Compact and matrix operators on the space ‘A?‘k

Fadime Gokce* and G. Canan Hazar Giileg

Department of Mathematics, Pamukkale University, TR-20070, Denizli, Turkey
*Corresponding author

E-mail: fgokce@pau.edu.tr, gchazar@pau.edu.tr

Abstract

In this study, we introduce a new space |A‘} ]k by using factorable matrix and investigate its
certain topological and algebraic structures where 6 is a positive sequence. Also, we characterize
some matrix operators on this space and determine their norms and the Hausdorff measure of
noncompactness. In the particular case, we get some well known results.
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1 Introduction

Let w be the set of all complex sequences. Any vector subspace of w is called a sequence space.
We write ¢, lo, ¢s, I (k> 1) for the sequence space of all convergent and bounded sequences, for
the space of all convergent and k-absolutely convergent series, respectively. A sequence space X
with complete norm is called a BK-space provided that linear functional p,, : X — C defined by
pn(x) = xp, is continuous for all n > 0, where C denotes the complex field. A sequence (b,) is a
Schauder base of the normed space X, if, for every z € X, there is a unique sequence () of scalars
such that

m
x—anbn — 0 as m — oo.
n=0

Let X and Y be two subspaces of w and A = (an,) be an arbitrary infinite matrix of complex
numbers. By A(z) = (A, (x)), we denote the A-transform of the sequence x = (z,,), i.e.,

An(m) = i AnyTy,

v=0

provided that the series converges for n > 0. Then, we say that A defines a matrix transformation
from X into Y, it is denoted by A € (X,Y), or A: X =Y, if A(x) = (A, (x)) exists and in YV for
all x € X. The domain of the matrix A in X and - duals of X are defined by

Xa={z=(z,) €w:A(x) € X}, (1.1)

and
XP ={ecw: (enzn) Ecs forall z € X},

respectively.
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Let Xz, be an infinite series with nth partial sum s,, (6,) be a sequence of positive terms and
A be a triangular matrix. The series Xz, is summable |4, 0,],, 1 <k < oo, if (see [11])

D T OE A (s) — Apca(s)]F < oo (1.2)
n=0
If we take the weighted mean matrix (with ¢ = P, /p, and 6 = n ) instead of A in (1.2), the
summability |A, 6, |, is reduced to the summability ’N,pn, 9"|k [15] (’N,pn‘k (1] and |R, x|, [13],
respectively) and we get the set ‘NZL of all series summable by this method [10] i.e.,

—0
‘Np < 00

=< x=(x) Zﬁkl
k

Here, the weighted mean matrix is defined by

{ pu/Pn, 0<v<n
Apy =

PP ZP —1tv

0, wv>n,

where (p,,) is a positive sequence with P, =po+p1 + -+ p, > 00 as n — oo, (P_1 =p_1 =0).
Also, by a factorable matrix, we mean the following matrix

An Gy, 0<v<n
Anpy =

0 S (1.3)

where (d,,) and (a,) are any sequence of real numbers.

—0
Afc’k that extends the space ‘N

In this study, we define a new space p‘k

using by factorable

matrix in following way

< 00 ¢,

n k
Gn E Ay Ty
v=0

and characterize some matrix operators on that space, and also determine their norms and the
Hausdorff measure of noncompactness. Thus we extend some well known results.

Also, according to (1.1), we note that it can be stated by ‘A‘;‘k = ()
is defined by

‘A9| = wa'in_l
fle — . n

) 5 where the matrix T( )
A

1o = [ 0" dnay, 0<v < (1.4)
0, v>n,
and Sgk), the inverse of T jgk), is given by
1
e . s V=N
(%) efyli/k a/ndn
Snv = —, v=n-1 (1.5)

gL/E" J

n— 1anan 1
0, vEn—1,n
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where k* is conjugate of k, i.e., 1/k+1/k* =1 for k > 1, and 1/k* =0 for k = 1.
Now, we point out some well known lemmas which play important roles the proof of theorems.
Lemma 1.1 [14] Let 1 < k < oo. Then, A € (I, 1) if and only if

N 1/k
00 k /

||A||/(zk,z) :SIP{I) Z

v=0

E aTL’U

neF

where F' denotes the collection of all finite subsets of N.

Lemma 1.1 exposes a rather difficult condition to apply in applications. So, the following lemma
which gives equivalent norm is more pratical in many cases.
Lemma 1.2 [8] Let 1 < k < co. Then, A € (I, 1) if and only if

1/k*

(o) (o) k*
| Al (Uesl) = Z ( Ianv|> < 0.
0

v=0 \n=

Moreover since |\A||/(lk’l) < [[Allge < 4||A||/(ZN)7 there exists 1 < ¢ < 4 such that [|4], ;) =

ENANL, -
Lemma 1.3 [2] Let 1 < k < co. Then, A € (I,l) if and only if

- 1/k
k
Al g,y = sup {Z @] } -

n=0
Lemma 1.4 [14] Let 1 < k < co. Then,

A € (l,e) & (i) limay, exists for v > 0, (1) sup |an, | < oo,
n

n,v

A € (lg,c) < (i) holds, (i7) supz || < o0

" v=0

2 The Hausdorff measure of noncompactness

Let € > 0, S and H are subsets of a metric space (X,d). Then S is called an e-net of H, if, for
every h € H | there exists an s € S such that d(h,s) < e; if S is finite, then the e-net S of H is
called a finite e-net of H.
If @ is a bounded subset of the metric space X, then the Hausdorff measure of noncompactness
of @) is defined by
x (@) =inf{e > 0:Q has a finite £ — net in X},

and y is called the Hausdorff measure of noncompactness.

Let X and Y be Banach spaces. A linear operator L : X — Y is called compact if and only
if its domain is all of X and, for every bounded sequence (x,) in X, the sequence (L(x,)) has a
convergent subsequence in Y. By C(X,Y), we denote the class of these operators.

The following lemma is an important tool for determining the Hausdorff measure of noncom-
pactness of a bounded subset of I, which is a BK-space for k > 1.
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Lemma 2.1 [6] Let @ be a bounded subset of the normed space X where X = ¢, ) for 1 < k < oo.
If P, : X — X is the operator defined by P, (x) = (z¢,21,...20,0,0,...) for all x € X, then

€@ = tim (s |7~ 2, @) )

T—00

Let X and Y be Banach spaces and x; and x2 be the Hausdorff measures on X and Y, the
linear operator L : X — Y is said to be (x1, x2)- bounded if L(Q) is a bounded subset of Y and
there exists a positive constant M such that xa (L(Q)) < Mx1(Q) for every bounded subset Q of
X. If Lis (x1, x2)- bounded, then the number

Ll (1 ey = IR {M > 02 x2 (L(Q)) < Mx1(Q) for all bounded set @ C X}

is called the (x1, x2)-measure of noncompactness of L. In particular, if x1 = x2 = x then |[L]|, ,) =
1Ll -
Lemma 2.2 [4] Let X and Y be Banach spaces, L € B(X,Y) and S, = {x € X : ||z|| < 1} denote
the unit sphere in X. Then,

L1 = x (L (Sx))

and
LeCX)Y) & HLHX =0.

Lemma 2.3 [3] Let X be a normed sequence space, T = (t,,) be an infinite triangle matrix, xr
and y denote the Hausdorff meausures of noncompactness on Mx, and Mx, the collections of all
bounded sets in X1 and X, respectively. Then, x7(Q) = x(T(Q)) for all Q € Mx,..

3 Main results

In this section, by giving some properties of ‘A?‘k we characterize some matrix operators on that
space and also determine their norms and the Hausdorff measure of noncompactness.

Theorem 3.1. Let k£ > 1. Then, the set ‘A?‘ becomes a linear space with the coordinatewise

addition and scalar multiplication, and also it is a BK-space under the following norm

k
Il ag), = |75 (@) (3.1)

i

Moreover, )A?‘ has a Schauder base.

k
Proof. The first part is a routine verification, so it is omitted. Let us consider the transformation
T(gk) defined by (1.4). Then, ngk) defines a matrix map from w into w since it is triangle matrix.

Further, since [}, is BK space and ’A?‘ = (lg) o, then ‘A?’ is a BK-space from Wilansky’s
k A k
Theorem 4.3.2 [16].
To prove that ’A?‘k has Schauder base, let us consider the base (e(")) of I, where e is a

sequence whose only non-zero term is one in nth place for n > 0. Let = € ‘A? E then y = TXC) (x) €

l;:. Also, since y € I and [ has Schauder base, we get
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n

Y- Z yve(u)

v=0

= ||z — i xUSI(f) (e(”)>

v=0

— 0 as (n — o0)
451,

178
which means that ‘A‘;‘k has Schauder base. This completes the proof.

Theorem 3.2. Let 1 < k < co. Then the space ‘A?‘k is linearly isomorphic to the space [.
Proof. To prove the theorem, we should show that there exists a linear bijection between the
spaces ‘A?’k and [, for 1 < k < co. Let us consider the map Tf\k) : ‘A?‘k — Yy = T,S\k)(ﬂi)7 defined
by /

Yn = erl/’“*&n Z Gy Ty, for n > 0. (3.2)
v=0

It is a bijective isomorphism preserving the norm, linear and injective transformation. In fact, it is
clear that it is linear and injective. Now, for surjective, take y € . Then, by the definition, there

is a sequence x = (z,,) € ‘A?’ such that
k

_ 1 Yn Yn—1
T (9}/’“‘@ Y ) ' 33

n n—10n—1

Also,

k
Il ag) = |75 @)

Ik

So the space ’A?‘ is linearly isomorphic to the space .

Now we define the following notations.

Dy = {5 = (c,) : sup

o (e <=}

T

Dy = {5 = (c,) : sup

/" e
D3y =<{e=(g,):sup|—— | <0y,
mo1| p=1/k" - k*
Dy=<(e=(gy): sup g - A(T> < o0
m Ay Ay
r=0

Theorem 3.3. Let 1 < k < 0o, A be a factorable matrix defined by (1.3) and (6,,) be a positive
sequence. Then

B
{149],}" = Dy Dy and {144} = Dy 01 Ds.
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n
Proof. Now, ¢ € {‘A ’ } if and only if (Z vav) is convergent for every = € ‘A ’ Note
v=0

that, if x € ’A. x then y € li, where

—Gl/k Z%J?u for n > 0.
v=0

So we can write from (3.3) that

m m

e = Y (o
e a. VS 1k o

r=0 r=0 ar 9 Qr 97’ 1 Gr—1

EmYm <€r €r+1>
= —+ — (=)
o S (2o,

Ar41
m
- E hmryr
r=0

where

1 T T

W(E—EH) 0<r<m-1

0% G, \ar  arg

[ — Em - A4
Tk, r=m (3:4)
AmOm” Qm,
0, r>1m,

which implies that ¢ € {’A ‘ } < H € (I, c). Therefore it follows from Lemma 1.4 that ¢ €

{‘Afc’k} iff ¢ € D3 N Dy. This completes the proof. The proof of other part can similarly be
proved, so we leave the reader.

Theorem 3.4. Let A and B be factorable matrices as in (1.3), (6,) be a positive sequence and
1 < k < oo. Then, C € (‘A ‘ |Bf|> if and only if, for all n,

c
sup {”n* exists, (3.5)
/k
m | Qb Qm
Kt

sup Z < 00, (3.6)

1 (Cn'r _ cn,r+1>
1/k* o
-0 9,/ a, \ Gr Ar41

(oo} oo k*
> (Z |dnv> <o (3.7)

v=0

where D = (d,,,,) is defined by



Factorable matrix 7

*b TV T,V
dpy = 05 1/% 2 Zb <C _ Gl “) v,n >0, (3.8)

Ay av+1

Moreover, if C € (’A?‘k , |Bf|) , then it is a bounded linear operator and there exists 1 < £ < 4

such that i
||C||(‘A?|k"Bf|) = g HDll(lk,l)

and also
1 | < .
1€ = ¢ Jim, ;){n;1|dm|} :
Proof. Let 1 <k <o0. C € (’A ‘ |Bf|) i (Cno)peg € {‘A ‘ } and C(x) € |By| for every

T € ‘Ae’k Also, by Theorem 3.3, (cpy)owq € {‘A ’ } iff the conditions (3.5) and (3.6) hold. On
the other hand, as in Theorem 3.3 we get that

i CnrZy = i hggr)yr

r=0

where H(") = (hn?f)a) is defined by (3.4). Additionally, if any matrix R = (rn,) € (Ig, ¢), then, the

series R, (z) = X,Tpyx, converges uniformly in n, since, by Lemma 1.4, the remaining term tends
to zero uniformly in n. In fact, using Holder’s inequality, we get

50 50 ) 1/k* 50 1/k
S rt| < sup (z |> (z w)
v=m n v=0

v=m
and also right side of this inequality tends to zero as m — oo, since x € I, which implies

hmR Z lim 7y Ty - (3.9)
Hence, it follows from (3.5) and (3.6) that H(™) = (h,g,)) € (Ig,¢), so by using (3.9) , we get
)= 3 g = 3 e = By 0.
r=0
This means that C(x) € |By| for every z € ‘A?‘k iff H(y) € |By| for every y € .. Further, if we

define matrix D = (d,,,) by D = T](;)ﬁ, we get that H(y) € |By| for every y € I, iff D € (I, 1)
since |By| = (I),q) , where
B

- l;nbr Cry Crou41
dnU:Zel/k*&U (av - )

r=0 Yv Av+1
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and so it follows from applying Lemma 1.2 to the matrix D that D € (Ix,1) iff (3.7) is satisfied,
and this proves the first part.

Since ‘A?‘kand |Bs| are BK-spaces by Theorem 3.1, the second part of Theorem is result of
Theorem 4.2.8 of Wilansky [16].
Also, considering that ijlk) : ‘As}c’ — 1}, and Tg) :|By| — | are norm isomorphism, as in (3.2),
k

then we get that C' = Sg) oDo Tﬁf). So, by (3.1), we obtain that

ICI = sup HSS)(D(TIW (x)))H|Bf\ _ H (D (T‘E‘k) (m))) Hl
(laglomr) 7~ o ED P,

1
/
= ”DH(lk,l) = E ”DH(lk,l)'

Finally, let S = Jz € | A9 z|| < 1% and define the matrix D™ = (d)) by
f

’k'

J(T)f 0, 1§n§7‘
") dpe, n>r.

Then, by Lemma 2.1-Lemma 2.3 and the definition of D(") we get that

ICl, = x(©8)=x(1)0s) = x (pTPs)
= lim sup [(I—P)D®), = lim HD(’”)
i sup 10— 2 D6l = i 2],
o0 oo k*
- 3 { Y o)
v=0 \(n=r+1

where P, : I, — I is defined by P.(y) = (Yo, Y1, ---sYr, 0,...). So, the proof is completed together
with Lemma 1.2.

Theorem 3.5. Let A, B be factorable matrices defined by (1.3), (6,) be a positive sequence and
1 <k < oo. Then, C € (|Af|, B?’]) if and only if, for all n,

sup |- ‘ < o0, (3.10)
1 nv n,v
sup | — <c - CH)‘ < 00, (3.11)
v Gy Gy Ay41

sup Y |fuul < 00, (3.12)
n=0

v
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where the matrix F' = (fy,) is defined by

*7 . br TU T,V
oo = 0% 5, > 0 (c - C“) u,n > 0. (3.13)

a a a
—0 v v v+1

Moreover, if C' € (\Af| , B?’k), then C' is a bounded linear operator,

€0 14,1521, = IF

and
1/k

I _k
IICIXTIggOSI;p{ > il }

n=r+1
Proof. Let 1 < k < oo and consider the operators T i |Af| — 1 and T(k) ‘B ‘k — i, defined
by (1.4), also the inverse SBk) of T( ) is given by (1.5). Then C € (|Af\ ‘Bf‘ ) if and only
i (o) € {|Af}® and Oz ‘39

{|Af|}6 iff the conditions (3.10) and (3.11) hold. On the other hand, if any matrix R = (ry,,) € (I, ¢),
then a series

for every x € |Ay|. Also, by Theorem 3.3, (¢yu)peq €

oo

§ TnvTy

v=0
converges uniformly in n. In fact, the remaining term of the series tends to zero uniformly in n,
because, considering x € [, by Lemma 1.4 we get

(oo} oo
TnoTo| < SUP |Tho Tyl =0 as (m — o0
3 ] <supad 3 frl 0 s ()
which leads us
hm R, Z lim 7y, 2, . (3.14)

So, using (3.14) , we obtain

Cp(z) = lim chTzT = hm Zf’”“ Yr = Z ﬁlryr = ﬁn(y)
=0

r=0

where the matrices F(") = ( A,(nnr)> and F = (fnr) are given as

. a a Qi1

f(n) - " Tcnm T+
Amlm’

0, r>m

! (Crlr—cmﬂrl) 0<r<m-1

r=m
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and frr = limyn_o0 fmr Hence, we get that C(z ‘B ‘ for every © € |Ay| iff F(y ‘B ‘ for

every y € [, that is, F' = Ték)F € (I,1) , and so it follows from applying Lemma 1.3 to the matrix
F' that (3.12) holds. This proves the first part.

Since |Af| and ‘B?‘k are BK-spaces by Theorem 3.1, C' is a bounded operator by Theorem

4.2.8 of Wilansky [16].
Now, to determine operator norm of C, consider the isomorphism TA i |Af| = 1 and T(k)

’B ‘ — I . Then, it is easy to see that C' = S(k)o F OT(l) and also, by (3.1),

o e, @),
(‘Af|7|B?|k) sup su

270 [E. 270 HTQ) (x)H

Finally, let S = {x € |Af|: ||z|| < 1}. Then, by Lemma 2.1-Lemma 2.3, we get that

101, = x(©8)=x (18)0S) = x (FT{s)
= Tll)rgo su(;l)) (I = P) F(y)ll,,
yETA S
— lim HF(T)
r—o00 (l i)

= lim bup Z |fn'u| < 00,

r—00
n=r+1
where P, : I, — I, is given by P,(y) = (3o, Y1, -, Yr, 0, ...) and the matrix F(") = (?g) is given by

7(r) B 0, 1<n<r
Wl fae, n>r.

Thus the proof is completed by Lemma 1.3.

4 Applications

Making use of Theorem 3.4 and Theorem 3.5, we can characterize the compact operators in the
classes (’A‘Jﬂ‘ \Bf|) and ( )
Corollary 4.1. Under conditions of Theorem 3.4, C' € (‘A ’ ,|B f\) is compact if and only if

—1/k*3 k*
g (s}
a Ay,

a
v r—0 v+1

E{.@i{ i

v=0 \n=r+1
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Corollary 4.2. Under conditions of Theorem 3.5, C € (

B?‘k) is compact if and only if

k

lim sup E =0.
r—oo
n=r+1

91/’“*5 i{i (Crv _ Cr,u+1>
a Ay

r—p v av+1

Pn
PnPn—l '
Thus we get the following results of Sarigél [10].

Corollary 4.3. Let C = (cny) be a triangular matrix and (6,,) be a positive sequence. Then

C e (IN],|N,|) if and only if
o
) < 00. (4.1)

Z vay <Z QnQn 1
b, = @Qn_1 in Theorem 3.4, then

Also, if one takes a,, = an, = P,_1, then the space ‘A ‘ reduces to the space ’NG

e

Z mel (Pvcmv - Puflcm,erl)

m=v

v=1

~ 7 dn
Proof. If we take a, = yOn = Py, by = —F—,
PnPn—l ! QnQn—l
(3.5) and (3.6) are satisfied since C' = (¢y,,) is triangular matrix, and also (3.7) reduces to (4.1),
which completes the proof.

Corollary 4.4. Let C = (cpy) be a triangular matrix and (6,,) be a sequence of positive terms.
Then C € (|N,|,|N¢],) if and only if

P,q .
vlv .~ 0 (9;1/’“ ) : 49
PuQu (4.2)
o 91/19* k
Z Qm 1Cm,v+1 =0 (1) 3 (43)
n=v+1 QnQn 1 m=v+1
oo 91/k k o\
Z - Z Qm 1 Cmv Cm U+1) =0 { (v) } as v — OQ. (44)
n=v+1 QnQn 1 Pv
~ Pn 7 dn . .
P f. Take a, = s ap = P, bp = ————, b, = Qn_ the Th 5. th
roo ake a PP a 1 0.0 @n_1 in the eorem 3.5. Wi

a few calculations, (3.10) and (3.11) are satisfied since C = (¢y,,) is triangular matrix, and (3.12)
reduces to (4.2),(4.3) and (4.4).
Corollary 4.5 [5]. I € (|R,|,|Ryl,) .k > 1, if and only if

Pv‘]vi —1/k* _ ygs
=0 (v ) we=0(g). Qi =0(),

where
k

. 1/
W, = E —_— .
{n_v—i-l (QnQn—l

Note that there is a close relation between the problems of absolute summability factors and
comparison of these methods and special matrix transformations such as an identity matrix I and
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a matrix W = (wy,) defined by w,, = ¢, for v = n otherwise wy,, = 0. So if we take the matrix I
instead of matrix C' in the Theorem 3.4 and Theorem 3.5, we obtain the followings.

Corollary 4.6. Suppose that (6,,) is a positive sequence and k > 1. Then I € (’A ‘ ,|Bf|> if
and only if

by by

fan(bv)‘+ by by
Ay Gy,

Gy oy

) < 0 (4.5)

(3

n=v+1

where A (Z—j) =bu _bent o all v > 0.

ay Ay+1
Proof. If we take the identity matrix I instead of C' in Theorem 3.4, (3.5) and (3.6) hold directly,
and also the last condition gives (4.5).
0
J

Corollary 4.7. Assume that (6,,) is a positive sequence and 1 < k < oco. Then T € (

. k
OL/*" LyNED
. y
Corollary 4.8. Let (a,), (b,), (a,) and (En) be sequences of positive numbers connected by
Y; = dn Z Ay—1Ty ,X:; = l;n Z bvflgvxv
v=1 v=1

(o) o0
where (g,) is a sequence of complex numbers and k > 1. Then, > [V < oo = 3 [X7|" < 0

n=1 n=1

if and only if

o

sup Z

v n=v+1

Hl/k*b b,

ay Gy

< 0.

if and only if

=0(1) (4.6)

and

a% (b a)’( 3 b") /k:0(1) as v — oo. (4.7)

n=v+1

Proof. Take 6, =1 and C as diagonal matrix with ¢,, = &, in Theorem 3.5. Note that = € |Ay|

iff Y| < oo andex € ‘B ‘ iff E |X#|¥ < co. Further, (3.11) and (3.12) are automatically
n=1

satisfied and (3.13) reduces to

Supi ‘ Zb (crv _ Cr,v+1>
v
n=uv

Ay41

k

< 00,

which is equivalent to (4.6) and (4.7) .This completes the proof.
This is the main result of [9)].
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