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ABSTRACT. Chillingworth found an algorithm for determining whether a given element
of the fundamental group of a surface contains simple closed curves. We extend the
theory to ‘open’ curves on a punctured surface.

1. Introduction

Chillingworth developed in [3], [4] an algorithm for determining whether a
given element of the fundamental group of a surface contains simple closed
curves. In this paper, we extend the theory to ‘open’ curves on a punctured
surface. Another algorithm in the case of a plane is already known by
Kamada and Matsumoto [5].

Let N be a closed surface or the real plane R?. In this introduction we
assume that N is orientable for simplicity. Fix a positive integer n and let
P,={p;eN|i=1,...,n} be a finite set of points on N. Given a word V in
a certain free group related to the fundamental group, we can show that V
determines a homotopy class of (i, j)-curves on (N\P,)U{p;, p;} such that the
initial point is p; and the terminal point is p;. There, let the homotopies
remain fixing end points p;, p; of (i, j)-curves. Then we will prove the fol-
lowing algorithm which decides whether the homotopy class determined by V
contains a simple curve or not.

The Algorithm. Suppose V' = y;...y, and let s;, s5; be letters correspond-
ing to p;, p; respectively. Then to determine the above said representability by
a simple curve, we have only to check a certain condition D(u,v) = 0 on each
cyclic divisions (s;0 V os;o VY =(uw); u=yr...y; and v=y;q...p osj0

V-'osioy ...y1, 1 <k <Il<t Note that there are [(I;rl) cyclic divisions
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to check. The homotopy class determined by V is represented by a simple
(i, j)-curve if and if only D(u,v) = 0 for each above division. For the details,
see §4.
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2. Preliminaries

First of all, we will recall the definition of winding numbers from Chill-
ingworth [3]. Let M be a smooth surface with a finite number (> 1) of points
deleted from an orientable or non-orientable closed surface N. We may also
consider the case where N is a plane. Let X denote a non-vanishing vector
field on M, which exists because M is non-compact.

DEFINITION 2.1. A closed curve on M, f:S' — M, is regular if f is of
C'-class and the tangent map df : TS' — TM is injective on each fiber.

Let v, be a vector in tangent plane 7. M to M at xe M. A regular curve
is based at v, if f(1)=x and df((1,1)) = v, where (1,1)e TS' = S' xR.

DeriniTION 2.2 [3] (Winding numbers). Suppose that M is given a Rie-
mannian structure. Then for each xe M a norm || ||, on 7, M is induced.
Let ToM be the bundle of unit tangent vectors ie. () _, {ve TuM||v|, =1}.
Any continuous map f : S! — M pulls back a bundle E/ over S! from TyM
over M and the following diagram commutes where p; and p/ are bundle
projections and F is an isomorphism on each fiber.

Ef L Tmom

b

st L m

Then E/ is a torus if y = f(S!) is orientation-preserving, or a Klein bottle if

y is orientation-reversing. A non-vanishing vector field X defines a section X
of TyM by Xy(z) = %, ze M and the composition Xyf : S' — TyM pulls

back to a unique section X/ : S' — E/ such that FX/ = X, f. Let y = f(S!)
be a regular closed curve. The tangent map df defines a normalized map

dof : S' — ToM, ie., dof(z) :m Then djf pulls back to a unique
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Fig. 1. dyf(z) and Xy(z)

section Z/ : S' — E/ such that FZ/ = d,f. See Figure 1. Moreover y based
at X(xo) e T\ M, X/ (1) =Z/(1) = ey, so that we can consider that X/ and
Z/ represent element [X/],[Z/] e n(E/ e)). On the other hand, since X/
and Z/ are sections over E/, the element [X/]-[Z/]" belongs to the kernel
of the homomorphism p/ : 7 (E/ ep) — m1(S',1) induced by p/, ie., the
longitude elements of 7;(E/,ey) vanish. Therefore [Z/]-[X/]"' =m' for a
certain z€ Z and the normal meridian generator m of 7;(E/,e), where we
consider m is on the fiber £y over 1 € S!. Then, if M is orientable, a choice of
an orientation of 7 M induces an orientation of Ej, so that we can define ¢ as
the winding number of y based at xy with respect to X and we denote it by
wx(y,%0). Finally we define wy(y,xo) reduced mod 2 in the case when M is
non-orientable, since from the above construction the winding number is well-
defined only in Z, if y is orientation-reversing.

DerNITION 2.3, A closed curve y is direct if y does not contain any non-
essential subloops.

For the proofs of following remarks, see [3].

ReEmMARK 2.4 [3]. Let y;, y, be regular closed curves based at X(xo),
X0 € M. We assume [y;] =[p,] #1€emn(M,x) and y,, y, are direct. Then
ox(y1,X%0) = ox(yy,x0) if y, 1is orientation-preserving, and wx(y,Xo) =
®x(y2,%0) mod 2 if y, is orientation-reversing, where X is any non-vanishing
vector field.

Therefore choosing arbitrary direct regular closed curve y representing e
m (M, x), we can define wy(c) &f wy(y,x0) if M is orientable or wy(c) =
wx(y,x0) mod 2 if M is non-orientable.

REMARK 2.5 [3]. Let y,, p, be direct regular closed curves which are freely
homotopic but not nullhomotopic. Then wx(y,X0) = wx (75, Xo)-

Thus we can define winding numbers up to homotopy classes of closed
curves. Second, we will define the reading word of a curve.
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DErINITION 2.6 [4] (canonical curve system ZX).

If M is an orientable surface of genus g, then a canonical curve system X
consists of a system of oriented simple closed curves o;, f8; and oy (I1<i,j<uy;
1 <k <r) where r is the number of the punctures of M, with the following
properties:

i) the curves all meet at a base-point xy of M and are disjoint except at xo;
i) ox bounds a punctured disk R; surrounding the k-th puncture of M. The

interior of Ry is disjoint from all the other curves of X
iii) cutting along the curves of X dissects M into the disjoint union of the

punctured disks R; together with a disk whose boundary runs

—1p-1 —1p-1
aufrog By ogByy By or ..o

When M is a punctured plane, we ignore iii).

If M is a non-orientable surface of genus g’ then X consists of a system of
oriented simple closed curves #;, o, 1 <i <g’; 1 <k < r satistying i), ii) above
together with:

iv) cutting along the curves of X dissects M into the disjoint union of the Rj
together with a disk whose boundary runs

mmniy - -quM,0102 ... Oy

Then, if M is orientable, the fundamental group 7;(M,x() has the pre-
sentation {a;,b;, sk (1 <i,j <g;1 <k <r)|d =1} where g;, b;, s, denote the
homotopy classes of o;, f5;, gr respectively, and

d= alblal’lbl’lazbzaglbgl .. .agbgag’lbglslsz oSy

Notice d does not exist when M is a punctured plane.

If M is non-orientable, 7; (M, xo) has the representation {u;,s;(l <i<g’;
l <k <r)|d =1} where u;, s, denote the homotopy classes of #;, g; respec-
tively and d' = ujus ...upsi...s.

DeriNiTION 2.7 [4] (Dual dissection).

When M is orientable, the dual dissection X*, corresponding to the ca-
nonical curve-system X, consists of a collection of oriented simple closed curves
o, i (1 <i,j<g) and arcs o; (1 <k <r) with the following properties:

i) all curves and arcs have a common base-point ¢ but are disjoint except
at g¢;

i) of connects ¢ to a sufficiently small circle gr surrounding the k-th
puncture;

iii) each o, [)’;‘ or oy meets w;, ; or ox transversely exactly once, respectively,

and meets none of the other curves of X
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iv) cutting along the curves and arcs of X2* dissects M into a disk D plus
trivial punctured disks inside the small circles g whose boundary runs

*—1 *1

x—1 *— x—1 px _x
o) By Brosf5 ...ocg ﬁgalglal 050205  ...0,0,C

If M is a punctured plane, o, ﬂj* do not exist.
When M is non-orientable, 2* consists of oriented simple closed curves

n; (1<i<g') and arcs o; (1 <k <r) satisfying i), i) above and

v) each #/ or g; meets #;, o, respectively, transversely exactly once, and
meets none of the other curves of 2

vi) cutting along the curves and arcs of X* dissects M into a disk D whose
boundary runs

x—1

s - ngm ot 0o; oy 00y oo

DErFINITION 2.8 (some terms).

Let P, be the set of points {p;e N|i=1,...,n} to be deleted from N.
Let M be N\P,. A regular map f :[0,1] - M U{p;, p;} is an (i, j)-curve if f
satisfies f(0) = p; and f(1) = p; where i # j, and f~'({p;, p;}) = {0,1}.

Let G be a group. For any element g € G, we define the cyclic word of g
to be the conjugate class of g and denote it by (g).

Let y be an oriented curve not passing through the base-point ¢ of X, and
in general position with respect to 2*. Let y* be any curve of 2*, and let p
be a point of yNy*. By assigning to a neighborhood of p the orientation
induced by the path ¢gp along y* in the positive direction from some fixed
orientation at ¢, we can define that y cuts y* from right to left positively at p
or from left to right negatively at p.

DeriNITION 2.9 (the reading word of a curve).
When y is a closed curve which satisfies the above condition, the reading

word of y, rd( ), is a cyclic word in the letters ', b;rl st if M is orientable

or uil, sk , if M is non-orientable, obtained from j as follow. Choose any
point y on y and not on any curve of 2* and proceed once round y in the
positive direction. We give each point at which y crosses a curve or arc of X*

a letter a; if p crosses « positively,

a letter a;! if y crosses o negatively,

a letter b; if y crosses ﬁj* positively etc.,
and sum up in order, so that we can get rd(y).

When / is an (i, j)-curve, proceed from p; to p; along / and construct
a word by the same process as above. Next devide some power of S*l from
the left of the sequence V'’ obtained and some power of S*l from the right of
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V', so that the first letter and the last letter of the sequence are not s;—rl, sjil
respectively. Finally we define the resulting sequence V' of letters as the

reading word rd(l) of an (i, j)-curve /.

For an (i, j)-curve /, since we can remove the intersection points between /
and o/ (or aj) corresponding to the first s;—rl or the last sjil of V' if any, by
using a homotopy, the reading word rd(/) is realized by the ‘natural’ reading of
an (i, j)-curve which is homotopic (fixing p;, p;) to [

Conversely, given a word A4 consisting of generators of 7; (M, xy), we mark
a point on y* such that any two points do not overlap each other and we
connect those in order of the letters of 4 such that each interval between two
adjacent marked points is direct without crossing y* except marked points, so
that we can obtain a closed curve y(A4) whose reading word is 4. To obtain
an (i, j)-curve corresponding to 4, we connect p;, p; and the end points of the
path obtained in the same way respectively and denote it by /;(A4).

DeriNITION 2.10 (reduced words).

Let V' be any word consisting of generators of 7 (M,xp), xo€ M. V is
simply reduced if it satisfies the conditon that no two adjacent letters in V" are
mutually inverse.

Let W be any word consisting of generators of 7;(M,xy), xoe M. W is
completely reduced if it satisfies the following conditions;

i) no two cyclically adjacent letters in W are mutually inverse;

ii) neither W nor any cyclic permutation of W contains any subword of the
element d*! or d'*!, or of any cyclic permutation of d*! or d’'*! whose
length is more than half of the length of d or d’ where d and d’ are the
words defined just before Definition 2.7,

iii) if W or any cyclic permutation of W contains a subword which consists of
exactly half of a cyclic permutation of d*¢ or d’ then this half contains the
first element of d or d’ when ¢ = +1 or the last element of d~' or d'~!
when ¢ = —1.

We call a word satisfying the condition i) cyclically reduced. When M is a

punctured plane, we ignore ii) and iii) and a completely reduced word is nothing

but a cyclically reduced word.

Notice that if any word W is given, we can always obtain a completely
reduced word W from W by means of canceling so that it satisfies i), ii), iii)
in order. Moreover, if we regard W and W as elements of the fundamental
group, W and W belong to the same conjugacy class so that those are freely
homotopic. Of course, we can apply the same discussion to simply reduced
words. Hence in the following, we can suppose that a word V is simply
reduced and a word W is completely reduced without loss of generality.
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3. Main theorem

DeriniTION 3.1 (the double curve of an (i, j)-curve). Let / be an (i, j)-
curve such that rd(/) = V.

We call the curve resulting from the following constructions the double
curve of the (i, j)-curve [.

The case where M is orientable:

1. Draw a curve /' in a sufficiently small tubular neighborhood of the
(i, j)-curve [ so that [’ satisfies the following conditions: /' is parallel to / on
the left side of the oriented curve /, I’ is contained in M, and the number of the
self-intersection points of /’ is equal to that of /. We give an orientation to /'
so that rd(') is (rd(l))”". See Figure 2.

Now let the initial point and the terminal point of /" be p/ and p; re-
spectively.

2. Make a curve /" : p; — p} in a sufficietly small tubular neighborhood
of / through an isotopy of M in the following way. We move / only in a small
neighborhoods of p; containing p; and of p; containing p; so that we make
no new self-intersection points and /" N!" = {p/, p/}. We make [" cross o}
and o} so that rd(l") =s;-rd(l)-s;. See Figure 3.

3. Define the double curve of the (i, j)-curve I to be the smooth loop
I"ol": pi — p; — p; where, if nessesary, make /" o/’ smooth at p/ and p/ by a
homotopy deformation. Then rd(!” ol’) is s;o Vosjo VL.

The case where M is non-orientable: we take !’ in the tubular neigh-
borhood of the (i, j)-curve / such that p/ is on the the left side of / toward

Fig. 2. a curve /' parallel to /

Fig. 3. curves / and /” in a neighborhood of p;
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positive direction of /. Then p]f is on the right side of / toward the same
direction if rd(/) contains an odd number of u;, i=1,...,n, or p]f is on the
the left side if rd(/) contains an even number of them. We constract the
double curve of !” o/’ similarly to the orientable case, so that rd(/” ol’) is
S5; 0 Vosj‘l o V=1 if the number of u;’s is odd, or is s;0 Vosjo V=l if it is
even. M

If an (i, j)-curve [/ is simple, we see immediately from the above con-
struction that the double curve of / is also simple.

THEOREM 3.2. Let V be any given word of the generators of mi(M,Xxy).
1) The case where M is orientable:
The homotopy class of (i, j)-curves determined by V is represented by a
simple (i, j)-curve on M, if and only if s;o V os;0 V=1 is represented by a
simple closed curve.
ii) The case where M is non-orientable:
The homotopy class of (i, j)-curves determined by V is represented by a
simple (i, j)-curve on M if and only if s;o V o s]»’l o V=1 is represented by a

simple closed curve, if V contains an odd number of u;, i=1,....n. If V
contains an even number of them, the result is the same as in the orientable
case.

ProOF. Since the proof of the non-orientable case is almost the same as
that of the orientable case, we will prove the theorem in the orientable case
only.

Suppose V' is represented by a simple (i, j)-curve /. Then the reading
word of the double curve of / is s;0 ¥ o5;0 V'~ and the double curve is simple
by the assumption. Thus s;o0 V os;o0 V-1 is represented by a simple closed
curve.

Conversely, assume that s;0 V os;0 V=1 is represented by a simple closed
curve y and V= yiyy...y, where y, is af', bE' or sE' for h=1,...,1.
Suppose that p! and pjf are on the arcs ¢; and o/ of the dual dissection 2 *
which give the readings s; and s; in s;0 V o550 V=1, respectively. Furthermore
let /; be the path from p; to p; along 7! and L, be the path from p; to
p; along y. Then we notice rd(/y) = rd(L) =V and V' cannot be reduced at
all. Let g, g;, be the points which give readings y,j', ypforh=1,....tonl,
b respectively, %, be a subline g,q, on o, B or o in the right side of /,
toward the possitive direction of /; and /; (%), /»(h) be subpaths from g to g1
on /i, from ¢, to g, , on b, respectively. Notice distinct ¥, and &) are
disjoint since they do not contain base-point of X* and y is a simple closed
curve. See Figure 4. When M is a surface of positive genus, we see the fact
immediately, considering the disk D obtained by dissecting M along X*.
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Fig. 4

We define

T = {the region enclosed by ¥ and y and containing
a small disk centered at p;}

T* = {the region enclosed by ¥, and y and containing
a small disk centered at p;}

T), = {the region enclosed by %y, l\(h), L(h) and %1} for l<h<t—1
Us=U,_, T« for 1<s<t—1

Remember that ¢ is the word length of V. Then we will show that U, for
1 <s<t—1 is isotopic to an embedding by induction.

First Step: On U, =T.

First notice that the interior of 7} is an embedding of an open disk.
Suppose 77 is not isotopic to an embedding. Then the boundary 07| has in-
tersection with itself. Since y is simple, /;(1)Nh(1) = &. Thus L1NL # .
This means %, and %, are on the same curve or arc of 2*. Then y; = y;—r'.
But in the simply reduced word V, y; = y;! is prohibitted. Therefore we
obtain y; = y,. On the other hand, since /;(1) and /(1) are outside of T
except at ¢; and ¢], we see that ¢»,¢} ¢ %. Otherwise y> would be yy!.
Thus % < %. However, since p;e T, it is impossible to realize both
rd(l; (1)) = rd(h(1)) = y} and % < %. See Figure 5. Hence T) = U, is
isotopic to an embedding.

Second Step: On Uy). Assume that Uy is isotopic to an embedding for
1 <s<t—2. Then U, is isotopic to an embedding, if and only if a) 7 is
isotopic to an embedding and b) U;N Ty = %41.  We will show a) and b).

a) Suppose Ty is not isotopic to an embedding. Like the First Step,
Fiio = Peyy is impossible.  Thus %) < %.». However this is again im-
possible due to the fact p; e (T'U Uj).
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la

G
)

Fig. 5

b) Tt is obvious that U;N Ty o %i. Note that the boundary of
U;U Ty consists of &), %o and subarcs of p. Thus if U;N T, contains
some more points which are not on %, then these points must be on
LU %, because y is a simple closed curve. However, this is contradiction
just like First Step.

Therefore Uy is isotopic to an embedding for 1 <s<t¢—1.

Finally, we also find 77U U,_{ U T* is isotopic to an embedding disk from
the above construction. Therefore, we can connect p; and p; on o) without
crossing y except p; because y doesn’t cross the interior of subline p;p; on
of. Of course, we can also discuss the same about p; and p;. Then connect
p; and p]f by a subarc of y. After this connection, doing a homotopy de-
formation of M if necessary, we can obtain a simple (i, j)-curve /y such that
rd(l()) =V. i

LemMmA 3.3. Let V be any simply reduced word. Suppose that the first
letter (resp. the last letter) of V is not s;—rl (resp. sjil ) and s; # sjil. Then
§; 0 Vost—rl o V=l #£ U™, for any meZ with m>2 and any word U.

Proor. Now we assume s; o Vosjil o V-1 = U™ for some word U and
dm e Z with m > 2.

If m is even, both s; and sjil are the first letter of U. This is a con-
tradiction because of the assumption that s; # sjil.

If m is odd, the number of letters of U is 2]‘7+2 where k is the number
of letters of V. Thus both (%£2.7-L4 1)th letter of ;0 VostoV ! and

(B2 mrl 4 1) th letter of ;0 Vosji o V1 are the first letter of U. Denote
those letters by yy, y,‘,l respectively.

:2k+2'm—1+1_1:(k+1)(m—1)
m 2 m

)
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2k +2 1
[’:k_(_+.ﬂ+1_3_k)
2
:2k+2_(k+1)(m+1) _(k+)(m—1) _J
m m
Therefore y; = J’z_]- However J’12 # | since M is non-compact. Hence this is

a contradiction. W

THEOREM 3.4 (Chillingworth [4]).

Let M be N\P,, not projective plane with two disks removed, i.e.,
(M, x) # {uy,s1,5 |ulsiso =1}, xe M. Then a given element c € ny (M, x) is
represented by a simple closed curve, if and only if the completely reduced word
W read from c satisfies one of the following conditions,

1) W is empty, ie, c =1 or consists of one letter,

ii) W =V? where V is represented by an orientation-reversing simple closed
curve,

iii) when W consists of at least 2 lettters and W is not equal to U™ for
any word U and any m > 2, the equation wy(uv™") = wy(u) + wy(v™") is
satisfied for every cyclic division (W) = (uv), where X is any non-vanishing
vector field on M and u, v are non-empty subwords. (Note that we can
express the cyclic word (W) as (wv) in 1p(p—1) ways.)

See [4] for the proof of Theorem 3.4.

COROLLARY 3.5. Let V be any given simply reduced word. Assume the
first (or the last) letter of V is not sl-il (or sjil).
1) The case where M is orientable: the homotopy class determined by V is
represented by a simple (i, j)-curve if and only if the equation

oy (™) = ox(u) + ox ()

is satisfied, for every cyclic division (s;io V osjo V1) = (uv).
ii) The case where M is non-orientable: the homotopy class determined by V is
represented by a simple (i, j)-curve if and only if the equation

wx (™) = oy (u) + wx(v™!) mod 2

is satisfied, for every cyclic division (s;o V o sj_l o V1 = (w), if V contains
an odd number of u;, i = 1,...,n. If V contains an even number of that, the
result is the same as orientable case.

ProOF. The problem of (i, j)-curves reduces to Theorem 3.4 by virtue of
Theorem 3.2. Note that case i) of Theorem 3.4 does not occur in the situation
of Corollary 3.5, because the number of letters of 5,0 V o sjil o V=1 is equal to
or greater than 2. The case ii) of Theorem 3.4 does not occur either because
of Lemma 3.3. W
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REMARK 3.6. We will consider the case excluded by Theorem 3.4.
Namely, let N = projective plane, M = N\P,. Then it is known that a given
non-trivial element ¢ € 7; (M, x) is represented by a simple closed curve if and
only if the completely reduced word W read from c is one of those conjugate
to following words; uy, u%, Ui s, (ulsl)z, S1, ufsl or their inverses. Hence the
homotopy class determined by simply reduced word V is represented by a
simple (1,2)-curve (or a simple (2, 1)-curve), if and only if, noticing the number
of uy which ¥ contains, s; 0 ¥ os5' o V! (or s20 Vo5t o V1) is one of those
conjugate to above words.

4. The algorithm

Mainly we discuss the orientable case in order to avoid complication.
However we can do the same thing in the non-orientable case. First, we recall
how to culculate the winding number in the case when M is orientable. See
[3] for details. Let y be a closed curve such that rd(y) = W = y;... y; for a
cyclically reduced word W. We define;

Ai(W) = {the number of letter a; in W}
A{(W) = {the number of letter a’lin W}
and define B;(W), Bi(W), Si(W), Sy(W) similarly to 4;(W) and 4;(W).

P(W) = {the number of values of m for which y, appears before y,.1
in the following order Q for m=1,... n}

N(W) = {the number of values of m for which y,' appears after y,.
in Q for m=1,...,n}

where the indices are considered cyclically.
The order Q is defined as follows:

) -1 -1 —1 -1 —1 -1
Q: ay, by ay byyax, by ay  byssiysy s, s,

Notice y;i| # y; since W is cyclic reduced. Then we have the following
theorem:

THEOREM 4.1 [3].

2rox (W) = Zle(anx(ai) + ) (4 — A~1) + 2;1:1(2”60}(([’/') —n)(B; — B;)
+ Zl::l(anx(sk) +7)(Sk — STk) + (P(W)—=N(W))z

where X is any non-vanishing vector field.
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Hence the discriminating function D(u,v) for a division (W) = (uv) is the
following,

D(u,v) :=2(wx (") — (wy(u) + 0y (v")))
=Puv ") = Nuv™') — (P(u) — N(u) + P(v™") = N(v™ 1)),

where we reduce W completely and uv™!, u, v=! cyclically. Therefore D(u,v)
is independent of the the vector field but depends only on the order of letters
of W.

The homotopy class determined by W is represented by a simple closed
curve if D(u,v) =0 for every division, and it is not represented by any simple
closed curve if D(u,v) # 0 for some division.

REMARK 4.2. Let W be any cyclic reduced word such that (W) = (uv) for
non-empty words u, v. Then D(u,v) # 0 if and only if the closed curve y such
that rd(y) = W has two non-empty subloops of which the reading words are u,
v, respectively.

ProOF. When M is not a plane, we consider the problem on the disk ob-
tained by dissecting M by X*. Let /;, ; be subarcs in y such that rd(l;) = u,
rd(h) =v and [} UL =y.

First we consider the case where /; and /; are subloops with the base-point
x. Then in p(uv~!) the point corresponding to x vanishes by an isotopy. See
Figure 6. On the other hand, y(u) and y(v™!) are two loops such that the di-
rections are the same. See Figure 7. Therefore the winding number wy (uv~")
is not equal to the sum of the winding numbers wy(u) +wy(v™"). Thus
D(u,v) #0.

Fig. 6. curves y(uv) and yp(uv™!)

&

Fig. 7. curves y(u) and y(v



74 Masahira HoMMa

I I
l ~|
N 0 -
— ls | N
| |

Fig. 8. curves y and

@%

Fig. 9. curves y(u) and y(v

Next we consider the second case neither /; nor 4 is a loop. (But they
might contain subloops.) Then the closed curve 7 such that rd(j) = p(uv~")
have a self-intersection point y and two subloops of which the reading words
are u, v~' and which have a common base-point y. See Figure 8. In this
case, cutting 7 off at y to two loops through a homotopy, we get the loops of
which the reading words are u, v~!. See Figure 9.

Hence in this case the winding number wy(uv~') is equal to the sum
oy (u) +oyx(v™). Thus D(u,v) =0. M

Let V' = y;...y; be a word such that V' is not represented by any simple
(i, j)-curve. Then since a /;(7) has one subloop at least, the reading word
of the subloop is containd in V. Hence it is sufficient to check D(u,v) =0
only in the case u=y;...y; for 1 <k <l <t

THEOREM 4.3. We can find whether a given word V = yy...y, is repre-
sented by a simple (i, j)-curve or not, by checking D(u,v) =0 only for the fol-
lowing division (s;o V osjo VY = (uw);, u=yr...y; and v=y;;1...y;0 sj0
V-4'osi...yioy, 1<k<I<t (Note that there are @ divisions to
check.

The homotopy class determined by V is represented by a simple (i, j)-curve
if D(u,v) = 0 for each division above. It is not represented by any simple (i, j)-
curve if D(u,v) # 0 for some division above.

In the case where M is non-orientable, referring to Theorem 3.2, we have
only to choose sjo Vos;0o V! or sioVos oVl

ExampLE. The case where M is R?\P,. Frist we construct a dual dis-
section 2* of Rz\Pn and how to conclude the reading word of the curve.
See Figure 10.
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z = (0,2)

JP1 o P2 Pn -

q= (O, _2)

Fig. 10. P, and the arcs of X* on R?

D b2 P D4

1 3

Fig. 11. a simple (2,3)-curve whose reading word is ¥

Then without loss of generality we can suppose that an (i,j)-curve / is in
general position with respect to ~* and is contained in {(x,7) e R*|7> —1}.
When / crosses an arc g possitively with respect to the x-coordinate of R, we
give the point the letter x; and when / cross o/ negatively, we give the letter
x,:l. The reading word of /, rd(/), is obtained by assembling those letters in
order as we proceed from p; to p; along /. Notice that the equation d =1
does not exist in this case.

i) Suppose n =4. Consider the homotopy class of (2,3)-curves given by
V= xl‘lxpczxz‘ x4. First we need to reduce V; simply. The simply reduced
word ¥ is x7!x3xs. Then we have only to check D(u,v) =0 for the six
cases u = x7 !, x71x3, X7 1x3x4, X3, X334 and x4.  For example, in the case of u =
¥y esxg, 0= x3x7 %3 x1x from (xp0 Vioxzo Vi) = (uv), we have

D(u,v) = Puv™") — N(uwv™") — (P(u) — N(u) + P(v™") = N(v™"))
=4-4-(2-14+2-3)=0.

Calculating each that of the six cases similarly, we find D(u,v) = 0 for the six
cases. Thus we know the homotopy class determined by V/; is represented by
a simple (2,3)-curve. See Figure 11.
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p1 Ipe Tps Ips |P5

Fig. 12. a (1,4)-curve whose reading word is V>

ii) Suppose n=135. Consider the homotopy class of (1,4)-curves given
by V2 = xaxaxs!x;!x;!. Similarly we inspect the fifteen cases. Then in the
case of u = xsx5'x;1x31, D(u,v) is equal to —2, not 0. Therefore this class
has a subloop of which the reading word is xsx5'x;!'x3!, thus V> does not

contain any simple (1,4)-curve. See Figure 12.
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