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Abstract. Given a planar Jordan domain G with rectifiable boundary, it is well

known that smooth functions on the closure of G do not always admit smooth exten-

sions to C. Further conditions on the boundary are necessary to guarantee such exten-

sions. On the other hand, Weierstrass’ approximation theorem yields polynomials

converging uniformly to f A CðG;CÞ. In this note we show that for Vitushkin sets

K with K ¼ K � it is always possible to uniformly approximate on K the smooth func-

tion f A C 1ðK ;CÞ by smooth functions fn in C so that also qfn converges uniformly

to qf on K. As a byproduct we deduce from its ‘‘smooth in a neighborhood version’’

the general Gauss integral theorem for functions whose partial derivatives in G merely

admit continuous extensions to its boundary.

Introduction

Let K be a compact set in C satisfying K � ¼ K . Given a function f A
CðK ;CÞ \ C1ðK �;CÞ, suppose that the partial derivatives, fx and fy, or equiv-

alently the Wirtinger derivatives qf and qf , admit continuous extensions to

K � ¼ K . We denote this set of functions by C1ðK ;CÞ. Is f the trace of a

C1-function in C? This very classical subject has been considered and gener-

alized by generations of mathematicians. Let us only mention the theories

developed by Hassler Whitney and later by Charles Fe¤erman. It is very easy

to come up with a counterexemple.

As soon as there are cusps, these extensions are not possible (see Figure

1). In fact such a function, F , would locally satisfy a Lipschitz condition.

In particular, around small disks centered at the origin, we would have for

x < 0

x2 ¼ jFðx; x3Þ � F ðx;�x3ÞjaLkðx; x3Þ � ðx;�x3Þk ¼ 2Ljx3j:

Thus, dividing by x2, we arrive at 1a 2Ljxj, which is a contradiction whenever

jxj is small.
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For smooth domains, though, smooth extensions are possible [8]:

Theorem 1 (Seeley). Let D � C be a bounded domain with Ck-boundary.

Then every f A CkðDÞ is the trace on D of a function F A Ck
c ðCÞ, where Ck

c ðCÞ
is the space of k-times continuously di¤erentiable functions with compact support

in C.

See also [5, p. 69] for a sketched proof. For example, if k ¼ 1 and

D ¼ D, then a C1-extension to R� ½0; 3=2� of p, defined by pðy; rÞ ¼ f ðreiyÞ
for ðy; rÞ A R� ½0; 1½, is given by

Fðy; rÞ ¼ pðy; rÞ if 0a ra 1

nðy; rÞ :¼ 3pðy; 2� rÞ � 2pðy; 3� 2rÞ if 1a ra 3=2:

�

Multiplying F with a Cy-function that is independent of y, equals 1 on

R� ½0; 6=5� and 0 on R� ½7=5;y½ now yields a C 1
c ðR2Þ extension of p.

Denote this by F again. Now by using the 2p-periodicity of F , the function

f � : R2nfð0; 0Þg ! C, given by

f �ðx; yÞ ¼ Fðy; rÞ where x ¼ r cos y; y ¼ r sin y; r > 0; �pa y < p;

is well-defined and so a C1-extension of f : D ! C.

So, as smooth extensions are not always possible, one may ask whether

a simultaneous approximation of f A C 1ðK ;CÞ and its derivatives is possible.

As a contribution to an answer to this question we will show that for a wide

class of compacta it is always possible to find fn A C1ðC;CÞ such that fn
converges uniformly on K to f and qfn to qf . These compacta arise in the

theory of rational approximation. They are the so called Vitushkin sets (see

below).

Fig. 1. Not the trace of a C 1-function
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1. Simultaneous approximation

Recall that AðKÞ is the space of all functions continuous on the compact

set K � C and holomorphic in its interior K �, and that RðKÞ is the uniform

closure on K of the set of rational functions without poles on K . The fol-

lowing definition is motivated by a very deep result of A. G. Vitushkin,

who characterized those planar compacta K for which AðKÞ ¼ RðKÞ (see [6,

p. 217]).

Definition 1. A compact set K in C is called a Vitushkin set if RðKÞ ¼
AðKÞ.

For example, if K � C is a compact set such that CnK has only finitely

many connected components, then AðKÞ ¼ RðKÞ (see [6]). For f A C1ðK ;CÞ,
we denote the extensions of fx and fy from K � to K � by f e

x and f e
y , respec-

tively. Moreover, qe f denotes the continuous extension of qf :¼ ð fx � ifyÞ=2
to K �. Note that qe f ¼ ð f e

x � if e
y Þ=2 due to the uniqueness of these exten-

sions. The same applies for qe f . Finally, let k f kK :¼ supfj f ðzÞj : z A Kg.
Here is now our result.

Theorem 2. Let K � C be a Vitushkin set satisfying K ¼ K �. Then, for

every f A C 1ðK ;CÞ, there exist fn A Cy
c ðCÞ such that

k fn � f kK ! 0 and kqfn � qe f kK ! 0:

Proof. Let

F0ðzÞ :¼ � 1

p

ð
K

qe f ðzÞ
z� z

ds2ðzÞ;

where s2 denotes planar Lebesgue measure in C. Since F0 and f A CðK ;CÞ
and since qF0 ¼ qf on K � (see [2] and [7]), F0 ¼ f þ h for some holomorphic

function h A AðKÞ. Fix a compact neighborhood C of K and consider Tietze

extensions h� of h to C and qe f of qf A CðK �;CÞ to C. Since by hypothesis

AðKÞ ¼ RðKÞ, given e > 0, there is a rational function W such that kW � hkK
< e. Let the open set U be chosen so that

K � U � C; kW � h�kU < e:

Now let Un be open neighboorhoods of K with

K � Un � Un � U ; Unþ1 � Un;
\y
n¼1

Un ¼ K :
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By Weierstrass’ approximation Theorem, there exist polynomials Wn A C½x; y�
so that

kqe f �WnkC < 1=n: ð1:1Þ

Consider the Cauchy transforms

FnðzÞ :¼ � 1

p

ð
Un

WnðzÞ
z� z

ds2ðzÞ;

which are continuous on C, and on C let f �
n :¼ Fn �W . Since Un � U , we

conclude that f �
n A CyðUnÞ. Due to the fact (see [1, p. 150]) that for all z A C

ð
K

1

jz� zj ds2ðzÞa 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ps2ðKÞ

p
;

we obtain on K the following estimates:

j f � f �
n j ¼ jðF0 � hÞ � ðFn �WÞj ¼ jðF0 � FnÞ � ðh�WÞj

a � 1

p

ð
K

qe f ðzÞ
z� z

ds2ðzÞ þ
1

p

ð
Un

WnðzÞ
z� z

ds2ðzÞ
����

����þ e

a
1

p

ð
K

jqe f ðzÞ �WnðzÞj
jz� zj ds2ðzÞ þ

1

p

ð
UnnK

jWnðzÞj
jz� zj ds2ðzÞ þ e

a
ð1:1Þ 1

n

2ffiffiffi
p

p
ffiffiffiffiffiffiffiffiffiffiffiffiffi
s2ðKÞ

p
þ kWnkC|fflfflffl{zfflfflffl}

a
ð1:1Þ

1þkqe f kC

2ffiffiffi
p

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2ðUnnKÞ

q
|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}
!0 as n!y

þ e

a 3e for all nb n0:

Moreover, on Un1

jqe f � qf �
n j ¼ jqe f � qFn þ qW j ¼ jqe f �Wn þ qW|{z}

¼0

j

¼ jqe f �Wnj a
ð1:1Þ

1=n:

Hence kqe f � qf �
n kK a 1=n. The final approximating function fn now will be

a cuto¤ of f �
n . That is, let On and Vn be open sets with

K � On � On � Vn � Vn � Un:

1 It is only here that we need K to be a Vitushkin set, in order to obtain an approximating

function W with qW ¼ 0.
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Choose an A Cy
c ðCÞ with 0a aa 1, an ¼ 1 on On and an ¼ 0 on CnVn.

Define fn by fn :¼ f �
n an on Vn and fn :¼ 0 on CnVn. Then it is easy to see

that fn A Cy
c ðC;CÞ. Moreover, on On we have fn ¼ f �

n as well as qfn ¼ qf �
n ,

because

qð f �
n anÞ ¼ ðqf �

n Þ an|{z}
¼1

þ f �
n qan|{z}

¼0

¼ qf �
n :

Hence fn satisfies

k fn � f kK ! 0 and kqfn � qe f kK ! 0:

This finishes the proof of Theorem 2. r

Here we have two questions: Is it possible to achieve also the uniform

convergence of qfn to qe f ? And in how far the condition K a Vitushkin set,

can be relaxed?

2. Gauss’ Theorem revisited

In [3] Carmona and Cufi gave a really magnificent proof of the com-

plex version of the ‘‘smooth in a neighborhood version’’ of Gauss’ theorem by

using the q-calculus, a proof that should be included in every complex analysis

course (see [2, p. 213]). Recall that, by definition, the boundary of an admis-

sible domain splits into finitely many pairwise disjoint C 1-Jordan curves with

the appropriate orientation. We denote here the area integral with a double

integral.

Theorem 3 (Gauss’ Theorem, complex version). Let G be an admissible

domain and U an open neighborhood of G. Suppose that f A C1ðUÞ. Thenð
qG

f ðzÞdz ¼ 2i

ðð
G

qf ðzÞds2ðzÞ:

The more general version for functions whose partial derivatives in G

merely admit continuous extensions to its boundary (denoted by f A C 1ðGÞ)
can be shown in various ways. An obvious approach is to approximate the

boundary curves of G by curves gn of the same type entirely contained in G and

such that ð
gn

f ðzÞdz !
ð
qG

f ðzÞdz

(not so easy and rather technical). Another approach is given in [3] by using

a result in advanced function theory that the derivative of a Riemann map
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r : D ! W onto a Jordan domain belongs to the Hardy space H 1 if and only

if the boundary of W is rectifiable (see [4, p. 44]).

We now apply Theorem 2 in the special case where K ¼ D for some ad-

missible domain D, to deduce the following general version of Gauss’ Theorem

from its special version 3.

Theorem 4 (Gauss). Let D be an admissible domain and f A C1ðDÞ.
Then ð

qD

f ðzÞdz ¼ 2i

ðð
D

qf ðzÞds2ðzÞ:

Proof. Let K ¼ D. Since D is admissible, K has only finitely many

holes. Hence, by Mergelyan’s Theorem for rational approximation [6], RðKÞ ¼
AðKÞ. Thus K is a Vitushkin set. According to Theorem 2, choose fn A
Cy

c ðCÞ such that

k fn � f kK ! 0 and kqfn � qe f kK ! 0:

By Theorem 3, ð
qD

fnðzÞdz ¼ 2i

ðð
D

qfnðzÞds2ðzÞ:

The uniform convergence of fn to f and qfn to qe f on K now yields the

assertion.
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