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Abstract. We consider the weakly coupled system of reaction-di¤usion equations1,2

ut ¼ Duþ aðxÞv p; vt ¼ Dvþ bðxÞuq;

uðx; 0Þ ¼ lmjðxÞ; vðx; 0Þ ¼ lncðxÞ;

where 0a aðxÞ, bðxÞ A CðRNÞ, jðxÞ;cðxÞb 0 are bounded continuous functions in

RN , p; q > 1, m; n > 0, and l > 0 are parameters. The existense of solutions, blow-up

conditions, and global solutions of the above equations with aðxÞ1 jxjs1 , bðxÞ1 jxjs2
ð0a s1 < Nðp� 1Þ, 0a s2 < Nðq� 1ÞÞ are studied by Mochizuki and Huang. In this

paper, we consider an estimate of maximal existence time of blow-up solutions as l goes

to 0 or y, when aðxÞ; bðxÞ are more general functions.

1. Introduction and statement of results

We consider bounded, nonnegative solutions to the Cauchy problem for a

weakly coupled system

ut ¼ Duþ aðxÞvp ðx A RN ; t > 0Þ;
vt ¼ Dvþ bðxÞuq ðx A RN ; t > 0Þ;
uðx; 0Þ ¼ lmjðxÞ ðx A RNÞ;
vðx; 0Þ ¼ lncðxÞ ðx A RNÞ;

8>>><
>>>:

ð1Þ

where 0a aðxÞ, bðxÞ A CðRNÞ, 0a jðxÞ, cðxÞ A BCðRNÞ; here BCðRNÞ is the

set of bounded continuous functions on RN , p; q > 1, m; n > 0, and l > 0 are

parameters. Since the nonlinearities, aðxÞvp; bðxÞuq, are locally continuous in

x and locally Lipschitz in u; v, it follows from standard results that any solu-

tion uðx; tÞ; vðx; tÞb 0 of the equation (1) is in fact classical; that is, u; v A
C 2;1ðRN � ð0;TÞÞVCðRN � ½0;TÞÞ for some T > 0. Thus, the comparison

theorem holds from Theorem 1 in [1]; i.e. if
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f0 a uðx; 0Þa f0; g0 a vðx; 0Þa g0;

it follows that for x A RN , 0a taT ,

f ðtÞa uðx; tÞa f ðtÞ; gðtÞa vðx; tÞa gðtÞ;

where ð f ðtÞ; gðtÞÞ and ð f ðtÞ; gðtÞÞ are subsolution and supersolution of (1) with

initial value ð f0; g0Þ and ð f0; g0Þ.
We let T �

l > 0 be the maximal existence time. From the general theory

of evolution equation [9], it follows that there exists a unique bounded solution

uðx; tÞ to the equation

ut ¼ Duþ aðxÞup ðx A RN ; t > 0Þ;
uðx; 0Þ ¼ ljðxÞ ðx A RNÞ;

�
ð2Þ

which satisfies

sup
t A ½0;TÞ

kuðtÞky < y for 0 < bT ay;

where aðxÞ is a continuous function which satisfies that aðxÞ=jxjs ðs > �2Þ is

bounded when jxj is su‰ciently large, and 0a jðxÞa d expð�gjxj2Þ holds. So

we define T �
l as follows:

T �
l :¼ sup T > 0; sup

t A ½0;TÞ
fkuðtÞky þ kvðtÞkyg < y

( )
:

If T �
l ¼ y, the solutions are global. The global existence and nonexistence are

studied by Escobedo-Herrero [2] and Mochizuki [7] in the case aðxÞ1 bðxÞ1 1,

and are extended in [8] to the case aðxÞ ¼ jxjs1 , bðxÞ ¼ jxjs2 , where 0a s1 <

Nðp� 1Þ, 0a s2 < Nðq� 1Þ.
In this paper, we shall consider a precise estimate of T �

l as l goes to 0 or

y. This problem is studied in Huang-Mochizuki-Mukai [5] and Mochizuki [7]

in the special case aðxÞ1 bðxÞ1 1. On the other hand, Pinsky [11] studied the

life span of the single equation (2) where aðxÞ is some kind of function. We

shall extend the results of [5] and [7] and prove by the same methods as [11].

We put

a ¼ 2ðpþ 1Þ
pq� 1

; b ¼ 2ðqþ 1Þ
pq� 1

:

Theorem 1. Assume that a; b satisfy

aðxÞ@ jxjs1 ; bðxÞ@ jxjs2 as jxj ! y;

where s1; s2 > �2 if Nb 2, s1; s2 > �1 if N ¼ 1, and that initial data j;c

satisfy
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0a jðxÞ; cðxÞa d expð�gjxj2Þ

for some d; g > 0.

(i) Suppose that aþ d1 > N ðor b þ d2 > NÞ, where

d1 ¼
s2 pþ s1

pq� 1
; d2 ¼

s1qþ s2

pq� 1
:

Then there exist l1 > 0 and C > 0 such that

T �
l aCl�2m=ðaþd1�NÞ ðor aCl�2n=ðbþd2�NÞÞ for l < l1:

(ii) Suppose that

p < p� ¼ 1þ 2þ s1

N
; q < q� ¼ 1þ 2þ s2

N
:

Let m; n be chosen to satisfy

m

n
¼ aþ d1 �N

b þ d2 �N
:

Then we have

T �
l @ l�2m=ðaþd1�NÞ ¼ l�2n=ðbþd2�NÞ as l ! 0:

Theorem 2. Assume that 0a a; b; j;c A BCðRNÞ and that there is a

smooth bounded domain DHRN such that

inf
x AD

aðxÞ; inf
x AD

bðxÞ; inf
x AD

jðxÞ; inf
x AD

cðxÞ > 0:

(i) Suppose that pn > m, qm > n. Then there exist l1 > 0 and C > 0 such

that

T �
l aCl�2m=a ðor aCl�2n=bÞ for l > l1:

(ii) Let m; n be chosen to satisfy m=n ¼ a=b. Then we have

T �
l @ l�2m=a ¼ l�2n=b as l ! y:

Remark 1. Theorems 1 and 2 are the extension of results of [11]. If we

put u ¼ v, j ¼ c, a ¼ b, p ¼ q, s1 ¼ s2, m ¼ n ¼ 1 in these theorems, the same

results as Theorem 1 (i) and Theorem 3 (i) in [11] are obtained respectively.

We shall prove Theorems 1 and 2 in Sections 2 and 3, respectively. In the

sequel, we will use the notation

Pðx; tÞ ¼ ð4ptÞ�N=2 exp � jxj2

4t

 !
:
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We conclude this section by noting the following well-known integral repre-

sentation which holds for bounded solutions uðx; tÞ; vðx; tÞ to (1):

uðx; tÞ ¼ lm

ð
RN

Pðx� y; tÞjðyÞdyþ
ð t
0

ð
RN

Pðx� y; t� sÞaðyÞvðy; sÞpdyds;

vðx; tÞ ¼ ln
ð
RN

Pðx� y; tÞcðyÞdyþ
ð t
0

ð
RN

Pðx� y; t� sÞbðyÞuðy; sÞqdyds:
ð3Þ

2. Proof of Theorem 1

We begin with the proof of the upper bounds.

Lemma 2.1. Let uðx; tÞ; vðx; tÞ satisfy (1). Then for any t0 A ð0;T �
l Þ, there

exists a c > 0 such that

uðx; tÞb lmct�N=2 exp � jxj2

2t

 !
;

vðx; tÞb lnct�N=2 exp � jxj2

2t

 !
; for t A ½t0;T �

l Þ; x A RN :

Proof. We prove only the first inequality. Since jðxÞD 0, there exists

D1 HRN such that

c1 ¼ inf
x AD1

jðxÞ > 0:

From the inequality jx� yj2 a 2jxj2 þ 2jyj2 and (3), it follows that

uðx; tÞb lm

ð
RN

Pðx� y; tÞjðyÞdyb lmc1

ð
D1

Pðx� y; tÞdy

b lmð4ptÞ�N=2
c1

ð
D1

exp � jxj2

2t
� jyj2

2t

 !
dy

b lmð4pÞ�N=2
c1t

�N=2 exp � jxj2

2t

 !ð
D1

exp � jyj2

2t0

 !
dy;

for tb t0. r

Let Dn ¼ fx A RN ; n < jxj < 2ng if Nb 2, and Dn ¼ fx A RN ; n < x < 2ng
if N ¼ 1. Let yn > 0 denote the principal eigenvalue of �D with Dirichlet

problem in Dn, and let onðxÞ denote the corresponding positive eigenfunction,

normalized by
Ð
Dn

onðxÞdx ¼ 1. Note that since Dn contains an N-dimensional
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cube of length kn for an appropriate constant k A ð0; 1Þ, it follows that there

exists a constant c > 0 such that

yn a cn�2: ð4Þ

By assumption, there exist n0 and c1 > 0 such that

aðxÞb c1jxjs1 ; bðxÞb c1jxjs2 ; for jxjb n0: ð5Þ

From now on, we will always assume that nb n0. Define

FnðtÞ ¼
ð
Dn

uðx; tÞonðxÞdx;

GnðtÞ ¼
ð
Dn

vðx; tÞonðxÞdx; for 0a t < T �
l :

Then it follows that FnðtÞa kuðtÞky, GnðtÞa kvðtÞky for all n > 0. Thus, T �
l

is no more than the blow up time of ðFnðtÞ;GnðtÞÞ. Let q=qn be the outward

normal derivative to Dn at x A qDn. From Green’s formula and the fact that

onðxÞ ¼ 0 and qon=qna 0 on qDn, we obtainð
Dn

ðDuðx; tÞonðxÞ � uðx; tÞDonðxÞÞdx ¼
ð
qDn

qu

qn
on � u

qon

qn

� �
dSb 0:

From Hölder’s inequality, the inequalityð
Dn

vðx; tÞonðxÞdxa
ð
Dn

vðx; tÞponðxÞdx
� �1=p

holds. Using (4), (5), we obtain from (1)

F 0
nðtÞ ¼

ð
Dn

utðx; tÞonðxÞdx

¼
ð
Dn

ðDuðx; tÞ þ aðxÞvðx; tÞpÞonðxÞdx

b

ð
Dn

uðx; tÞDonðxÞdxþ c1

ð
Dn

jxjs1vðx; tÞponðxÞdx

b�yn

ð
Dn

uðx; tÞonðxÞdxþ c0n
s1

ð
Dn

vðx; tÞponðxÞdx

b�cn�2FnðtÞ þ c0n
s1GnðtÞp:

Thus, we obtain the following inequalities:

F 0
nðtÞb�cn�2FnðtÞ þ c0n

s1GnðtÞp ðt > 0Þ;
G 0

nðtÞb�cn�2GnðtÞ þ c0n
s2FnðtÞq ðt > 0Þ:

�
ð6Þ
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By Lemma 2.1, there exists a C > 0 such that uðx; n2ÞbClmn�N , vðx; n2Þb
Clnn�N for n < jxj < 2n, thus

Fnðn2ÞbClmn�N ; Gnðn2ÞbClnn�N :

Let fn; gn A C0ð½0;T �
l ÞÞVC1ðð0;T �

l ÞÞ be the solution to the system of ordinary

di¤erential equations

f 0
n ðtÞ ¼ �cn�2fnðtÞ þ c0n

s1gnðtÞp ðt > 0Þ;
g 0
nðtÞ ¼ �cn�2gnðtÞ þ c0n

s2 fnðtÞq ðt > 0Þ;
fnðn2Þ ¼ Clmn�N ;

gnðn2Þ ¼ Clnn�N :

8>>><
>>>:

ð7Þ

Then ðFnðtÞ;GnðtÞÞ is a supersolution of (7). By the scaling

f ðtÞ ¼ c�a=2c
a=2
0 naþd1 fnðc�1n2ðtþ cÞÞ;

gðtÞ ¼ c�b=2c
b=2
0 nbþd2gnðc�1n2ðtþ cÞÞ;

ð8Þ

we obtain the simpler system of equations

f 0ðtÞ ¼ � f ðtÞ þ gðtÞp ðt > 0Þ;
g 0ðtÞ ¼ �gðtÞ þ f ðtÞq ðt > 0Þ;

�
ð9Þ

with the initial data

f ð0Þ ¼ Cpl
mnaþd1�N ; gð0Þ ¼ Cql

nnbþd2�N ;

where Cp ¼ Cc�a=2c
a=2
0 , Cq ¼ Cc�b=2c

b=2
0 .

Lemma 2.2. Let ð f ðtÞ; gðtÞÞ be the solution to (9) with the initial data

f ð0Þ > 1; gð0Þ ¼ 0:

If f ð0Þ is su‰ciently large, then ð f ðtÞ; gðtÞÞ blows up in finite time. Moreover,

the life span T0 of ð f ðtÞ; gðtÞÞ is estimated from above by

T0 a t0 þ
ðy
f ðt0Þgðt0Þ

fCðp; qÞxðpþ1Þðqþ1Þ=ðpþqþ2Þ � 2xg�1
dx; ð10Þ

where

Cðp; qÞ ¼ pþ qþ 2

pþ 1

� �ðpþ1Þ=ðpþqþ2Þ
pþ qþ 2

qþ 1

� �ðqþ1Þ=ðpþqþ2Þ

and 0 < t0 < T0 is chosen to satisfy f f ðt0Þgðt0Þgðpq�1Þ=ðpþqþ2Þ > 2.

Proof. See e.g., K. Mochizuki [7]. r

Proof of Theorem 1 (i). As is shown in the above lemma, there exist

A1 > 0 and B1 > 0 such that if
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f ð0Þ > A1 or gð0Þ > B1; ð11Þ

then ð f ðtÞ; gðtÞÞ blows up in finite time. We see that (11) will be satisfied if

n ¼ nðlÞ is chosen so that

ln ¼ gn�a�d1þN ;

where g > 0 is a constant which satisfies g > C�1
p A1. If l is su‰ciently small,

n > n0, so we can apply this argument. From (8) and Lemma 2.2, there exists

a l0 > 0 such that

T �
l a c�1n2ðT0 þ cÞ ¼ Cl�2m=ðaþd1�NÞ

for l < l0. r

Note that there is only one equilibrium of system (9) in R2
þ, say P ¼ ð1; 1Þ.

As is easily seen, P is a saddle point. One of the separatrix starts from 0 and

runs to y. Another one intersects f -axis and g-axis at A1 and B1, respectively.

Moreover, every solution ð f ðtÞ; gðtÞÞ of (9) with the initial value ð f ð0Þ; gð0ÞÞ
lying above this separatrix runs into

Q ¼ fð f ; gÞ A R2
þ; f

1=p < g < f qg;

and then blows up in finite time. As for these arguments, see e.g.,

Galaktionov-Kurdyumov-Samarskii [3], [4] or Qi-Levine [12].

We now turn to the proof of the lower bound. For the proof, we will

need the following two lemmas from advanced calculus which appear as

Lemmas 5 and 6 in [10].

Lemma 2.3. For each s > 0, there exists a constant c > 0 such thatð
RN

Pðx� y; tÞð1þ jyjÞsdya cð1þ ts=2 þ jxjsÞ; for x A RN ; t > 0:

Proof. Using the inequality jaþ bjs a 2sðjajs þ jbjsÞ for s > 0, we

obtain ð
RN

Pðx� y; tÞð1þ jyjÞsdy ¼
ð
RN

Pðz; tÞð1þ jxþ zjÞsdz

a 2s

ð
RN

Pðz; tÞð1þ jxþ zjsÞdz

a 2s þ 22s
ð
RN

Pðz; tÞðjxjs þ jzjsÞdz

¼ 2s þ 22sjxjs þ 22scst
s=2;
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where

cs ¼ ð4pÞ�N=2

ð
RN

jxjs exp � jxj2

4

 !
dx: r

Lemma 2.4. For sa 0 and t > 0, the function

HðxÞ1
ð
RN

Pðx� y; tÞð1þ jyjÞsdy

attains its maximum at x ¼ 0.

Proof. HðxÞ depends only on jxj, thus it is enough to show that

ðx;‘HðxÞÞa 0 for all x A RN . We have

‘HðxÞ ¼
ð
RN

‘xPðx� y; tÞð1þ jyjÞsdy

¼ �
ð
RN

‘yPðx� y; tÞð1þ jyjÞsdy

¼
ð
RN

Pðx� y; tÞ‘ð1þ jyjÞsdy:

Thus,

ðx;‘HðxÞÞ ¼ sð4ptÞ�N=2 exp � jxj2

4t

 !ð
RN

exp
ðx; yÞ
2t

� �
ðx; yÞ

� exp � jyj2

4t

 !
ð1þ jyjÞs�1jyj�1

dy: ð12Þ

Since ðx;‘HðxÞÞ depends only on jxj, it is enough to show thatÐ
jxj¼r

ðx;‘HðxÞÞdxa 0 for all r > 0. Considering symmetry of functions, we

see ð
jxj¼r

exp
ðx; yÞ
2t

� �
ðx; yÞdx

¼
ð
jxj¼r; ðx; yÞb0

þ
ð
jxj¼r; ðx; yÞa0

( )
exp

ðx; yÞ
2t

� �
ðx; yÞdx

¼
ð
jxj¼r; ðx; yÞb0

exp
ðx; yÞ
2t

� �
� exp �ðx; yÞ

2t

� �� �
ðx; yÞdx

b 0; ð13Þ

for all y A RN . From (12) and (13), we obtain
Ð
jxj¼r

ðx;‘HðxÞÞdxa 0. r
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To prove that a given number T > 0 provides a lower bound for T �
l , we

will make the following argument. Define

u0ðx; tÞ ¼ lm

ð
RN

Pðx� y; tÞjðyÞdy;

v0ðx; tÞ ¼ ln
ð
RN

Pðx� y; tÞcðyÞdy;

where j;c satisfy

0a jðxÞ; cðxÞa dPðx; kÞ ð14Þ

for some d; k > 0, and

unþ1ðx; tÞ ¼ u0ðx; tÞ þ
ð t
0

ð
RN

Pðx� y; t� sÞaðyÞvnðy; sÞpdyds;

vnþ1ðx; tÞ ¼ v0ðx; tÞ þ
ð t
0

ð
RN

Pðx� y; t� sÞbðyÞunðy; sÞqdyds;
ð15Þ

for nb 0. By induction, unþ1ðx; tÞb unðx; tÞ, vnþ1ðx; tÞb vnðx; tÞ. If there

exists a T > 0 such that

sup
nb0

unðx; tÞ; sup
nb0

vnðx; tÞ < y; for x A RN ; t A ½0;TÞ;

then

~uuðx; tÞ1 lim
n!y

unðx; tÞ; ~vvðx; tÞ1 lim
n!y

vnðx; tÞ

converge uniformly in x A RN , t A ½0;TÞ, and it follows from the monotone

convergence theorem and (15) that ~uu; ~vv satisfy (3) for x A RN , t A ð0;TÞ; hence
T �
l bT . Thus, to obtain an estimate of the form T �

l bT , it is enough to

show the following lemma:

Lemma 2.5. If (14) holds,

unðx; tÞa 2lmdPðx; tþ kÞ; vnðx; tÞa 2lndPðx; tþ kÞ ð16Þ

holds for all nb 0 in x A RN, t A ½0;TðlÞÞ, where

TðlÞ ¼ C minfl2ð�pnþmÞ=Nðp ��pÞ; l2ð�qmþnÞ=Nðq��qÞg � k:
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Proof. From (14) and the relationð
RN

Pðx� y; tÞPðy; kÞdy

¼ ð4ptÞ�N=2ð4pkÞ�N=2 exp � jxj2

4ðtþ kÞ

 !

�
ð
RN

exp � tþ k

4tk
y� kx

tþ k

����
����
2

 !
dy

¼ ð4pðtþ kÞÞ�N=2 exp � jxj2

4ðtþ kÞ

 !ð
RN

Pðz; kÞdz

¼ Pðx; tþ kÞ;
it follows that

u0ðx; tÞa lmdPðx; tþ kÞa 2lmdPðx; tþ kÞ;

v0ðx; tÞa lndPðx; tþ kÞa 2lndPðx; tþ kÞ;
ð17Þ

for all tb 0. Hence (16) holds for n ¼ 0 when 0a t < y.

Next, we shall assume that (16) holds for some nb 0. In the sequel C

will denote a positive constant whose value will change from term to term.

Since aðxÞaCð1þ jxjÞs1 for some C > 0 by assumption, using (15), (16), and

(17), we obtain

unþ1ðx; tÞa lmdPðx; tþ kÞ

þ ð2lndÞp
ð t
0

ð
RN

aðyÞPðx� y; t� sÞPðy; sþ kÞpdyds

a lmdPðx; tþ kÞ

þ ð2lndÞpC
ð t
0

ð
RN

ðt� sÞ�N=2ðsþ kÞ�Np=2

� ð1þ jyjÞs1 exp � jx� yj2

4ðt� sÞ �
pjyj2

4ðsþ kÞ

 !
dyds: ð18Þ

Using the relation

exp � jx� yj2

4ðt� sÞ �
pjyj2

4ðsþ kÞ

 !

¼ exp � jy� Rðs; tÞxj2

4ðt� sÞRðs; tÞ

 !
exp � pRðs; tÞjxj2

4ðsþ kÞ

 !
;
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where Rðs; tÞ ¼ ðsþ kÞ=ðsþ k þ pðt� sÞÞ, (18) can be rewritten as

unþ1ðx; tÞa lmdPðx; tþ kÞ þ ð2lndÞpC
ð t
0

ð
RN

PðRðs; tÞx� y;Rðs; tÞðt� sÞÞ

� ð1þ jyjÞs1ðsþ kÞ�Np=2
Rðs; tÞN=2 exp � pRðs; tÞjxj2

4ðsþ kÞ

 !
dyds: ð19Þ

At this stage in the proof, we must consider two cases separately. The

first case is when s1 > 0, and the second case is when s1 a 0. We treat the

case s1 > 0 first. Carrying out the integration over RN in (19), and using

Lemma 2.3 with t; x and s being replaced by Rðs; tÞðt� sÞ, Rðs; tÞx and s1
respectively, the final term on the right hand side of (19) reduces to

ð2lndÞpC
ð t
0

½1þ Rðs; tÞs1=2ðt� sÞs1=2 þ Rðs; tÞs1 jxjs1 �

� ðsþ kÞ�Np=2
Rðs; tÞN=2 exp � pRðs; tÞjxj2

4ðsþ kÞ

 !
ds: ð20Þ

Multiplying outside the integral in (20) by the factor expð�jxj2=4ðtþ kÞÞ,
multiplying inside the integral by its reciprocal, and simplifying the argument in

the exponential term, (20) may be rewritten as

ð2lndÞpC exp � jxj2

4ðtþ kÞ

 !ð t
0

ðsþ kÞ�Np=2
Rðs; tÞN=2

� ½1þ Rðs; tÞs1=2ðt� sÞs1=2 þ Rðs; tÞs1 jxjs1 �

� exp �ðp� 1ÞRðs; tÞjxj2

4ðtþ kÞ

 !
ds: ð21Þ

We now write

Rðs; tÞs1 jxjs1 exp �ðp� 1ÞRðs; tÞjxj2

4ðtþ kÞ

 !

¼ Rðs; tÞs1=2zs1=2 exp �ðp� 1Þz
4ðtþ kÞ

� �
; ð22Þ

where z ¼ Rðs; tÞjxj2. Di¤erentiating this as a function of z > 0, we have
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Rðs; tÞs1=2 s1

2
zs1=2�1 � p� 1

4ðtþ kÞ z
s1=2

� �
exp �ðp� 1Þz

4ðtþ kÞ

� �
:

By the inequality p > 1, the function (22) of z attains its maximum at z ¼
2s1ðtþ kÞ=ðp� 1Þ. The maximum value then is

Rðs; tÞs1=2 2s1ðtþ kÞ
p� 1

� �s1=2
e�s1=2:

From this it follows that

Rðs; tÞs1 jxjs1 exp �ðp� 1ÞRðs; tÞjxj2

4ðtþ kÞ

 !

aCRðs; tÞs1=2ðtþ kÞs1=2; ð23Þ

for all x A RN , t > 0 and 0 < s < t. From (23) and the fact that p > 1, it

follows that the quantity in (21) is smaller than

ð2lndÞpC exp � jxj2

4ðtþ kÞ

 !�ð t
0

ðsþ kÞ�Np=2
Rðs; tÞN=2

ds

þ
ð t
0

ðsþ kÞ�Np=2
Rðs; tÞðNþs1Þ=2½ðt� sÞs1=2 þ ðtþ kÞs1=2�ds

�
: ð24Þ

We now carry out the integration in (24). Recalling that p < p� ¼
1þ ð2þ s1Þ=N, recalling that Rðs; tÞ ¼ ðsþ kÞ=ðsþ k þ pðt� sÞÞ, and noting

that tþ ka sþ k þ pðt� sÞ < pðtþ kÞ for s A ½0; t�, we have

ð t
0

ðsþ kÞ�Np=2
Rðs; tÞN=2

ds

¼ ðtþ kÞ�N=2

ð t
0

ðsþ kÞNð1�pÞ=2 tþ k

sþ k þ pðt� sÞ

� �N=2

ds

a ðtþ kÞ�N=2

ð t
0

ðsþ kÞNð1�pÞ=2
ds

a

Cðtþ kÞ1�Np=2; if p < 1þ 2=N;

Cðtþ kÞ�N=2 logðt=k þ 1Þ; if p ¼ 1þ 2=N;

Cðtþ kÞ�N=2; if p > 1þ 2=N;

8><
>: ð25Þ

and
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ð t
0

ðsþ kÞ�Np=2
Rðs; tÞðNþs1Þ=2½ðt� sÞs1=2 þ ðtþ kÞs1=2�ds

aCðtþ kÞ�N=2

ð t
0

ðsþ kÞðNð1�pÞþs1Þ=2 tþ k

sþ k þ pðt� sÞ

� �ðNþs1Þ=2
ds

aCðtþ kÞ�N=2

ð t
0

ðsþ kÞðNð1�pÞþs1Þ=2ds

aCðtþ kÞ�N=2þNðp ��pÞ=2: ð26Þ

From (20), (21), (24), (25) and (26), we conclude now that the final term on the

right hand side of (19) is smaller than

ð2lndÞpCðtþ kÞ�N=2þNðp��pÞ=2 exp � jxj2

4ðtþ kÞ

 !
:

Substituting this in (19), we obtain

unþ1ðx; tÞ

a lmdPðx; tþ kÞ þ ð2lndÞpCðtþ kÞ�N=2þNðp ��pÞ=2 exp � jxj2

4ðtþ kÞ

 !

¼ ðlmdþ ð2lndÞpCðtþ kÞNð p��pÞ=2ÞPðx; tþ kÞ; ð27Þ

for x A RN , tb 0.

We now turn to the case s1 a 0. It follows from Lemma 2.4 that the

inside integral,

ð
RN

PðRðs; tÞx� y;Rðs; tÞðt� sÞÞð1þ jyjÞs1dy;

appearing on the right hand side of (19), attains its maximum as a function of

x when x ¼ 0. Thus, the final term on the right hand side of (19) is less than

or equal to

ð2lndÞpC
ð t
0

ð
RN

Pðy;Rðs; tÞðt� sÞÞð1þ jyjÞs1

� ðsþ kÞ�Np=2
Rðs; tÞN=2 exp � pRðs; tÞjxj2

4ðsþ kÞ

 !
dyds: ð28Þ

By the facts that
Ð
RN Pðy; tÞð1þ jyjÞs1dya 1 for t A ½0; 1�, and that
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ð
RN

Pðy; tÞð1þ jyjÞs1dya
ð
RN

Pðy; tÞjyjs1dy

¼ ts1=2ð4pÞ�N=2

ð
RN

jzjs1 exp � jzj2

4

 !
dz for tb 1:

by the assumption that s1 A ð�2; 0� if Nb 2 or that s1 A ð�1; 0� if N ¼ 1, it

follows that there exists a C > 0 such thatð
RN

Pðy; tÞð1þ jyjÞs1dyaCð1þ tÞs1=2: ð29Þ

Applying this with t being replaced by Rðs; tÞðt� sÞ, it follows that the quantity

in (28) is less than or equal to

ð2lndÞpC
ð t
0

½1þ Rðs; tÞðt� sÞ�s1=2

� ðsþ kÞ�Np=2
Rðs; tÞN=2 exp � pRðs; tÞjxj2

4ðsþ kÞ

 !
ds: ð30Þ

Since p > 1, Rðs; tÞa 1 and pRðs; tÞ=ðsþ kÞ ¼ p=ðsþ k þ pðt� sÞÞb 1=ðtþ kÞ
for s A ½0; t�, the quantity in (30) is less than or equal to

ð2lndÞpC exp � jxj2

4ðtþ kÞ

 !ð t
0

Rðs; tÞðNþs1Þ=2ð1þ t� sÞs1=2ðsþ kÞ�Np=2
ds: ð31Þ

We now carry out the integration in (31). Recalling that p < p� ¼
1þ ð2þ s1Þ=N, that s1 A ð�2; 0� if Nb 2 or that s1 A ð�1; 0� if N ¼ 1,

and that Rðs; tÞ ¼ ðsþ kÞ=ðsþ k þ pðt� sÞÞ, and noting that tþ ka sþ kþ
pðt� sÞ < pðtþ kÞ for s A ½0; t�, we haveð t

0

Rðs; tÞðNþs1Þ=2ð1þ t� sÞs1=2ðsþ kÞ�Np=2
ds

a ðtþ kÞ�ðNþs1Þ=2
ð t
0

ðsþ kÞðNð1�pÞþs1Þ=2ð1þ t� sÞs1=2ds

aCðtþ kÞ�ðNþs1Þ=2
�
ðtþ kÞs1=2

ð t=2
0

ðsþ kÞðNð1�pÞþs1Þ=2ds

þ ðtþ kÞðNð1�pÞþs1Þ=2
ð t
t=2

ðt� sÞs1=2ds
�

aCðtþ kÞ�N=2þNðp ��pÞ=2: ð32Þ
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From (19), (28), (30), (31) and (32), we conclude that

unþ1ðx; tÞa ðlmdþ ð2lndÞpCðtþ kÞNðp ��pÞ=2ÞPðx; tþ kÞ; ð33Þ

for x A RN , tb 0.

In the same way as (18) through (32), we conclude that

unþ1ðx; tÞa ðlmdþ ð2lndÞpCðtþ kÞNðp ��pÞ=2ÞPðx; tþ kÞ;

vnþ1ðx; tÞa ðlndþ ð2lmdÞqCðtþ kÞNðq ��qÞ=2ÞPðx; tþ kÞ
ð34Þ

for x A RN , tb 0. From (34), we find that (16) with n being replaced by nþ 1

holds as long as

ð2lndÞpCðtþ kÞNðp ��pÞ=2
a lmd; ð2lmdÞqCðtþ kÞNðq ��qÞ=2

a lnd:

Thus, (16) holds for all nb 0 when

taminfðð2lndÞ�p
ClmdÞ2=Nðp ��pÞ; ðð2lmdÞ�q

ClndÞ2=Nðq ��qÞg � k

¼ C minfl2ð�pnþmÞ=Nðp ��pÞ; l2ð�qmþnÞ=Nðq ��qÞg � k ¼ TðlÞ: r

Proof of Theorem 1 (ii). Recall here that we have assumed

m

n
¼ aþ d1 �N

b þ d2 �N
:

Then since pb � a ¼ qa� b ¼ 2, pd2 � d1 ¼ s1, qd1 � d2 ¼ s2, it follows that

�pnþ m

2þ s1 þNð1� pÞ ¼
�n

2þ s1 þNð1� pÞ � p� m

n

� �

¼ �n

2þ s1 þNð1� pÞ � p� aþ d1 �N

b þ d2 �N

� �
¼ �n

b þ d2 �N
;

�qmþ n

2þ s2 þNð1� qÞ ¼
�m

aþ d1 �N
:

Thus, we obtain

T �
l bTðlÞbCl�2m=ðaþd1�NÞ ¼ Cl�2n=ðbþd2�NÞ

when l > 0 is su‰ciently small. r

3. Proof of Theorem 2

We begin with the proof of the upper bounds. Let DHRN be a smooth

bounded domain such that

inf
x AD

aðxÞ; inf
x AD

bðxÞ; inf
x AD

jðxÞ; inf
x AD

cðxÞb c > 0: ð35Þ
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Let y > 0 denote the principal eigenvalue of �D with Dirichlet problem in D,

and let oðxÞ denote the corresponding positive eigenfunction, normalized byÐ
D
oðxÞdx ¼ 1. Define

FðtÞ ¼
ð
D

uðx; tÞoðxÞdx;

GðtÞ ¼
ð
D

vðx; tÞoðxÞdx; for 0a t < T �
l :

Using (35), we obtain from (1) that

F 0ðtÞ ¼
ð
D

utðx; tÞoðxÞdx

¼
ð
D

ðDuðx; tÞ þ aðxÞvðx; tÞpÞoðxÞdx

b�yFðtÞ þ cGðtÞp:

Thus, we obtain the following inequalities:

F 0ðtÞb�yF ðtÞ þ cGðtÞp ðt > 0Þ;
G 0ðtÞb�yGðtÞ þ cFðtÞq ðt > 0Þ:

�
ð36Þ

From (35), F ð0Þb clm, Gð0Þb cln.

Let f ; g A C0ð½0;T �
l ÞÞVC1ðð0;T �

l ÞÞ be the solution of the system of ordi-

nary di¤erential equations

f 0ðtÞ ¼ �yf ðtÞ þ cgðtÞp ðt > 0Þ;
g 0ðtÞ ¼ �ygðtÞ þ cf ðtÞq ðt > 0Þ;
f ð0Þ ¼ clm; gð0Þ ¼ cln:

8<
: ð37Þ

Then ðF ðtÞ;GðtÞÞ is a supersolution of (37).

Lemma 3.1. Define

Q ¼ fð f ; gÞ A R2
þ; ð2yc�1f Þ1=p < g < ð2yÞ�1

cf qg;

and let ð f ðtÞ; gðtÞÞ be the solution to (37). If ð f ð0Þ; gð0ÞÞ A Q, then

ð f ðtÞ; gðtÞÞ A Q for all t A ½0;T �
l Þ.

Proof. We shall first show that

f ðtÞ > f ð0Þ > ð2yc�1Þa=2 and gðtÞ > gð0Þ > ð2yc�1Þb=2 ð38Þ

hold for all t A ð0;T �
l Þ. Since f ðtÞ; gðtÞ are continuous at t ¼ 0 and

�yf ð0Þ þ cgð0Þp > yf ð0Þ > 0; �ygð0Þ þ cf ð0Þq > ygð0Þ > 0; ð39Þ
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there exists an e1 > 0 such that

f 0ðtÞ ¼ �yf ðtÞ þ cgðtÞp > 0;

g 0ðtÞ ¼ �ygðtÞ þ cf ðtÞq > 0; for 0 < t < e1:

So (38) holds for 0 < t < e1. Assume contrary that there exists a t1 A ð0;T �
l Þ

such that (38) holds for 0 < t < t1 and f ðt1Þ ¼ f ð0Þ. From (37), it follows that

ðeytf ðtÞÞ0 ¼ eytf 0ðtÞ þ yeytf ðtÞ ¼ ceytgðtÞp:

Integrating the both sides of this equality from 0 to t1, we obtain

eyt1 f ð0Þ � f ð0Þ ¼ c

ð t1
0

eysgðsÞpdsb cgð0Þpy�1ðeyt1 � 1Þ:

Since eyt1 > 1, it follows that yf ð0Þb cgð0Þp. This leads to a contradiction to

(39), so we obtain f ðtÞ > f ð0Þ for all t A ð0;T �
l Þ. In the same way, we also

obtain gðtÞ > gð0Þ for all t A ð0;T �
l Þ.

Next, we shall show that ð f ðtÞ; gðtÞÞ A Q for all t A ½0;T �
l Þ. Since

f ðtÞ; gðtÞ are continuous at t ¼ 0, there exists an e2 > 0 such that ð f ðtÞ; gðtÞÞ A
Q for 0a t < e2. Assume contrarily that there exists a t2 A ð0;T �

l Þ such that

ð f ðtÞ; gðtÞÞ A Q for 0a t < t2 and 2yf ðt2Þ ¼ cgðt2Þp. Since it follows from (38)

that

ð2yÞ�1
cf ðt2Þq � gðt2Þ ¼ fðð2yÞ�1

cÞqþ1
gðt2Þpq�1 � 1ggðt2Þ > 0;

we obtain

cpgðt2Þp�1
g 0ðt2Þ � 2yf 0ðt2Þ

¼ cpgðt2Þp�1ðcf ðt2Þq � ygðt2ÞÞ � 2yðcgðt2Þp � yf ðt2ÞÞ

> yfcpgðt2Þp � 2yf ðt2Þg ¼ cyðp� 1Þgðt2Þp > 0:

Considering the continuity of f 0ðtÞ; g 0ðtÞ, there exists an e > 0 such that

cpgðtÞp�1
g 0ðtÞ � 2yf 0ðtÞ > 0; for t2 � e < t < t2:

Integrating the left hand side of this inequality from t satisfying t2 � e < t < t2
to t2, it follows that

0 < c

ð t2
t

pgðsÞp�1
g 0ðsÞds� 2y

ð t2
t

f 0ðsÞds

¼ cgðt2Þp � cgðtÞp � 2yf ðt2Þ þ 2yf ðtÞ

¼ 2yf ðtÞ � cgðtÞp:

System of reaction-di¤usion equations 183



This leads to a contradiction, so we obtain 2yf ðtÞ < cgðtÞp for all t A ½0;T �
l Þ.

In the same way, we also obtain 2ygðtÞ < cf ðtÞq for all t A ½0;T �
l Þ. r

Proof of Theorem 2 (i). Choosing l0 > 0 to satisfy l
pn�m
0 b 2yc�p,

l
qm�n
0 b 2yc�q, we easily see from the inequalities pn > m, qm > n that

ð f ð0Þ; gð0ÞÞ A Q holds if l > l0. Then we can apply Lemma 3.1 to obtain

ð f ðtÞ; gðtÞÞ A Q for all t A ½0;T �
l Þ. From now on, we will always assume that

l > l0. It follows from (37) that

f 0ðtÞ ¼ �yf ðtÞ þ c1gðtÞp

> � 1

2
c1gðtÞp þ c1gðtÞp¼

1

2
c1gðtÞp

g 0ðtÞ > 1

2
c2 f ðtÞq for t A ð0;T �

l Þ:

ð40Þ

Let us consider the system of ordinary di¤erential equations

x 0 ¼ ð1=2Þcyp; y 0 ¼ ð1=2Þcxq ðt > 0Þ;
xð0Þ ¼ clm; yð0Þ ¼ cln:

�
ð41Þ

Then ð f ðtÞ; gðtÞÞ is a supersolution of (41). From equation (41), it follows that

xqx 0 ¼ ypy 0. Integrate the both sides from 0 to t. Then we have

xðtÞqþ1 � xð0Þqþ1

qþ 1
¼ yðtÞpþ1 � yð0Þpþ1

pþ 1
: ð42Þ

If ðqþ 1Þ�1
xð0Þqþ1

b ðpþ 1Þ�1
yð0Þpþ1, it follows from (42) that

xðtÞb qþ 1

pþ 1

� �1=ðqþ1Þ
yðtÞðpþ1Þðqþ1Þ:

Substitute this in the second equation of (41). Then we have

y 0ðtÞb 1

2
C1ðp; qÞyðtÞqðpþ1Þ=ðqþ1Þ;

where C1ðp; qÞ ¼ cððqþ 1Þ=ðpþ 1ÞÞq=ðqþ1Þ. Multiplying yðtÞ�qðpþ1Þ=ðqþ1Þ and

integrating the both sides from 0 to t, we obtain

� b

2
ðyðtÞ�2=b � ðclnÞ�2=bÞb 1

2
C1ðp; qÞt;

byðtÞ�2=b
a bðclnÞ�2=b � C1ðp; qÞt:

ð43Þ
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Since the right hand side of the second equation of (43) equals 0 when

t ¼ bC1ðp; qÞ�1ðclnÞ�2=b;

it follows that yðtÞ must blow up by the above t. This gives the upper bound

T �
l aCl�2n=b; for bC > 0:

In the case when ðqþ 1Þ�1
xð0Þqþ1

a ðpþ 1Þ�1
yð0Þpþ1, we obtain by the same

method

T �
l aCl�2m=a; for bC > 0: r

We now turn to the proof the lower bound. We will use an idea of the

same type as that used to prove the lower bound in Theorem 1. Define

u0ðx; tÞ ¼ lm

ð
RN

Pðx� y; tÞjðyÞdy;

v0ðx; tÞ ¼ ln
ð
RN

Pðx� y; tÞcðyÞdy;

where j;c satisfy

0a jðxÞ; cðxÞa d ð44Þ

for some d > 0, and

unþ1ðx; tÞ ¼ u0ðx; tÞ þ
ð t
0

ð
RN

Pðx� y; t� sÞaðyÞvnðy; sÞpdyds;

vnþ1ðx; tÞ ¼ v0ðx; tÞ þ
ð t
0

ð
RN

Pðx� y; t� sÞbðyÞunðy; sÞqdyds;
ð45Þ

for nb 0. By the same argument as in Section 2, it is enough to show the

following lemma:

Lemma 3.2. If (44) holds, the inequalities

unðx; tÞa 2lmd; vnðx; tÞa 2lnd ð46Þ

hold for all nb 0 in x A RN, t A ½0;TðlÞÞ, where

TðlÞ ¼ C minfl�pnþm; l�qmþng:

Proof. From (44), we easily see that

u0ðx; tÞa lmda 2lmd; v0ðx; tÞa lnda 2lnd; ð47Þ

for all tb 0. Hence (46) holds for n ¼ 0 when 0a t < y.
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Next, we shall assume that (46) holds for some nb 0. In the sequel C

will denote a positive constant whose value will change from term to term.

Using (45), (46), and (47), we obtain

unþ1ðx; tÞa lmdþ ð2lndÞp
ð t
0

ð
RN

aðyÞPðx� y; t� sÞdyds

a lmdþ ð2lndÞpCt;

vnþ1ðx; tÞa lndþ ð2lmdÞqCt;

ð48Þ

for x A RN , tb 0. From (48), we find that (46) with n being replaced by nþ 1

holds as long as

ð2lndÞpCta lmd; ð2lmdÞqCta lnd:

Thus, (46) holds for all nb 0 when

taminfð2lndÞ�p
Clmd; ð2lmdÞ�q

Clndg

¼ C minfl�pnþm; l�qmþng ¼ TðlÞ: r

Proof of Theorem 2 (ii). Recall here that we have assumed

m

n
¼ a

b
:

Then since pb � a ¼ qa� b ¼ 2, it follows that

�pnþ m ¼ �n � p� m

n

� �
¼ �n � p� a

b

� �
¼ � 2n

b
;

�qmþ n ¼ � 2m

a
:

Thus, we obtain

T �
l bTðlÞbCl�2m=a ¼ Cl�2n=b

when l > 0 is su‰ciently large. r
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