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AsstracT. Let V(0) and T'(k) denote the mod p Moore spectrum and the Ravenel
spectrum at a prime p, respectively. We determine the homotopy groups 7.(L, V(0) A
T(k)) for k>2 and p>2. This is done by determining the chromatic E;-term
H(k)*M], which is obtained by using only two key lemmas: one is to define the Miller-
Ravenel-Wilson elements and the other is to give a one dimensional element (.

1. Introduction and the statement of results

Let T'(k) denote the Ravenel ring spectrum at a prime p, which is char-
acterized by the Brown-Peterson homology BP.(T(k)) = BP.[ti,t2,..., tk] <
BP.(BP) = BP.[t|,1,...], where BP, = Z,)[v1,v2,...]. Note that 7(0) = S°.
Then the homotopy groups =.(7(k)) are, in a sense, an approximation of
the homotopy groups 7.(S°) of spheres. For the Bousfield localization functor
L, on the stable homotopy category with respect to v, !BP, the homotopy
groups 7.(L,S°) are also an approximation of 7,(S?). Both of the homotopy
groups are considerably easier to compute than the homotopy groups of
spheres. In this paper we determine the homotopy groups of L,V (0) A T(k)
for each k >2 at an odd prime p, where V(0) denotes the mod p Moore
spectrum. These groups are computed by the Adams-Novikov spectral se-
quence and the chromatic spectral sequence. The Ej-terms of the chro-
matic spectral sequence are H(k)"M{ and H(k)"M|, where H(k)"M =
Extgp (pp)(BP:, M ®pp, BP.(T(k))). If the prime p is odd, then the Adams-
Novikov spectral sequence collapses from the E)-term, and so it suffices
to determine the chromatic E;j-terms to obtain the module structure of
m.(LaV(0) A T(k)). Ravenel determined H (k)" M} (cf. [4]) and we determine
H(k)*M{ here not only for an odd prime p but also for the prime 2. We
note that our computation for H(k)’M ! also works in the case where k =1
and p > 2. For the case k =0, it is determined in [10] and [6] if p > 3, in
[9] if p=3 and in [8] if p =2, which show that the computation is very
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tough. For the case k=1, H(1)"M! at p=2 is determined in [7]. If
k > 1, then it is much easier, and has a kind of good nature. This will be
studied in a forthcoming paper.

Throughout this note, we fix an integer Kk >1 and k>1 if p=2.
In order to state our theorems, we introduce some notations. The modules
k(1),, K(1),, k(1,/), and k[3,k + 1], are given by

k(1), = Z/plvi],
K(1), = vy 'k(1),,

k(1, ), = k(1),/(v]),
k[3ak+ 1]* = Z/[)[U3, o '7Uk+1]'
The integers a, and ¢, for each n > 0 are defined by
ap = 17
azmi1 ="+ p(p® + Dem,
B3m+2 = PA3m+1 + P,
aA3m3 = Pd3m+2,
Cam+i :pi<p - 1)6‘,,,,

en=(p"" =1)/(p* = 1)
for m>0 and i=1,2,3. Our first theorem gives the chromatic Ej-term
H(k)"M{. For this theorem, we consider the k(1),-modules defined by

A(0) = K(2) {vga/v1 | phs > 0},
An) = k(1) /(60 /6 | pks > 0} forn >0
/IO = Zn>0 /I(I’l),

<mgg@z>o&mmmwwwwgm

3m+l

(12) @ (3m + 3){4/1 m+1» Uk+2 52 m}

‘%m+3

® (31/}1 + 4){4/2 m+1s Uk+2 1) C3 m})

?m+l

AN ®AQ2) @ Z ol ABm +3)vg, 271)§§,m

- 37r1+2

@ A(3I’}’l + 4)Uk+2 1"71 Cl .m

21) o
)CZ,m)'

3m+3 (

@ A(3m+ 5)1),»+2
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Here v}, +2/v enotes the homology class represented by a cocycle whose
leading term is v)’) o /01" in the cobar complex .QOMII. We denote | = hyi1,0,
C —hk+27, 2 for 1—2 3

Z.:l,m - [Ukrz“ tk+1]a CZ,m - [vkigz lk+2] C3-, [012112 }lk+2]

and

é'rm :Cz mC3 m» g; m :Cl m+1€3 m é* :Cl mé:Z m-

Furthermore { denotes a cocycle whose leadlng term is v +2tk L1 given in
Lemma 2.3. Put 4* = (K(1),/k(1), ® Z, 0 AN ®K(2),.

THEOREM 1.3.  The chromatic E\-term H (k)M is given as follows:

1. H(k)"M] for k > 1 is the tensor product of k[3,k + 1], and the direct
sum of A* @ A({) and A(0) ® A((y,r,83).

2. HW)'M| at p>2 is the direct sum of K(1),/k(1),, A(0) and A°.

*

Let E(2) denote the second Johnson-Wilson spectrum. We use the E(2)-
based Adams spectral sequence to show our main theorem. Its E,-term is
Exty,, (E(z))(E(Z)*,E(Z)*(X)), and we use the notation

Then the spectral sequence converging to 7.(L,V(0) A T(k)) has the E,-term
h(k)*E(2),/(p). By the change of rings theorem [1], we have

h(k)* M| ® E(2), = H(k)*M].

Consider the connecting homomorphism 6:4(k)*M!® E(2), — h(k)*" " E(2),/(p),
and define

By = 5(Uli+2/“{)a
BijiCim = 00k lim/v]),
(1.4) Biytitalim = 0055 m/v]),
Biiim = 0(wialin/ o)),
ﬂi/j“/?ﬂfzm = (Ull:;Cz m/vl)
Furthermore, we put ¢ =d(x{/v]) for an element x/v] e h(k)*M| ® E(2),.
We put the k(1) -module

E(}’I) - ( Z k(lvan)*<ﬁsp”/a,,>> ®k[3vk+ 1]*

seN—pN
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for each n >0, and we define the k(1) ,-modules

BO = E(O) ® A(él)éZa 63)7

= Zl_}(n)

n>0
2m+l _
( ){627§3}® Z 3m+2 {Uk+2 (# 1>él,mvé3,m}
m=>0
— 3m 1 3m+?
(—D B(3m + 3){él,nﬂrl> Uk+2 (P 52 m} @ B(3m + 4){62 m+1> Uk+2 1)53.m})7
Zm+l 2_ %
B(1)¢f © B(2)&; @ Z (3m +3)v,, v l)és,m
m>0
m+2 2 1 '4m+?<p271> «
@ B(3m + 4)Uk+2 é:l m @ B(3m + S)Uk+2 f2,1‘)1)'

Then we have our main theorem:

THEOREM 1.5. Let p be an odd prime and k > 2. Then the homotopy
groups (L V(0) A T(k)) are isomorphic as a k(1),-module to the direct sum

of k(1), ® A(¢) and By ® (B’ ® B' ® B*) ® A(¢).

Note that Theorem 1.5 also holds for p =2, if we replace the homotopy
groups by the E-term of the E(2)-based Adams spectral sequence. We prove
these theorems in the next section assuming two key lemmas, Lemmas 2.3
and 2.4, which are proved in §4 and §3, respectively. The authors express
their gratitude to Prof. Xiangjun Wang who pointed out that our original
proof works even at the prime 2.

2. H(k)'M]

We consider the Hopf algebroid (A4,I(k)) = (BP, BP.[tii1, tks2,--.])
whose structure maps, say, 7z : A — I'(k) and 4:I'(k) — I'(k) ® I'(k), are
induced from those of the Hopf algebroid (BP., BP.(BP)) under the projection
BP.BP — I'(k). Then H(k)*M for a comodule M is the cohomology of the
cobar complex (2*M,d), where Q*M =M ®,T'(k) ®, -+ ®, (k) (s factors
of I'(k)) and the differential d is defined inductively by d(m) = ng(m) — m for
meM, dx)=1Q®x+x®1—A4(x) for xeI'(k) and d(x® y) =d(x) ® y+
(—1)'x®d(y) for xe 2°M and ye'(k). Note that the change of rings
theorem gives an isomorphism

H(k)"M = Extgp pp)(BP., M ®pp, BP:[11,. .., 1]).

The comodules M; ! are defined inductively by N0 A/L, M/i = ,’+1/N !
and the short exact sequence
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(2.1) 0— N — M/ — N —0.
We start with Ravenel’s results (cf. [4]):

H(k)" MY = K(2),[03, -, 0k42] @ A(hiey 1.0, s 1,15 ey 2,05 hicsa.1)
= K(2), [vkt2] ® A(hicr1,0,hicsn, 15 Pies 2,05 hira1) @ k[3,k+ 1],

where K(2), = Z/p[v2,v5'], k[3,k + 1], denotes the trivial BP.(BP)-comodule

Z/plvs,...,vk1] and h;; denotes the cohomology class represented by "
We have the exact sequence

(2.2) Hk) MY 5 Hk) MY 2 Hk)* M} % H(k)* MO

of graded modules associated to the short exact sequence 0 — MY 4 M|
RN M} — 0, where ¢(x) = x/v; and J raises the dimension by 1.

Now we state our key lemmas, whose proofs will be given in the fol-
lowing sections.

Lemma 2.3, If k > 2, then there exists a cocycle ry of Q'v;'BP,/(p, v{) for
any j >0 whose leading term is vf(’;;tfﬂ.

We denote by { the homology class represented by ry.

LemMMma 2.4. Let k be a positive integer with k > 1 if p=2. Then for
the connecting homomorphism J, we have

(v 42/1) = sup 5L,

3wl vir) = 5030l s i
for s>0and n=3m+i>0 with i =1,2,3. Here the integers b, are defined
by

b3m+i :p3m+i—l(pk+l _ 1) +pi—1(pk+l _ 1)em
for i=1,2,3, and we abbreviate (;, to {; for i =1,2,3.
Consider the K(2),-modules
A(n) = K(2), {v;» | pks}

for n>0, and put A" = (K(2),® X_,-, A1) @ A(hk11,0,he+2,0, hii2,1) @
k[3,k+1], = H(k)*"M) if k> 1. Then we have the following proposition
whose proof will be given after the proofs of the theorems.

PROPOSITION 2.5.  For k > 2, the module A* of (1.2) fits in the commutative
diagram of exact sequences
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A* 7, A* SN A L A*

f f

Hk)' MY —2 H(k)' M} —2 H(k)'M} —— H(k)* M.
ProoF OF THEOREM 1.3. Let B* denote the module of Theorem 1.3.
Then it suffices to show that the sequence

0

H(k)' MY % B* 2 B* 2 H(k)* MY
is exact by [2, Remark 3.11]. Note that K(2), [vk+2] ® A(hg41,1) is isomorphic
to
(4(0) @ 47) ® (1,"CA(0) ® (A7),
Since 6(E¢;) = 6(E)¢; for ¢ e A*, we have the exact sequence

(2.6)  A(0) ® A(C1,8,G3) 2 A(0) ® A(Ly, G, G3) = A(0) ® ALy, 6o, Cs)

20 2,4(0) @ AL, 6, 63)

by the first equation of Lemma 2.4, where ¢ and J are isomorphisms.
By Proposition 2.5, we have the exact sequence

(2.7) A QAL = A @A) — A @A) > A4* ® A(0).
The direct sum of these exact sequences yields the desired one. q.e.d.

ProoF oF THEOREM 1.5. By (2.1), we have the short exact sequence
0— N} — M} — M| — 0, where we put M = M ®p E(2), for a BP,(BP)-
comodule M. Ravenel shows that h(k) M} = K(1),[v2, ..., vk41] ® A(hry1.0)-
The long exact sequence associated to the short sequence splits into the exact
sequence

0 — h(k)°’N® — h(k)° M — h(k)°M} > h(k)'N?
— h(k) MO — h(k)' ML 2 h(k)*N? = 0
and the isomorphisms
0 :h(k)'M}! = h(k)™ N?
for i>1. By the definition (1.4), we see that d(A(n)) = B(n). Note that
¢1 /vl is homologous to {/v/ > by Lemmas 3.3 and 3.4. Thus we obtain the
E,-term h(k)*N) of the Adams-Novikov spectral sequence. Since 4*(k)N) = 0

for s > 4, we see that the Adams-Novikov spectral sequence collapses from the
E>-term. q.e.d.
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The rest of this section is devoted to showing Proposition 2.5.
First we note a property of the non-negative integers.

REMARK. For any n > 0,
1. There exist integers | and m with [ # p> —p mod(p?) such that

n :p3ml+ Camil.

2. For any n >0, there exist integers | and m with [ # p* —1 mod(p?)
such that

_ 3m+1
mp = p~" T 4 g1 + G

Consider the modules
As(m) = ABm+ 1) ® ABm +2)5,25" @& ABm +3)ly "7,

As(m) = ABm +2) ® AB3m + 35,7, @ A(3m + 4)1]/1;2“(1;71)

7

Av(m) = ABm+3) ® ABm +4)5.25" @ AGBm + 5)ly 07,

3m+1 (

As(m)* = ABm+ )o,5" @ ABm +2)5,05 @ AGBm 43, 7Y,

3m+2 (

A(m) = ABm+ 26,7y @ ABm+ 30y @ ABm+ 4yl T,

3m+ ?m+? (

As(m)* = ABm +3)5,75 @ ABm +4)5.0y " @® ABm + 5yl @Y

Then we decompose Z/plv) ,] into a direct sum

C3m+2
Z/pl Uk+2 E :A2 m)vlls

m=>0
Do Y asmuy
m=0
= Ay, @ A @ Y Ay’

m=>0

Il

¥ C3my1HC3m42
Az (m) v s

§ * Cym+2+C3m+3
@ Al( Uk-’r_n m

m=0

= Aoty ®@ AR @ Y As(m) vy T,

m>0

m=>0

12
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This follows immediately from the above remark. In fact, we notice that

3m—l+iy

Ai(m) ={vf, |1 #p*—pmod(p’)} fori=2,3,
Ai(m) = {of 3" |1 # p* — p mod(p*)},

As(m)" = {o 5 "1 # p* — 1 mod(p?)},

Ai(m)* = {0l 1 # p* — 1 mod(p®)} fori=1,2.

We now reformulate the action of the connecting homomorphism
6: H*MY — H*'M] given in Lemma 2.4.

LeMMA 2.8. The connecting homomorphism 6 behaves J(A(n)) =
A(n)v,:f:;C,-_m for n=73m+1i with i =1,2,3, and for A(n) of (1.2).

This implies immediately

COROLLARY 2.9. For m >0, the connecting homomorphism o acts as
follows:

A(A(1)3) = ANy G,

‘%m

5(‘4_(377/1)517171) = (3m)vk+2 C2 m—1

3m+l 3m+]

(ABm+2)v],, v 1)Cl,m)z Bm+2)ul, G,

2m+l

5( (3m + )Z:Z m) - (3]’)’! + l)vk+2 C3 mo

1/11+2 3n1+2

5(1‘1(3m—|—3)vk+2 l)Cz,m): (3m—|—3)1)k+2 g].my

5(14_(3’71 + 2)&3,m) = A(3m + 2)Uk+2 Cl ,m’

3m+3

‘5(/1(3’” + 4) Uki2 pil)@,m)

3m+4

A (3]’}’1 + 4) vk+2 C2,m7

A(A()ET) = 417,

S(AQ)G) = A1,
S(AGBm+3)0lyy TG ) = ABm + 31
S(AGBm+ 4yl Ve ) = AGBm + 417,
S(AGBm+ 5yl TG ) = ABm+ 5)1°,

where 1* = v, 7,005,
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The proof of Proposition 2.5 is now an easy check as displayed in the
following pattern.

/1 c\

1 2 g— 2

>

2——2 4 2 g——2
3 1
<

~s 0 T

For example, the picture on the left upper corner displays the diagram

1

3m+1

A(3m + 1) — A(3m + )UkJrz Cl m

m+1 3m+l

A(Bm + 2)Uk+2 . Z.»/1 m — A(3m + 2)Uk+2 C3m

"$m

ABm)Ly AQBm)o s & -

3. The Miller-Ravenel-Wilson elements x;

In this section we prove Lemma 2.4.
First we compute the action of #g: BP, — I'(k) = BP.[tkr1, tki2, ... DY
using Hazewinkel’s and Quillen’s formulae

n—1 ) .

r' _ p'

v, = pmy, — E m;v}_, and nr(m,) = E mit; .
i=1

i+j=n
Here BP. ® Q = Q[m;,my,...]. Since t; =0 for 0 < i <k, Quillen’s formula
turns into
my forn <k,
NR(mn) = My + 0 m,_it”" forn > k.

To describe #z(v,) we introduce an element w,; given by
(31) PWn,i = 77R vp Zwl

if we have #g(v,) = >, w; mod(p) for some monomials w; of I'(k).
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LemMA 3.2.  The right unit ng : BP. — I'(k) acts on v, for 0 <n<k+4

as follows:

nr(tn) =
ng(vk+1) =
NR(Uk+2) =
ng(vk+3) =

Nr(Vkta) =

PROOF.

Up forn <k,

Vk+1 mOd(p)v

k+1
4 P
Uky2 F 01 — U] Lk mod(p),

k+2

k+1
lev1 — 0] liyn mod(p),

NI S P
U3 T 020 T U1y n — UiWky2,1 — 1)

3 2
p p p
Uk + 030 + 020 5 F U1l 3 — VaWiy2,2 — U1 Wik43, 1
k+1 K+ k

2 +3
— Uf tht1 — 1)5 thq2 — Uf th+3 mod(p) fork > 1,

3 2
P P P
Vkt4 + U381 | + 020y F 018 3 — V2Wiy2 2 — UIWk43,1

k+2 k+3

3 2 2 3 k+3
)4 p V4 pP- P V4
=0yl — V) s — Gt (U, T O] Gy — U

2
t,’:H) mod(p)

fork=1,

3 2
Uket4 + U3lﬁ+1 + Uzlﬁﬂ + Ulli+3 — DWg42,2 — VIWgk+3,1

K+l K+ k

2 +3 2
P P P P
— 0y e — VSt — 0] a3 mod(p, v} ).

For v, with n <k, it follows immediately from the formulae.

We ’_compute Nr(Vk+1) = ng(PMki1 — szzl mi”{ikq) = p(Mks1 + tep1) —

k P _
D oim1 MV = Uyl + pliyr. For vegp, we compute
k )
P pl k+1
Nr(Vk+2) = Ng | PMgs2 —myvg, | — E My — M 10
i=2

= p(myi2 + mm’zﬂ + ti2) — my (U;fH +P2Wk+1)

k

pi pk+l

- E mivy i — (Mig1 ~+ trs1)vy
i=2

+1

k
= Uks2 4+ VIt) | + Pliys — PUIWkg1 — U] Tipl,

where wyy; is defined by ng(vp, () = (V1 + ptes1)” = vl + P*Wis1.
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If k> 1, then

k
2 i
_ p P p
Nr(Vk3) = ng| pmrss — (mlvk+2 + mzvkﬂ) — g mvy.
i=3

k+1 k+2
— (Mg1vy +mggoo] )

2
= p(messy + Mty +miti o + l3)

2 k+2
P Y4 P ¥4
- ml(”k+21 FO b, =01 by + PWii2,1)

k
2 i
P 3 P
- mz(vk+11 + P Wiy2) — E mvy
i=3
S 1

pk+1 D pk+2
— (M1 +lk+1)U2 — (Myy2, +mut 1 +lk+2)171
KT il | k+14

2
= Uky3 U2t 01+ Plis — U1WE,

k+ k+2

1
—pimwiis — vt — v tiga.
. 2
The underlined terms numbered 1, 2 and 3 sum up to vkis, vafh 41 and 0,
respectively. Here note that p™™'m; =0 mod(p). If k=1, then k+1=2,
and so
k+1 k+2

Nr(k+3) = nr(prgis — ml”]erz = M 10y — Mpg20) )

= p(myy3, + mzt,’j;lz +mit] , + liy3)

2 k+2
p PP pr2p
=iV, O G, T G T PWE21)

k+2

2
— (Misr, + i)V + P Wis2) — (Miria, + M1tﬁ+13 + te2)v]

k+ k+2

2 1
= Vi3 + vzl][;rl + vllII:Jrz — U1 Wiy2,1 — Uf tht1 — Uf ti42 mod(p),

and we see there is no difference between the cases Kk > 1 and k= 1. In the
same way, assume k > 2, and

Nr(Vk+a)

k
2 3 i
_ p » » »
= Ng| PMisa — (M0}, 5 + Moy, +m3vp ) — g mivy,
i—4

k+1 k+3

k+2
P P P
— (mk+1v3 + Mpp2Uy A+ Mpy30) )
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3 P
P’ P~ P
= p(mk+41 + Wl3lk+17 + lek+23 +mit 5+ tita)

k+2

3 2
p PP PP p Pe2 p
—m(Vys, 0 G, T U G T 0 W20, — 0y Gy,

k+3
p P
0 B + PWiy3,1)

2 2 3 k3 2 3
P PP P P P 4
=gy T Gy, T G FPWR2,2) = ma(0p P W)
k pi Pl » P2
- 5 MUy g_; — (mk+11 + tk+1)v3 - (mk+21 + mltk+14 + tk+2)1)2
i=4

1

k+3

2
— (mk+31 +m2t£+15 + Wlll£+26 + tk+3)vf’

3 2
= Vkysq + 1)3[£+1 + l)zl‘llz+2 + 1 lllj+3 — U1 Wk43,1

k+

1 e
P P
— U3 Iyl — Uy

2 pk+3
ley2 — U] g3 — UdWiy22 mod(p).

. 3 2
Here the underlined terms numbered 1 to 7 sum up to vgi4, 0374, V21y,,, 0, 0,
0 and —vywi42,2, respectively.
If k=2, then

Nr(Vk+a)

2 k+1 k+2 k+3
_ P P P P
= nr(pmyia — (mlka + m20k+2) — M1V — (mk+202 + M43 )

3 2
= p(M_k+4l + m3t£+12 + m2t£+23 + m1[1€+3 + tev4)

k42

3 2
p p.p PP p p P
—m(Vys, F 0, T 0 W22, — 0 G,

k+3
P P
U Do + PWk+3,1)

2 2 3 k+3 2
» P2 op »
=V T Gy, = U0 G T PWE22,)

Kt
— (M1, + ) (W, + P wies)

k42

p p p* p 3
— (Mgga, + myt +te2)vy = (Mg, +moaty _+mity 5 + tig3)v
) | kt1ly il | +15 +26

3 2
— P P P
= Uga + 038 020 5 F VI 3 — VIWE43,1

e+

1 ket
p P
— ol ey — v

2 k+3
tk42 — U‘ID U3 — U2Wi42,2 mod(p).
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Finally we compute the case k =1,

NRr(Vk+4)

P PkH pk>2 pk”
= ’7R(pmk+4 - mlvk+3 - mk+lvk+2 - mk+20k+l — mk+3l)1 )

3 2
- p(_mk+41 + m3[1€+17 + m2t£+23 + mltﬁﬂ + tev4)

k+2

3 2
p PP pp » p*2p
=V, O G, F U T 0 W20, =0y Gy,

k+3
P P
0 G + PWiy3,1)

2 2 3 k+3
p PP P
_Wlk+](l)k+21 +U1 lk+17_Ul

2
P
Bt +PWii2,2.)

2 3 k
ZP p

2 +3 2
P P P
— 1 (Vg + 07 Gy — 07 By +PWke2,2)

k+2
- (mk+21 + m1f1[()+14 + tk+2)(vlf+l +P4Wk+3)

pz P pk+3
= (migs) +mati A+t + )l

3 2
= Opia UL F U 0I5 — D13

k+1 k+

ket
- 77R(UII:+2 Jier1 — vy

2 3
ko — U] lkg3 — VaWii2,2 mod(p). q.ed.

LemMA 3.3, For the differential d : Q°vy' BP, — Q'vy! BP,, there exist ele-
ments Xo, X1, ws and x5 such that

ke

1
d(xo) = Ult£+1 - Uf Tiet15
d N N L1/ p d(p. o?"
(xl) = Ul U2 [k+] — U] Uz (tk+2 - Wk+2,1) mo (p7 Ul )7
_ P pZ pk+2 p+1

d(xs) = v{ (02t — 0y tiy2) mod(p, vy ),

2 2 2 k+1 2

I — PP, P 4P pi+2p p*—p—1_ p —p

d(xy) = —vf "0, —op Ty Ui Ukt

2 2 2

pe+2p+1. —p—1_ p=—p.p pe+2p+2

+ 0" U ey mod(p, vy )-

Proor. The first one follows immediately from Lemma 3.2 if we set
+2

2 k
: _ —1 _p 1
Xo = Ukt2. Since d(vf,,) =viry,, mod(p,vy ) and d(v}vy'viss) = vfvyt-
2 k+1 k+2
P P P P _ P
(2t ) + 01ty — VIWkg21 — Uy Lyl — U] fxy2) mod(p), we put x; = v, +

v/v3 '3 to obtain the second.
_ 1 k2 k] ket
Put wy = v{vipa— o0, 030l 5 — vl ) T osven 0,7 T8 x). Then,

mod(p, vi?), we have
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3 2
P — P P ¥4 P
d(vy vgt4) = v| (U3Zk+11 t U2l T U 3 — V2Wki2,2

pk+l pk+2
—UIWk31 = U3 Ll =0y lky2),

k+2

3

ol Ppap? Y = — PPy (P — P P
d(—vyv," 30 3) = —vy0 U3(Uztk+11 0 liyiy):
p=1, p*—p — . p PP p

d(—v{™ v} U3Vkt2) = —0i 08 U3Zk+127
k+1 k+1 k+1 k+1 k+1

"+ =, LD 1N p+l 1/

d(v, vy X1) =0, vy (v 8 P B (B2 = Whi2.1))-

Here wyi22 =0 mod(p,v!). This holds for k>1. If k=1, put wy=

p PP, P 1,p—1 pc2—p > —pFHi4l pht!

vlvk+4—vhv2 U30g, 3 — 50 V% Viiyn + U5 vy x;. Then we have,
P

mOd(pavl ):

3 2 k+1 k+2
d(v]viia) = vf’(vﬂfc’ﬂl + 021y 5 — VaWiy22 — VY eyt — v tkya),

3 k+2
PP P N — PP PP P2 op
d(—v{vy"v30] 5) = —v{0, v3(0) lepr, = 03 tk+17)7
d 1 P—l pk+2_p 2 _ P pk+2_p tp
Sl B Vkya | = 010 U3lkt1,
k+1 k+1 k+1 k+1 k+1
—p*T+1 p — T+l p p,p=1
d(v, vy X1) =1, vy Iy liyl -
Here vgp = vs. iy s o
;o o pP=1 pFp _ 2 —p—1 p*—p
Put x; =x{ —v] 15 V42 — V) U," 0, vkys. Then
2 k+2 2 2 k+3
PN — P P p P 4p,—p (0 p p
d(x7) =vj v; ler =01 0 (s — Wiia ) mod(p, vy )
2 k+2 2 2 2 2 2
_ 02 pF—pp PP P P, PP D pP+3p
=U 0 lerr = V1 0y (s — 0100 Beyy) mod(p, vy "),
2_ k+2_ 2 L k+2_ 24pktl g
p =1 p*=—p — P P =pp P
d(—vy ~v5 Vk+2) = —0] 03 b mod(p, v/ ),
d p*+2p —p—1_p>—p
(v 0" Uy Dks3)
2 2 2 k+1 2
— P +2p —p=1_p=—p p p )4 po+2p+2
=v; 0" v, (Dt il , =0y fiegr) mod(p, vy ).
Thus the last congruence follows. q.e.d.

Now we define x;:

_ P @1 =2p b1 =" ey —piap
Xamyl = X3, — 0y " 0y Uk X2,

— P _ 3 Bmt2 —p=1_byns2  Cam2+1 @ym2=P D32 —PHZ C3m+2
X3m+2 = X3ppq1 — U L S Uy Ukyo Wa,

X3m43 = x§7m+27
where a,, b, and ¢, are the integers defined in (1.1) and Lemma 2.4.
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LeEmMma 3.4.
d(x3mi1) = (=1) o> vf“’“v,ﬁfﬁ’z“ it mod(p, vf“’““),
d(X3mi2) = (1) Hofmepdmeysneg o mod(p, v,
d(X3m43) = (—1)”’“v?”"”vé’"”’”v,ﬂ’z”t,’g+2 mod(p, v{*"77).

ProOF. Suppose that
d(X3m1) = 0f030f St — of Pl of Lt mod(p, vit?),

where b’ = b — p**!. Then noticing that ple, we compute mod(p, v ™),
d(ch, 1) = ool oy — o o,
d(_vflp_]”é)pvigl) = —vf”vé”’v,ﬁiztiﬂ,

ap .pb' pc __ ap+p. pb' pc p? k+2
d(v"vy" vowa) =07 N0y vl (ot — 0y Tked),

and we obtain

_ ap+p  pb_ pc ap+p+1
d(x3m+2) = -1 Uy Uk+zlk+2 mOd(p7 U, )a
and so
2 2 2 2 2 2
— ap=+p” p°b pc .p ap=+p~+p
d(x3my3) = —) Uy U 5l mod(p, v; ).
The p-th power shows that
3 3 3 3 2 3 3 2
P — ap +p” p°b_pc p ap’+p°+p
d(x3,,3) = - L) mod(p, v) ),
3 3 2 3 3
ap +p>—p°—p p°btp pc s
d(—vy U Vk12X2)
3 3 3 3 2 k+1 2 2
_ ap+p” pbtp pic —P P p,p " =p=1_p°—p p+1 —p—1 p*—p p
= - vy o (=0, — o) kg Tert 0700 00" )
3 3 2 . . .
mod(p,v{” 7" 7*%). This completes the induction. q.e.d.

4. Computation of d(ry)
In this section, we fix an integer k > 2, and we will prove Lemma 2.3.
Lemma 4.1. The coproduct 4 : I'(k) — I'(k) ® I'(k) is given by
A(tir1) = i1 @ 1 + 1 ® try 1,
Atks2) = 2 @ 1+ v1bpy1,0 + 1 @ tr12,

A(tke3) = i3 @ 1+ v1bgyn.0 + v2bip11 + 1 @ tigs.
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n
w_1 [ p . n_j
Here pbji1,n-1= _Zle < i >tllc+1 ® Ziﬂl and

—pbiiao = Atir2)” — Y(tes2)" — v0bisn 1.
Proor. The coproduct is given by

n—1

) n—1 .
A(t/ﬁLn) + ZmiA(thrn—i)p = W(tk+n) + Zmiw(tk+n—i)(l)a
i=1

i=1

i+l

where Y(14,)" =1® t,f;n + Yt ZZ[H. @+ tﬁ;n ® 1. Take n=2, and

we have
A(trs2) +miA(te1)’ = Y(tira) + mpp ().
Thus we have A(#;12).

For A(ti43),

Atr13) + miA(t:2)" + mad (1) = Y(trs3) + mip(tee2) " + moyp (1),

2

Note that mz(l//(lk+1)(2) — A(Zk+1)p ) :pn’I2bk+1ﬁ1 = (1)2 +mlvf)bk+1,1. Then

Atrs3) = Y(tees) — mi(A(ti2)” — Yltrea)V = v0bii 1) + vabierr. qeed.

Lemma 4.2. Let wy; be the element of (3.1). Then

i—1 i i—

1 i k+i
— P - P P

L. Wiy =v] v, tp,, mod(p,v{ ) and

i ktitl

— P P
d(Wii2,i) = =] brgr,i + 07 big1,io1s
i i kit kt+it2
— P P P P
2. d(wk+37,<) = -1 bk+1,,‘+] — Uy bk+2,,' +v; bk+1,,‘_] + v bk+2,,‘_]
mod(p).

ProOF. The first one follows immediately from d(tf(’rll) = pby+1.;. For
the second, note that

ketitl i kti+2 i
p P p
[k+1 + it tk+2

o pi pi pi+2 pi pl'Al pi ) P
PWissi = d(vg 3) — 0y Gy — V) Gy — U] Wi2,is1 + 0

mod(p?), and d(l‘]’:jrz):Ufibk+l,i+pbk+2_l;1 by the definition of bgia 1.
Then we compute that

_ [)i pi+l+pi pi
d(pwiy3.i) = —pvy bii1iv1 — v biy1,iv1 — poy brya,io

k+i+1

k+i+2
besr,i) +pvd brgricn

pi pit! »
— U (_U] bk+l,i+1 + v

phHit?

ol (0 bt phriain)
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k+

PrROOF OF LEMMA 2.3. Put Hjj=w + v A — e 4
. 11 = Wit2,1 T U0y Wi43,2 — U1 0y k43

k+4 k+3 k+4 2 k+3 2 k+2
P —p P prt=pt —p" T 4p pr—l1 ; — p—1_p
vy v, 3= v, A lkr2.  Since Hyy = vjv 0, mod
(p,v?), it suffices to show that d(H;;) =0, which is verified by Lemma 4.2,
as follows:
» phe2
d(Wip2,1) = =0 b, +00 brsro,
k+3 k+3 2 2 k+3
PP — PP p » »
d(vyo,” wiysa) = viv," (=03 by, —vf bryaa, 0y iy
k+4
P
+ v; bk+2,14)7
k+3 2 k+3 2 2
PP pt N pp » »
d(=vy0," fes) = vpo,” (0 breoo, + 0y biias,),
k+4 k+3 k+4 k+3
PR —p* g N pR P P
dvy v," t5)=-vy v, (v brian, + Uzkar],zS),
k+4 2 k+3 2 k+4 2 k+3 2
pH—p? —p*p p? \ _ pF—p? —p*p . p
d(—v) ) liin) = 11 Y2 (01 bri1,2)s;
k+2 k+2
pre-l _ P
d(vy ley2) = V1 briio,
Now take ry to be vy !Hjj. q.e.d.

ReEMarRk. This proof does not work for the case k =1, since A(t4) #

b ®@14+uvb3o+ b1 +1® U
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(2]
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