feLY 0, T;H)+ wh (0, T; V') (2.56)
eoeH. (2.57)

Then problem (2.52-55) has a unique solution. []
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From now on, (w,y,¢) denotes the solution to problem (2.52-55) cor-
responding to data f and ep.

By strengthening the assumptions on the sequence of data, we can deduce
uniform bounds in stronger norms and prove error estimates.

THEOREM 2.4. Let the structural assumptions (2.1-3) and (2.18-20) hold
and let f”, €,us Xo,u Jo and ey satisfy (2.41-44). Assume moreover

Ifllwrs 0,7 ryewaro, mvny + a0y + lleoully < € (2.58)
for some C' >0 and any ue(0,1). Then
IWall w20, 7,0 w20, 75y < C1 (2.59)

for some C; >0 and any pe (0,1). If, in addition, (2.37-38) are fulfilled and
there exists &g , € H such that

éO,ﬂ € “(Xo,y) a.e.in 'Q’ ”XO,,M”H + ﬂ_l/ZHVAXO,y + 60,/1 - Ae{),u”y < C” (260)
for some C" >0 and any pe(0,1), then
ﬂ1/2||5z)(u”1,w(0, .8 T 10l 20,7 vy + Xl oo, 7y < C2 (2.61)
for some Cy >0 and any ue (0,1). 0O

REMARK 2.5. In view of Theorems 2.2 and 2.3, it is straightforward to
verify that (2.59) and (2.61) yield

w, —w in W0, T; HyNWH*(0,T; V)
py, =0 in Wh*(0,T; H)

X, —x inHY(0,T;V)

Xu = x inL®0,T; W)

besides (2.45-51). Hence, by compactness we recover the further strong
convergence

X, — x in C°([0,T]; V).

THEOREM 2.6. Let the structural assumptions (2.1-3) and (2.18-20) hold
and let f,, €ou, Xo 4 f, and eo satisfy (2.41-44), (2.58), (2.37-38), and (2.60).
Then

Iwu = wllcvo, ryan n coqo.mwy + I — X201y < Calm+ &) (2.62)

X, = xllcogo, 339y < Ca(p'? + &) (2.63)
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where
&y = |leo,u — eoll g + 1.fu — Sllio,1;m) w01 0,751 (2.64)
for some C3,C4 >0 and any pe(0,1). [
REMARK 2.7. Observe that (2.41-42) and (2.58) entail
fewh o, T;H)+ w»Y0,T; V"), f(0)eH, and eyeV.

On the other hand, one could wonder about the existence of sequences {yq ,}
and {& ,} fulfilling (2.37-38) and (2.60) as well as (2.44). To this concern, let
us point out that (cf. (2.20)) the unique solution y, , € W of the elliptic problem

~Axo,u + %(X0,,) 2 A€o, a.€.in 2 (2.65)

OnXo, =0 ae onl (2.66)

and &, , = Aeo,, + 4y , yield a proper example. Indeed, multiplying (2.65) by
Xo,, and integrating by parts, with the help of (2.66), (2.18-20), and of the
definition of subdifferential, we obtain

2 £ 2 1 .
[ P00+ ool 5 | Vit = el ol

and consequently (2.60) and (2.44) follow just from the boundedness of ||eo, | 5
given by (2.42).

ReEMARK 2.8. Our convergence results and error estimates have been
expressed in terms of (w,, x,) and (w,x). Coming back to the original variable
9 in place of w (cf. (2.11-16)) and putting

Sy = 0wy — Ay — @ x 0w, — ¥ *y,
it turns out that (owing to the Young theorem quoted below)
8, — 8 in L*(0,T; H)
19, — 1%8 in C°[0,T); V)
in the framework of Theorem 2.2, while (2.62-63) imply
19 = SNlL20,7;my + 11 * 8 — 1 Sl oo, 77,0y < Cs(e+ &)
19 — Sl coqo, 77,8 < Co(u'* + &)

for some Cs,C¢ >0 and any ue(0,1). O
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The next sections are devoted to the proofs of the above theorems. In
carrying out them, we use the notation <-,-> for the duality pairing between V"’
and V and |- |, for the L>-norm of the gradient, namely

o] :=J Vo>, veV. (2.67)
Setting also ’
0, =02 x(0,1) for te (0, T (2.68)
we recall the formulas (which hold whenever they make sense)
(axb),=a(0)b+a,*b and (axb),=0b(0)a+axb, (2.69)

the estimate coming from the Schwarz inequality and the well-known Young
theorem

16 % vll L= 0,7:3) < Bl 20, 1) [10ll 20,73 (2.70)
6% vll oo, 7,0y < 16l 10, 7y 19l Lo 0,73 (2.11)

where X is a real Banach space and p € [1, 00|, and the elementary inequality
2ab < ea® + %bz Va,beR, Ve>O0. (2.72)

Finally, we denote by the same symbol ¢, with possible subscripts, different
constants depending only on the coefficients A, k(0), v, on the norms of the
kernels that are involved, and on the final time 7, while further dependences
are specified explicitly.

3. Proof of Theorem 2.3

Let (w1,x1,¢1) and (wa, x,,&,) be two solutions to (2.52-55) and set
wi=wr—wy, x:=x -2 =48
Writing down (2.52-55) for both triplets and taking the differences lead to

Wi + k(0)Aw = —k; x Aw — Ky x Ay (3.1)
VAy+&é=Aw,— D*xw, — ¥ xy) (3.2)
w(0)=0 and w,0)=0 (3.3)

with the equations fulfilled in V', a.e. in (0, 7). Now we test (3.1) by 29,w?,
where ¢ > 0 and w® is the V-valued solution of

we(t) + eAw®(t) = w(t) in V', Vtel0,T).
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Then we integrate over (0,7) for an arbitrary 7€]0,7] and take
e\, 0. Thanks to [8, Appendix] and owing to (2.69) and (3.3), we obtain

Iwe(1)I7; + kO)|w(®)3
4
= —2{ (k1 % Aw) (1), w(2)> — 2 (k2 % AR) (D), w(1)> + D _Li(1)  (3.4)
j=1
where

I (t) = 2k (0) J; {Aw(s), w(s))ds
() = 2 [ <]+ ), w0 b
1) =20 || x(o)w6)>ds

t
1(0) =2 <« 2)(6), wis)> .
0
Let us treat each term on the right hand side of (3.4) separately and denote by

n and o arbitrary positive numbers. Taking (2.7), (2.16), (2.67), and (2.70-72)
into account, we infer

20 (1 + Aw)(2), w(t)3] < mlw(2) 2 +%nmuizm, " jo wis)ids  (3.5)
22 ADO W] < O+ [l | KOs G.6)

IL(1)] < 2}x1(0)] jo w(s)| s (3.7)
I1()] < jo Iw(s) 2ds + jo 10} % w)(8) s < (1+ I 121 0.7) jo w(s)2ds  (3.8)

k2 (0)|?

B0l <o | ks + 2

J; w(s) 3 ds (3.9)
B0l <0 104 * D6+ | wio)has

t 1 t
<ol | s+ [ s (3.10)



128 Pierluigi CoLLI et al.

Now we test (3.2) with y and integrate over (0,¢) as before. Hence we have

o[ e@ds + [ <6620 ds = [ 2612060
0 0 0

- [ K@ w0205 J(:/l<(¥’*x)(S),x(S)>dS- (3.11)

Thanks to (2.54) and (2.20), it turns out that

j &)l ds = ¢ j () 2ds
0 0

while the three terms on the right hand side are treated as follows
t t 5 1 t 5
|| nts)xts)ds <o | 1+ [ Ims)as
0 0 40 Jo

j0< (@5 w)(s) >ds<aj Ios) s + 7 j (@ = we) (5)]1 s

0

t
2
<o || IO + g 1@l || I

t t
j0< (% % 2)(s) >dS<0Lllx Wids + 21210 Lnx(s)nzds.

Adding (3.11) to (3.4) and using (3.5-10) and the above estimates, we get
Ol + KOO +3 [ s+ [ Io)has
< 2ulw(Of} +el.0) [ (W + 1) s
7 el + o+ ol n) | KOs

t
+4G0 + (40) ¥ 0.) L ()13 (3.12)

where ¢(#,0) depends only on #, g, A, and the norms of the kernels.

We now
choose first # = k(0)/4 and o such that

o+ a”"é”lzdl(o, )= and 340 <

Hl=<
NN
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and, consequently, § > 0 according to
1 2 v A 2 3
;”’Q”LZ(O,d) <3 and Z;”WHLI(O,(;) S

Therefore, (3.12) yields

IOl + <2y + 5 [ s +5 [ el

< j (W) + [we(s)]Z) ds
0

provided ¢ <J. Thus, the Gronwall lemma implies w(¢f) =0 and x(f) =0
for any t€[0,9], ie., wi(t) = wy(?) and x,(¢) = x,(¢) for any t€[0,0], and a
comparison in (3.2) gives &(t) = &,(¢) for a.a. 1€ (0,6).

Therefore, we can easily conclude our proof by unique continuation. We
define

to:=sup{t € [0, T] : (w1, x1,¢1) = (W2,22,&2) on (0,)}

and argue by contradiction assuming ¢, < 7. Then we can apply the above
procedure for te (#,7T] by exploiting the fact that the integrands of the
convolution products in (3.1-2) vanish in a prescribed time interval. Thus, we
find some ¢* > ¢, such that w; =wy, x; = x, and & =&, in (2, t*) and this
contradicts the definition of ¢,.

4. Proof of Theorem 2.2

It is convenient to split the proof into several steps because of some
technicalities which are essentially due to assumptions (2.2) and (2.16). To be
more precise, these minimal requirements entail a careful treatment of the terms
involving the kernel Y.

First a priori estimate. We test (2.30) with 20,w?, where wy, is the V-valued
function defined by

w(s) + eAw(s) = wu(s) in V', Vse[0,T].

Then we integrate from 0 to ¢ € [0, T] and take ¢ \, 0 as in Section 3, applying
[8, Appendix] and (2.33). We can argue exactly as in the first part of the
uniqueness proof (see (3.5-10)) taking ¢ = 1 at once. However, here we have
to deal with the source term coming from equation (2.30). This can be done
by splitting f, into f, ; + f, 2, with f, ; € L'(0, T; H) and f, , € Wh'(0,T; V'),
and estimating the integrals this way
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2[ <urlo) o) ds 2| Wfa@llomllads @)
2 <), 0000903 ds = 21,00 = 2| 25D w9 s

1 t
< nllwa@)ll7 + . 152015 + ZJO 10:£,2() Iy 1w ()] is. (4.2)

Then, as |[wu(0)ly = [wu(8)|3 + [Iwu()] and (wu(O)|% < T J 10wu(s) || ds
(since w,(0) =0), we deduce that

0w, ()17 + k(O)wu (DI},

t
1
< lleo,ully + &(0)T jo 10w, (5) I 37ds + 3nllwu (O}, + ; £y 2l 00, 7371
! 2 1 2 2 ! 2
+cln) | Iwu@lvds + (Sl ry + 1+ lall oo ry ) | )l

+2 jo(llf,,,1(S)||HllazWu(S)||H +10f2 ()l v lwu()ll ) ds (4.3)

where c¢(n) is a constant depending only on z and on the quantities
||K2||L2(0, T) r1(0)], lxeq ”Ll(o, T) |2 (0)].

Next, letting ¢ be an arbitrary positive number, we perform the scalar
product of (2.31) and of exp(—2as)y,(s), s€ (0,7, at the same instant s and
then integrate with respect to s. Thus, thanks to (2.18-20) (note that 0 € «(0))
we obtain

t t
H 26 2 - -
S Ol +v| @ ds+ ¢ [ 2 olds

t
H 2 - 2
< S lxo.ulll = aﬂjoe 2951 x,,(5) || 7yl

t
+ AJO e 0wy — @ x 0wy — ¥ x ) ()| plle™ " xu ()| ydls. (4.4)

Hence, introducing the general notation
o(t) ;== e "'v(t) Vtel0,T) (4.5)

for functions v from the interval [0,7] to a Banach space X, one can easily
realize that (cf. (2.71-72))
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SO+ | T+ | 17

U 2 | 24 2 ! 2 (2
< 5”)(0,,4”1{ +7(1 +12lzi10,1)) Ollath(S)”HdS‘*'Z OHX#(S)HHds

”L (T 5 72)(5) a6 s (4.6)

since ¥ * x, = ¥ X.- Now we observe that the Schwarz inequality and (2.71)
imply

t t
[ P« BT < APy [ W
and fix ¢ in order to have

T

v —os ?
’II'T”LI(O,T) = A.J e [Y’(s)|ds < Z (47)

0

This is always possible provided we take o sufficiently large. Hence we have

o207 ({‘2_ ||X,4(t)”f1 +v L m(s)ﬁ,ds + gL; HX,,(S)Hf;ds)

U 2}'2 t
< Sl + 35 (141005 0 ) [ NG 49)

Multiply (4.8) by M and add it to (4.3). Then choose # and M according
to

k(0 Y 1
=0, ety =2t + 1+ Il

we finally get

k(0 My _,, M, . !
om0+ S I 13+ 2L e g, 0+ 2L 2T mino, f}jo zu(s)115ds

t

< c(lleo,ull}; + #llxo, ullz + 1/ oo, 7jvmy) + € Jo(ua,w,,(smf, + [[wu(s)I13) ds

+ 2L(II1},1(S)IIHII¢3:W/4(S)IIH + 1100128l Iwa(9)ll ) ds

for any t€[0,7] and u€ (0,1). Then an extended version of the Gronwall
lemma (see [3] or combine the two lemmas in [5, pp. 156—157]) enables us to
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conclude that
2 2 2
IWaullcr o, 7210 coqo, 717y + BllXullcoqo, ;) + XullZ2¢0, 757

2 2 2 2
< c(lleo,ully + &lixo, ullg + 1 fu1llzr o, 7.0y + 12l 0, 70r))- - (49)

Also, by comparison in (2.30), on account of (2.16) we deduce that
”5;2"’# - ﬂ,l“iw(o, T;V')

2 2 2 2
< c(lleo,uller + pllxo, wllzr + 1 £l o, 7o) + Wu2llrno, ryvny)- (4.10)

REMARK 4.1. After the proof of (4.9), a natural comment concerns the
possibility of applying the same argument to prove uniqueness, thus proposing
a variation to the method developed in Section 3.

Second a priori estimate. Assume for a moment that the graph « is a Lipschitz
continuous function. Then &, = a(y,), whence, in particular, ¢, € L*(0,T; V)
and (cf. (2.18))

jo (Ouals), Eu(s) ds = jgj(xﬂm) - Jgj(xO,n

jo (A (), Euls)) ds = j jQ 2 (1) Va2 2 0.

i

Therefore, testing (2.31) with ¢,, one obtains

M)y + | 1) Nzds < plljGo Wl + | (Fuls), Euls)) s
0 (]

where F, stands for the right hand side of (2.31) and belongs to L?(0,T;H)
thanks to (2.16) and (2.27-28). The resulting inequality still holds when «
satisfies (2.18-20). To check that, it suffices to approximate a by its Yosida
regularization (see [7-8]). Then, on account of (4.9) we infer

. 2
/‘“J(Xy)”Lw(O,T;L'(Q)) + ||f;4||L2(0, T;H)

. 2 2

< c(ulli(xo, i) + leo.ully + #lixo, ull

+ 1l oy + 1w 2llwrigo, mpry)- (4.11)

Third a priori estimate. As we have just noted, the right hand side of (2.31) is
a function F, € L?*(0,T;H). Recalling (2.7) and (2.28), we see that we can use
the H-valued function Ay, as a test function in (2.31). Arguing as above, with
the help of (2.26), (2.16), (4.9), and of well-known elliptic regularity results, it is
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not difficult to get
2 2
xullz20, 70y + #lIXull L 0, 750)
2 2 2 2
< c(lleo,ullzr + #llxo, Ml v + 11 llLro, 7y + 12110, 701))- (4.12)
Besides, a comparison in (2.31) leads to
2 2
H “athHLZ(O,T;H)

2 2 2 2
< c(lleo,ully + #llxo ullv + 150111200, 73y + W2 lwrno, 7ipry)- (4:13)

Weak convergences and first consequences. Let us split f into the sum f; + f,
with f; e L'(0,T;H) and f,e WV1(0,T;V'). Then, without any loss of
generality (cfr. (2.41)), we can assume that

fu1r— fi inLY0,T;H) and f,,— f,in Wh1(0,T; V). (4.14)

Thanks to (4.9-13), (2.42-44), and (4.14), it is clear that the estimates listed
below hold for some constant C and for any u € (0,1), namely,

IWaull w10, 7380 L2 0, 730y < € (4.15)
167w, — Suillee, vy < C (4.16)
12l 220, 7:m) < € (4.17)
Cull 20, 721y < € (4.18)
V2|l <C (4.19)

KXl =0, 15v) = .
Hxull o, romy < € (4.20)
M) o0, 701 2)) < € (4.21)

with C obviously depending on an upper bound for the norms of the data.
Then, because of well-known compactness results, there exists a triplet
(w,x,&) such that, at least for a subsequence of u tending to 0,

wy —w in Whe(0,T; HYNL®(0,T; V) (4.22)
X, —x inL*0,T; W) (4.23)
& —¢& in L*(0,T; H). (4.24)

In addition, owing to (4.14), (4.16), (4.19-20), and (4.23), we have
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0wy — fo1 — wa—fy in L®(0,T; V') (4.25)
1, =0 in L*(0,T; V) (4.26)
wx, —0 in H'(0,T; H). (4.27)

This list covers, in particular, (2.48-51). Indeed, if we show that (w,y,&) is a
solution to problem (2.52-55), the uniqueness result entails that the whole
family {(wy,x,,¢,)} is convergent both in the sense specified above and in the
sense of further convergences that we are going to deduce throughout the
proof.

Observe now that, since ¢, € 0j(x,) a.e. in Q and j fulfills (2.19), the
definition of subdifferential ensures that j(y,) < x,¢, a.e. in Q. Hence (4.17-
18) imply

”Qj(x,,) <C

Therefore, (2.19), (4.23), and the convexity and lower semicontinuity of the
functional J : L%(Q) — [0, 400,

J(v) := ”Qj(v) if j(v) e L'(Q), J(v) := +oo otherwise

yield
J(y) < lim\iglf J(x,) and j(x) e L'(Q). (4.28)
u

Clearly, (w,y,u) fulfills (2.52-53) at least in the sense of V’-valued dis-
tributions. Let us check now that w belongs to C°([0, T]; ¥)N C!([0, T); H)
and satisfies (2.55). Indeed, using (4.22), (2.33), the well-known compact
inclusion of V into H, and the generalized Ascoli theorem (see, e.g., [18, Thm.
3.1, p. 57]), we deduce the strong convergence

w, —w in C°([0, T]; H) (4.29)

whence the first condition (2.55). On account of (4.25), a similar reasoning
gives
0wy —1xf,y = w —1xf; in Co([O, T V')

and, thanks to (4.14),
dw, — w, in C°([0, T); V). (4.30)

Consequently, the second initial condition in (2.55) follows easily from (2.33)
and (2.42). As w solves a Cauchy problem for a linear hyperbolic second
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order equation with right hand side in the space L!(0,T;H)+ Wh41(0,T; V")
and initial data in V' x H, the related general theory (see, e.g., [2]) allows us to
conclude that w belongs to C°([0, T]; V)N C!([0, T]; H).

The remaining conditions stated in Theorem 2.2 are less trivial to prove
and the sequel of the section is devoted to check them. As far as (2.54) is
concerned, we make a remark at once. From (2.31) we derive the equality

2_H 2 M 2
J[ =[] wnd? =Sl + S, b

1 j.<(a,w,,(s)—@*a,wﬂ><s>,x,,<s>>ds—” M sr)r,  (431)

0 )
for any te€ (0,7] and pe(0,1). Then, from (4.31) we would like to infer
limsupJJ EuXy
w\O O

<—v]] W #2[ <ol - @ e mexopas [ awenn

1

since this inequality combined with (2.53) yields

lim sup” Euxy < “ &x (4.32)
J/ANY o O

so that (2.54) would follow from [4, Prop. 1.1, p. 42]. Let us examine the right
hand side of (4.31). The first term can be treated by lower semicontinuity
using (4.23). The second term is negative and the third one tends to 0 because
of (2.43). The fourth term is easily handled owing to (4.30) and (4.23) and
converges to the desired integral. Finally, the last term does not give any
trouble provided that ¥ € W11(0, 7). In fact, in this case, from (4.17), (2.69),
and (2.71) it follows that the sequence {¥ *x,} is bounded in H Lo, T; w),
whence it converges strongly in L2(0,T;H) by compactness. Since our
assumption (2.2) ensures only that ¥ € L'(0, T'), we have to recover the strong
convergence for {y,} in another way.

Strong convergences and conclusion. We take the difference between (2.30) and
(2.52) and test the resulting equation with the function 20,(w, — w®), where w;,
and w¢ are defined by

w, (1) +edw, (1) = wy(f) and  we(2) +edw(r) = w(r) Veel0,T].

As w, —we C°([0, T}; V)N CY([0, T); H), we can use [8, Appendix] and deduce
an inequality similar to (4.3) (by controlling the full V-norm in terms of the
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seminorm | - |, and of the H-norm of the time derivative). Hence, one easily
finds out that

19: 0w = w) DIl + 11w = WD)II

<R+ cL(na,(w —w)$)lzr + | wa = w)()I17) ds

e L 1t = ) 120w — w) () s
+ cjo 10:(fu2 = 1) 3l 10w — w) (5)l] s

+ cL 10t — 2)(5) 1 2ds (4.33)

where R;,, are real numbers tending to 0 as u \, 0 due to (2.41-42). Thanks
to the generalized Gronwall lemma (cf., e.g., [3] or [5]), it is straightforward to
verify that

19: (0w = )OIl + 10w = WD < 1 (Rau+ Ity = X 20,00))  (4:34)

for any ¢ € (0, T] and for some numerical sequence {R; ,} going to 0 as u \, 0.
Now, let us introduce the graph «, and the proper and lower semi-
continuous function j, by setting
4 . . 7,
og(z) :=a(z) — 7% 2 €D(x), and j,(z):=j(z)— 27 € R.
Owing to (2.18-20), j, is nonnegative and convex, ax = 0j,, and a4 fulfills
the same inequality (2.20) with //2 in place of /. Putting

4
Cﬂ = é,u - EX/;

from (2.32) we have {, € ay(x,) a.e. in Q, whence j, (x,) —Jjx(X) < (X, — )
a.e. in Q. We rewrite this in the equivalent form

=20 <dp () = s Ot + &l — 1) — gx(x,, —x) ae.in Q. (4.35)

NI

On the other hand, in virtue of (4.22-24) and (2.31), we can deduce that
{
(,ua,xﬂ +vA(, —x) +¢u— 2%~ G, — G) (x,6) =0 fora.a. (x,t)e Q (4.36)

where
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Gy = A0:(wy —w) = D x0y(wy —w) — ¥ (x, — X))
4
G:= —vAx—zx+/1(w,—d>*w,—~ Y xy)

both belong to L?(0,T;H). Letting ¢ >0 and multiplying (4.36) by the
function exp(—201)(x, — x)(x,t), with the help of (4.35) we obtain

/_zfat(e—ZatX#Z(x’ t)) + ve—ZUt(A(Xy - X))(xv 1)()(,, - X)(xv t) + ge——Zat(Xﬂ - X)Z(xa t)

< — poe g, 2%, 1) + pe 2 (1) (X, 1) + €72 (s () — o (0)) (3, 1)
n e“z"’(Gﬂ + G)(x,1)(x, — x)(x,1) foraa. (x,1)e Q. (4.37)

Integrating (4.37) over Q, and recalling (2.33) and the notation (4.5), calcu-
lations analogous to those of (4.4) and (4.6) lead to

SITO +v [ 105 - D6 +5 | 105~ 00 s

8}.2 t
< Ry u(t) + =5 (14 [|1@l173 0, 1) jo 10w = w)(5)lI s

+ (5 APl ) | 105 - DO (43%)

for any 7€ (0, T}, with R; ,(¢) defined by

Rop =5l + ([[ 0000 = s )

(

+ ”Q, e‘z‘”(,u(ﬁ,xu)x + G(x, — x))(x,s) dxds. (4.39)

Then we can fix ¢ in order that (cf. (4.7) and (4.8)) A|| WHU(Q < ¢/8 and get

w1l (O + jo 10t = 2)($)13ds < ea(Ra u(t) + 113wy = W)l 720, ) (4.40)

Let J. : L?(Q;) — [0,4 0] be the functional whose finite values are defined by
L () = “Q 25 (o(x,s)) dxds if ve L(Q) and j4(v) € L'(Q)).

As J}, is induced by j, it is convex and lower semicontinuous. So, the weak
convergence x, — x in L*(Q) (see (4.23)) entails that (compare with (4.28))
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timsup [| €20 () = (1)) 3.9 s < 0.
#\0 O

Hence, the second term in (4.39) tends to 0 as well as the other terms do
because of (2.43), (4.27), and (4.23). Moreover, note that

e 2% (x (0) —J# () (x,5) <j(x(x,5)) foraa. (x,5)eQ

and consequently (4.28), (4.20), (4.17) allow us to infer that the sequence {R3 ,}
is bounded in L*(0,7). Thus, in addition to

R3,/4(t) —0 Vte (0, T] (441)
by the Lebesgue dominated convergence theorem we have that
Ry, —0 inL'(0,T) aspu\0. (4.42)

We now multiply (4.40) by 2¢; and add the resulting inequality to (4.34).
We obtain

t
R4,,,(t) < 2c1¢; J R4,,,(s) ds + 2616‘2R3Y”(t) + C]Rz‘,, (4.43)
0

where

Rau(8) = 10:(wu—w) (D)7 + 1 wu—w) (D)3 + 2er (D1 + €1 1= F2(0,0-

Since we do not know whether {R;,} tends to O uniformly in [0, 7], we
integrate (4.43) from 0 to 7 € (0, 7] and, at this point, we apply the Gronwall
lemma to deduce that

J; Reslt)dt < clRaslior + Ra) Ve 0.7)

Then, owing to (4.42), the sequence {Rs, ,} goes to 0 in L'(0,T) so that, due
to (4.43) and (4.41), R4 ,(t) — 0 for any t€ (0, 7] and (2.46—47) are proved.
Moreover, (2.45) follows plainly from (4.34).

Therefore, we are ready to get (4.32) (with the full limit and the equality
sign) and the subsequent property (2.54). Finally, since all terms in (2.52-53)
belong to L!(0,T; V'), both equations are satisfied in ¥’ almost everywhere in
(0,T) and we conclude.

5. Proof of Theorems 2.4 and 2.6

In this last section we let the generic constant ¢ depend also on the norms
of the data, i.e., on the constants C, C’, and C” appearing in (2.44), (2.58), and
(2.60).
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First of all, we observe that the right hand side of (2.30) belongs to
wbLL0,T; H) + W>1(0,T; V') and that its value at ¢ = 0 belongs to H thanks
to (2.58), (2.36), (2.28), (2.16), (2.69), and (2.71). Then it turns out that
wy € CY([0, T); V)N C?([0, T]; H), which improves (2.36) and makes the next
argument rigorous. Remarking that 6,2w”(0) = f,(0), we differentiate (2.30) in

2 where wt is defined by

time and test the obtained equation with 20;wy, "
wy(1) +edw; (1) = w,(f) Vie (0,T).

Moreover, let f, = f,; + f,, where f, | and f, , satisfy
IS illwrso,rm + 1 fu2llweior <

Thanks to [8, Appendix] and (2.33), for any 7€ (0, T] we easily get

k(0)

1
sHoPwuOllz + =~ 10mwa(0)l

1 k(0
< 51401 + 5D

t
+ L 1001 (5) L1092 W, (5) s
+ 10 S 2Dy 10w (D + 10:£, 20Nl lleo, el

+ JO 107 f2 ()l 10w ()ll s + (1 (0w + K] % w) (1) |0swu()]

+ (=1 O] + 1%l 10.19) jo 100w, (s) 2l

+ (|x2(0)] + ||"5“L1(0,T))HAX,,"Lz(o,t;H)”a:ZWu||L2(o,t;H)

whence, owing to (2.58), using the trivial inequality ab < a(1 + b?) for a,b > 0,
and replacing the seminorm with the full ¥-norm by adding ||d,w,(?)|| ,zq (which
is already bounded because of (4.15)), we can write

02wu ()l + llowu (D113

t
<o [ el + 10, o

n L e+ 11052y )|ow(5) 1 ds

and (2.59) follows from an application of the Gronwall lemma.
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Next, assuming (2.60), we work on (2.31) proceeding formally. In fact, a
rigorous argument would need, e.g., the Yosida e-regularization «® of « (¢ > 0)
and the approximation of the initial datum x, , in (2.33) by the solution x§ , €
W to the elliptic problem

—vAxgy# + ae(x&#) = —vAxy , + %oy ae. inQ
OnXo, =0 ae.onl

which is well-defined because of the coerciveness property (cf. (2.20))

l
(¢%(z1) — a%(22))(z1 — 22) = m(zl —2)? Vz,z2€R, Ve>0.

By (2.37-38) it is not difficult to check the convergences
Xou— Xou MV
AX(E),;; - AXO,;U as(XS,#) - éO,y in H

as ¢ \ 0, so that one can perform the computation below on the approximating
scheme and then pass to the limit via the methods used, for instance, in [7-8].

Let us come to the formal estimate. First we have to recover the initial
value of d;x, from (2.31), (2.33) and to remark that the formal derivative o is
bounded from below by ¢ because of (2.20). Then we differentiate (2.31) in
time and take the scalar product with exp(—20s)d;x,(s) at the same instant
s€(0,7T), o being a positive parameter. Observing that 0,(¥ * x,) = ¥xo, +
¥ * 0, and recalling (4.5), the integration from 0 to e (0,7] and already
familiar computations lead to

t t
ﬂ — — —
SIBL O+ | B0+ ¢ | 1326
1 I .
< 2 IvAx0,u + €o,u — A€0,ully + ), 10:x,,(s) | rds

t
+ | 0w+ Norw,)s + It ) s

t

+ APl L 1) .

Choosing a suitable o, on account of (2.59-60) we get the bound

2 2
0l L= 0, 70y + 10 ullL20, 70y < €

whose combination with (4.17) yields (2.61).
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Let us now prove Theorem 2.6. Estimate (2.62) can be derived by
repeating the arguments used in the proof of (4.9). In fact, consider (2.30) and
(2.52), take the difference, test it with an approximation of 20,(w, — w), and
integrate over (0,¢). Then, take the scalar product of the difference between
(2.31) and (2.53) with exp(—2as)(x, — x)(s), s€ (0,7). Moreover, use (2.32),
(2.54), and (2.20). The modification with respect to the procedure followed in
the previous sections concerns the term coming from ud;x,, which can be
handled on the right hand side this way

_u L @aals), (7 — 7)(s)>ds

£ a2 # 2
< 2 )10~ DOds + 4 | o (51)

Now, the first integral on the right hand side is controlled by the left hand side
of the formula corresponding to (4.6), while the last term of (5.1) gives a
further contribution. Moreover, we notice that, contrary to (4.9), the initial
value (yx, — x)(0) does not provide any contribution to the right hand side.
Summing up, we obtain

2 2 2
lwu = wlle o, 71600 coo, vy + 1 = Xl 20, 70y < CﬂzllathHU(o, T;H)
2 2 2
+ c(lleo,u — eolliy + 11 = fillmro, 7y + W2 = Ll rvny)  (5:2)

from which (2.62) is easily achieved taking (2.61) and (2.64) into account.
Finally, we show (2.63). As before, we test the difference between (2.31)

and (2.53) by exp(—20s)(x, — x)(s), but we do not integrate the resulting

equality with respect to s. Then, thanks to (2.71-72), we simply have

T~ DO + 5108 - DO

2

1
< ”atX,,(S)”ff +2(1 + 1Pl 10, T))ZHWﬂ - W”él([o,n;y)

SR

+ 1@l 10,1 — Zlogo, 7y for 2.2 s € (0, 7). (5.3)

Taking the essential supremum and fixing o such that |¥|| Lo,m) < ¢/4, from
(5.3) and (5.2) we infer that

2 2
llx, — xllcoqo, vy < Cﬂzﬂat)(,,“y(o, T;H)

2 2 2
+ C(”"O,u —eolly + ||fy,1 - h ”Ll(O, T.H) T ”fu,z - fz”wl-l(o, T;V'))
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for x, — x is continuous from [0, 7] to V. Therefore, since ﬂ||5t)(,4||12,w(o, ) 1S
uniformly bounded thanks to (2.61), it turns out that (2.63) and Theorem 2.6
are completely proved.
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