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ABSTRACT. We determine the group strucures of the 2-primary components of the

homotopy groups of the rotation group nk(Rn) for k = 17 and 18 by use of the fibration

Rn+l/Rn = S".

Introduction

We denote by Rn the n-th rotation group. We know the homotopy
groups πk(Rn) for k < 15 by [7]. According to [9] and [8], the group structures

of nk(Rn) for k < 22 and n < 9 are known. For k — 15 and 16, we know the
2-primary components of πk(Rn) ([5]). We denote by Uk(X : 2) a suitablly
chosen subgroup of the homotopy group πk(X) which consists of the 2-primary
component and a free part such that the index [uk(X) \n^(X\ 2)] is odd. The
purpose of the present note is to determine n^(Rn : 2) for k = 17 and 18.

Our method is the composition methods developed by Toda [17]. We

freely use generators and relations in the homotopy groups of spheres πn+k(Sn)
for k < 18. In determining π\%(Rn : 2), the precise informations of the gen-
erators of πn+\%(S") for 10 < n < 12 ([14]) are essentially used. Our main tool
is to use the following exact sequence induced from the fibration Rn+\/Rn = Sn:

(k\ πM(S") Λ nk(Rn) ί πk(R»+ι) ^ πk(S") 4 π*

where / : Rn^>Rn+\ is the inclusion, p : Rn+\ — » Sn is the projection and A is

the connecting map.
The metastable range is obtained from the splitting ([2]):

πk(Rn) ^ π^Rao) ® πM(V2n,n) fork<2n-l and n > 13,

where Vm,r = Rm/Rm-r for m > r is the Stiefel manifold.
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By use of this splitting and [13], we have πk(Rn '• 2) for k = 17 and 18 with

n > 13. So our main task is to determine the unstably metastable range, that

is to say, to determine πk(Rn) for k = 17 and 18 in the case 10 < n < 12.

Especially determinations of 4(π\s(S9)) and Ker{/l : πιg(S'10) — > ππ(/?ιo)}

play an essential role to get our result.

We use the notations and results of [5] and [17] freely. For an element

α € πk(Sn), we denote by [α] e πk(Rn+\) an element satisfying pt[<x] = α. Though

[α] is only determined modulo Imz* = it(πk(Rn)), we will sometimes give

restrictions on [α] to fix it more concretely. We set [α]m = ι«[α] € πk(Rm),

where / : Rn+\ <-> Rm for n + 1 < m is the inclusion. We state our result.

THEOREM 1. (i) π,7(Λ3 : 2) = Z2{[//2]ε3v
2,};

π17(Λ, : 2) =

: 2) = Z8{[v4

2]6σ10} Θ Z2{[v5]μ8} φ Z2{[v5]v|

(ii) πn(RΊ : 2) = Z8{[v6+ε6]vι4} θ Z8{[v|]7σ,0} Φ Z2{[v5]7//8} φ

πn(Rs : 2) = Z8{[v6 +ε6]gv14} φ Z8{[v2]8σι0} Φ Z2{[v5]8μ8}

θ Z2{[/76]8^7Ju8} θ Z8{[ί7]v7σιo} φ Z2{[n}η1μ&

πί7(R9 : 2) = Z8{[/7]9v7σ10} θ Z2{[v5]9//8} θ Z2{[*7]9τ/7/u8}.

(iii) πn(Rιo : 2) = Z4{[z7]10v7σιo} φ Z2{[/7]10/77/ί8};

πΠ(Λιι : 2) = Z2{[ί7]11v7σιo} ® Z2{[iτ}nη7μs};

πl7(Rn : 2) = Z2{[ιΊ}nη7μs} for n = 12, 13 and 14.

(iv) π,7(Λi5 : 2) = Z2{[ι7}l5η7μ&} φ

: 2) = Z2{[z7]16/77l«8} φ Z2{[?/2

4]16v16} θ

: 2) = Z2{[j7]17?77μ8} φ Z2{[//15]17τ/16};

: 2) = Z2{[ί7]18^7i«8} θ Z{[2/17]};

n : 2) = Z2{[z7]Π//7yu8} /or « > 19.

THEOREM 2. (i) πw(R3 : 2) = Z2{[/72]ε3};

πιg(Λ, : 2) - Z2{[^2]4ε3} φ Z2{[ί3]ε3};

: 2) = Z8{[v4C7]} θ Z2{[/3]5ε3};

: 2) = Z8{[v4C7]J θ Z4{[v5]σ8v15} θ

(ii) πιg(Λ7 : 2) = Zι6{[2[*6, ι6]]σn} φ Z8{[v4f7]7} φ Z2{[v5]7σ8v15};

: 2) = Zι6{[2[z6,/6]]8<7U} ®Z8{[v4C7]8} θ Z2{[v5]8σ8vι5}

ΦZ8{[I7]C7}ΦZ2{[I7]V7V15};

(iii) πls(Rι0 : 2) = Z32{[[/9, K)]ηιη}}

: 2) = Z8{[ε10]};

i2 : 2) = Z16{[2σn]} φ Z4{[ε10]12 - 2[2σΠ]}.
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(iv) π ι 8 ( Λ i 3 : 2 ) = Z8{[v?2]};
n : 2) - Z8{[v?2]J for n = 14 and 15;

: 2) = Z4{[vι5]18};

:2) = Z2{[vi5]19};

n : 2) = 0 /or n > 20.

1. Some relations among elements of πk(Rn)

First of all, since Rn is a Hopf space, we have the following formula;

for oL,βeπk(Rn) and γεπm(Sk).
We recall a formula

for vLeπj+\(Rn) and βeπk(Sj).
Let / : π* (ΛΛ+ι ) — > π^+rt+ι(5r/ί+1) be the J homomoφhism ([18]). We have

a formula

for αeπ/^n+i) and βeπk(SJ).
Concerning the exact sequence (k)n, the following formulae hold:

J(uβ)=Σ(J(β}}

where H : πk+n+\(Sn+l) — >• TTAr+w+iC^2^1) is the Hopf homomorphism and [ ,/„]
is the Whitehead product with the identity class ιn of Sn.

Hereafter we only deal with the homotopy group π^(X : 2) and it is
denoted by πk(X) for simplicity.

We recall the following elements given in [5]; [η2] eπ3(^s)? [^3] eπa^),
[v5] E πs(R6), [ηβ] e πΊ(R7), [ιΊ] e π7(^8), [v|] 6 πw(R5), [η5εβ} e πι4(^6) and

The elements [13] and [/y] are represented by the multiplications of the
quaternions and Cayley numbers, respectively. The relations of Aι$ and Δι% in
(i) of the following lemma determine [η2] and [η6], respectively. [v$] and [v|]
are unique, [η^β] and [ve + £5] are fixed in (ii) of the lemma. The following
result is an improvement of that of [5].
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LEMMA 1.1. (i) ΔH = 2[ι3] - [ι/2]4,^v4 = (M + αfoUK for 0 < a < 3,

Δv5 = 0, Δη6 = 0, Δvf, = 2[vs], Λί8 = 2[ι7] - fo6]g,

= Nll v7

(ii) J[iη\ - σg, J[η6] = σ', J[v5] = v6 + £6, J[v%] = v5σ8)

and J[v6 + εe] = σ'σ\4.

(iii) Λ([ί6,i6]) = [v5K
2 + 4[v4

2]6.

(iv) [%] V7 — b[v%]7 for an odd integer b.

(v) [ηβ}σf = 4[v6 + β6] -f [v5]7v8

2 + [η5ε6}Ί.

PROOF, (i) is obtained from Table 3 of [5],

J[iη] = σ% is the Hopf class. So, we have

Σ2J(η6] = Σ(J[η6]s) = Σ2J[ιΊ] - /(/^ι8) = 2σ9 = Σ2σf.

It follows J[η6] = σ' since Σ2 : π\4(S7) — > n\e(S9) is monic.

From the relations H(J[vs\) ~ v\\, H(vβ) = v\\ and H(εβ) = 0, we have

J[vs] — ^6 or V6 + £5- Since the stable J-image of the 8-stem group is generated

by v + ε, we have J[vs] = \>β + ββ.

Since H : π\s(S5) — > πιs(59) has the kernel {η^μ^} and since in the stable

10-stem group the /-image is trivial and ημ φ 0, the third relation is obtained

from the fact H(v$σ%) = Σ(v4 Λ V4) = v|.

By [17], we have

#(•̂ 6]) = ?ιιβi2 = */πσi3 + v?! = #V>13 + H(v6)v2

4 = H(σ"σn + v6v?4).

So9.J[ηsεβ] = σ"σι3 + v6vf4 mod ImΣ = {2σ"σι3}. By Table 2 of [5], 2[η5ε6] e

i*ni4(Rs). Then the fifth relation follows by choosing a representative of [η5εβ]>

Similarly the last relation is obtained from the relations

H(J[v6 + εβ]) = vι3 + ei3 = 1713^14 = H(σ'σ\i)

and that ImΣ = {2σ'σ\4, v-jv2

5} — J(Imz*), completing the proof of (ii).

In the exact sequence (10)6, we know that πιo(^ό) = ^s{[v4]6} θ
Z2{N^8} and ^10(^7) = Z8{[vl]7} by Table 2 of [5]. So we have A[ι6,ι6] =

[v5]ι/| -f 4x[v|]6, where x = 0 or 1. By [12], we have /J([ϊ6,ι6]) = [/6, [ϊβ^β]] =

0. By Lemma 6.3, (7.10) and Theorem 7.3 of [17] and by (ii), we have

J([vs]nl) = (vό + £5) o 17^4 = ηlε* = 4v6σ9 φ 0

and J[v%]6 — v^σg. So we have x = 1. This leads us to (iii).

Applying the /-homorphism / : U\Q(R-J) — > π\η(SΊ), (iv) is obtained from

the relation σ'v^ = Jcvyσio for an odd integer x by (7.19) of [17].
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Since p^([η6]σf - 4[v6 + εβ\) = η^σ' - 4v6 = 0 (p. 64 of [17]), we have

[1*}°' ~ 4fa + fiβ] e /*π14(^6) - Z8{[τ/5ε6]7} Θ Z2{[v5]7v8

2}

by Table 2 of [5]. So we have

[η6]σr = 4[v6 + fiό] + *N7v8 + Mtfs^h for integers x and 7.

We know ([17]) that ε5vι3 = 0, 2κΊ = vηv\5 mod 4σ'σι4 and π2ι(S7) =

Z8{σ'σι4} 0Z4{κ:7}. So, by (ii) and (iv), we have

2σ'σ\4 = 4σfσ\4 -f xv-jv^ ± 2yσ'σ\4

Therefore y = 1 mod 4 and * is odd. By a choice of [η^β]η modulo 4, we

can put y = I and Λ: = 1 with J[η5εβ] in (ii) unchanged. This completes the

proof. Π

LEMMA 1.2. (i) A(Σσ') = 2[ιΊ]σf + 4[v6 -h ε6]8 + [vs]8v| - [ι/5e6]8.

(ii) J(J8 = [ϊ7]σ' H- c[v6 + ε6]8 mod {[v5]8v|, [//5^]8} for an odd integer c.

(iii) [η5£6\ηi4 = 4[vs]σ8 + [v4σ
/i714]6 ΛΛέ/ [^5^]7̂ 14 = [v4^i714]7.

(iv) [v6 4- ε6]^/ι4 = [η6](v7 -h e7) mod {[v5]7σ8, [v4σ
r//14]7}.

(v) zlί79 = [v5]9σ8 + [z7]9v7 -h [iι]9εΊ + [iι]9σ'ηl4.

PROOF. By Lemma 1.1,

A(Σσ'} = (2[n] ~ [%]8) ° σ' = 2[n]σf - 4[v6 + ε6]8 - [v5]8v8

2 - [>/5β6]8.

This leads us to (i).

By Sugawara's theorem ([16]), we have p*Δσ% = σ1 ', and so

- [ι7]σf e ι*πι4(Λ7) - Z8{[^5ε6]8} 0 Z8{[v6 + ε6]8} θ Z2{[v5]8v8

2}

by Table 2 of [5]. We have

zfσ8 = [ι7]σf + x[v6 H- ε6]8 + ^[vs]8v8 + z[η5ε6}^ for integers x,y and z.

By [1] and [12], we have

JA(σι) = [<τ8, ι8] = [is, ι8] o σi5 = (2σ8 - Σσ') o σJ5

in π22(*S'8) = Zι6{σ|} 0 Z8{ZV o ̂ 15} 0 Z4{κ:8}, where 2κ:8 = v8vf6 mod 4ΣσΌ

σ\s ([17]). Hence, by Lemma 1.1. (ii) and the fact ε8v^6 = 0, we have

(2σ8 — Σσ1) o ^15 = JΔ(σ%) = 2σ8 -h xΣσ' o ^15 — 2z27σ' o σ\$ + (j + z)v8v^6.

So x is odd. This leads us to (ii).
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Since η^ε-j = 4vsσ8, we have

[η5^}η\4 ~ 4h]σ8 6 i*πl5(R5) = Z2{[v4σ'ηl4}6}

by Table 2 of [5]. So, by Proposition 2.1 of [5], we have

\4 = 4[v5]<78 + *[V4 Aide and

for X = 0 OΓ 1.

By Proposition 2.1 of [5], the exact sequence (15)8 is the form:

This implies that A : π\β(Ss) — > π\$(R%) is monic. By Lemma 1.2. (i), we have
Δ(Σσ'ηl5) = Δ(Σσ')ηu = [η^6\^\4 for one of the generators Σσ'ηl5 of πi6(58).

Then [η^]^n\4 ^ 0> and hence we have x=l. This leads us to (iii).
Since p^([v6 + εβ}ηu - [η6](vΊ + ε7)) = v6ηH + ε6ηu - η6vΊ - η6εΊ = 0, we

have

by Proposition 2.1 of [5]. This leads us to (iv).

By (7.4) of [17] and Lemma 1.1. (i), we have

= [v5]9σ8 + [iι]9vι -f [ιΊ}9εΊ + [iι]9σ
fηl4.

This completes the proof. Π

Finally we show

LEMMA 1.3. [η5ε6]9ηl4 = [v4σ^14]9 = 0, [τ/6]9v7 = 0, [η6]9εΊ = 0, [η6}9μΊ = 0,
V V = ° and σ/// = [V6 +

PROOF. By the proof of Lemma 1.2. (iii), we have the first relations.

By Lemma 1.1. (i), we have zfv8 = fods^, ^^8 = fodβ^ and zl//8 = [^Is
So we have the second, third and fourth relations.

By Lemma 1.1. (i) and (iv), Δv\ = [ηβ\svι = [V4]sv?o °̂ we ^ave ̂
relation.

By Lemma 1.2.(ii),

^(^8^15) = (^8)*7i4 = [iι}σ'ηl4 + [v6 + ε6]8^i4 + d[η5ε6]^ηl4 for d = 0 or 1.

So we have the last relation by the first. This completes the proof. Π
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2. Determination of π\η(Rn : 2)

Since πn(R3) ^ π{Ί(S3), πιΊ(R4) ^ πl7(R^ 0 π17(S3) and ππ(S3) =
Z2{ε3v^}, we have the first two of Theorem l.(i).

For n>4, we will determine the group π\-j(Rn+\) by applying the exact
sequence

(!?)„ πl8(S") Λ πiΊ(Rn) ±> πlΊ(Rn+{) ^ Kerzί -> 0,

where Im;?* = Kerzf for A : n\Ί(Sn) — > π\β(Rn) and the results on this Ker A
will be referred to Proposition 4.1 of [5].

In the exact sequence (17)4, Kerzf — Z^{v4σ\o} for A : π\-j(S4) — > π\β(R4)

and πι8(54) = Z8{v4C7} ® Z 2{v 4V7Vi5} 0 Z2{ε4v^2}. By Lemma 1.1. (i), we
have

Zf (V4C7) - ̂ (V4)ί6 = ([13] + %2]4Xί6 = 0,

because v'£6 6 v'{v6, 8z9, 2σ9} = -{v;, v6, 8/9} o 2σι0 C 2πι0(5'3) o σ\o = 0.
We also have

Zf(v4v7v1 5) = ([13] + a[η2]4)vfv6vl4 = ([13] + a[η2]4)ε3V2

n

and

v2

n] = (2[ι3] - [//2

because v'v6 = ε^vu by (7.12) of [17]. So we have π\1(R5) = Zg^v^σio}.
In the exact sequence (17)5, π\s(S5) = Z2{v5σgvi5} © Z2{v5//8//9} and so

we have A(n\%(S5)) =0 since Av$ = 0 by Lemma 1.1. (i). Also we have that

Kerzl has a Z2-basis {vsα = />*[v5]α} for α = v|,//8 and η^. Then the se-
quence (17)5 splits, and π \ j ( R 6 ) is determined.

In the exact sequence (17)6, π\^(Sβ) = Z\β{[i6^6\^\ι} and Kerzί =
Z2{^8}®z4{(v6+£6)vi4} for A : πΠ(S6) -> πlβ(R6). A(π^(S6)) is gen-

erated by 4([j6,i6]σn) =Λ([/6, i6]) °σιo. By Lemma l.l.(iϋ),

Λ([*6, ι6]) ° σio = [v5]i78^io 4- 4[v^]6σι0 = [v5]v8

3 + [v5]//8ε9 4- 4[v^]6σι0,

because η\σ\$ = v| + ̂ £9 by (7.3) and (7.4) of [17]. Therefore we have

i*πιΊ(R6) = Z8{[v4

2]7c7io]} © Z2{[v5]7//8} 0 Z2{[v5]7v
3}

and the following exact sequence (17)6:

0 -> Uπn(Rβ) -> ππ(^7) -»• Z4{/?Jv6 + ε6]vι4} © Z2{/7,[^6]//7//8} -> 0.

In order to determine this extension, we recall the following result on the
fibering G2/SU(3) = S6 from p. 166 of [8].
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LEMMA 2.1 (Mimura [8]). 4<v6vι4> = 4[vf]'v^ in n\Ί(G2 : 2) = Z8

{<V6Vi4>} 0Z2{<τ/6>μ8}. Here <α> /or αeπ^(*S6) w <2« element satisfying
X<<*> — α /<?r Άe projection p' : G2 — > S6 am/ [/?]' /or /? e π^(»S5) w 0« element
satisfying p"[β\' = β for the projection p" : SC/(3) -» S5.

Now we show

LEMMA 2.2. (i) v5σ8//15 = v5ε8.

(ii) [v5]<J8*/i5 = [v5]ε8 mod {[v4σ'ηl4\6ηl5, [vj]6vf0}
mod

(iii) 4[v6+β6]vι4 = [v5]7v| mod 4[v|]7σιo and [v6 + £6]vι4 is of order 8.

PROOF. We know the relation of (i) (p. 152 of [17]). Here we show
a proof given by Oda. We know vsσ8 e {v5,2v8, v\\}l mod 2(v5<78) and £56
{2v5,V8,i7 n}modO. So we have v5σ%ηl5 e {v5,2v8, v\ι}l oηl5 = v5Γ{2v7, VIQ,
ηl3} 3 VζSs mod v$Σσfηl5 = 2(v5<78)?/15 = 0. This leads us to (i).

We have [v5]σ8//15 - [v5]ε8 e i*πl6(R5) = {[v4σ'ηl4]6ηl5, [v^]6vf0} by Propo-
sition 4.1 of [5]. So we have (ii).

The double covering induces isomorphisms of πk(Spin(n+l)) onto
πk(Rn+\] compatible with the projection homomorphisms to πk(Sn). So we
use the same notation [α] 6 nk(Spin(n + 1)) as in πk(Rn+ι) Since ε^vu = 0 by
(7.13) of [17], we have p*([v6 H-fiβlvw) = V6Vu = X<v6vι4>. Let i':G2^
Spin(Ί) and i" : SU(3) ^ Spin(l) be the inclusions. Then, by the naturality,

we have /Xv6vι4> = [v6 -hε6]vι4 mod i*π\Ί(R6) and ^([v^'v^) = [v|]v^ = [v5]v|

moά il(i*π\\(Rs}) o vl^Q, because πn(^5)=Z2{[/3]5£3} and [ί3]5ε3Vn 6 πu(Rs)
= Zι6{[2v4σ

/]} by Table 2 of [5]. Then Lemma 2.1 implies that 4[v6 + εβ]v\4 =
[vs]7v| mod4/*πi7(Λ6) = {4[v4J7σι0}. From the exact sequence (17)6, we have
the second half of (iii) and completes the proof. Π

By the exact sequence (17)6 and Lemma 2.2, we have the group n\η(Rη).

Since πk(R%) =nk(Rη} ®nk(SΊ), we have the group n\η(R%).
We consider the exact sequence (17)8. First consider the image of A

for generators of πi7(S8). By Lemma 1.2, we have Δ(Σσ'η\^) = [η^}^l\4 —
[v4σ^14]8?/15. By Lemma 1.1. (i) and (iv), we have

Δ (v8

3) = Δi* o v^ = [>/6]8v7

3 = [v|]8vf0, Δ(η^9) = [η6]%ηΊε% and Δμ* = [//6]8μ7

By Lemmas 1.2 and 1.1. (iv), we have

-h [//6]8 (v7

+ v mod
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We see in Proposition 4.1 of [5], that these zl-images are independent in

π\β(R^). Thus Ker A = 0, and z* : πι7(.R8) — » ^17(^9) is an epimorphism.
Next we consider Ker/* = Δ(π\%(S*}}, where πι8(S8) = Z8{σ8vιs} 0

Z8{v8σn} 0Z2{τ/8μ9}. By Lemma 1.2.(ii), we have

= [ϊ 7]σvi4 + C[V6 4- £6]8Vi4 4 .yv5]8v8 + z

= x[iι]v7σιo 4 c[v6 4 £6]8v14 + Mv5]βv8 4-

because σ'vu = xvjσ\o for an odd integer x by (7.19) of [17] and [η5ε^]v\4E

i*πn(R5) = Z8{[v2]6σ10}.

By Lemma 1.1. (i) and (iv), we have

= (2[ι7] - [//6

and Λ(ηsμ9) = [^Is7/?^- This determines the group πι7(^9). Next we show

LEMMA 2.3. (i) [v|]9σι0 = 2[ιΊ]9vΊσiQ and 4[v6 +ε6]9vi4 = 4[ί7]9v7cτι0.

(ii) [v6 + ε6]ηi4 = [%](v7 + e7) + [v5]7σ8 mod [v4σ^14]7, [v6

= 4[/7]9v7σι0.

(iii) [/7]9σ^f4 = [v6 +

(iv) [v5]9σ8^15 = [v5]9ε8 and [v5]9η^9 = [v5]9v8

3 = 4[z7]9v7σι0.

(v) [v6 4- εό]9vi4 = d[ί7]9v7σιo /or ΛΛ orfrf integer d.

PROOF. Since Δ(v%σ\\) = 2[ij]v-jσ\o — [v^gσio, we have the first half of

(i). So we have 4[v|]9σιo = 0. Therefore, by the above calculation of

^(^svis), we have the second half of (i).

By Lemma 1.2.(iv), we can set [v6 + fiefon = [%](^7 + ε?) H- *[vs]7<78 +

y[v4σfηl4]Ί for x, y = 0, 1. By Lemma 1.3, we have [ϊ?6

[%]9(v7 4- β?) + ̂ [v5]9σ8. So we have

= [V6 4- I

Since [//6]9(v7+£7)^5 = [//6]9(v7

3+4v6σ10) = [v|]9v^0+ 4[v|]9σι0 = 0 by (i) and

Lemma 1.3, we have 4[v6 + £o]9vi4 = χ[v5]9

σ"8?/?5 By (i), we have x[v5\gθ^η\5 =
4[z7]9v7GΓιo. By the group structure of π\j(R9), we have 4[/7]9v7σι0 Φ 0. Hence
we have x = 1 and this implies the first and third assertions of (ii). The second
relation follows from the first and Lemma 1.3. This leads us to (ii).

By the last relation of Lemma 1.3, we have the first equality of (iii). The
second relation of (ii) implies the second equality of (iii).

The first relation of (iv) follows from Lemmas 1.3 and 2.2.(ii). Then, by

(ii), we have
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By (i) and Lemma 2.2.(iii), [vs]9v8 = ^[iι]9v-jσιo. This leads us to (iv).

We recall Λ(σ8vι5) = x[iτ\v7σw 4- c[v6 + ε6]8vι4 4- j[v5]8v8

3 4- z'[v|]8er10, where
x, c are odd integers and y, z1 are integers. So, by (i) and (iv), we have the
assertion of (v). This completes the proof. Π

We consider the exact sequence (17)9. By Lemmas 1.1. (v) and 2.3. (iii), we
have

We also have

Av9 = [v5]9v8 + [ϊ7]9V7 and Aε9 = [v5]9ε8 -f- [

So, by Proposition 4.1 of [5], A is a monomorphism and /* is an epimorphism.

By Lemma 2.3. (iv), we have

J(v^) = A(vg)ηl6 = [v5]9v8

3

and

= 0.

By Lemma 1.1. (i), Aμ9 = [vs]9μB + [/7]9>/7^8- since ['9, ι<>}η\ι = ^9η
2

l6 4-
we have

Kerzf = Z2{^/9ειo} ΘZ2{[ί9,/9]//ι7}

for J : πi8(S9) — > ππ(^9) and we obtain the group ππ^io).
Next we consider the exact sequence (17)10. By (4.7) of [5], we know
= [2σ9]. So /* is an epimorphism. In the exact sequence (10)10,

) = Z4{[/7]ι0v7} and πιo(Λιι) = Z2{[/7]nv7} by Table 2 of [5]. So we
have Aη^ = 2[/7]10v7. By this result, we have Δ(η^σ\\) = 2[z7]10v7σιo. Since

JdtiLViVs} = Wn+ifitn+t ^ ° for n ^ 8

?

 we have ^^ιo or Aεw = 0. This
determines the group ππ(R\\).

In the exact sequence (17)n, Δ(σ\\) = [/7]Πv7σιo by Lemma l.l.(i). By
Proposition 4.1 of [5], A : πι7(5n) — >• π\β(R\\) is a monomoφhism. This

determines the group π\η(R\2) = Z2{[/7]12^/7^8} Since [z7]ι2^7yW8 survives
stably, we have A(π^(S12)) = 0 and we obtain the groups πn(Rn) for n = 13
and 14.

In the exact sequence (Ί7)14:

0 - TΓπίΛu) ̂  πl7(Rls) ̂
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we have Av\4 = [2vπ] by (4.11) of [5]. So, by Proposition 4.1 of [5], we have
Kerzf = Z2{τ/ι4}. Therefore we settle the group π\-j(Rιs).

By Table 2 of [5], we have Aι\5 = [v6 + ε β ] l 5 . We know the element [ηl5] e
^lόC^iό) of order 2 by Proposition 4.1 of [5]. In the exact sequence (17)15,
there exists an element [ηl5]ηl6Eππ(Rι6). Since [/7]12v7σιo = 0, we have

= [V6 +£6]ι5Vl4 = [ll]ι5Viσιo = 0

by Lemma 2.3. (v). This determines the group πn(R\β).
By the results of πιβ(Rn), n\η(Rn} = Z2{[ί7]rtτ/7μ8} for n>l9 and by the

exact sequences (11) n for n = 16, 17 and 18, we have the rest of Theorem
1. This completes the proof of Theorem 1.

In the above arguments determining π\η(Rn) for n = 11 and 12, we have
the following result.

LEMMA 2.4. Aηw = 2[ι7]10v7 and [v6 +eβ}l2vι4 = [ί7]12v7σιo = 0.

3. Determination of πlH(Rn : 2)

First we recall the following result obtained from (10.7), Lemma 12.12

of [17] and Propositions 2.13.(7), 2.17.(7) and (11) of [15].

LEMMA 3.1. (i) vβpf = 0 mod 2ζ6σ\j.

(ii) σ"ίi3 = ± 2£6σπ and σ'Cπ = xζησ\* far an odd integer x.

(iii) μ3εn = η^μ^i^ mod 2e'.

Since π\s(S3) = Z2{β3}, we have the groups π\^(Rn) for n = 3 and 4.
In the exact sequence (18)4, we recall Kerzl = Zs{v4C7} for A : π\%(S4) -^

π\j(R4). We know πi9(S4) = Z2{ε4J and we have Aε^ = A(ι^)ε^ = {η^ε-s by

Lemma 1.1. (i). Since v4£7 e V4{v7,8/ι0,2σιo} e {v|,8zι0,2σι0}, we can take

[v4C7] as an element of {[v^],8iιo,2σι0}. We have 8[v4C7] e 8{[v|],8ϊι0,2σι0} =
-[v^] {8iιo,2σιo,8ϊι7} 9θmod 0. This shows that π\ι(R5] ) = Z8{[v4C7]} ®

We show

LEMMA 3.2. J[v*ζη\ = Csσi6 mod v5ε8 and /[v4C7]6 = ζβ^n

PROOF. We know that H(ζ5) = 8σ9 by Lemma 6.7 of [17] and that
HJ[v4ζΊ] = v9ζ20 = 8σ% by (10.7) of [17]. So we have J[v4ζ7] - ζ5σι6 e
Σπ22(S4) = {vsε8,η5μ6}. Since ζσ = 0 in the stable 18-stem and ημ is not
in the stable /-image, we have the first half. We know vβfy = 0 (p. 148 of

[17]). This leads us to the second half and completes the proof. Π

We show
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LEMMA 3.3. (i) 2[v5]v8 = [iι]6ει and [1^3 = 0.

(ii)

PROOF. By the exact sequence ( l l ) π for n = 5,6 and Table 2 of [5], we

have (i).

Since πn(Rι) = Z{[2[/6,z6]]} Θ Z2{[v5]7v8}, π18(S7) - Z8{C7} θ Z2{v7vι5},

/([vsjvg) = (v6 + £5)^14 = V 6 V i 4 and vι0vι8 = 0, we have (ii) by the choice of a

representative [2[/6,*6]] This completes the proof. Π

Next we show

LEMMA 3.4. (i) [1^83 = 0.

(ii) 2[v6]<78vι5 = [i3]6fi3.

(iii) [v4ζΊ}7 = [η6]ζ7 mod 8[2[ι6, iβ]}σ\\.

PROOF. We know that ε3 e {fi3,2in, v\λ} e πn(S3) (p. 97 of [17]) and

πι2(Λ7) = 0 (Table 2 of [5]). So we have [ι3}Ίε3 e [ι3]7{e3,2iιι, v f j =

-{[z3]7,£3,2ίπ} o vf2 C 7112(^7) o v^2 = 0. This leads us to (i).

We know πιs(S5) = Z2{v5σ8vι5} 0 Z2{v5//8μ9} and πι9(S5) = Z2{v5C8} θ

Z2{v5v8vι6}. By the fact Av5 = 0 of Lemma 1.1. (i), A(π^(S5)) = 0 and

= 0. So we have [ίs]6e3 / 0 and that πιs(Rβ) is generated by

σ8vi5, [V5\η*μ9 and ['slβ^ Since πi9(*S6) = Z2{v6σ9vι6} and

= 2[v5]σ8vι5 by Lemma 1.1. (i), the kernel of 4 : πι8(^6) -» πι8(^7) is

0 or Z2 generated by 2[v5Jσ8vi5. Since [13]^ φ 0 and [13]^ = 0, [13]^ is a

non-zero kernel of /*. This leads us to (ii).

Since [τ/6]v7 = 6[v|]7 by Lemma 1.1. (iv), we have

mod [v4

2]7πι8(510) + πu(^7) o2σπ.

So we have [η6]ζΊ = b[v4ζΊ}Ί mod 2[2[ι6,ι6]]σn. For [v|]7ει0 = [η6]v7εw = 0,

[vllyvio = [%]v7Vio = 0 and πn (R7) = Z{[2[/6, ι6]]} by Table 2 of [5]. Therefore

we have [v4C?]7 = [rjβKi + 2*[2[z6,i6]]tfn f°r an integer x. We have ^[v^?]? =

0 and /?J2[z6,*6]]0"ιι = 2[/6,/6]σn is of order 8. Since

ηsζβ € //5{v6, 8z9, v9} = -{175, v6, 8z9} o VIQ C πιo(55) o VIQ = 0,

we have p*\n(\ζη = η(>ζι = 0. This leads us to (iii) and completes the

proof. Π
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By Lemma 3.4.(ii) and its proof, we obtain the group π\z(Rβ).

In the exact sequence (18)6, we know π\z(S6) = Zi6{[/6,*6]0"n} and

6]tfn) = (N//82 + 4[v4]6)σιo = NV| + [v5]//8ε9 + 4[v|]6σι0.
By use of the fibering G2/SU(3) = S6, Mimura obtained the relation

8<2[ϊ6,ϊ6]>σn = Ϊ*[v5i78/i9] in πι8(G2 : 2)

(p. 166 of [8]). By a parallel argument to the proof of Lemma 2.2, we have

LEMMA 3.5. 8[2[/6,/6]]σι0 Ξ [v5]7^8//9 mod4[v4C7]7 and [2[ι6,i6]]σn is of
order 16.

This lemma determines the group π\z(Rj). By Theorem 7.4 of [17], we
know that πn+n(Sn) = Z8{C«} ® Z2{v/ίvrt+8} for n = 7,8 and 9. So we have
the group π\%(R%).

In the exact sequence (18)8, Δ : πι8(S8) — » πn(R&) is a monomoφhism by
the argument determining π\Ί(R9). We show

LEMMA 3.6. (i) Δ^ = 2[ιΊ]ζΊ - [v4C7]8 mod 8[2[ι6, i6]]8*ιι

(ϋ) [>/6]v7Vi5 = [V5]7<78V15 α«J ^(V8V16) = [^Iβ^VlS = [

PROOF. By Lemmas 1.1. (i) and 3.4. (iii), we have

JCs = 2[n]ζ7 - [η6},ζΊ = 2[ι7]C7 ~ [v4C7]8 mod 8[2[z6,z6]]8σn.

This leads us to (i).
By Lemmas 2.3.(ii) and 1.2. (iii), we have

0 = [v6 + ε6]ηl4vι5 = [η6]vΊvι5 + [v5]7<78vι5 mod [v*σ'ηu}Ίv\5 = 0.

This leads us to the first half of (ii). The first equality of the second relation of
(ii) is directly obtained from Lemma 1.1. (i) and the first half implies the second
equality. This leads us to (ii) and completes the proof. Π

By Lemma 3.6, we have the group π^R^). Next we show

LEMMA 3.7. (i) [//6]9C7 w of order 4.
ίs °f order 2 and 8[2[/6,ί6]]σιo = [v5]7ί/8μ9 +4[v4C7]7

PROOF. Since [η6]9ζΊ = 2[ι7]9ζΊ, we have 4[^6]9C7 = 0. Since J ( [ i ι ] 9 ζ Ί ) =
is of order 8, we have (i).

Since 2Σ2εf = 2vsκ:8, Lemma 3.1. (iii) implies

μ5

£i4 = *l5/*6σi5 mod 2v5κ:8.

By Lemma 1.1. (ii),

J(lv5]^μ9) = (v8 +εs)ηl6μl7 = v\μlΊ + η^μ\η = ̂ 10^19 = 4ζs°\9 * 0.

This leads us to the first half of (ii).
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By Lemma 3.1.(ii), we have 4C9σ2o = 8σ9£ι6 — 0. By Lemma 3.2, J[v4ζΊ}7

= ±ζισ\s and it is of order 8. By Lemma 3.5, $[2[i6,i6\}σ\Q = [v5]7η%μ9 +
4x[v4ζΊ]7 for c = 0, 1. So, by (i), Lemmas 1.1. (i), 3.2 and 3.3.(ii), we have

0 = 8C7σi8 = (v? H- εήηisViβ + 4<7^is = 4(1 + x

This concludes x = I and completes the proof. Π

In the exact sequence (18)9, Kerzl = Z2{?/9ειo} θ Z2{[*9,*9]7/π} for
zί : π

We know π\9(S9) = Z8{σ9vi6J 0 Z2{τ/9μ10}. By Lemmas 1.1. (i), 2.3. (ii)
and by the fact τ/7σ8vi5 = vγvis, we have

= (N9 + [iι]9ηΊ)σ%vι5 = [v5]9σ8vι5

We have 4[v4Cy]9 — 4[//6]9C7 = 0 by Lemmas 3 A(iii) and 3.7.(i). So, by
Lemmas 1.1. (i) and 3.7.(ii), we have

Therefore we have a short exact sequence

where

H = Zι6{[2[*6, 16]]ιo*ll} θ Z4{[l7]ι0C7 + 2[2[I6, 16

and

θ Z2{^[[/

Now we recall the homotopy groups πn+\%(Sn) for 9 <n < 13. According
to Toda and Oda, we have the following

PROPOSITION 3.8 (Toda [17], Oda [14]).

(i) π2ι(S9) = Z8{σ9Cι6} θ
and Σπ2τ(S9) = Z4{σιoίi7}

(ii) π28(^10) = Zs{ξ"}®Z2{ξ"±λ"}®Z2{ηlQμn} = Z8{Γ} 0 Z2{I/;}Θ

and λ" = λ" + £" mod
2/1 " = σioCπ mod 2σιoCπ

(iii) Γπ^ί.S10) - Z 4 { Γ } θ Z2{Γ / 7} e Z2{//n//ι2} αwrf π29(Sn) =
+ ̂ }Θ

- V2i + β
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(iv) π30(S12) = Z32{£12} θ Z4{Γ£' + 4£12} 0 Z4{Σξf + Σλ'}

where H(ξu] = σ23 mod 2cr23, Σξ' - 2ξu = ± [*ι2,σι2], 16£12 = σ

Σ2λ" = εl2η29 mod η\2βn and £^29 = ^Σλ' + 2Σξf mod σι2Ci9

(v) π31(S13) = Z8{£13} 0 Z8μ} 0 Z2{^13//14}? wter* H(λ) = v2

2

5, 2A - Σ2λ'

and fitf = 4ίi3 + 41.

(vi) πf8(S°) = Z8{v*}®Z2{>///}, wΛer* v* = Σ*>v^ /f(v*6) = v31 mod 2v31,
Γ3A - 2v!*6 = ± [ϊ33, v33], v* = -£ ε*?/ = 4v* α«J 27°° /I = 2v*.

Since HJ[η9ε\Q\ = η \gS2Q, we have

J[η9ειo] =λ"modΣπ2ι(S9).

Since ///([[z9,/9]^17]) =0 and ημ is not in the stable /-image, we have

J[[19, 19\η\η\ = xσioζn for an integer x.

So the order of [τ/9ειo] is a multiple of 8. Therefore, by the exact sequence
preceding to Proposition 3.8, we have

LEMMA 3.9. 2[τ/9ειo] = y(ii}\^i mod [2[z6,J6]]ιoσn for an oaa integer y.

From Lemma 3.9, we have three possibilities of the group extension of

πiβCRio); πiβCRio) = Z

32 © Z8, ^ Z32 0 Z4 © Z2 or ^ Zι6 © Z8 © Z2. To
determine the group extension, we shall settle the group π\%(Rn} in the
metastable range by using of the splitting theorem of [2].

By [3], we know π\%(Rn) = 0 for n > 20. By [6], we also know n\%(Rn) for
n > 14. We denote by RP£ = RP"/RPk~l the stunted real projective space
and by Vn^ the Stiefel manifold of ^-frames in R". By [2] and [3], we have

πι8(Λι9) ^ π19(K2ι,2) = π19(RP?9°) ^ Z2.

By the James periodicity theorem ([4]), we have

πι8(Λι8) = πι9(F21,3) = π19(RP?8°) = π19(Γ16RP2

4) - πj(RP4

2) * Z4.

By [11], we have

πι8(Λι7) = πι9(K21,4) = π19(RP?7°) = πj(RP4) * Z8

and

πιβ(Λi6) = πi9(V2i,s) = ^i9(RPι6°) = πj(RP*) ^ Z8 ©Z8.

By use of the exact sequences (18)Λ for n — 14 and 15, we have

= Z8.
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In the exact sequence (15)13, we have Δ(v\$) = [v5J13σ8 by Proposition 2.1
of [5] and by Theorem 3.(i) of [6]. So, in the exact sequence (18)13, we have
Δ(v\$) = [v5]13σ8vi5 = 0 by Lemma 3.6. Therefore we have

l3) = Z8.

In the exact sequence (18)12, we have Kerzl = Z2{v^2} for Δ : πι8(S12)

Since 8/zf(σι2) = 8[/ι2,σι2] = 16£i2 = σ12C19 / 0 by Proposition 3.8, we
have (cf. [13])

In the exact sequence (18)n, we have Δσ\\ = [ί7]Πv7<Jιo, Δv\\ =
[r7]uv7vιo = 0 and Δε\\ = [/7]uv7ειo = 0 by Lemma 1.1. (i). So we can take
[2σ\\] = Δσ\2 by Lemma 3.10 of [5] and we have

πι8(Λπ) s Z4?Z2 (= Z4 Θ Z2 or Z8).

By the argument determining π\η(R\\), we know KerΛ = Z2{[τ]},

where τ = VIQ or e10. We know that πι9(510) = Z{[zιo,/ιo]} θ Z2{^/10vn} 0
® Z2{y"ιo} by Theorem 7.2 of [17]. Then, by Lemma 2.4, we have

1) = 2[i7]ι0V7Vιo = 0 and Λ(ηwεn) = 2[z7]10v7ει0 = 0.

By (12.25) of [17], we know the relation [*io,/%] = 2σιoCπ By Theorem
5.1 of [10], we have

92[z7]10C7 mod2[z7]10v7 oπι8(510) -hπn(^10) o2σn = {2[2[ι6,ι6]}λQσn}.

We assume that π^(Rw) ^ Z i6 0 Z8 0 Z2 or πn(Rw) ^ Z32 0 Z4 0 Z2.
By use of (18)10, we have πι%(R\ι) = G?Z2, where the group G is not iso-
morphic to Z4. This contradicts the fact π\ι(R\\) = Z4?Z2. Thus we have

and it is generated by [[*9,*9]τ/ι7] and [τ/9ειo], where 2(η9^} = [/7]10C7 +

2[2[ι6,ι6]]ι0σιι and 2 [ [ ι 9 , ι 9 ] η l 7 ] = [2[/6,/6]]io^ii.
By [12], Lemma 3.9 and the group structure of πιs(^ιo), we have
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^frπl + 2[ί/9ειo],

ί7 + 2[2[l6,ί6]]ιo*ll)

and

J[[l9,*9\1n] = ±<7lθCl7

Finally we have the following.

LEMMA 3.10. (i) Δε\$ = 0.
(ii) J[εlQ} =

(iii) πι8(Λιι)
(iv) 8[2σn]=4[β10]12.

PROOF. Assume that Av\$ = 0. Since H(λ' + ξf) = v2\ by Proposition
3. 8. (iii), we have J[V\Q] = λ' + ξ' mod Σπ2%(SlQ). Suppose that [VIQ] is of order

8 and 2[vιo] = [^fiioln Applying the / homomorphism to this relation, we
have 2(λ' + ζ') = Σλ" mod2Σπ2%(Sw) + Σ2π2Ί(S9). So, by Proposition 3.8,
we have 2ξ' e {4ξ',ηuμl2}. This is a contradiction. Therefore we have

πiβCRn) = Z4{[v10]} θ Z2{[vιo] ± [179*10] n}
On the other hand, by the group structure of n\%(R\2) and by the exact

sequence (18)n, we have the relation 8[2σn] = [vιo]12 ± [^9^10] 12-

So we have 8/[2σn] = /[vι0]12 ± J[η9ειo]l2 = (λf 4- ζ') ± Σλ"
mod Σπ2s(Sw). By stabilizing this relation, we have 0 = 2Σcoλ + 2ξ± 4Σ™λ
mod{4Σcoλ,4ξ,ημ} by Proposition 3.8. Since Σ^λ = 2v* = -2ξ, we have
4ξ + 2ξ e {4ξ, ημ}. This is a contradiction and hence we have (i).

Since H(λf) = ε2\, we have J[ε\o] = λ1 mod Σπ2$(Sw). So [εio] is of order
8. This leads us to (ii) and (iii).

Since [2σ\\] is of order 16, we have (iv) by the exact sequence (18)n. This
completes the proof. Π

By the exact sequence (18)π and Lemma 3.10, we have the group

πι8(Λi2) We have πι8(Λι3) = Z8{[v?2]}, where 2[vf2] = 4([ε10]13 - 2[2σn]13).
Since H(λ) = v|5 by Proposition 3.8.(v), we have J[v^2] = λ mod Σπ^(S12) =

The rest of Theorem 2 is easily obtained. This completes the proof of
Theorem 2.

REMARK 1. Odd primary components of πn+k(Rn) for 16 < k < 18 are
easily obtained from [8] and its method. These results with [5], Theorems 1
and 2 lead us to the following table. Here m + (r)k means Zm 0 Zr 0 0
Zr (k + 1 direct sums).
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n

π\β(Rn)

πn(Rn)

πι»(R
n
)

3

6

30

30

4

(6)
2

(30)
2

(30)
2

5

(2)
8

40

2520 + 2

6

504 + (2)
4

40 + (2)
3

2520 +12 + 2

7

(2)
7

(8)
2
 + (2)

2

15120 + 8 + 2

8

(2)
Π

24 + (8)
2
 + (2)

3

15120 + 504 + 8 + (2)
2

9

(2)
6

8 + (2)
2

45360 + 8 + 2

10

240 + (2)
 2

4 + 2

90720 + 8

11

(2)
2

(2)
2

8

12

2

2

240 + 4

13

2

2

8

14

12 + 2

2

8

15

(2)2

(2)2

8

16

(2)3

(2)3

24 + 8

17

(2)2

(2)2

8

18

2

oo+2

4

19

2

2

2

20

2

2

0

REMARK 2. As for direct proofs of Lemmas 2.2 and 3.5, we know the
following fact (cf. [10]); Let n > 2 and k > 5. Assume that Δι$ o β = 0 and

nβ = 0 for βeπk(S5). Then, for any element δ e {Aι6,β,nik} C 7^+1(^5),
there exists an element εeπιc+\(Rj) such that p^ε — Σβ and i*δ = nε.

We recall the relation 2^14 = V6V9 = V6£9. We set β = vsvg. Then we
have

, 2ι6} D {zfz6 o v5, v8,

D [v5]{2/8,v8,2zι6}

- [v5]v8

3 mod zί/6 o - {2[v2]6σι0}.

We take δ = [vsjvg. Then, e is taken as 2[ve + εό]vi4 mod {elements of i^π
of order 2 or 4}. This leads us to the first assertion of Lemma 2.2.(ii).

By a parallel argument to the above, we have the assertion of Lemma 3.5.

REMARK 3. We hope that direct proofs of the results Aε\Q = 0 and

IQ] = [i9,*9]*7n can be found.
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