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ABSTRACT. Let Vð0Þ and TðkÞ denote the mod p Moore spectrum and the Ravenel

spectrum at a prime p, respectively. We determine the homotopy groups p�ðL2Vð0Þ5
TðkÞÞ for kb 2 and p > 2. This is done by determining the chromatic E1-term

HðkÞ�M 1
1 , which is obtained by using only two key lemmas: one is to define the Miller-

Ravenel-Wilson elements and the other is to give a one dimensional element z.

1. Introduction and the statement of results

Let TðkÞ denote the Ravenel ring spectrum at a prime p, which is char-

acterized by the Brown-Peterson homology BP�ðTðkÞÞ ¼ BP�½t1; t2; . . . ; tk�H
BP�ðBPÞ ¼ BP�½t1; t2; . . .�, where BP� ¼ ZðpÞ½v1; v2; . . .�. Note that Tð0Þ ¼ S0.

Then the homotopy groups p�ðTðkÞÞ are, in a sense, an approximation of

the homotopy groups p�ðS0Þ of spheres. For the Bousfield localization functor

Ln on the stable homotopy category with respect to v�1n BP, the homotopy

groups p�ðLnS
0Þ are also an approximation of p�ðS0Þ. Both of the homotopy

groups are considerably easier to compute than the homotopy groups of

spheres. In this paper we determine the homotopy groups of L2Vð0Þ5TðkÞ
for each kb 2 at an odd prime p, where Vð0Þ denotes the mod p Moore

spectrum. These groups are computed by the Adams-Novikov spectral se-

quence and the chromatic spectral sequence. The E1-terms of the chro-

matic spectral sequence are HðkÞ�M 0
1 and HðkÞ�M 1

1 , where HðkÞ�M ¼
Ext�BP�ðBPÞðBP�;MnBP� BP�ðTðkÞÞÞ. If the prime p is odd, then the Adams-

Novikov spectral sequence collapses from the E2-term, and so it su‰ces

to determine the chromatic E1-terms to obtain the module structure of

p�ðL2Vð0Þ5TðkÞÞ. Ravenel determined HðkÞ�M 0
1 (cf. [4]) and we determine

HðkÞ�M 1
1 here not only for an odd prime p but also for the prime 2. We

note that our computation for HðkÞ0M 1
1 also works in the case where k ¼ 1

and p > 2. For the case k ¼ 0, it is determined in [10] and [6] if p > 3, in

[9] if p ¼ 3 and in [8] if p ¼ 2, which show that the computation is very
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tough. For the case k ¼ 1, Hð1Þ�M 1
1 at p ¼ 2 is determined in [7]. If

k > 1, then it is much easier, and has a kind of good nature. This will be

studied in a forthcoming paper.

Throughout this note, we fix an integer kb 1 and k > 1 if p ¼ 2.
In order to state our theorems, we introduce some notations. The modules

kð1Þ�, Kð1Þ�, kð1; jÞ� and k½3; k þ 1�� are given by

kð1Þ� ¼ Z=p½v1�;

Kð1Þ� ¼ v�11 kð1Þ�;

kð1; jÞ� ¼ kð1Þ�=ðv
j
1Þ;

k½3; k þ 1�� ¼ Z=p½v3; . . . ; vkþ1�:
The integers an and cn for each nb 0 are defined by

a0 ¼ 1;

a3mþ1 ¼ p3mþ1 þ pðp2 þ 1Þem;

a3mþ2 ¼ pa3mþ1 þ p;

a3mþ3 ¼ pa3mþ2;

c3mþi ¼ piðp� 1Þem;

em ¼ ðp3m � 1Þ=ðp3 � 1Þ

ð1:1Þ

for mb 0 and i ¼ 1; 2; 3. Our first theorem gives the chromatic E1-term

HðkÞ�M 1
1 . For this theorem, we consider the kð1Þ�-modules defined by

Að0Þ ¼ Kð2Þ�fvskþ2=v1 j pas > 0g;

AðnÞ ¼ kð1Þ�=ðv
an
1 Þfv

spn

kþ2=v
an
1 j pas > 0g for n > 0;

A0 ¼
X

n>0
AðnÞ;

A1 ¼ Að1Þfz2; z3gl
X

mb0
ðAð3mþ 2Þfvp

3mþ1ðp�1Þ
kþ2 z1;m; z3;mg

lAð3mþ 3Þfz1;mþ1; v p3mþ1ðp�1Þ
kþ2 z2;mg

lAð3mþ 4Þfz2;mþ1; v p3mþ3ðp�1Þ
kþ2 z3;mgÞ;

A2 ¼ Að1Þz�1 lAð2Þz�2 l
X

mb0
ðAð3mþ 3Þv p3mþ1ðp2�1Þ

kþ2 z�3;m

lAð3mþ 4Þvp
3mþ2ðp2�1Þ

kþ2 z�1;m

lAð3mþ 5Þvp
3mþ3ðp2�1Þ

kþ2 z�2;mÞ:

ð1:2Þ
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Here v
spn

kþ2=v
an
1 denotes the homology class represented by a cocycle whose

leading term is vsp
n

kþ2=v
an
1 in the cobar complex W0M 1

1 . We denote z1 ¼ hkþ1;0,

zi ¼ hkþ2; i�2 for i ¼ 2; 3,

z1;m ¼ ½vc3mþ1kþ2 tkþ1�; z2;m ¼ ½vc3mþ2kþ2 tkþ2�; z3;m ¼ ½vc3mþ3kþ2 t
p
kþ2�;

and

z�1;m ¼ z2;mz3;m; z�2;m ¼ z1;mþ1z3;m z�3;m ¼ z1;mz2;m:

Furthermore z denotes a cocycle whose leading term is v
p�1
kþ2 t

p
kþ1 given in

Lemma 2.3. Put A� ¼ ðKð1Þ�=kð1Þ�l
P2

i¼0 A
iÞnKð2Þ�.

Theorem 1.3. The chromatic E1-term HðkÞ�M 1
1 is given as follows:

1. HðkÞ�M 1
1 for k > 1 is the tensor product of k½3; k þ 1�� and the direct

sum of A�nLðzÞ and Að0ÞnLðz1; z2; z3Þ.
2. Hð1Þ0M 1

1 at p > 2 is the direct sum of Kð1Þ�=kð1Þ�, Að0Þ and A0.

Let Eð2Þ denote the second Johnson-Wilson spectrum. We use the Eð2Þ-
based Adams spectral sequence to show our main theorem. Its E2-term is

Ext�Eð2Þ�ðEð2ÞÞ
ðEð2Þ�;Eð2Þ�ðXÞÞ, and we use the notation

hðkÞ�M ¼ Ext�Eð2Þ�ðEð2ÞÞðEð2Þ�;MnEð2Þ� Eð2Þ�½t1; . . . ; tk�Þ:

Then the spectral sequence converging to p�ðL2Vð0Þ5TðkÞÞ has the E2-term

hðkÞ�Eð2Þ�=ðpÞ. By the change of rings theorem [1], we have

hðkÞ�M 1
1 nEð2Þ� ¼ HðkÞ�M 1

1 :

Consider the connecting homomorphism d :hðkÞsM 1
1nEð2Þ�! hðkÞsþ1Eð2Þ�=ðpÞ,

and define

bi=j ¼ dðvikþ2=v
j
1Þ;

bi=jxi;m ¼ dðvikþ2zi;m=v
j
1Þ;

bi=jv
a
kþ2xi;m ¼ dðviþakþ2zi;m=v

j
1Þ;

bi=jx
�
i;m ¼ dðvikþ2z

�
i;m=v

j
1Þ;

bi=jv
a
kþ2x

�
i;m ¼ dðviþakþ2z

�
i;m=v

j
1Þ:

ð1:4Þ

Furthermore, we put x ¼ dðxz=v j
1Þ for an element x=v j

1 A hðkÞ�M 1
1 nEð2Þ�.

We put the kð1Þ�-module

BðnÞ ¼
X

s AN�pN

kð1; anÞ�hbspn=an
i

 !
n k½3; k þ 1��
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for each nb 0, and we define the kð1Þ�-modules
~BB0 ¼ Bð0ÞnLðx1; x2; x3Þ;

B0 ¼
X
n>0

BðnÞ;

B1 ¼ Bð1Þfx2; x3gl
X
mb0

ðBð3mþ 2Þfvp
3mþ1ð p�1Þ

kþ2 x1;m; x3;mg

lBð3mþ 3Þfx1;mþ1; v p3mþ1ðp�1Þ
kþ2 x2;mglBð3mþ 4Þfx2;mþ1; v p3mþ3ðp�1Þ

kþ2 x3;mgÞ;

B2 ¼ Bð1Þx�1 lBð2Þx�2 l
X
mb0

ðBð3mþ 3Þv p3mþ1ðp2�1Þ
kþ2 x�3;m

lBð3mþ 4Þv p3mþ2ðp2�1Þ
kþ2 x�1;m lBð3mþ 5Þv p3mþ3ðp2�1Þ

kþ2 x�2;mÞ:

Then we have our main theorem:

Theorem 1.5. Let p be an odd prime and kb 2. Then the homotopy

groups p�ðL2Vð0Þ5TðkÞÞ are isomorphic as a kð1Þ�-module to the direct sum

of kð1Þ�nLðzÞ and ~BB0l ðB0lB1lB2ÞnLðxÞ.

Note that Theorem 1.5 also holds for p ¼ 2, if we replace the homotopy
groups by the E2-term of the Eð2Þ-based Adams spectral sequence. We prove

these theorems in the next section assuming two key lemmas, Lemmas 2.3

and 2.4, which are proved in § 4 and § 3, respectively. The authors express

their gratitude to Prof. Xiangjun Wang who pointed out that our original

proof works even at the prime 2.

2. HðkÞ�M 1
1

We consider the Hopf algebroid ðA;GðkÞÞ ¼ ðBP�;BP�½tkþ1; tkþ2; . . .�Þ
whose structure maps, say, hR : A! GðkÞ and D : GðkÞ ! GðkÞnGðkÞ, are
induced from those of the Hopf algebroid ðBP�;BP�ðBPÞÞ under the projection
BP�BP! GðkÞ. Then HðkÞ�M for a comodule M is the cohomology of the

cobar complex ðW�M; dÞ, where WsM ¼MnA GðkÞnA 
 
 
 nA GðkÞ (s factors
of GðkÞ) and the di¤erential d is defined inductively by dðmÞ ¼ hRðmÞ �m for

m A M, dðxÞ ¼ 1n xþ xn 1� DðxÞ for x A GðkÞ and dðxn yÞ ¼ dðxÞn yþ
ð�1Þsxn dðyÞ for x A WsM and y A GðkÞ. Note that the change of rings

theorem gives an isomorphism

HðkÞ�M ¼ Ext�BP�ðBPÞðBP�;MnBP� BP�½t1; . . . ; tk�Þ:

The comodules Mi
j are defined inductively by N 0

j ¼ A=Ij, Mi
j ¼ v�1iþjN

i
j

and the short exact sequence
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0! N i
j !Mi

j ! N iþ1
j ! 0:ð2:1Þ

We start with Ravenel’s results (cf. [4]):

HðkÞ�M 0
2 ¼ Kð2Þ�½v3; . . . ; vkþ2�nLðhkþ1;0; hkþ1;1; hkþ2;0; hkþ2;1Þ

¼ Kð2Þ�½vkþ2�nLðhkþ1;0; hkþ1;1; hkþ2;0; hkþ2;1Þn k½3; k þ 1��;

where Kð2Þ� ¼ Z=p½v2; v�12 �, k½3; k þ 1�� denotes the trivial BP�ðBPÞ-comodule
Z=p½v3; . . . ; vkþ1� and hi; j denotes the cohomology class represented by t

p j

i .

We have the exact sequence

HðkÞ�M 0
2 !

j
HðkÞ�M 1

1 !
v1

HðkÞ�M 1
1 !

d
HðkÞ�M 0

2ð2:2Þ

of graded modules associated to the short exact sequence 0!M 0
2 !

j
M 1

1

!v1 M 1
1 ! 0; where jðxÞ ¼ x=v1 and d raises the dimension by 1.

Now we state our key lemmas, whose proofs will be given in the fol-

lowing sections.

Lemma 2.3. If kb 2, then there exists a cocycle r0 of W
1v�12 BP�=ðp; v j

1Þ for
any j > 0 whose leading term is v

p�1
kþ2t

p
kþ1.

We denote by z the homology class represented by r0.

Lemma 2.4. Let k be a positive integer with k > 1 if p ¼ 2. Then for

the connecting homomorphism d, we have

dðvskþ2=v1Þ ¼ sv
s�p
kþ2z;

dðvsp
n

kþ2=v
an
1 Þ ¼ svbn2 v

pnðs�1Þ
kþ2 zi;m

for s > 0 and n ¼ 3mþ i > 0 with i ¼ 1; 2; 3. Here the integers bn are defined

by

b3mþi ¼ p3mþi�1ðpkþ1 � 1Þ þ pi�1ðpkþ1 � 1Þem

for i ¼ 1; 2; 3, and we abbreviate zi;0 to zi for i ¼ 1; 2; 3.

Consider the Kð2Þ�-modules

AðnÞ ¼ Kð2Þ�fv
spn

kþ2 j pasg

for nb 0, and put A� ¼ ðKð2Þ�l
P

nb1AðnÞÞnLðhkþ1;0; hkþ2;0; hkþ2;1Þn
k½3; k þ 1��HHðkÞ�M 0

2 if k > 1. Then we have the following proposition

whose proof will be given after the proofs of the theorems.

Proposition 2.5. For kb 2, the module A� of (1.2) fits in the commutative

diagram of exact sequences
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A� ���!j A� ���!v1 A� ���!d A�????y
V ????y

V ????y
V ????y

V

HðkÞ�M 0
2 ���!j HðkÞ�M 1

1 ���!v1 HðkÞ�M 1
1 ���!d HðkÞ�M 0

2 :

Proof of Theorem 1.3. Let B� denote the module of Theorem 1.3.

Then it su‰ces to show that the sequence

HðkÞ�M 0
2 !

j
B� !v1 B� !d HðkÞ�M 0

2

is exact by [2, Remark 3.11]. Note that Kð2Þ�½vkþ2�nLðhkþ1;1Þ is isomorphic
to

ðAð0ÞlA�Þl ðv�p2 zAð0Þl zA�Þ:

Since dðxziÞ ¼ dðxÞzi for x A A�, we have the exact sequence

Að0ÞnLðz1; z2; z3Þ !
j
Að0ÞnLðz1; z2; z3Þ !

0
Að0ÞnLðz1; z2; z3Þð2:6Þ

!d v
�p
kþ2Að0ÞnLðz1; z2; z3Þ

by the first equation of Lemma 2.4, where j and d are isomorphisms.

By Proposition 2.5, we have the exact sequence

A�nLðzÞ ! A�nLðzÞ ! A�nLðzÞ !d A�nLðzÞ:ð2:7Þ

The direct sum of these exact sequences yields the desired one. q.e.d.

Proof of Theorem 1.5. By (2.1), we have the short exact sequence

0! ~NN 0
1 ! ~MM 0

1 ! ~MM 1
1 ! 0, where we put ~MM ¼MnBP� Eð2Þ� for a BP�ðBPÞ-

comodule M. Ravenel shows that hðkÞ� ~MM 0
1 ¼ Kð1Þ�½v2; . . . ; vkþ1�nLðhkþ1;0Þ.

The long exact sequence associated to the short sequence splits into the exact

sequence

0! hðkÞ0 ~NN 0
1 ! hðkÞ0 ~MM 0

1 ! hðkÞ0 ~MM 1
1 !

d
hðkÞ1 ~NN 0

1

! hðkÞ1 ~MM 0
1 ! hðkÞ1 ~MM 1

1 !
d
hðkÞ2 ~NN 0

1 ! 0

and the isomorphisms

d : hðkÞ i ~MM 1
1 G hðkÞ iþ1 ~NN 0

1

for i > 1. By the definition (1.4), we see that dðAðnÞÞ ¼ BðnÞ. Note that

z1=v
j
1 is homologous to z=v j�2

1 by Lemmas 3.3 and 3.4. Thus we obtain the

E2-term hðkÞ� ~NN 0
1 of the Adams-Novikov spectral sequence. Since hsðkÞ ~NN 0

1 ¼ 0
for s > 4, we see that the Adams-Novikov spectral sequence collapses from the

E2-term. q.e.d.
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The rest of this section is devoted to showing Proposition 2.5.

First we note a property of the non-negative integers.

Remark. For any nb 0,

1. There exist integers l and m with l2 p2 � p modðp3Þ such that

n ¼ p3ml þ c3mþ1:

2. For any nb 0, there exist integers l and m with l2 p2 � 1 modðp3Þ
such that

np ¼ p3mþ1l þ c3mþ1 þ c3mþ2:

Consider the modules

A2ðmÞ ¼ Að3mþ 1ÞlAð3mþ 2Þv�p
3mþ2

kþ2 lAð3mþ 3Þv p3mþ2ðp�1Þ
kþ2 ;

A3ðmÞ ¼ Að3mþ 2ÞlAð3mþ 3Þv�p
3mþ3

kþ2 lAð3mþ 4Þv p3mþ3ðp�1Þ
kþ2 ;

A1ðmÞ ¼ Að3mþ 3ÞlAð3mþ 4Þv�p
3mþ4

kþ2 lAð3mþ 5Þv p3mþ4ðp�1Þ
kþ2 ;

A3ðmÞ� ¼ Að3mþ 1Þv�p
3mþ1

kþ2 lAð3mþ 2Þv�p
3mþ1

kþ2 lAð3mþ 3Þv p3mþ1ðp2�1Þ
kþ2 ;

A1ðmÞ� ¼ Að3mþ 2Þv�p
3mþ2

kþ2 lAð3mþ 3Þv�p
3mþ2

kþ2 lAð3mþ 4Þv p3mþ2ðp2�1Þ
kþ2 ;

A2ðmÞ� ¼ Að3mþ 3Þv�p
3mþ3

kþ2 lAð3mþ 4Þv�p
3mþ3

kþ2 lAð3mþ 5Þv p3mþ3ðp2�1Þ
kþ2 :

Then we decompose Z=p½v p
kþ2� into a direct sum

Z=p½v p
kþ2�G

X
mb0

A2ðmÞvc3mþ2kþ2

GAð1Þl
X
mb0

A3ðmÞvc3mþ3kþ2

GAð1Þv�pkþ2lAð2Þv pðp�1Þ
kþ2 l

X
mb0

A1ðmÞvc3mþ1kþ2

G
X
mb0

A3ðmÞ�vc3mþ1þc3mþ2kþ2

GAð1Þl
X
mb0

A1ðmÞ�vc3mþ2þc3mþ3kþ2

GAð1Þv�pkþ2lAð2Þv p2�p
kþ2 l

X
mb0

A2ðmÞ�vc3mþ3þc3mþ4kþ2 :
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This follows immediately from the above remark. In fact, we notice that

AiðmÞ ¼ fv p3m�1þi l
kþ2 j l2 p2 � p modðp3Þg for i ¼ 2; 3;

A1ðmÞ ¼ fv p3mþ3l
kþ2 j l2 p2 � p modðp3Þg;

A3ðmÞ� ¼ fv p3mþ1l
kþ2 j l2 p2 � 1 modðp3Þg;

AiðmÞ� ¼ fv p3mþ1þi l
kþ2 j l2 p2 � 1 modðp3Þg for i ¼ 1; 2:

We now reformulate the action of the connecting homomorphism

d : H �M 0
2 ! H�þ1M 1

1 given in Lemma 2.4.

Lemma 2.8. The connecting homomorphism d behaves dðAðnÞÞ ¼
AðnÞv�p

n

kþ2zi;m for n ¼ 3mþ i with i ¼ 1; 2; 3, and for AðnÞ of (1.2).

This implies immediately

Corollary 2.9. For mb 0, the connecting homomorphism d acts as

follows:

dðAð1Þz3Þ ¼ Að1Þv�pkþ2z
�
2 ;

dðAð3mÞz1;mÞ ¼ Að3mÞv�p
3m

kþ2 z�2;m�1;

dðAð3mþ 2Þv p3mþ1ðp�1Þ
kþ2 z1;mÞ ¼ Að3mþ 2Þv�p

3mþ1

kþ2 z�3;m;

dðAð3mþ 1Þz2;mÞ ¼ Að3mþ 1Þv�p
3mþ1

kþ2 z�3;m;

dðAð3mþ 3Þv p3mþ2ðp�1Þ
kþ2 z2;mÞ ¼ Að3mþ 3Þv�p

3mþ2

kþ2 z�1;m;

dðAð3mþ 2Þz3;mÞ ¼ Að3mþ 2Þv�p
3mþ2

kþ2 z�1;m;

dðAð3mþ 4Þv p3mþ3ðp�1Þ
kþ2 z3;mÞ ¼ Að3mþ 4Þv�p

3mþ4

kþ2 z�2;m;

dðAð1Þz�1 Þ ¼ Að1Þ1�;

dðAð2Þz�2 Þ ¼ Að2Þ1�;

dðAð3mþ 3Þv p3mþ1ðp2�1Þ
kþ2 z�3;mÞ ¼ Að3mþ 3Þ1�;

dðAð3mþ 4Þv p3mþ2ðp2�1Þ
kþ2 z�1;mÞ ¼ Að3mþ 4Þ1�;

dðAð3mþ 5Þv p3mþ3ðp2�1Þ
kþ2 z�2;mÞ ¼ Að3mþ 5Þ1�;

where 1� ¼ v
�p
kþ2z1z2z3.
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The proof of Proposition 2.5 is now an easy check as displayed in the

following pattern.

��!  ���

�����! �����

�����! ����
�
 �� ����!

1 3

1 2 z1��! 2
z �3 3

3 1

1 3

2��!2 z2 2 z �2��!2

3 1

1 3

3 2 z3��! 2 z �1
1

3 1

For example, the picture on the left upper corner displays the diagram

Að3mþ 1Þ ! Að3mþ 1Þv�p
3mþ1

kþ2 z1;m

Að3mþ 2Þv p3mþ1ðp�1Þ
kþ2 z1;m ! Að3mþ 2Þv�p

3mþ1

kþ2 z�3;m

Að3mÞz1;m ! Að3mÞv�p
3m

kþ2 z�2;m�1:

3. The Miller-Ravenel-Wilson elements xi

In this section we prove Lemma 2.4.

First we compute the action of hR : BP� ! GðkÞ ¼ BP�½tkþ1; tkþ2; . . .� by
using Hazewinkel’s and Quillen’s formulae

vn ¼ pmn �
Xn�1
i¼1

miv
pi

n�i and hRðmnÞ ¼
X
iþj¼n

mit
p i

j :

Here BP�nQ ¼ Q½m1;m2; . . .�. Since ti ¼ 0 for 0 < ia k, Quillen’s formula

turns into

hRðmnÞ ¼
mn for na k,

mn þ
Pn

i¼kþ1mn�it
pn�i

i for n > k.

(

To describe hRðvnÞ we introduce an element wn; i given by

pwn; i ¼ hRðvp
i

n Þ �
X
l

w
pi

lð3:1Þ

if we have hRðvnÞ1
P

l wl modðpÞ for some monomials wl of GðkÞ.
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Lemma 3.2. The right unit hR : BP� ! GðkÞ acts on vn for 0 < na k þ 4
as follows:

hRðvnÞ ¼ vn for na k;

hRðvkþ1Þ1 vkþ1 modðpÞ;

hRðvkþ2Þ1 vkþ2 þ v1t
p
kþ1 � v

pkþ1

1 tkþ1 modðpÞ;

hRðvkþ3Þ1 vkþ3 þ v2t
p2

kþ1 þ v1t
p
kþ2 � v1wkþ2;1 � v

pkþ1

2 tkþ1 � v
pkþ2

1 tkþ2 modðpÞ;

hRðvkþ4Þ1 vkþ4 þ v3t
p3

kþ1 þ v2t
p2

kþ2 þ v1t
p
kþ3 � v2wkþ2;2 � v1wkþ3;1

� v
pkþ1

3 tkþ1 � v
pkþ2

2 tkþ2 � v
pkþ3

1 tkþ3 modðpÞ for k > 1;

1 vkþ4 þ v3t
p3

kþ1 þ v2t
p2

kþ2 þ v1t
p
kþ3 � v2wkþ2;2 � v1wkþ3;1

� v
pkþ2

2 tkþ2 � v
pkþ3

1 tkþ3 � tkþ1ðv p2

kþ2 þ v
p2

1 t
p3

kþ1 � v
pkþ3

1 t
p2

kþ1Þ modðpÞ

for k ¼ 1;

1 vkþ4 þ v3t
p3

kþ1 þ v2t
p2

kþ2 þ v1t
p
kþ3 � v2wkþ2;2 � v1wkþ3;1

� v
pkþ1

3 tkþ1 � v
pkþ2

2 tkþ2 � v
pkþ3

1 tkþ3 modðp; vp
2

1 Þ:

Proof. For vn with na k, it follows immediately from the formulae.

We compute hRðvkþ1Þ ¼ hRðpmkþ1 �
Pk

i¼1miv
pi

1þk�iÞ ¼ pðmkþ1 þ tkþ1Þ�Pk
i¼1miv

pi

1þk�i ¼ vkþ1 þ ptkþ1. For vkþ2, we compute

hRðvkþ2Þ ¼ hR pmkþ2 �m1v
p
kþ1 �

Xk
i¼2

miv
pi

2þk�i �mkþ1v
pkþ1

1

 !

¼ pðmkþ2 þm1t
p
kþ1 þ tkþ2Þ �m1ðv p

kþ1 þ p2wkþ1Þ

�
Xk
i¼2

miv
pi

2þk�i � ðmkþ1 þ tkþ1Þv pkþ1

1

¼ vkþ2 þ v1t
p
kþ1 þ ptkþ2 � pv1wkþ1 � v

pkþ1

1 tkþ1;

where wkþ1 is defined by hRðv
p
kþ1Þ ¼ ðvkþ1 þ ptkþ1Þp ¼ v

p
kþ1 þ p2wkþ1.
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If k > 1, then

hRðvkþ3Þ ¼ hR

 
pmkþ3 � ðm1v

p
kþ2 þm2v

p2

kþ1Þ �
Xk
i¼3

miv
pi

3þk�i

� ðmkþ1v
pkþ1

2 þmkþ2v
pkþ2

1 Þ
!

¼ pðmkþ31 þm2t
p2

kþ12
þm1t

p
kþ2 þ tkþ3Þ

�m1ðv p
kþ21
þ v

p
1 t

p2

kþ12
� v

pkþ2

1 t
p
kþ13
þ pwkþ2;1Þ

�m2ðv p2

kþ11
þ p3wkþ2Þ �

Xk
i¼3

miv
pi

3þk�i
1

� ðmkþ11 þ tkþ1Þv pkþ1

2 � ðmkþ21 þm1t
p
kþ13
þ tkþ2Þv pkþ2

1

¼ vkþ3 þ v2t
p2

kþ1 þ v1t
p
kþ2 þ ptkþ3 � v1wkþ2;1

� p3m2wkþ2 � v
pkþ1

2 tkþ1 � v
pkþ2

1 tkþ2:

The underlined terms numbered 1, 2 and 3 sum up to vkþ3, v2t
p2

kþ1 and 0,

respectively. Here note that piþ1mi 1 0 modðpÞ. If k ¼ 1, then k þ 1 ¼ 2,
and so

hRðvkþ3Þ ¼ hRð pmkþ3 �m1v
p
kþ2 �mkþ1v

pkþ1

kþ1 �mkþ2v
pkþ2

1 Þ

¼ pðmkþ31 þm2t
p2

kþ12
þm1t

p
kþ2 þ tkþ3Þ

�m1ðv p
kþ21
þ v

p
1 t

p2

kþ12
� v

pkþ2

1 t
p
kþ13
þ pwkþ2;1Þ

� ðmkþ11 þ tkþ1Þðv p2

kþ1 þ p3wkþ2Þ � ðmkþ21 þm1t
p
kþ13
þ tkþ2Þv pkþ2

1

1 vkþ3 þ v2t
p2

kþ1 þ v1t
p
kþ2 � v1wkþ2;1 � v

pkþ1

2 tkþ1 � v
pkþ2

1 tkþ2 modðpÞ;

and we see there is no di¤erence between the cases k > 1 and k ¼ 1. In the

same way, assume k > 2, and

hRðvkþ4Þ

¼ hR

 
pmkþ4 � ðm1v

p
kþ3 þm2v

p2

kþ2 þm3v
p3

kþ1Þ �
Xk
i¼4

miv
pi

4þk�i

� ðmkþ1v
pkþ1

3 þmkþ2v
pkþ2

2 þmkþ3v
pkþ3

1 Þ
!
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¼ pðmkþ41 þm3t
p3

kþ12
þm2t

p2

kþ23
þm1t

p
kþ3 þ tkþ4Þ

�m1ðv p
kþ31
þ v

p
2 t

p3

kþ12
þ v

p
1 t

p2

kþ23
� v

p
1wkþ2;2

7
� v

pkþ2

2 t
p
kþ14

� v
pkþ3

1 t
p
kþ2 6

þ pwkþ3;1Þ

�m2ðv p2

kþ21
þ v

p2

1 t
p3

kþ12
� v

pkþ3

1 t
p2

kþ15
þ pwkþ2;2

7
Þ �m3ðv p3

kþ11
þ p4wkþ3Þ

�
Xk
i¼4

miv
pi

4þk�i
1

� ðmkþ11 þ tkþ1Þv pkþ1

3 � ðmkþ21 þm1t
p
kþ14

þ tkþ2Þv pkþ2

2

� ðmkþ31 þm2t
p2

kþ15
þm1t

p
kþ26

þ tkþ3Þv pkþ3

1

1 vkþ4 þ v3t
p3

kþ1 þ v2t
p2

kþ2 þ v1t
p
kþ3 � v1wkþ3;1

� v
pkþ1

3 tkþ1 � v
pkþ2

2 tkþ2 � v
pkþ3

1 tkþ3 � v2wkþ2;2 modðpÞ:

Here the underlined terms numbered 1 to 7 sum up to vkþ4, v3t
p3

kþ1, v2t
p2

kþ2, 0, 0,

0 and �v2wkþ2;2, respectively.

If k ¼ 2, then

hRðvkþ4Þ

¼ hRðpmkþ4 � ðm1v
p
kþ3 þm2v

p2

kþ2Þ �mkþ1v
pkþ1

kþ1 � ðmkþ2v
pkþ2

2 þmkþ3v
pkþ3

1 ÞÞ

¼ pðmkþ41 þm3t
p3

kþ12
þm2t

p2

kþ23
þm1t

p
kþ3 þ tkþ4Þ

�m1ðv p
kþ31
þ v

p
2 t

p3

kþ12
þ v

p
1 t

p2

kþ23
� v

p
1wkþ2;2

7
� v

pkþ2

2 t
p
kþ14

� v
pkþ3

1 t
p
kþ26
þ pwkþ3;1Þ

�m2ðv p2

kþ21
þ v

p2

1 t
p3

kþ12
� v

pkþ3

1 t
p2

kþ15
þ pwkþ2;2

7
Þ

� ðmkþ11 þ tkþ1Þðv pkþ1

kþ1 þ p4wkþ3Þ

� ðmkþ21þm1t
p
kþ14
þ tkþ2Þv p

kþ2

2 � ðmkþ31þm2t
p2

kþ15
þm1t

p
kþ26
þ tkþ3Þv pkþ3

1

1 vkþ4 þ v3t
p3

kþ1 þ v2t
p2

kþ2 þ v1t
p
kþ3 � v1wkþ3;1

� v
pkþ1

3 tkþ1 � v
pkþ2

2 tkþ2 � v
pkþ3

1 tkþ3 � v2wkþ2;2 modðpÞ:
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Finally we compute the case k ¼ 1,

hRðvkþ4Þ

¼ hRðpmkþ4 �m1v
p
kþ3 �mkþ1v

pkþ1

kþ2 �mkþ2v
pkþ2

kþ1 �mkþ3v
pkþ3

1 Þ

¼ pðmkþ41 þm3t
p3

kþ12
þm2t

p2

kþ23
þm1t

p
kþ3 þ tkþ4Þ

�m1ðv p
kþ31
þ v

p
2 t

p3

kþ12
þ v

p
1 t

p2

kþ23
� v

p
1wkþ2;2

7
� v

pkþ2

2 t
p
kþ14

� v
pkþ3

1 t
p
kþ26
þ pwkþ3;1Þ

�mkþ1ðv p2

kþ21
þ v

p2

1 t
p3

kþ12
� v

pkþ3

1 t
p2

kþ15
þ pwkþ2;2

7
Þ

� tkþ1ðv p2

kþ2 þ v
p2

1 t
p3

kþ1 � v
pkþ3

1 t
p2

kþ1 þ pwkþ2;2Þ

� ðmkþ21 þm1t
p
kþ14

þ tkþ2Þðv pkþ2

kþ1 þ p4wkþ3Þ

� ðmkþ31 þm2t
p2

kþ15
þm1t

p
kþ26
þ tkþ3Þv pkþ3

1

1 vkþ4 þ v3t
p3

kþ1 þ v2t
p2

kþ2 þ v1t
p
kþ3 � v1wkþ3;1

� hRðv
pkþ1

kþ2 Þtkþ1 � v
pkþ2

2 tkþ2 � v
pkþ3

1 tkþ3 � v2wkþ2;2 modðpÞ: q.e.d.

Lemma 3.3. For the di¤erential d : W0v�12 BP� ! W1v�12 BP�, there exist ele-

ments x0, x1, w4 and x 02 such that

dðx0Þ ¼ v1t
p
kþ1 � v

pkþ1

1 tkþ1;

dðx1Þ1 v
p
1 v

pkþ1�1
2 tkþ1 � v

pþ1
1 v�12 ðt

p
kþ2 � wkþ2;1Þ modðp; v pkþ2

1 Þ;

dðx4Þ1 v
p
1 ðv2t

p2

kþ2 � v
pkþ2

2 tkþ2Þ modðp; v pþ1
1 Þ;

dðx 02Þ1�v
p2þp
1 v

�p
2 t

p2

kþ2 � v
p2þ2p
1 v

pkþ1�p�1
2 v

p2�p
kþ2 tkþ1

þ v
p2þ2pþ1
1 v

�p�1
2 v

p2�p
kþ2 t

p
kþ2 modðp; v p2þ2pþ2

1 Þ:

Proof. The first one follows immediately from Lemma 3.2 if we set

x0 ¼ vkþ2. Since dðv p
kþ2Þ1 v

p
1 t

p2

kþ1 modðp; vp
kþ2

1 Þ and dðvp1v�12 vkþ3Þ1 v
p
1v
�1
2 


ðv2tp
2

kþ1 þ v1t
p
kþ2 � v1wkþ2;1 � v

pkþ1

2 tkþ1 � v
pkþ2

1 tkþ2Þ modðpÞ, we put x1 ¼ v
p
kþ2þ

v
p
1 v
�1
2 vkþ3 to obtain the second.

Put w4 ¼ v
p
1vkþ4�v

p
1v
�p
2 v3v

p
kþ3�v

p�1
1 v

pkþ2�p
2 v3vkþ2þv

�pkþ1þ1
2 v

pkþ1

3 x1. Then,

modðp; v2p1 Þ, we have
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dðv p
1 vkþ4Þ1 v

p
1 ðv3t

p3

kþ11
þ v2t

p2

kþ2 þ v1t
p
kþ3 � v2wkþ2;2

� v1wkþ3;1 � v
pkþ1

3 tkþ1
3
� v

pkþ2

2 tkþ2Þ;

dð�v p
1 v
�p
2 v3v

p
kþ3Þ1�v

p
1 v
�p
2 v3ðv p

2 t
p3

kþ11
� v

pkþ2

2 t
p
kþ12
Þ;

dð�v p�1
1 v

pkþ2�p
2 v3vkþ2Þ1�v p

1 v
pkþ2�p
2 v3t

p
kþ12

;

dðv�p
kþ1þ1

2 v
pkþ1

3 x1Þ1 v
�pkþ1þ1
2 v

pkþ1

3 ðv p
1 v

pkþ1�1
2 tkþ1

3
� v

pþ1
1 v�12 ðt

p
kþ2 � wkþ2;1ÞÞ:

Here wkþ2;21 0 modðp; vp1 Þ. This holds for k > 1. If k ¼ 1, put w4 ¼
v
p
1vkþ4 � v

p
1v
�p
2 v3v

p
kþ3 � 1

2 v
p�1
1 v

pkþ2�p
2 v2kþ2 þ v

�pkþ1þ1
2 v

pkþ1

3 x1. Then we have,

modðp; vpþ11 Þ,

dðv p
1 vkþ4Þ1 v

p
1 ðv3t

p3

kþ11
þ v2t

p2

kþ2 � v2wkþ2;2 � v
pkþ1

3 tkþ1
3
� v

pkþ2

2 tkþ2Þ;

dð�v p
1 v
�p
2 v3v

p
kþ3Þ1�v

p
1 v
�p
2 v3ðv p

2 t
p3

kþ11
� v

pkþ2

2 t
p
kþ12
Þ;

d � 1
2
v
p�1
1 v

pkþ2�p
2 v2kþ2

	 

1�v p

1 v
pkþ2�p
2 v3t

p
kþ12

;

dðv�p
kþ1þ1

2 v
pkþ1

3 x1Þ1 v
�pkþ1þ1
2 v

pkþ1

3 v
p
1 v

pkþ1�1
2 tkþ1

3
:

Here vkþ2 ¼ v3.

Put x 02 ¼ x
p
1 � v

p2�1
1 v

pkþ2�p
2 vkþ2 � v

p2þ2p
1 v

�p�1
2 v

p2�p
kþ2 vkþ3. Then

dðxp
1 Þ1 v

p2

1 v
pkþ2�p
2 t

p
kþ1 � v

p2þp
1 v

�p
2 ðt

p2

kþ2 � w
p
kþ2;1Þ modðp; v pkþ3

1 Þ

1 v
p2

1 v
pkþ2�p
2 t

p
kþ1 � v

p2þp
1 v

�p
2 ðt

p2

kþ2 � v
p
1 v

p2�p
kþ2 t

p2

kþ1Þ modðp; v p2þ3p
1 Þ;

dð�v p2�1
1 v

pkþ2�p
2 vkþ2Þ1�v p2

1 v
pkþ2�p
2 t

p
kþ1 modðp; v p

2þpkþ1�1
1 Þ;

dðv p2þ2p
1 v

�p�1
2 v

p2�p
kþ2 vkþ3Þ

1 v
p2þ2p
1 v

�p�1
2 v

p2�p
kþ2 ðv2t

p2

kþ1 þ v1t
p
kþ2 � v

pkþ1

2 tkþ1Þ modðp; v p2þ2pþ2
1 Þ:

Thus the last congruence follows. q.e.d.

Now we define xi:

x3mþ1 ¼ x
p
3m � v

a3mþ1�2p
1 v

b3mþ1�pkþ1

2 v
c3mþ1�p2þp
kþ2 x 02;

x3mþ2 ¼ x
p
3mþ1 � v

a3mþ2�p�1
1 v

b3mþ2
2 v

c3mþ2þ1
kþ2 þ v

a3mþ2�p
1 v

b3mþ2�pkþ2

2 v
c3mþ2
kþ2 w4;

x3mþ3 ¼ x
p
3mþ2;

where an, bn and cn are the integers defined in (1.1) and Lemma 2.4.
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Lemma 3.4.

dðx3mþ1Þ1 ð�1Þmva3mþ11 v
b3mþ1
2 v

c3mþ1
kþ2 tkþ1 modðp; va3mþ1þ11 Þ;

dðx3mþ2Þ1 ð�1Þmþ1va3mþ21 v
b3mþ2
2 v

c3mþ2
kþ2 tkþ2 modðp; va3mþ2þ11 Þ;

dðx3mþ3Þ1 ð�1Þmþ1va3mþ31 v
b3mþ3
2 v

c3mþ3
kþ2 t

p
kþ2 modðp; va3mþ3þp1 Þ:

Proof. Suppose that

dðx3mþ1Þ1 va1v
b
2v

c
kþ2tkþ1 � vaþ11 vb

0

2 v
c
kþ2t

p
kþ2 modðp; vaþ21 Þ;

where b 0 ¼ b� pkþ1. Then noticing that pjc, we compute modðp; vapþpþ11 Þ,

dðxp
3mþ1Þ1 v

ap
1 v

bp
2 v

cp
kþ2t

p
kþ1 � v

apþp
1 v

pb 0

2 v
pc
kþ2t

p2

kþ2;

dð�vap�11 v
bp
2 v

cpþ1
kþ2 Þ1�v

ap
1 v

bp
2 v

cp
kþ2t

p
kþ1;

dðvap1 v
pb 0

2 v
pc
kþ2w4Þ1 v

apþp
1 v

pb 0

2 v
pc
kþ2ðv2t

p2

kþ2 � v
pkþ2

2 tkþ2Þ;

and we obtain

dðx3mþ2Þ1�vapþp1 v
pb
2 v

pc
kþ2tkþ2 modðp; vapþpþ11 Þ;

and so

dðx3mþ3Þ1�vap
2þp2

1 v
p2b
2 v

p2c
kþ2t

p
kþ2 modðp; vap

2þp2þp
1 Þ:

The p-th power shows that

dðxp
3mþ3Þ1�v

ap3þp3
1 v

p3b
2 v

p3c
kþ2t

p2

kþ2 modðp; vap
3þp3þp2

1 Þ;

dð�vap
3þp3�p2�p

1 v
p3bþp
2 v

p3c
kþ2x

0
2Þ

1�vap
3þp3

1 v
p3bþp
2 v

p3c
kþ2ð�v

�p
2 t

p2

kþ2� v
p
1 v

pkþ1�p�1
2 v

p2�p
kþ2 tkþ1þ v

pþ1
1 v

�p�1
2 v

p2�p
kþ2 t

p
kþ2Þ

modðp; vap
3þp3þpþ2

1 Þ. This completes the induction. q.e.d.

4. Computation of dðr0Þ

In this section, we fix an integer kb 2, and we will prove Lemma 2.3.

Lemma 4.1. The coproduct D : GðkÞ ! GðkÞnGðkÞ is given by

Dðtkþ1Þ ¼ tkþ1n 1þ 1n tkþ1;

Dðtkþ2Þ ¼ tkþ2n 1þ v1bkþ1;0 þ 1n tkþ2;

Dðtkþ3Þ ¼ tkþ3n 1þ v1bkþ2;0 þ v2bkþ1;1 þ 1n tkþ3:
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Here pbkþ1;n�1 ¼ �
Ppn�1

i¼1
pn

i

	 

tikþ1n t

pn�i
kþ1 and

�pbkþ2;0 ¼ Dðtkþ2Þp � cðtkþ2Þð1Þ � v
p
1bkþ1;1:

Proof. The coproduct is given by

DðtkþnÞ þ
Xn�1
i¼1

miDðtkþn�iÞp
i

¼ cðtkþnÞ þ
Xn�1
i¼1

micðtkþn�iÞðiÞ;

where cðtkþnÞðlÞ ¼ 1n t
p l

kþn þ
Pn�k�1

i¼1 t
p l

kþi n t
pkþiþl

n�i þ t
p l

kþn n 1. Take n ¼ 2, and
we have

Dðtkþ2Þ þm1Dðtkþ1Þp ¼ cðtkþ2Þ þm1cðtkþ1Þð1Þ:

Thus we have Dðtkþ2Þ.
For Dðtkþ3Þ,

Dðtkþ3Þ þm1Dðtkþ2Þp þm2Dðtkþ1Þp
2

¼ cðtkþ3Þ þm1cðtkþ2Þð1Þ þm2cðtkþ1Þð2Þ:

Note that m2ðcðtkþ1Þð2Þ � Dðtkþ1Þp
2

Þ ¼ pm2bkþ1;1 ¼ ðv2 þm1v
p
1 Þbkþ1;1. Then

Dðtkþ3Þ ¼ cðtkþ3Þ �m1ðDðtkþ2Þp � cðtkþ2Þð1Þ � v
p
1bkþ1;1Þ þ v2bkþ1;1: q.e.d.

Lemma 4.2. Let wn; i be the element of (3.1). Then

1. wkþ2; i 1 v
pi�1

1 v
pi�p i�1

kþ2 t
p i

kþ1 modðp; v
pkþi

1 Þ and

dðwkþ2; iÞ ¼ �vp
i

1 bkþ1; i þ v
pkþiþ1

1 bkþ1; i�1;

2. dðwkþ3; iÞ1�vp
i

2 bkþ1; iþ1 � v
pi

1 bkþ2; i þ v
pkþiþ1

2 bkþ1; i�1 þ v
pkþiþ2

1 bkþ2; i�1
modðpÞ:

Proof. The first one follows immediately from dðtp
iþ1

kþ1Þ ¼ pbkþ1; i. For

the second, note that

pwkþ3; i 1 dðvp
i

kþ3Þ � v
pi

2 t
p iþ2

kþ1 � v
pi

1 t
p iþ1

kþ2 � v
pi

1 wkþ2; iþ1 þ v
pkþiþ1

2 t
p i

kþ1 þ v
pkþiþ2

1 t
p i

kþ2

modðp2Þ, and dðtp
i

kþ2Þ ¼ v
pi

1 bkþ1; i þ pbkþ2; i�1 by the definition of bkþ2; i�1.

Then we compute that

dðpwkþ3; iÞ ¼ �pv pi

2 bkþ1; iþ1 � v
piþ1þp i

1 bkþ1; iþ1 � pv
pi

1 bkþ2; i�1

� v
pi

1 ð�v
piþ1

1 bkþ1; iþ1 þ v
pkþiþ2

1 bkþ1; iÞ þ pv
pkþiþ1

2 bkþ1; i�1

þ v
pkþiþ2

1 ðv pi

1 bkþ1; i þ pbkþ2; i�1Þ:
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Proof of Lemma 2.3. Put H11 ¼ wkþ2;1 þ v
p
1v
�pkþ3

2 wkþ3;2 � v
p
1v
�pkþ3

2 t
p2

kþ3þ
v
pkþ4

1 v
�pkþ3

2 t
p
kþ3�v

pkþ4�p2
1 v

�pkþ3þp
2 t

p2

kþ2þv
pkþ2�1
1 tkþ2. Since H111 v1v

p�1
kþ2t

p
kþ1 mod

ðp; v21Þ, it su‰ces to show that dðH11Þ ¼ 0, which is verified by Lemma 4.2,

as follows:

dðwkþ2;1Þ ¼ �v p
1 bkþ1;11

þ v
pkþ2

1 bkþ1;0
6
;

dðv p
1 v
�pkþ3

2 wkþ3;2Þ ¼ v
p
1 v
�pkþ3

2 ð�v p2

2 bkþ1;3
2
� v

p2

1 bkþ2;2
3
þ v

pkþ3

2 bkþ1;1
1

þ v
pkþ4

1 bkþ2;1
4
Þ;

dð�v p
1 v
�pkþ3

2 t
p2

kþ3Þ ¼ v
p
1 v
�pkþ3

2 ðv p2

1 bkþ2;2
3
þ v

p2

2 bkþ1;3
2
Þ;

dðv pkþ4

1 v
�pkþ3

2 t
p
kþ3Þ ¼ �v

pkþ4

1 v
�pkþ3

2 ðv p
1 bkþ2;14

þ v
p
2 bkþ1;25

Þ;

dð�v pkþ4�p2
1 v

�pkþ3þp
2 t

p2

kþ2Þ ¼ v
pkþ4�p2
1 v

�pkþ3þp
2 ðv p2

1 bkþ1;2Þ
5
;

dðv pkþ2�1
1 tkþ2Þ ¼ �v pkþ2

1 bkþ1;0
6
:

Now take r0 to be v�11 H11. q.e.d.

Remark. This proof does not work for the case k ¼ 1, since Dðt4Þ0
t4n 1þ v1b3;0 þ v2b2;1 þ 1n t4.
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