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Abstract

The main idea of this paper is to introduce the notion of a Schreier 2-category and of a crossed
semimodule over categories and to prove the categorical equivalence between their categories.
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1 Introduction

A group-groupoid (alternatively named G-groupoid [7] or 2-group [1} 2]]) is an internal category
(which is automatically an internal groupoid) in the category of groups. A crossed module of groups
as defined by Whitehead is a pair of groups M, N with an action e: N x M — M and a morphism
9: M — N of groups such that (nem) = n-9(m)-n~'and d(m)em’ = m-m’-m~! [16,17]. The
equivalence of the categories of crossed modules and group-groupoids is well known, see [7]. This
equivalence is described in [1] by considering a group-groupoid as a 2-category with one object.
The notion of 2-category was first introduced by Bénabou in 1967 [3]. A 2-category consists of
objects, 1-morphisms as in a classical category and 2-morphisms between 1-morphisms as follows

which can be composed vertically and horizontally. Further details are recalled later in the paper.
A 2-groupoid is a 2-category whose all 1-morphisms are invertible as in a classical groupoid and all
2-morphisms are invertible vertically and horizontally [1} [11]].

For the groupoid version of crossed modules, basic references are Brown-Higgins [4} 5] and
Brown-Icen [6]. One can find in [9] that the categories of 2-groupoids and of crossed modules over
groupoids are equivalent. For the topological aspect of this equivalence, see [8].

Let MON be the category of monoids. A Schreier internal category in MON is an internal cate-
gory in MON which satisfies the Schreier condition [12]. A crossed semimodule of monoids is a pair of
monoids M, N with an action e: N x M — M of monoids and a morphism 9: M — N of monoids
such that d(n e m) - n = n - d(m) and (9(m) em') - m = m - m’ [12]]. The categorical equivalence
between Schreier internal categories in MON and crossed semimodules is proved in [12]. This
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equivalence is the generalization of the equivalence between the category of group-groupoids and
of crossed modules of groups. On the other hand in [15]], a similar equivalence is proved for topo-
logical monoids by viewing a Schreier internal category in the category of topological monoids as
a 2-category with a single object.

The main purpose of this paper is to develope the construction of Schreier 2-categories and
of crossed semimodules of categories and to prove that the categories of crossed semimodules of
categories and of Schreier 2-categories are equivalent. The results which are obtained in this paper
are the generalization of the results in [12], [13] and [9].

2 Preliminaries

LetC = (Co, C1, s,t, e, m) be a finitely complete category. An internal category D = (Dy, D1, s,t,€,m)
in C consists of a set of objects Dy € Cj and a set of morphisms D; € Cj with morphisms
s,t: D1 = Dy, €: Dy — D; in C called the source, the target and the identity maps, respec-
tively, such that se = te = 1p, and a morphism m: Dy xp, D1 — D; of C called the composition
map (usually expressed as m(f,g) = g o f) where D; xp, D is the pullback of s and ¢ such
that ho (go f) = (hog)o fand es(f)o f = f = foes(f) [12,[10]. An internal groupoid in C
is an internal category with a morphism n: D1 — Dy, n(f) = f of C called inverse such that
fof=1p, fof=1MLyy.

Let M = (Mo, M, s,t,e,m) be an internal category in MON. If for any f € M; there exists a
unique f € Kers such that f = f - es(f), then M is called a Schreier internal category in MON and
this condition is called the Schreier condition [12]]. A Schreier internal groupoid in MON is a Schreier
internal category in MON whose all morphisms are invertible.

A crossed semimodule K = (M, N, d, e) of monoids consists of monoids M, N with a homo-
morphism 0: M — N and an action e: N x M — M of monoids such that d(n e m) - n =n-90(m)
and (O(m)em’) -m=m-m'.

The following theorem and corollary are given in [12]:

Theorem 2.1. The category of Schreier internal categories in MON and of crossed semimodules
are equivalent.

Restricting this equivalence we have

Corollary 2.2. The category of schreier internal groupoids in MON is equivalent to the category of
crossed semimodules where M is a group.

Note that Corollary 2.2]is obtained as a special case of the theorem of [13].

Group-groupoids can be thought of as internal categories in the category of groups which is
denoted by GP [14]. A crossed module K = (M, N, d, o) of groups consists of groups M, N with
a homomorphism 0: M — N of groups and an action e: N x M — M of groups which satisfy
d(nem)=mn-0(m) -n~'and d(m) em' = m-m'-m~" [16,[17]. Restricting of Corollary the
following theorem is obtained as given by Brown and Spencer in [7]:
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Theorem 2.3. The category of internal categories in the category of groups is equivalent to the
category of crossed modules.

We present the following definition as in [1]]:

A 2-category C = (Cy, Cy, C2) consists of a set of objects Cy, a set of 1-morphisms C; and a set
of 2-morphisms C as follows

with

e the source and the target maps
s: C1 = Co, s(f) ==z, sp: Co = Co, sp(a) =z, sy: Co = C, sy(a) = f,
t: Cy — Co, t(f) =y, th: Co = Cp, th(a) =y, t,: Co — Cy, t,(a) =g,

e the composition of 1-morphisms as in an ordinary category,

e the associative horizontal composition of 2-morphisms oy, : Cy x¢, Co — Cy where Cs X ¢,
Cy = {(,0) € Cy x Ca|sy(6) = ty(a)} as

f f1 fiof
T o Y {5 z = z |} sona z,
g g1 giog

e the associative vertical composition of 2-morphisms o, : Cy X ¢, Co — C where Cy x¢, Cy =
{(O‘aﬂ) S C2 X C2|SU(/B) = tv(a)} as

f
/\ f
« /\
\_V h
h

e the identity maps e: Cy — Ci,e(z) = 1, e Cp — Co, ep(x) = 11, such that aop, 1,, =
a=1;,opaande,: C; — Oy, &,(f) = 1y such that a o, 1y = o = 1, o, & whenever the
compositions are defined.

e the interchange rule
(6 0y 6) on (B oy o) = (6 on B) 0y (0 04 @)

whenever the compositions are defined.
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Hence the construction of a 2-category C = (Cy, C1, C) contains three compatible category struc-
tures C1 = (Co, Cl, S, t, g, O), C2 = (C(), OQ, Sh, th, Eh, Oh) and C3 = (01, CQ, Su, tv, Evuy Ov) such that
the following diagram commutes.

€h
/\

02—>

\V/

A 2-functor is a map F: C — C’ between 2-categories C and C’ sending each object of C to an
object of C’, each 1-morphism of C to 1-morphism of C’ and 2-morphism of C to 2-morphism of C’
as follows

f F(f)
. T m
W F0 T e )

F(g)

suchthat F'(fiof) = F(f1)oF(f), F(dopa) = F(d)op F(a), F(Bo,a) = F(f)o, F(a), F(11,) =
1p(,) = lipny: F(1f) = 1p(s). Thus, 2-categories and 2-functors form a category which is de-
noted by 2CAT [11]].

A 2-groupoid is a 2-category whose all 1-morphisms and 2-morphisms are invertible as follows

f
f f 1, /\ f
x\_“/-,y%x = x\&m/fx,x gy = $¥U1f/7y
g g 1z \UV f
f

Let G, G’ be 2-groupoids. A morphism of 2-groupoids is a 2-functor F': G — G’ which preserves
the 2-groupoid structures. Thus 2-groupoids form a category which is denoted by 2GPD [11].

We recall an action of groupoids and crossed modules over groupoids as given in [6,09]. Let G =
(X,G) and H = (X, H) be groupoids over the same object set and let  be totally disconnected.
An action of G on H is a partially defined map

o:GxH—H, (gh)—>geh

such that the following conditions holds

AGLl. ge hisdefinediff t(h) = s(g),and t(g e h) = t(g),

AG2. (ggogi)eh=goe (g1 eh),

AG3. ge(haohi)=(gehs)o(gehy), forhi,hy € H(z,z)and g € G(z,y),
AG4.1,eh=h,forh € H(z,z).
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Let G = (X,G) and H = (X, H) be groupoids and let # be totally disconnected. A crossed
module K = (H,G,0,e) of groupoids consists of a morphism 0 = (1,09): X — G of groupoids
which is the identity on objects together with an action e: G x H — H of groupoids which satisfy
CMGI1.9(geh)=god(h)og
CMG2. O(h) e hy =hohyoh,forh,hy € H(z,r) and g € G(z,y).

Let K = (H,G,0,9) and K' = (H',G’,0’, ) be crossed modules of groupoids. Recall from
[6, O] that a morphism of crossed modules of groupoids is a triple A = (Ag, A1, A2): K — K’ such that
(Ao, A1): H — H' and (Ao, A2): G — G’ are morphisms of groupoids which satisfy A\20 = 9’A; and
A1(g @ h) = X2(g) o A1 (h).

3 Crossed Semimodules of Categories and Schreier 2-categories

To define a crossed semimodule over categories we first define the notion of action of categories,
similarly to the notion of action of groupoids.

Definition 3.1. Let C = (X, C) and D = (X, D) be categories over the same object set and let D be totally
disconnected. An action of C on D is a partially defined map o: C x D — D, (c,d) — c e d such that the
following conditions holds

AC1. c e d is defined if and only if t(d) = s(c), and t(c e d) = t(c),

AC2. (Cg o Cl) od = Co @ (Cl ° d),

AC3.ce(d2ody) = (cedy)o(cedy), fordy,da € D(z,z)and ¢ € C(z,y),

AC4. 1, ed=d, ford € D(z,x).

The following definition is due to Porter [13]:

Definition 3.2. Let C = (X,C) and D = (X, D) be categories over the same object set and let D be
totally disconnected. A crossed semimodule of categories K = (D, C, 0, ) consists of a functor 0: D — C
of categories which is the identity on objects together with an action e: C x D — D of categories which
satisfy

CSC1. 9(ced)oc=cod(d)

CSC2. (9(d) e dy) od = dod, ford,dy € D(z,z)and c € C(z,y).

Definition 3.3. Let K = (D,C,0,e),K' = (D',C’,0',9’) be crossed semimodules over categories. A
morphism of crossed semimodules of categories is a mapping A = (A2, A1, A0): K — K’ such that
(Mo, A1): D — D' and (Mo, A2): C — C' are functors which satisfy \o0 = O'A; and Ai(c @ d) =
Az2(c) o \i(d). Hence crossed semimodules of categories and their morphisms form a category which we
denoted by Csc.

The following definition is due to Porter [13]. Although this condition is given under the name
Condition (B) in [13], we will call this condition “Schreier” inspired by Patchkoria’s paper [12]
since every Schreier internal category in MON can be viewed as a Schreier 2-category with a single
object. We will mention this special kind of Schreier 2-categories in section 4]

Definition 3.4. A Schreier 2-category C = (Cy, C1, C2) is a 2-category which satisfies the Schreier condi-
tion: for any o € Cy there exists a unique o whose source is the identity 1-morphism such that

Q= @ op €,y ().
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f f 1
g g

Example 3.5. Consider any monoid (M, +) and any group (G, -). We assume that triples (m, g1,n) and
(m, g2, n) are 1-morphisms from m to m + n and a 4-tuple (m, g1, g2, n) is a 2-morphism from (m, g1, n)
to (m, g2,n) as follows
(m,g1,n)
m \U(n% m+mn

(m,g2,n)

form,n € M and g1, g € G. Hence we can construct a Schreier 2-category when compositions are defined
as follows

i (m+n7hlvp) © (maglan) = (m,hl glvn+p)
L (m+n7h17h27p Op (m7917927n) = (m7h1 'gluhQ 9277’L+p)

b (m5927g3an) Oy (magla927n) = (magl7g3an)'

Since (m, g1, g2,n) = (m +n,eq, g2 - g7 -, ear) on (m, g1, g1,n), the Schreier condition is satisfied for all
2-morphisms.

Proposition 3.6. In a Schreier 2-category, the vertical composition of 2-morphisms can be written
in terms of the horizontal composition as follows

B oy o= oy aope,s,(a)
whenever compositions are defined.
f

(6%
Proof: Let x —9— y . Due to Schreier condition, we write

B Op E'utv(a) - 6 Op Evtv<& Op, gvsv(a)) - ﬁ Op Evtv(&) Oh Evsv(a)'

=
I
i)
O
=
™
S
w
S
=
Il

Bop euty (@) on €v3v(a)) 0y (& op, z—:vsv(a))
] Oy &> on (svsq,(a) Oy 61,51,(&))

B on eyty (&))
on ety (@) oy (entn(@) oy, (5)) Op EvSy ()
)

=™

(
- ((
((
((Boventa(@) on (=0tu(@) 00 &)) on eusi(e)

= 6 Op 62Oh 51)81)(04)
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Definition 3.7. Let C = (Cy, C1,Cs) and C' = (Cy, C1, Cy) be Schreier 2-categories. A morphism of
Schreier 2-categories is a 2-functor F' = (Fy, F1,Fy): C — C'. Therefore Schreier 2-categories form a
category which we denote by S2CAT.

Theorem 3.8. The category of Schreier 2-categories is equivalent to the category of crossed semi-
modules of categories.

Proof: Given any Schreier 2-category C = (Co, C1, C3), we know that N' = (Co, C1, s, t,¢,0) is
a category. Let M(z) = {a € Calsy(o) = ()}, for x € Cy. Then M = (Co, M, sp, th,en,0n) is a
category where M = {M(z)},cc,. Now we can define a functor v: S2CAT — CSC as equivalence
of categories such that v(C) = (M, N, 0, e) when

M= N, da) =t,(a)

and
o Cl XM — M
such that
(fea)oney(f)=eu(f)ona
f 1y 1z f
— 1, T\ _— . — | = _— ., T
T U’lf Y U,f-oc Yy = x e} T Ullf Yy
-~ V'’ = ~ VvV v~ V' =
f O(fea) (o) f

We will verify that e is an action of A on M.
ACL. f e ais defined iff tn (o) = s(f), and ¢, (f ® @) = t(f),
AC2. Since

((fl of) oa) oplpor=1lporona=1poplyopac = 1p 0p(fea)oyly
= (fie(fea))oply oply
= (fie(fea))onlyoy,
under the Schreier condition
(fiocf)ea=fre(fea)
whenever f; o f is defined.
AC3. Since
(fo(ﬂohoz)) oply=1p0,Bopa=(fep)oplfopa = (fep)o,(fea)o,ly
under the Schreier condition
fe(Bona)=(fep)os(fea)
whenever s,(8) = s, ().
AC4. Since (1, e ) op 17, =17, op a = aop 17, weobtain 1, e a« = ..

It is obvious that 9(f e o) o f = f 0 d(a) and (8(a) o al) op o = aop ay, for f € Cy(x,y) and
a,aq € M(z). Thus v(C) is a crossed semimodule of categories.
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Let F' = (Fy, F1, F>) be a morphism of Schreier 2-categories. Then v(F') = (FQ’A47 Fi,Fp)isa
morphism of crossed semimodules over categories.

Now, let us define a functor 6: CsC — S2CAT which is a weak inverse for . Given a crossed
semimodule K = (M, N, 0, e) over categories M = (X,M) and N' = (X, N), then a Schreier
2-category 6(K) = (X,N,N x M) can be constructed as in the following way where the set of
2-morphismsis N x M = {(n,m)|n € N,m € M, s(m) = t(m) = t(n)}. We suppose that if

n m
r—=Yy , y—=>Y,

then (n,m) is a 2-morphisms as follows

— |, =
€T \U,(n,m) Y

d(m)on

where the source and the target maps are defined by s,,(n, m) = n, t,(n,m) = d(m)on, respectively,
the identity map is defined by ¢,(n) = (n,et(n)) and the vertical composition of 2-morphisms is
defined by

<(8(m) omn), m’) o, (n,m) = (n,m' om)

when y s y . For the horizontal composition, the source and the target maps are defined by
sp(n,m) = s(n),tn(n,m) = t(n), respectively, the identity map is defined by ¢, (z) = (e(x),e(x))
where the horizontal composition of 2-morphisms is defined by

(n1,mq) op (n,m) = (ny on,my o (n; em))

when compositions are defined. It is easy to check that the vertical composition and the horizontal
composition satisfy the usual interchange rule. Since

(n,m) = (et(n),m) op, (n,et(n)),

all 2-morphisms satisfy the Schreier condition. Now we will verify that the horizontal and vertical
compositions are associative and satisfy the interchange rule.

(ng, ma) oy, ((nl,ml) oy, (n,m)) = (ng,m2)op (n1 on,my o (ny em))

= (n (n1on), mzo(nz.(mlo(nl.m))))

((n2 ong)on,mgo(nzemy)o(nye(nge m)))

(
(

ngoni,mg o (ny e m1)> op (n,m)

N2, M2) m,ml)) op, (n,m),
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and

l( Yony) ) op (6(m) o n,m’)] Oy l(m, mi) op (mm)]
[a(

m1) oy 0 )on,m&o((a(ml)onl)om/)} o [nlon,mlo(nlom)}
(nlonml ((ml) (nlom')>omlo(nlom)>

— (nlonmlomlo( 1om')o(n10m)>
(

nion,mjomo(nye(m om)))

= (n1,m}omi)op (n,m om)
- [(<a<ml> oma),m} ) o <n1,m1>] o [((fxm) on),m') o, (n, m)]

whenever all compositions are defined.
Let A = (A2, A1, Ag) be a morphism of crossed semimodules of categories. Then §(\) = (Ao, A2, A2 ¥
A1) is morphism of Schreier 2-categories.

To define a natural equivalence S: 6y — 1gpcar, @ mapping Sc¢: 6v(C) — C is defined to be
identity on objects and on 1-morphisms, on 2-morphisms is defined by a — (s, (), @). Since

Sc(Bona) = Sc(Bonevsy(B)on doneysy(a))
= Sc(Bon (s4(3) @) op £450(B) on £vsu(a))
= (su(Bona),Bon (su(B) e @)
= (s0(B),B) on (s0(q), @)
= Sc(B) on Sc(a)
and
Se(8 0y ) = Sc(0 op @ op evsy(@) = (so(@),00na) = (55(8),0) 0n (sp(ax), &)
= Sc(6) 0y Sc(a),
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Sc preserves the compositions, whenever all above compositions are defined.

For a crossed semimodule K = (M, N, 9, e) over categories, a natural equivalence 7": 1cgc —
~0 is given by a map Tk : K — ~8(K) which is defined to be identity on objects, while on N and
on M is defined by m — (es(m), m). Clearly Tk is an isomorphism of crossed semimodules over
categories.

If a Schreier 2-category satifies the following condition, the theorem of [13] is obtained: for
each a € M, the horizontal and the vertical inverses are related by

a’ =egus8,() op al

Note that this condition is called Condition (A) in [13].

The following corollary is the theorem of [9].

Corollary 3.9. The category of 2-groupoids is equivalent to the category of crossed modules of
groupoids.

Proof: The vertical inverse of (n,m) is defined by (n, m)v = (8(m) o n,m) and the horizontal

inverse of (n,m) is defined by (n,m) = (n,mem).

4 Schreier internal categories in MON as Schreier 2-categories

We have mentioned that a Schreier internal category in MON is an internal category in MON which
satisfies the Schreier condition, see [12]. However, a different approach is to think of a Schreier
internal category in MON as a Schreier 2-category with a single object using similar method of [1].
To understand this, we can think a monoid M as a category with a single object x. Hence, elements
of M can be thought as morphisms and composition of morphisms is defined by multiplication of
M:
T AN = o T

Then, we can think a Schreier internal category M in MON as a 2-category with a single object .
Here 2-morphisms labeled by morphisms of M, and the horizontal composition defined by the
multiplication of M:

T x z' -z
. TN\ T T
* %] * s’ * = % Vr'r = x
v v’ 'y

Thus, the Schreier condition for 2-categories is expressed by f = f €45, (f) where f € Kers,. For
more details, see the references [15} 1]
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