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ABSTRACT. We introduce the concept CFA modules and their applications in inves-
tigation the coassociated primes of local homology modules. The main result of this
paper says that if M is a CFA linearly compact R-module and ¢ is a non-negative
integer such that H/(M) is CFA for all i < ¢, then R/I ® H(M) is CFA. Hence, the
set Coassg H/(M) is finite.

1. Introduction

In this paper, R is a Noetherian commutative ring with identity, 7 is an
ideal of R and M is an R-module. The theory of local homology was ini-
tiated by Matlis [8] in 1974. This theory was studied and improved by Simon
[13], Greenlees and May [5], Tarrio, Lopez and Lipman [1]. In [2], Cuong
and Nam defined the local homology modules H/(M) of M with respect to /
by

H/(M) =1lim Tor}(R/I', M).
t

This concept in some sense is dual to Grothendieck’s definition of local coho-
mology modules. Also, this definition of local homology modules coincides
with the definition of Greenlees and May [5] when M is a linearly compact
R-module. We recall the concept of linearly compact modules by using the
terminology of Macdonald [6]. A topological module M over a topological
ring R is said to be linearly topologized if M has a nuclear base .# consisting
of open submodules which satisfies the condition: given xe M and N € .,
there exists a nucleus U of R such that Ux C N. A Hausdorff linearly top-
ologized R-module M is said to be linearly compact if M has the following
property: if # is a family of closed cosets (i.e., the cosets of closed submodules)
in M which has the finite intersection property, then the cosets in # have
a non-empty intersection. A Hausdorff linearly topologized R-module M is

2010 Mathematics Subject Classification. Primary 13D07, 13E05; Secondary 13D99.
Key words and phrases. Coassociated primes, cosupport, local homology.



156 Nguyen MINH TRrI

called semi-discrete if every submodule of M is closed. If M is an Artinian
R-module, then M is semi-discrete linearly compact.

In [14], an R module L is called cocyclic if it is a submodule of the
injective hull E(R/m) for some maximal ideal m of R. Yassemi defined the
set of coassociated prime ideals (respectively the cosupport) of an R-module M,
and denoted by Coassg M (respectively Cosuppg M) to be the set of prime
ideals p such that there exists a cocyclic homomorphic image L of M with
Anng L = p (respectively Anng L C p). Thus Coassg M C Cosuppp M and if
M is an Artinian R-module, then Coassg M is a finite set. If 0 - 4 — B —
C — 0 is a short exact sequence of R-modules, then

Coassg C C Coassg B C Coassg 4 U Coassg C
and

Cosuppy B = Cosuppy 4 U Cosuppy C.
Let N be a finitely generated R-module and M an R-module. Then
Coassg(N ®zr M) = Suppr N N Coassg M.

It follows from [3, Corollary 3.7] and [9, Theorem 3.8] that if M is a linearly
compact R-module, then Coassg H!(M) C V(I) for all i > 0.

An interesting problem in commutative algebra is determining when the
set of associated primes of the ith local cohomology module H}(M) of M is
finite. There is a similar question: when is the set of coassociated primes of
a local homology module finite? In [3, Theorem 4.5], Cuong and Nam showed
that if M is a semi-discrete linearly compact R-module and the local homology
R-module H/(M) is Artinian for all 0 # i < ¢, then the set Coassg H/(M) is
finite. In [10], Nam introduced the concept of modules satisfying the finite-
ness condition for coassociated primes if the set of coassociated primes of any
its submodule is finite. He proved that if M is a linearly compact R-module
and local homology module H/(M) satisfies the finiteness condition for coas-
sociated primes for all i <7, then the set Coassg H/(M) is finite. He also
proved in [11] that if M is a semi-discrete linearly compact R-module such
that M/IM is Artinian and H/(M) is minimax for all i <¢, then the set
Coassg H/ (M) is finite. Mafi and Saremi [7] showed that if M is an Artinian
R-module and Cosuppy H!(M) is finite for all i < ¢, then Coassg H](M) is
finite.

The aim of this paper is to introduce the concept CFA modules and
their applications in investigation the coassociated primes of local homology
modules. The main result of this paper is Theorem 1 which says that if M
is a CFA linearly compact R-module and ¢ is a non-negative integer such that
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H!(M) is CFA for all i<t then R/I®zH!(M) is CFA. Thus, the set
Coassg H! (M) is finite.

2. Main results

DeriNITION 1. An R-module M is called CFA if there is a sub-
module N such that Cosuppg N is a finite set and M /N is an Artinian
R-module.

ExampLE 1. (i) The class of CFA modules contains the class of Artinian
modules.

(ii) All R-modules with finite cosupport are CFA.

(iii) Let M be a finitely generated R-module. If R is a semi-local ring or
Suppr M is a finite set, then M is a CFA R-module by [14, Theorem
2.10].

(iv) In [17], an R-module M is called minimax if it has a finitely gen-
erated R-module N such that M/N is Artinian. Hence, if M is a
minimax module over a semi-local ring, then M is CFA.

(v) In [16, Theorem], we see that semi-discrete linearly compact modules
are minimax modules. Therefore, if M is a semi-discrete linearly
compact module over a semi-local ring, then M is CFA.

(vi) Let (R,m) be a local ring and Eg(R/m) be the injective hull of R/m.
Let R denote the m-adic completion of R and M = R @ Er(R/m).
We will prove that M is a CFA module. It is sufficient to show
that Cosuppy R is a finite set. It follows from [14, Theorem 3.2(a)]
that

Cosuppy R = Suppz Homg(R, Ex(R/m)).

On the other hand, one sees that R =~ Homg(Eg(R/m), Er(R/m))
and Egr(R/m) is an Artinian R-module. By [12, Theorem 1.6
(5)], we have Homg(R,Egr(R/m)) = Eg(R/m). This implies that
Cosuppz R = {m} is a finite set.

The following results provide us some properties of CFA modules. It
should be noted that a Serre subcategory of the category of R-modules is a
class of R-modules which is closed under taking submodules, quotient modules
and extensions.

ProposITION 1. The following statements hold:

(1) If M is a CFA R-module, then Coassg M is a finite set.

(ii) The class of CFA R-modules is a Serre subcategory of the category of
R-modules.
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(i) Let N be a finitely generated R-module and M a CFA R-module.
Then Exth(N, M) and TorX(N, M) are CFA for all i > 0.

Proor. (i) By [14, Lemma 1.22], the set of coassociated prime ideals of
an Artinian module is finite. Hence, the assertion follows from the definition.

(i) First, we see that the class of R-modules with finite cosupport is a
Serre subcategory of the category of R-modules. On the other hand, the class
of Artinian R-modules is a Serre subcategory which is closed under injective
hulls. It follows from [15, Corollary 3.5] that the class of CFA R-modules
is a Serre subcategory of the category of R-modules.

(i) We only prove the claim for the Ext modules, and the proof for the
Tor modules is similar. Since R is a Noetherian ring and N is a finitely
generated R-module, the module N has a free resolution

F: - F—-F_4— - —F—F—=0,

where F; is finitely generated free for all i > 0. Consequently, for each non-
negative integer i, there is a positive integer ¢ such that Homg(F;, M) = @' M.
We know that Exth(N, M) = H'(Homg(F, M)) which is a subquotient of the
CFA module Homg(F;, M). Hence, the assertion follows from (ii). O

We see in [14, Definition 1.12] that if M is an R-module, then the subset
w(M) of R is defined by

w(M)={aeR|M - M is not surjective}.

LeMMA 1. Let I be an ideal of R and N a CFA R-module. The following
statements are equivalent:

(1) There is an element x € I such that xN = N;

(i) N =IN.

Proor. (i) = (ii). We have N =xN CIN as xel. Hence, one asserts
that IN = N.
(ii) = (i). By [14, Theorem 1.13], there is an equality

w(N) = U p.

peCoassg N

Suppose that N # xN for any x e I. Then I C w(N). Proposition 1 (i) shows
that Coassg N is a finite set. Therefore, one gets that 7/ Cp for some
peCoassg N. Let K be a submodule of N such that N/K is Artinian
and p = Ann(N/K) by [14, Theorem 1.6]. Consequently, one obtains that
IN C pN C K C N, which is a contradition. O]

Now, we are going to state and prove the main result of this paper.
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THEOREM 1. Let M be a linearly compact R-module and t a non-negative
integer. If M and H!(M) are CFA for all i < t, then

R/I ®g H (M)
is CFA. Thus, Coassg H! (M) is finite.

Proor. The proof is by induction on ¢. Let t=0. The short exact
sequence

0—()I'M— M — H{(M)—0

>0
induces the following exact sequence

R/II®g [\ I'M — R/I®gM — R/I @ H{(M) — 0.

i>0

Proposition 1 shows that R/I ® H{(M) is CFA.

Let t>0. Since H/(M) = H!(N~, I'M) by [4, Lemma 3.10], we can
replace M by N :=(\.o,I'M. Tt is clear that IN = N. Hence, there is an
element x € I such that xN = N by Lemma 1. The short exact sequence

OHO:NXHNLNHO
induces a long exact sequence
s HIN) S HI(N) 5 HE (00 ) 5 HE(N) = = HJ(N) = 0.

By the assumption, H/(0 :y x) is CFA for all i <7— 1. The exact sequences

X

H!(N) = HI(N) = Im o« — 0

1
and
0—Ima— H'[(0:yx) = ImB—0
lead the isomorphism
R/I®grH!(N)=R/I @pIm o
and the long exact sequence
Torf(R/I,Im ) — R/I ®gIm o — R/T @ H' (0 :y X).

It follows from Proposition 1 that Im f is CFA. Hence, so is TorlR(R/I ,
Im f). The inductive hypothesis shows that R/I ®z H! ;(0:y x) is a CFA
R-module. Therefore, one gets that R/I ®zIm a is a CFA R-module and this
completes the proof. O
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COROLLARY 1. Let M be a linearly compact R-module and t a non-
negative integer. If M is a CFA R-module and H!(M) is Artinian or
Cosuppg H! (M) is finite for all i < t, then Coassg H!(M) is a finite set.

COROLLARY 2. Let M be an Artinian R-module and t a non-negative
integer. If HI(M) is Artinian or Cosuppg H! (M) is finite for all i < t, then
Coassg H! (M) is a finite set.

In [10], an R-module M satisfies the finite condition for coassociated
primes if the set of coassociated primes of any submodule of M is finite.

REMARK 1. A submodule of a CFA module is CFA, since the class of CFA
modules is a Serre subcategory (Proposition 1(i1)) and a Serre subcategory is
closed under taking submodules. This yields that a CFA module satisfies the
finite condition for coassociated primes.

Hence, the main result of this paper (Theorem 1) is a corollary of [10,
Theorem 3.1].
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