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Abstract. We consider a time-dependent Schrödinger equation whose Hamiltonian is

a 2� 2 real symmetric matrix. We study, using an exact WKB method, the adiabatic

limit of the transition probability in the case where several complex eigenvalue crossing

points accumulate to one real point.

1. Introduction

We consider the time-dependent Schrödinger equation:

ih
d

dt
cðtÞ ¼ Hðt; eÞcðtÞ; Hðt; eÞ ¼ VðtÞ e

e �VðtÞ

� �
ð1Þ

on R, where e and h are small positive parameters and VðtÞ is a real-valued

function. cðtÞ is a vector-valued function with complex components. This

equation (1) describes the adiabatic time evolution associated to the Hamil-

tonian Hðe; hÞ. This 2� 2 real symmetric and trace-free matrix Hðe; hÞ
has two real eigenvalues EGðt; eÞ ¼G

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
VðtÞ2 þ e2

q
. The di¤erence of these

eigenvalues

Eþ � E� ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
VðtÞ2 þ e2

q
is strictly positive for all t A R and has its minimum 2e at the zeros of VðtÞ.

From the physical point of view, the two di¤erent unperturbed energy

levels VðtÞ and �VðtÞ cross each other at the zeros of VðtÞ and e is the

interaction at the intersection. Because of this interaction, Eþðt; eÞ and E�ðt; eÞ
do not cross (avoided crossing), but the transition occurs by the quantum e¤ect.

The parameter h is the adiabatic parameter and the quantum e¤ect becomes

small in the adiabatic limit. On the other hand, e is the gap at the avoided

crossing. One expects, then, that the transition probability Pðe; hÞ is small

when h is small while it is large when e is small. It is an interesting problem

to study its asymptotic behavior as both e and h go to 0.
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The study of the transition probability P has its origin at the works by

L. D. Landau [L] and C. Zener [Z]. In 1932, they studied the case VðtÞ ¼ at,

where a is a positive constant, and derived the following explicit formula:

P ¼ exp � pe2

ah

� �

for all positive e and h. This is the so-called Landau-Zener formula.

There have been many studies about the transition probability in the

adiabatic limit h ! 0 (see the summaries [BT], [HJ], [T]). Among those, we

refer to a series of studies by A. Joye, H. Kunz and C.-E. Pfister ([J1], [JKP],

[JP1], [JP2]). They studied the real symmetric matrix-valued Hamiltonian:

HðtÞ ¼ VðtÞ WðtÞ
WðtÞ �VðtÞ

� �
;

where the di¤erence of the eigenvalues 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
VðtÞ2 þWðtÞ2

q
does not vanish for

t A R. They express the adiabatic limit of the transition probability in terms

of actions between complex eigenvalue crossing points:

ft A C;VðtÞ2 þWðtÞ2 ¼ 0g;

which we call turning points in this paper.

In this paper we consider VðtÞ which vanishes at one point of order n, and

compute the asymptotic behavior of Pðe; hÞ as ðe; hÞ ! ð0; 0Þ under the con-

dition h=eðnþ1Þ=n ! 0. In case n ¼ 1, this problem is studied in more general

settings by [CLP] and [Ro].

Recently new approaches of an exact WKB method have been studied.

These approaches give the rigorous argument to the divergent power series

solution on the singular perturbation h. [AKT] studied the Hamiltonian,

which is a 3� 3 real symmetric matrix with polynomial elements, by the exact

WKB method based on the Borel resummation. In this paper we apply the

exact WKB method developed by C. Gérard and A. Grigis [GG], and S. Fujiié,

C. Lasser and L. Nedelec [FLN] to this adiabatic transition problem. This

method enables us to express the Wronskian of two exact WKB solutions as

a convergent series defined inductively by integrations along a path. Careful

observations of the phase function on the path give us the asymptotic behavior

of the Wronskian as ðe; hÞ ! ð0; 0Þ with h=eðnþ1Þ=n ! 0.

Finally we remark that this is similar to the scattering problem for

Schrödinger operator over the maximum of the potential. See [Ra], [FR] for a

non-degenerate maximum case and [BM] for a degenerate maximum case.

This paper is organized as follows: In § 2 we define the transition pro-

bability and state the results. In § 3 we review the exact WKB method for a

family of 2� 2 systems used in [FLN] and express the Jost solutions as exact
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WKB solutions. In § 4 we calculate the scattering matrix using the Wronskian

of the exact WKB solutions and finally in § 5, we compute the asymptotic

expansion of the action with respect to e.

2. Definitions and results

We first define the scattering matrix and the transition probability for the

equation (1) under the following assumptions on VðtÞ:
(A) VðtÞ is real-valued on R and there exist two real numbers

0 < y0 < p=2 and r > 0 such that VðtÞ is analytic in the complex domain:

S ¼ ft A C; jIm tj < jRe tj tan y0gU fjIm tj < rg:

(B) There exist two real non-zero constants Er, El and s > 1 such that

VðtÞ ¼ Er þOðjtj�sÞ as Re t ! þy in S;

El þOðjtj�sÞ as Re t ! �y in S:

�

Under the conditions (A) and (B), there exist four solutions c r
þ, c

r
�, c

l
þ,

and c l
� to (1) uniquely defined by the following asymptotic conditions:

c r
þðtÞ@ exp þ i

h

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2
r þ e2

q
t

� � �sin yr

cos yr

� �
; as Re t ! þy in S;

c r
�ðtÞ@ exp � i

h

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2
r þ e2

q
t

� �
cos yr

sin yr

� �
; as Re t ! þy in S;

c l
þðtÞ@ exp þ i

h

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2
l þ e2

q
t

� � �sin yl

cos yl

� �
; as Re t ! �y in S;

c l
�ðtÞ@ exp � i

h

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2
l þ e2

q
t

� �
cos yl

sin yl

� �
; as Re t ! �y in S;

where tan 2yr ¼ e=Er and tan 2yl ¼ e=El ð0 < yr; yl < p=2Þ. These solutions

are called Jost solutions to (1). We notice that the principal term of each Jost

solution, for example exp½þ i
h

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2
r þ e2

p
t� tð�sin yr cos yrÞ, is a solution to the

constant coe‰cient system:

ih
d

dt
cðtÞ ¼ Er e

e �Er

� �
cðtÞ:

The pairs of Jost solutions ðcr
þ;c

r
�Þ and ðc l

þ;c
l
�Þ are orthonormal bases on C2

for any fixed t. Moreover they have the following relations:

cr
GðtÞ ¼H

0 1

�1 0

� �
cr
HðtÞ; c l

GðtÞ ¼H
0 1

�1 0

� �
c l
HðtÞ: ð2Þ
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The scattering matrix S is defined as the change of bases of Jost solutions:

ðc l
þ c l

�Þ ¼ ðcr
þ cr

�ÞSðe; hÞ; Sðe; hÞ ¼ s11ðe; hÞ s12ðe; hÞ
s21ðe; hÞ s22ðe; hÞ

� �
:

S is an unitary matrix independent of t and moreover, by (2),

s11ðe; hÞ ¼ s22ðe; hÞ; s12ðe; hÞ ¼ �s21ðe; hÞ:

The transition probability Pðe; hÞ is defined by

Pðe; hÞ ¼ js21ðe; hÞj2:

Let us assume

(C) VðtÞ ¼ 0 if and only if t ¼ 0.

Then the eigenvalues have the so-called avoided crossing at the origin. We

call turning point a complex zero of VðtÞ2 þ e2, and in particular, simple turning

point if it is a simple zero.

Let n A N ¼ f1; 2; . . .g be the number such that V ðkÞð0Þ ¼ 0 for 0a k < n

and V ðnÞð0Þ0 0. We can assume V ðnÞð0Þ > 0 without loss of generality.

Then there are 2n simple turning points TjðeÞ and TjðeÞ ð j ¼ 1; . . . ; nÞ with

0 < arg T1 < � � � < arg Tn < p which converge at the origin as e tends to 0.

We define the action integral AjðeÞ by,

AjðeÞ ¼ 2

ðTjðeÞ

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
VðtÞ2 þ e2

q
dt;

where the integration path is the complex segment from 0 to TjðeÞ and the

branch of the square root is e at t ¼ 0. Our main result is the following

asymptotic formula of Pðe; hÞ when e and h are both small.

Theorem 2.1. Assume (A), (B), and (C). If n ¼ 1 there exists e0 > 0 such

that we have

Pðe; hÞ ¼ exp � 2 Im A1ðeÞ
h

� �
ð1þOðhÞÞ as h ! 0

uniformly for e A ð0; e0Þ. If nb 2 there exists e0 > 0 such that, for all e A ð0; e0Þ,
we have

Pðe; hÞ ¼ exp
i

h
A1ðeÞ

� �
þ ð�1Þnþ1 exp

i

h
AnðeÞ

� �����
����
2

1þO
h

eðnþ1Þ=n

� �� �

as
h

eðnþ1Þ=n ! 0:
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Remark that h=eðnþ1Þ=n appears in an obvious way in the case VðtÞ ¼ tn. By a

simple rescaling t ¼ e1=nt, (1) is reduced to

i
h

eðnþ1Þ=n
d

dt
fðtÞ ¼ tn 1

1 �tn

� �
fðtÞ;

where cðe1=ntÞ ¼ fðtÞ.
Let us study the asymptotic behavior of

P0ðe; hÞ ¼ exp
i

h
A1ðeÞ

� �
þ ð�1Þnþ1 exp

i

h
AnðeÞ

� �����
����
2

in case nb 2 when both e and h go to 0. We rewrite it as

P0ðe; hÞ ¼ exp � ImðA1ðeÞ þ AnðeÞÞ
h

� ��
exp

ImðA1ðeÞ � AnðeÞÞ
h

� �

þ exp
ImðAnðeÞ � A1ðeÞÞ

h

� �
þ ð�1Þnþ12 cos

ReðA1ðeÞ � AnðeÞÞ
h

� ��
:

Then by computing the asymptotic expansions of the action integrals A1ðeÞ and
AnðeÞ (see § 5) we have the following proposition:

Proposition 2.1.

1) If V ðnþ2l�1Þð0Þ ¼ 0 for all l A N, then

Im A1ðeÞ ¼ Im AnðeÞ

and

P0ðe; hÞ ¼ 2 exp � 2 Im A1ðeÞ
h

� �
1þ ð�1Þnþ1 cos

ReðA1ðeÞ � AnðeÞÞ
h

� �� �
:

2) If there exists m A N such that V ðnþ2l�1Þð0Þ ¼ 0 ðl ¼ 0; . . . ;m� 1Þ and

V ðnþ2m�1Þð0Þ0 0, then for su‰ciently small e

ImðA1ðeÞ � AnðeÞÞ ¼ 2C2m sin
m

n
p

� �
eðnþ2mÞ=n þOðeðnþ2mþ2Þ=nÞ; ð3Þ

where

C2m ¼ �
2m

ffiffiffi
p

p
G m

n

� 	
V ðnþ2m�1Þð0Þ

nGðnþ 2mþ 1ÞG nþ2m
2n

� 	 n!

V ðnÞð0Þ

� �ðnþ2mÞ=n
;

and the asymptotic behavior of P0ðe; hÞ as ðe; hÞ ! ð0; 0Þ is given by the following

formulae:

( i ) When eðnþ2mÞ=n=h ! 0,
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P0ðe; hÞ ¼ 2 exp � ImðA1ðeÞ þ AnðeÞÞ
h

� �

� 1þ ð�1Þnþ1 cos
ReðA1ðeÞ � AnðeÞÞ

h

� �
þO

eð2ðnþ2mÞÞ=n

h2

� �� �
:

(ii) When h=eðnþ2mÞ=n ! 0,

P0ðe; hÞ

¼ exp � 2 Im A1ðeÞ
h

� �
1þO exp 2C2m sin

m

n
p

� �
þ d

� �
eðnþ2mÞ=n

h

� �� �� �
ð4Þ

for any positive constant d if m=n B N and V ðnþ2m�1Þð0Þ sin m
n
p > 0 (i.e.

C2m sin m
n
p < 0) and

P0ðe; hÞ

¼ exp � 2 Im AnðeÞ
h

� �
1þO exp � 2C2m sin

m

n
p

� �
� d

� �
eðnþ2mÞ=n

h

� �� �� �
ð5Þ

for any positive constant d if m=n B N and V ðnþ2m�1Þð0Þ sin m
n
p < 0 (i.e.

C2m sin m
n
p > 0).

3. Preliminary

3.1 Review of the exact WKB method

We use as a basic tool the exact WKB method for 2� 2 systems introduced

in [FLN], which is a natural extension of the method in [GG] for Schrödinger

equations. We first review it.

Let us consider the following 2� 2 system of first order di¤erential

equations:

h

i

d

dt
fðtÞ ¼ 0 aðtÞ

�bðtÞ 0

� �
fðtÞ: ð6Þ

The functions aðtÞ and bðtÞ are assumed to be holomorphic in a simply con-

nected domain WHC.

First of all we make the change of variables t 7! z

zðt; t0Þ ¼
ð t
t0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aðtÞbðtÞ

p
dt;

where t0 is a fixed base point of W. If W1 is a simply connected open subset

of W in which aðtÞbðtÞ does not vanish, the mapping z is bijective from W1
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to zðW1Þ for a given determination of ðaðtÞbðtÞÞ1=2. Zeros of aðtÞ and bðtÞ are

called turning points. If t0 is a simple turning point, we get

zðtÞ � zðt0Þ ¼
2i

3
ðaðtÞbðtÞÞ0jt¼t0

ðt� t0Þ3=2ð1þ gðt� t0ÞÞ; ð7Þ

where gðtÞ is holomorphic and gð0Þ ¼ 0.

We put fðtÞ ¼ eGz=hjGðzÞ and reduce (6) to the next equation in the

variable z:

h

i

d

dz
jGðzÞ ¼

Gi H�2ðzÞ
�H 2ðzÞ Gi

� �
jGðzÞ; ð8Þ

where HðzðtÞÞ ¼ ðbðtÞ=aðtÞÞ1=4. Moreover we change unknown function

jGðzÞ ¼ MGðzÞwGðzÞ, where MGðzÞ is given by

MGðzÞ ¼
H�1ðzÞ H�1ðzÞ
HiHðzÞ GiHðzÞ

� �
:

Consequently, we obtain the first order di¤erential equation of wGðzÞ:

d

dz
wGðzÞ ¼

0
H 0ðzÞ
HðzÞ

H 0ðzÞ
HðzÞ H2

h

0
B@

1
CAwGðzÞ; ð9Þ

where H 0ðzÞ stands for d
dz
HðzÞ. We notice that MGðzðtÞÞ and wGðzðtÞÞ are

independent of t0. We define the sequences of functions fwG;nðz; z1Þgyn¼0 by

the following di¤erential recurrent relations:

wG;�1ðzÞ ¼ 0; wG;0ðzÞ ¼ 1;

d

dz
wG;2kðzÞ ¼

H 0ðzÞ
HðzÞ wG;2k�1ðzÞ ðkb 0Þ;

d

dz
G

2

h

� �
wG;2kþ1ðzÞ ¼

H 0ðzÞ
HðzÞ wG;2kðzÞ ðkb 0Þ:

8>>>>>>><
>>>>>>>:

ð10Þ

The vector-valued functions wGðzðtÞÞ ¼
we
GðzðtÞÞ

wo
GðzðtÞÞ

� �
with

we
GðzðtÞÞ ¼

X
kb0

wG;2kðzðtÞÞ; wo
GðzðtÞÞ ¼

X
kb0

wG;2k�1ðzðtÞÞ;

satisfy (9) formally.

H 0ðzÞ=HðzÞ is, in terms of t,
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d
dz
HðzðtÞÞ
HðzðtÞÞ ¼ aðtÞb 0ðtÞ � a 0ðtÞbðtÞ

4iðaðtÞbðtÞÞ3=2
: ð11Þ

From (7) and (11), we see that H 0ðzÞ=HðzÞ has a simple pole at z ¼ zðt0Þ.
We fix a point z1 ¼ zðt1Þ with t1 A W1 and take the initial conditions to

wG;nðz1Þ ¼ 0 for every n A N. Then the di¤erential recurrent equations (10) are

transformed to the integral recurrent equations:

wG;0ðz; z1Þ ¼ 1;

wG;2kþ1ðz; z1Þ ¼
ð z
z1

eGð2=hÞðz�zÞ H
0ðzÞ

HðzÞ wG;2kðz; z1Þdz ðkb 0Þ;

wG;2kðz; z1Þ ¼
ð z
z1

H 0ðzÞ
HðzÞ wG;2k�1ðz; z1Þdz ðkb 1Þ:

8>>>>>><
>>>>>>:

From these integral representations, we obtain the following proposition on the

convergence of these formal series.

Proposition 3.1. The elements of the function wGðz; z1Þ:

we
Gðz; z1Þ ¼

X
kb0

wG;2kðz; z1Þ; wo
Gðz; z1Þ ¼

X
kb0

wG;2k�1ðz; z1Þ ð12Þ

converge absolutely and uniformly in a neighborhood of z ¼ z1.

Hence wGðz; z1Þ are exact solutions to the equation (9) and

fGðt; h; t0; t1Þ ¼ eGzðt; t0Þ=hMGðzðtÞÞwGðzðtÞ; h; zðt1ÞÞ: ð13Þ

define exact solutions to (6). We call fGðt; h; t0; t1Þ exact WKB solutions. (13)

are holomorphic in a neighborhood of t ¼ t1, and extended to W analytically

because (13) satisfy (6) with the holomorphic coe‰cients in W. We call t0 the

base point of the phase and t1 the base point of the symbol.

The series (12) are also asymptotic expansions as h ! 0 in certain do-

mains.

Proposition 3.2. There exist a positive integer N and a positive constant

h0 such that, for all h A ð0; h0Þ, we have

we
GðzðtÞ; h; zðt1ÞÞ �

XN�1

k¼0

wG;2kðzðtÞ; h; zðt1ÞÞ ¼ OðhNÞ;

wo
GðzðtÞ; h; zðt1ÞÞ �

XN�1

k¼0

wG;2k�1ðzðtÞ; h; zðt1ÞÞ ¼ OðhNÞ;
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uniformly in WG, where WG ¼ ft A W1; there exists a curve from t1 to t along

which GRe zðtÞ increases strictlyg.

Moreover the Wronskian between two exact WKB solutions W½fðtÞ; ~ffðtÞ� ¼
detðfðtÞ ~ffðtÞÞ is given by we

þ:

Proposition 3.3. Linearly independent exact WKB solutions fþðt; h; t0; t1Þ
and f�ðt; h; t0; t2Þ satisfy the following Wronskian formula:

W½fþðt; h; t0; t1Þ; f�ðt; h; t0; t2Þ� ¼ 2iwe
þðzðt2Þ; zðt1ÞÞ:

In particular, if there exists a curve from t1 to t2 along which Re zðtÞ increases

strictly,

W½fþðt; h; t0; t1Þ; f�ðt; h; t0; t2Þ� ¼ 2ið1þOðhÞÞ:

We notice that the Wronskian is independent of the variable t because the

matrix of right-hand side of (6) is trace-free. The latter claim is evident from

Proposition 3.2.

Finally, we introduce the so-called Stokes line.

Definition 3.1 (Stokes line). The Stokes lines passing by t ¼ t0 in W are

defined as the set:

t A W; Re

ð t
t0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aðtÞbðtÞ

p
dt ¼ 0

� 

:

A Stokes line is a level set of the real part of the WKB phase function

zðt; t0Þ. The turning points are the branch points of zðt; t0Þ.
If Re zðtÞ increases along an oriented curve, then this curve is transversal

to Stokes lines. Such a curve is called canonical curve.

3.2 WKB expression of the Jost solutions

In this subsection, we express the Jost solutions as exact WKB solutions to

(1). By the change of the unknown function cðtÞ ¼ QfðtÞ, Q ¼ 1

2

1 i

i 1

� �
, (1)

is reduced to an equation of the form (6):

h

i

d

dt
fðtÞ ¼ 0 �iVðtÞ � e

iVðtÞ � e 0

� �
fðtÞ: ð14Þ

In this case, the phase function zðt; t0Þ

zðt; t0Þ ¼ i

ð t
t0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
VðtÞ2 þ e2

q
dt ðt0 A SÞ:
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If r and y0 are small enough, there exists no turning point in S. Therefore

zðt; t0Þ is a single-valued function in such a Riemann surface. Recalling that

we take the branch of

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
VðtÞ2 þ e2

q
which is e at t ¼ 0, we see that Re zðtÞ

increases as Im t decreases, and Im zðtÞ increases as Re t increases. Similarly

HðzðtÞÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�iVðtÞ þ e

�iVðtÞ � e

4

s

has neither zero nor pole in S and the branch of HðzðtÞÞ is ep=4 at

t ¼ 0.

We construct the exact WKB solutions which have the same behavior

as Jost solutions as jtj ! y as in [Ra]. First, we define unbounded simply

connected domains Sr
R and S l

R by

Sr
R ¼ SV ft A C; Re t > Rg;

S l
R ¼ SV ft A C; Re t < �Rg;

where R is a positive constant. For t A Sr; l
R , we define the phase functions

zr; lðtÞ with base points at infinity by

zrðtÞ ¼ i

ð t
y
ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
VðtÞ2 þ e2

q
� lrÞdtþ ilrt;

zlðtÞ ¼ i

ð t
�y

ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
VðtÞ2 þ e2

q
� llÞdtþ ill t;

where lr; l ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2
r; l þ e2

q
. Note that these integrals are convergent thanks to the

assumption (B). These are also primitives of i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
VðtÞ2 þ e2

q
and satisfy for any

t0 A Sr; l
R

zr; lðtÞ ¼ zr; lðt0Þ þ zðt; t0Þ:

Next we construct the symbol functions with base points at infinity. One

sees that for all t A S l
R, there exist infinite paths ending at t, g lGðtÞ, which are

asymptotic to the line Im t ¼Hd Re t ðd > 0Þ as Re t ! �y and meet the

Stokes line transversally (Stokes lines are asymptotic to horizontal lines. See

§ 4.1 and Figure 1). For t A Sr
R one similarly defines the paths grGðtÞ which are

asymptotic to the lines Im t ¼Gd Re t as Re t ! þy.

We also denote by G r
GðzÞ (resp. G l

GðzÞ) the infinite oriented paths

zrðgrGðtÞÞ (resp. zlðg lGðtÞÞ) ending at zrðtÞ (resp. zlðtÞ). We remark that G r
�ðzÞ

(resp. G l
þðzÞ) is asymptotic to the line Im z ¼ 1

d
Re z as Re z ! þy (resp.
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Re z ! �y), and similarly that G r
þðzÞ (resp. G l

�ðzÞ) is asymptotic to the line

Im z ¼ � 1
d
Re z as Re z ! �y (resp. Re z ! þy).

Let G r; l
G ðzÞ be the paths defined above. The system of recurrence

equations

wr; l
G;0ðzÞ ¼ 1;

wr; l
G;2kþ1ðzÞ ¼

ð
G

r; l
G ðzÞ

eGð2=hÞðz�zÞ H
0ðzÞ

HðzÞ w
r; l
G;2kðzÞdz ðkb 0Þ;

w
r; l
G;2kðzÞ ¼

ð
G

r; l
G ðzÞ

H 0ðzÞ
HðzÞ w

r; l
G;2k�1ðzÞdz ðkb 1Þ;

8>>>>>>>><
>>>>>>>>:

define the sequences of functions fwr; l
G;nðzÞg

y
n¼0. We define

w
r; l
G; evenðzÞ ¼

X
kb0

w
r; l
G;2kðzÞ; w

r; l
G;oddðzÞ ¼

X
kb0

w
r; l
G;2k�1ðzÞ;

wr; l
G ðzÞ ¼

P
kb0 w

r; l
G;2kðzÞP

kb0 w
r; l
G;2k�1ðzÞ

 !
:

The convergence of
P

kb0 w
r; l
G;2kðzðtÞÞ and

P
kb0 w

r; l
G;2k�1ðzðtÞÞ follows from the

fact that

d
dz
HðzðtÞÞ
HðzðtÞÞ ¼ � eV 0ðtÞ

2ðVðtÞ2 þ e2Þ3=2

belongs to L2ðG r; l
G ðzÞÞ thanks to the assumptions (A) and (B). Moreover we

see that

lim
t!þy

wr
G;nðtÞ ¼ 0 lim

t!�y
wl
G;nðtÞ ¼ 0 En A N: ð15Þ

The corresponding WKB solutions fr
GðtÞ and f l

GðtÞ written by

fr
GðtÞ ¼ exp G

zrðtÞ
h

� �
MGðzðtÞÞwr

GðzðtÞÞ;

f l
GðtÞ ¼ exp G

zlðtÞ
h

� �
MGðzðtÞÞwl

GðzðtÞÞ;

have the following relations with the Jost solutions.

Proposition 3.4. For any fixed h > 0, the exact WKB solutions fr
GðtÞ and

f l
GðtÞ have the following asymptotic behaviors as t goes to Gy.
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f r
GðtÞ ¼ exp G

i

h
ðlrtþ oð1ÞÞ

� �
ie�iyr

Heiyr

� �
as t ! þy;

f l
GðtÞ ¼ exp G

i

h
ðll tþ oð1ÞÞ

� �
ie�iyl

Heiyl

� �
as t ! �y:

Consequently, we obtain the following relations between the Jost solutions and the

exact WKB solutions:

cr
þðtÞ ¼ �Qf r

þðtÞ; cr
�ðtÞ ¼ �iQfr

�ðtÞ;

c l
þðtÞ ¼ �Qf l

þðtÞ; c l
�ðtÞ ¼ �iQf l

�ðtÞ:

Proof. The asymptotic behavior of the phase function zrðtÞ (resp. zlðtÞ) is
evident from the definition. That of the symbol functions is also obvious from

(15) so that we have

lim
t!þy

wr
GðtÞ ¼

1

0

� �
; lim

t!�y
wl
GðtÞ ¼

1

0

� �
:

We consider the asymptotic behaviors of MGðzðtÞÞ. When El > 0, we get

lim
t!þy

ð�iVðtÞ � eÞ ¼ lr exp i
3

2
p� 2yr

� �� �
;

lim
t!þy

ð�iVðtÞ þ eÞ ¼ lr exp i � p

2
þ 2yr

� �� �
;

lim
t!�y

ð�iVðtÞ � eÞ ¼ ll exp i
3

2
p� 2yl

� �� �
;

lim
t!�y

ð�iVðtÞ þ eÞ ¼ ll exp i � p

2
þ 2yl

� �� �
:

Notice that in case El < 0 these asymptotic behaviors as t ! �y are the same

as in case El > 0, so we calculate

lim
t!þy

HðzðtÞÞ ¼ �ieiyr ; lim
t!�y

HðzðtÞÞ ¼ �ieiyl :

Therefore we obtain

lim
t!þy

MGðzðtÞÞ ¼
ie�iyr ie�iyr

Heiyr Geiyr

� �
; lim

t!�y
MGðzðtÞÞ ¼

ie�iyl ie�iyl

Heiyl Geiyl

� �
:

Hence we calculate the asymptotic behaviors of f r
GðtÞ and f l

GðtÞ from above

consideration. In addition, we return f r
GðtÞ and f l

GðtÞ to the solutions to

(1).
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Qf r
þðtÞ@ exp þ i

h
lrt

� �
sin yr

�cos yr

� �
;

Qf r
�ðtÞ@ i exp � i

h
lrt

� �
cos yr

sin yr

� �
as t ! þy;

Qf l
þðtÞ@ exp þ i

h
ll t

� �
sin yl

�cos yl

� �
;

Qf l
�ðtÞ@ i exp � i

h
ll t

� �
cos yl

sin yl

� �
as t ! �y: r

4. Connection of the exact WKB solutions

The elements of the scattering matrix can be expressed by Wronskians of

Jost solutions:

S ¼ 1

W½f r
þ; f

r
��

W½f l
þ; f

r
�� iW½f l

�; f
r
��

�iW½f r
þ; f

l
þ� W½fr

þ; f
l
��

 !
:

In order to know the asymptotic property of the Wronskian of two exact

WKB solutions there should be a canonical curve between their symbol base

points (see Proposition 3.3). If it is not the case, it is necessary to define some

intermediate exact WKB solutions. First we investigate the geometrical struc-

ture of Stokes lines.

4.1 Stokes geometry

Let us consider the geometrical properties of Stokes lines. In our case the

Stokes line passing by t ¼ t0 is the set

t A S; Im

ð t
t0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
VðtÞ2 þ e2

q
dt ¼ 0

� 

;

that is the level set of zðt; t0Þ.
We first state the local properties of Stokes lines near a fixed point

t0 A S.

( i ) If t0 is not a turning point, then zðt; t0Þ is conformal near t ¼ t0.

(ii) If t0 is a turning point of order r A N, that is VðtÞ2 þ e2 ¼ ðt� t0Þr ~VVðtÞ
with ~VVð0Þ0 0, then there exist rþ 2 Stokes lines emanating from t ¼ t0
and every angle between two closest Stokes lines is 2p=ðrþ 2Þ at t ¼ t0.

We illustrate the Stokes lines passing by the turning points in case VðtÞ ¼ tn

for e ¼ 0 and for e positive and small.
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From the assumptions (A) and (B), Stokes lines are symmetric with respect

to the real axis and the real axis itself is a Stokes line. At infinity in S the

Stokes lines are asymptotic to horizontal lines Im t ¼ const:.

If e is su‰ciently small, there exist 2n turning points TjðeÞ and TjðeÞ
ð j ¼ 1; . . . ; nÞ in a neighborhood of each root of ðV ðnÞð0Þ=n!Þ2t2n þ e2 ¼ 0. It

is possible to take r ¼ rðeÞ and y0 properly small, so that S includes only four

turning points T1, Tn, T1, and Tn. Moreover the Stokes lines emanating from

these turning points are not connected with those from the other 2n� 4 turning

points. Indeed, by Lemma 5.1, we see that the principal terms of the action

integrals for e small enough have the relation:

maxfIm A1ðeÞ; Im AnðeÞg < minfIm A2ðeÞ; . . . ; Im An�1ðeÞg:

For su‰ciently small e, the Stokes geometry in S is as in Figure 1.

The larger the number n is, the more complicated the Stokes geometry

becomes. However, if we restrict ourselves to a properly restricted domain S,

it has always the same structure. Hence we calculate Wronskians between

fr
GðtÞ and f l

GðtÞ defined in S r
R and S l

R with the exact WKB solutions defined in

a neighborhood of the turning points near the real axis as in Figure 1.
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4.2 Transition at the avoided crossing

We first reduce our problem to a local connection problem near the avoided

crossing. We introduce four symbol base points rþ, r�, lþ, l� and make the

branch cuts as in Figure 2. We write, for short, the exact WKB solutions

by

fGðt; h;Tj; t1Þ ¼ f
ð jÞ
G ðt1Þ; fGðt; h;Tj; t1Þ ¼ f

ð j Þ
G ðt1Þ:

We have the following relations between these and f r; l
G ðtÞ:

f r
þðtÞ ¼ exp þ zrðT1Þ

h

� �
f
ð1Þ
þ ðrþÞð1þOðhÞÞ;

f r
�ðtÞ ¼ exp � zrðT1Þ

h

� �
fð1Þ� ðr�Þð1þOðhÞÞ;

Fig. 1. Stokes geometry

Fig. 2. Symbol base points
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f l
þðtÞ ¼ exp þ zlðTnÞ

h

� �
f
ðnÞ
þ ðlþÞð1þOðhÞÞ;

f l
�ðtÞ ¼ exp � zlðTnÞ

h

� �
fðnÞ� ðl�Þð1þOðhÞÞ;

where OðhÞ is uniform for small e. From the above relations, we obtain

Lemma 4.1.

W½fr
þ; f

l
��

W½fr
þ; f

r
��

¼ exp
i

2h
ðA�yðeÞ � AyðeÞ þ A1ðeÞ � AnðeÞÞ

� �

� W½fð1Þþ ðrþÞ; fðnÞ� ðl�Þ�
W½fð1Þþ ðrþÞ; fð1Þ� ðr�Þ�

ð1þOðhÞÞ;

W½fr
þ; f

l
þ�

W½fr
þ; f

r
��

¼ exp
i

2h
ð�A�yðeÞ � AyðeÞ þ A1ðeÞ þ AnðeÞÞ

� �

� W½fð1Þþ ðrþÞ; fðnÞþ ðlþÞ�
W½fð1Þþ ðrþÞ; fð1Þ� ðr�Þ�

ð1þOðhÞÞ;

where

AyðeÞ ¼ 2

ðy
0

ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
VðtÞ2 þ e2

q
� lrÞdt; A�yðeÞ ¼ 2

ð�y

0

ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
VðtÞ2 þ e2

q
� llÞdt

and OðhÞ is uniform for small e.

Two Wronskians W½fð1Þþ ðrþÞ; fð1Þ� ðr�Þ� and W½fð1Þþ ðrþÞ; fðnÞ� ðl�Þ� can be cal-

culated directly by Proposition 3.3 as follows.

W½fð1Þþ ðrþÞ; fð1Þ� ðr�Þ� ¼ exp � i

2h
ðA1ðeÞ � A1ðeÞÞ

� �
W½fð1Þþ ðrþÞ; fð1Þ� ðr�Þ�;

¼ 2i exp � i

2h
ðA1ðeÞ � A1ðeÞÞ

� �
we
þðzðr�Þ; zðrþÞÞ:

W½fð1Þþ ðrþÞ; fðnÞ� ðl�Þ� ¼ exp � i

2h
ðA1ðeÞ � AnðeÞÞ

� �
W½fð1Þþ ðrþÞ; fð1Þ� ðl�Þ�;

¼ 2i exp � i

2h
ðA1ðeÞ � AnðeÞÞ

� �
we
þðzðl�Þ; zðrþÞÞ:

Therefore we have
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W½fð1Þþ ðrþÞ; fðnÞ� ðl�Þ�
W½fð1Þþ ðrþÞ; fð1Þ� ðr�Þ�

¼ exp
i

2h
ðAnðeÞ � A1ðeÞÞ

� �
we
þðzðl�Þ; zðrþÞÞ

we
þðzðr�Þ; zðrþÞÞ

: ð16Þ

By Proposition 3.2, we can obtain the asymptotic expansions of these Wron-

skians as h ! 0 for the reason why there exist canonical curves form rþ to

either r� or l� (see § 4.3).

However we must be careful in calculating the Wronskian

W½fð1Þþ ðrþÞ; fðnÞþ ðlþÞ�, because there exist remarkable di¤erences on the geo-

metrical structures of the Stokes lines whether n ¼ 1 or nb 2. Therefore we

will separately discuss the cases where VðtÞ has a simple zero or a zero of

higher order.

4.2.1 Transition at a simple zero

In the case where n ¼ 1, there are two simple turning points T1ðeÞ and

T1ðeÞ. The calculation of W½fð1Þþ ðrþÞ; fð1Þþ ðlþÞ� is the connection problem at

the turning point of order 1 over the branch cut as in Figure 3. Let l̂lþ be the

same point as lþ but continued from rþ passing by the branch cut from T1.

Proposition 4.1. If n ¼ 1, we obtain

W½fð1Þþ ðrþÞ; fð1Þþ ðlþÞ� ¼ �2we
þðzðl̂lþÞ; zðrþÞÞ:

Proof of Proposition 4.1. We can not apply Proposition 3.3 to this

calculation directly. Therefore we consider the following lemma, which gives

the relation between exact WKB solutions on the di¤erent Riemann surfaces.

Lemma 4.2. Let T be a simple turning point and t1 0T su‰ciently close to

T. Then

Fig. 3. Stokes geometry n ¼ 1
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fGðt;T ;T þ ðt̂t1 � TÞe�2piÞ ¼
�
ifHðt;T ; t̂t1Þ ðT is a zero of VðtÞ � ieÞ;
�ifHðt;T ; t̂t1Þ ðT is a zero of VðtÞ þ ieÞ:

T1 is a simple zero of VðtÞ � ie. Since lþ is obtained from l̂lþ after turning

clockwise around T1, one has from Lemma 4.2 f
ð1Þ
þ ðlþÞ ¼ ifð1Þ� ðl̂lþÞ. Hence

W½fð1Þþ ðrþÞ; fð1Þþ ðlþÞ� ¼ iW½fð1Þþ ðrþÞ; fð1Þ� ðl̂lþÞ�:

We apply Proposition 3.3 to this Wronskian then Proposition 4.1 is obtained.

r

Hence the Wronskian of the exact WKB solutions in Lemma 4.1 is given

by

W½fð1Þþ ðrþÞ; fð1Þþ ðlþÞ�
W½fð1Þþ ðrþÞ; fð1Þ� ðr�Þ�

¼ i exp
i

h
Im A1ðeÞ

� �
we
þðzðl̂lþÞ; zðrþÞÞ

we
þðzðr�Þ; zðrþÞÞ

: ð17Þ

For the symbol base l̂lþ on another Riemann surface, there exists a canonical

curve from rþ to l̂lþ passing through the branch cut.

4.2.2 Transition at a zero of higher order

In case nb 2, the geometrical structures of the Stokes lines emanating

from four turning points T1, Tn, T1 and Tn are classified into three cases

Re zðT1Þ > Re zðTnÞ, Re zðT1Þ ¼ Re zðTnÞ and Re zðT1Þ < Re zðTnÞ (Figure 4,

5, 6).

We introduce the two symbol base points d and d on the imaginary axis

such that

maxfRe zðT2Þ;Re zðTn�1Þg < Re zðdÞ < minfRe zðT1Þ;Re zðTnÞg

Fig. 4. Re zðTn;T1Þ < 0 Fig. 5. Re zðTn;T1Þ ¼ 0
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and consider linearly independent intermediate exact WKB solutions

(fþðt;T1; dÞ, f�ðt;T1; dÞ) and (fþðt;Tn; dÞ, f�ðt;Tn; dÞ). Let l̂lþ, r̂rþ be the same

point as lþ, rþ but continued from d passing through the branch cuts as

in Figure 2. Then one sees that lþ ¼ Tn þ ðl̂lþ � TnÞe�2pi and rþ ¼
T1 þ ðr̂rþ � T1Þe2pi.

Proposition 4.2. If nb 2, we obtain

W½fð1Þþ ðrþÞ; fðnÞþ ðlþÞ� ¼ �2

�
ð�1Þnþ1 w

e
þðzðdÞ; zðrþÞÞwe

þðzðl̂lþÞ; zðdÞÞ
we
þðzðdÞ; zðdÞÞ

exp
zðTn;T1Þ

h

� �

þ
we
þðzðdÞ; zðlþÞÞwe

þðzðr̂rþÞ; zðdÞÞ
we
þðzðdÞ; zðdÞÞ

exp
zðT1;TnÞ

h

� ��
:

Proof. The exact WKB solutions fþðt;T1; dÞ, f�ðt;T1; dÞ, fþðt;Tn; dÞ and
f�ðt;Tn; dÞ have the well-defined semiclassical asymptotic expansions in the

direction from the symbol base points to the phase base points. Now the

pairs of ðfþðt;T1; dÞ; f�ðt;T1; dÞÞ and ðfþðt;Tn; dÞ; f�ðt;Tn; dÞÞ are fundamental

bases of the space of solutions each other. So fþðt;T1; rþÞ and fþðt;Tn; lþÞ
are written by the linear combinations:

f
ð1Þ
þ ðrþÞ ¼

W½fð1Þþ ðrþÞ; fð1Þ� ðdÞ�
W½fð1Þþ ðdÞ; fð1Þ� ðdÞ�

f
ð1Þ
þ ðdÞ þW½fð1Þþ ðdÞ; fð1Þþ ðrþÞ�

W½fð1Þþ ðdÞ; fð1Þ� ðdÞ�
fð1Þ� ðdÞ;

f
ðnÞ
þ ðlþÞ ¼

W½fðnÞþ ðlþÞ; fðnÞ� ðdÞ�
W½fðnÞþ ðdÞ; fðnÞ� ðdÞ�

f
ðnÞ
þ ðdÞ þW½fðnÞþ ðdÞ; fðnÞþ ðlþÞ�

W½fðnÞþ ðdÞ; fðnÞ� ðdÞ�
fðnÞ� ðdÞ:

Fig. 6. Re zðTn;T1Þ > 0
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These Wronskian calculations are the same as the connection at the turning

point of order 1. Notice that the turning point TnðeÞ is a zero of VðtÞ � ie

when n is odd and that of VðtÞ þ ie when n is even. By Lemma 4.2, we

have f
ð1Þ
þ ðrþÞ ¼ �ifð1Þ� ðr̂rþÞ, fðnÞþ ðlþÞ ¼ ð�1Þnþ1

ifðnÞ� ðl̂lþÞ and then, by Proposition

3.3,

f
ð1Þ
þ ðrþÞ ¼

we
þðzðdÞ; zðrþÞÞ
we
þðzðdÞ; zðdÞÞ

f
ð1Þ
þ ðdÞ � i

we
þðzðr̂rþÞ; zðdÞÞ
we
þðzðdÞ; zðdÞÞ

fð1Þ� ðdÞ

f
ðnÞ
þ ðlþÞ ¼

we
þðzðdÞ; zðlþÞÞ
we
þðzðdÞ; zðdÞÞ

f
ðnÞ
þ ðdÞ þ ð�1Þnþ1

i
we
þðzðl̂lþÞ; zðdÞÞ
we
þðzðdÞ; zðdÞÞ

fðnÞ� ðdÞ

¼ we
þðzðdÞ; zðlþÞÞ
we
þðzðdÞ; zðdÞÞ

ezðT1;TnÞ=hf
ð1Þ
þ ðdÞ

þ ð�1Þnþ1
i
we
þðzðl̂lþÞ; zðdÞÞ
we
þðzðdÞ; zðdÞÞ

ezðTn;T1Þ=hfð1Þ� ðdÞ:

From these relations, we have Proposition 4.2. r

Applying Proposition 4.2, we have

W½fð1Þþ ðrþÞ; fðnÞþ ðlþÞ�
W½fð1Þþ ðrþÞ; fð1Þ� ðr�Þ�

¼ i exp � i

2h
ðA1ðeÞ þ AnðeÞÞ

� �
1

we
þðzðr�Þ; zðrþÞÞ

�
ð�1Þnþ1 w

e
þðzðdÞ; zðrþÞÞwe

þðzðl̂lþÞ; zðdÞÞ
we
þðzðdÞ; zðdÞÞ

exp
i

h
AnðeÞ

� �

þ
we
þðzðdÞ; zðlþÞÞwe

þðzðr̂rþÞ; zðdÞÞ
we
þðzðdÞ; zðdÞÞ

exp
i

h
A1ðeÞ

� ��
: ð18Þ

Note that there exists a canonical curve for each Wronskian calculation.

4.3 Asymptotics of the Wronskians as h ! 0

About the calculations of the asymptotic expansions of the Wronskian

(16), (17), (18) as h ! 0, we must pay attention to the distance between the

canonical curve and the turning points on the complex z-plane because z ¼
zðTjÞ are simple poles of H 0ðzÞ=HðzÞ. We give the figure of the canonical

curve on the complex z-plane, where the phase base point is equal to 0.

For the Wronskian in (16), the canonical curve from zðrþÞ to zðl�Þ passes

between zðT1Þ and zðT1Þ as in Figure 7. Therefore we get
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we
þðzðl�Þ; zðrþÞÞ ¼ 1þO

h

Re zðT1Þ �Re zðT1Þ

� �
as h ! 0:

By Lemma 5.1, we have

Re zðT1Þ �Re zðT1Þ ¼ Oðeðnþ1Þ=nÞ as e ! 0:

In case n ¼ 1, for the Wronskian in (17), the canonical curve from zðrþÞ to
zðl̂lþÞ through the branch cut passes over zðT1Þ as in Figure 8.

we
þðzðl̂lþÞ; zðrþÞÞ ¼ 1þOðhÞ as h ! 0:

Therefore we obtain, in case n ¼ 1,

Fig. 7. nb 2, Re zðTnÞ ¼ Re zðT1Þ

Fig. 8. n ¼ 1
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Pðe; hÞ ¼ exp � 2

h
Im A1ðeÞ

� �
ð1þOðhÞÞ as h ! 0:

In case nb 2 and Re zðTnÞ ¼ Re zðT1Þ, for the Wronskians in (18), the

canonical curve from zðdÞ to zðdÞ passes between zðT1Þ and zðTnÞ, the canonical

curve from zðrþÞ to zðdÞ passes between zðT1Þ and zðT1Þ and the canonical

curve from zðdÞ to zðr̂rþÞ through the branch cut passes between zðT1Þ and zðT2Þ
as in Figure 7. Therefore we get

we
þðzðdÞ; zðdÞÞ ¼ 1þO

h

Im zðT1Þ � Im zðTnÞ

� �
as h ! 0;

we
þðzðdÞ; zðrþÞÞ ¼ 1þO

h

Re zðT1Þ �Re zðT1Þ

� �
as h ! 0;

we
þðzðr̂rþÞ; zðdÞÞ ¼ 1þO

h

Re zðT1Þ �Re zðT2Þ

� �
as h ! 0:

By Lemma 5.1, we have

Im zðT1Þ � Im zðTnÞ ¼ Oðeðnþ1Þ=nÞ as e ! 0;

Re zðT1Þ �Re zðT1Þ ¼ Oðeðnþ1Þ=nÞ as e ! 0;

Re zðT1Þ �Re zðT2Þ ¼ Oðeðnþ1Þ=nÞ as e ! 0:

Hence we obtain Theorem 2.1 in case nb 2

Pðe; hÞ ¼ exp
i

h
A1ðeÞ

� �
þ ð�1Þnþ1 exp

i

h
AnðeÞ

� �����
����
2

1þO
h

eðnþ1Þ=n

� �� �

as
h

eðnþ1Þ=n ! 0:

We remark that there exists the canonical curve from lþ to r̂rþ in the case

Re zðTnÞ < Re zðT1Þ as in Figure 9. The Wronskian can be calculated without

intermediate exact WKB solutions as follows:

W½fð1Þþ ðrþÞ; fðnÞþ ðlþÞ� ¼ exp
i

2h
ðA1ðeÞ � AnðeÞÞ

� �
W½fð1Þþ ðrþÞ; fð1Þþ ðlþÞ�

¼ �i exp
i

2h
ðA1ðeÞ � AnðeÞÞ

� �
we
þðzðr̂rþÞ; zðlþÞÞ:

we
þðzðr̂rþÞ; zðlþÞÞ ¼ 1þO

h

Re zðT1Þ �Re zðTnÞ

� �
as h ! 0:
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By Lemma 5.1, we have

Re zðT1Þ �Re zðTnÞ ¼ Oðeðnþ2mÞ=nÞ as e ! 0:

The asymptotic expansions (4), (5) in Proposition 2.1 imply that Pðe; hÞ in case

nb 2 can be calculated as in case n ¼ 1 when h goes to 0 faster than eðnþ2mÞ=n

tends to 0 (see Figure 4).

5. Asymptotics of the action integral

To prove Proposition 2.1 we give two lemmas on the asymptotic behavior

of the action integral. Put VðzÞ ¼ V ðnÞð0Þ
n! znvðzÞ. Then vð0Þ ¼ 1.

Lemma 5.1. AjðeÞ is an analytic function of e1=n at t ¼ 0 and has the

following Maclaurin expansion:

AjðeÞ ¼
Xy
k¼1

Ck exp
ð2j � 1Þkpi

2n

� �
eðnþkÞ=n;

where Ck ¼
ffiffiffi
p

p
G
�
k
2n

	
ðnþ kÞðk � 1Þ!G

�
nþk
2n

	 n!

V ðnÞð0Þ

� �k=n
d k�1

dzk�1
ðvðzÞ�k=nÞ

� �
z¼0

.

Remark that this constant Ck is equivalent to the one in Proposition 2.1.

Proof.

AjðeÞ ¼ 2

ðTjðeÞ

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V ðnÞð0Þ

n!
tnvðtÞ

� �2
þ e2

s
dt:

Fig. 9. nb 2, Re zðTnÞ < Re zðT1Þ
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By the change of variables esn ¼ V ðnÞð0Þ
n! tnvðtÞ, we get

AjðeÞ ¼ 2e

ðexp½ðð2j�1Þ=2nÞpi�

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2n þ e2

p dt

ds

� �
ds:

By the Lagrange’s formula, the Maclaurin expansion of t with respect to s is

given by

t ¼
Xy
k¼1

ek=n

k!

n!

V ðnÞð0Þ

� �k=n
d k�1

dzk�1
ðvðzÞ�k=nÞ

� �
z¼0

sk;

and hence

dt

ds
¼
Xy
k¼1

ek=n

ðk � 1Þ!
n!

V ðnÞð0Þ

� �k=n
d k�1

dzk�1
ðvðzÞ�k=nÞ

� �
z¼0

sk�1:

Then the formula is obtained by term integrations and the identity

ðexp½ðð2j�1Þ=2nÞpi�

0

sk�1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2n þ 1

p
ds ¼

ffiffiffi
p

p
G
�
k
2n

	
2ðnþ kÞG

�
nþk
2n

	 exp ð2j � 1Þkpi
2n

� �
: r

To study the principal term of ImðA1ðeÞ � AnðeÞÞ, we use the following

lemma.

Lemma 5.2. Assume vð2j�1Þð0Þ ¼ 0 ð j ¼ 1; . . . ;mÞ for any fixed m A N.

Then we have for any positive number s

d 2j�1

dz2j�1
ðvðzÞ�sÞ

� �
z¼0

¼ 0 ð j ¼ 1; . . . ;mÞ ð19Þ

Proof. We shall prove this lemma by mathematical induction with re-

spect to m. In the case where m ¼ 1, the statement (19) is evident. Assume

that there exists k A N such that (19) is true for all m < k þ 1.

By the Leibniz formula, we have

d 2kþ1

dz2kþ1
ðvðzÞ�sÞ

� �
z¼0

¼ �s
X2k
p¼0

2k

p

� �
vð2kþ1�pÞðzÞ d

p

dzp
ðvðzÞ�s�1Þ

" #
z¼0

¼ �svð2kþ1Þð0Þ � s
Xk
q¼1

2k

2q� 1

� �
vð2k�2qþ2Þð0Þ d 2q�1

dz2q�1
ðvðzÞ�s�1Þ

� �
z¼0

:
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The second term is zero from the assumption. If vð2kþ1Þð0Þ ¼ 0, (19) with m ¼
k þ 1 is also true. r

From this proof, if there exists m A N such that vð2j�1Þð0Þ ¼ 0 ð j ¼
1; . . . ;m� 1Þ and vð2m�1Þð0Þ0 0, we obtain

d 2m�1

dz2m�1
ðvðzÞ�sÞ

� �
z¼0

¼ �svð2m�1Þð0Þ:

If there exists m A N such that V ðnþ2l�1Þð0Þ ¼ 0 ðl ¼ 0; . . . ;m� 1Þ and

V ðnþ2m�1Þð0Þ0 0, we get the following relation between derivatives of VðtÞ
and vðtÞ:

vð2m�1Þð0Þ ¼ n!

V ðnÞð0Þ
ð2m� 1Þ!V ðnþ2m�1Þð0Þ

ðnþ 2m� 1Þ!

and moreover in the case where mb 2

v 0ð0Þ ¼ vð3Þð0Þ ¼ � � � ¼ vð2m�3Þð0Þ ¼ 0:

Therefore we obtain (3).
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mula, Annales de l’I.H.P. Physique Théorique 71, 1 (1999), 95–127.
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