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Abstract

We introduce some compact orbifolds on which there is a certain fi-
nite group action having a simple convex polytope as the orbit space.
We compute the orbifold fundamental group and homology groups
of these orbifolds. We compute the cohomology rings of these orb-
ifolds when the dimension of the orbifold is even. These orbifolds are
intimately related to the notion of small cover.
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1 Introduction

An n-dimensional simple polytope is a convex polytope in R"™ where ex-
actly n bounding hyperplanes meet at each vertex. The codimension one
faces of simple polytope are called facets. In this article we introduce some
n-dimensional orbifolds on which there is a natural Z5 ! action having a
simple polytope as the orbit space, where Zo = Z/27. We call these orb-
ifolds small orbifolds. The fixed points of Zgi1 action on an n-dimensional
small orbifold is homeomorphic to the 1-skeleton of the polytope. The small
orbifolds are closely related to the notion of small cover. A small cover of
dimension n is an n-dimensional smooth manifold endowed with a natural
action of Z% having a simple n-polytope as the orbit space, see [DJ]. The
fixed point set of Z4 action on a small cover correspond bijectively to the
set of vertices of polytope.

In section 2 we give the precise definition of small orbifold and give two
examples. We show the smoothness of small orbifold. In section 3 we cal-
culate the orbifold fundamental group of small orbifolds. We show that the
universal orbifold cover of n-dimensional (n > 2) small orbifold is diffeomor-
phic to R™. Theorem 3.7 shows that the space Z, constructed in Lemma 4.4
of [DJ], is diffeomorphic to R™ if there is an s-characteristic function (defi-
nition 2.1) of simple n-polytope. In section 4 we construct a CW-complex
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structure on small orbifold. We compute the singular homology groups of
small orbifold with integer coefficients. We establish a relation between the
modulo 2 Betti numbers of a small orbifold and the h-vector of the poly-
tope. In section 5 we compute the singular cohomology groups and the
cohomology ring of even dimensional small orbifold. In the last section we
discuss the toric version of small orbifold. All points of the quotient space
are smooth except at finite points. Though the quotient space is not an
orbifold (when n > 2), we compute the singular homology groups of these
spaces.

2 Definition and orbifold structure

Let P be a simple polytope of dimension n. Let F(P) = {F;, i =1,2,...,m}
be the set of facets of P. Let V(P) be the set of vertices of P. We denote
the underlying additive group of the vector space Fy~* by Z7 1.

Definition 2.1. A function ¥ : F(P) — Z5 ™' is called an s-characteristic
function if the following condition is satisfied. Whenever the facets F;,, F;,,
.., F; intersect at a vertex of P, the set

{197;17 19i27 sy 19721@717 192@7 ﬁik+17 ey 19in}a

where ¢; := 9(F;), constitutes a basis of Fg_l over Fy foreach k, 1 < k < n.
We call the pair (P,4) an s-characteristic pair.

Here the symbol ~ represents the omission of corresponding entry. We
give examples of s-characteristic function in 2.9 and 2.10. Now we give
the constructive definition of small orbifold using the s-characteristic pair
(P,9).

Let F be a face of the simple polytope P of codimension k£ > 1. Then

F=F,NF,Nn...NE

ko

where F;, € F(P) containing F'. Let G be the subspace of Fgfl spanned by
Piy, Biy, - - ., U5, . Without any confusion we denote the underlying additive
group of the subspace Gr by Gr. By the definition of ¥, G,, = Zg_l for each
v € V(P). So the s-characteristic function ¥ determines a unique subgroup
of Z;l*l associated to each face of the polytope P. Note that if kK < n then
Gr = 7Z%. The subgroup G of ng1 is a direct summand.

Each point p of P belongs to relative interior of a unique face F(p) of
P. Define an equivalence relations ~ on Z5 ™' x P by

(t,p) ~ (s,q) if p=gqand s —t € Gp(y). (2.1)

Let X (P,9) = (Z3~* x P)/ ~ be the quotient space. Whenever there is
no ambiguity we denote X (P,9) by X. Then X is a Zj '-space with the
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orbit map
m: X — P defined by «([t,p]™) = p. (2.2)

Let 7 : ngl X P — X be the quotient map. Let B™ be the open ball of
radius 1 in R™. We construct some smooth orbifold charts in the following
lemmas. In proposition 2.6 we show that union of these charts is an orbifold
atlas.

Lemma 2.2. For each vertex v of P there exists an orbifold chart
(B™, Zs, @,) of X, where ¢,(B™) is an open subset X, of X and {X, :
v € V(P)} cover X.

Proof. Let v € V(P) and U, be the open subset of P obtained by deleting
all faces of P not containing v. Let

Xo=m(U) = (257 x Us)/ ~.
The subset U, is diffeomorphic as manifold with corners to
BY ={z = (z1,22,...,7,) € R%;: Zij < 1}. (2.3)
Let f, : B} — U, be the diffeomorphism. Let the facets
{z1 =0} N B}, {x2=0}NnBT, ..., {z, =0} NBT

of Bf map to the facets F;,, F;,, ..., F;, of U, respectively under the diffeo-
morphism f,. Then F;, N F;, N...NF; = wv. Define an equivalence relation
~o on Zi~t x B} by

(t,z) ~o (5,y) if e =y and s —t € Gy, (2))- (2.4)

Let Yo = (Z3 ' x B})/ ~q be the quotient space with the orbit map
mo : Yo — BT. Let 7g : Zg_l x Bl — Yy be the quotient map. The
diffeomorphism id x f, descends to the following commutative diagram.

_ idX fy _
Zn~l x pp 2y gn-1 g,

'frgl 'frul (2.5)

Yo s X,
Here 7, is the map 7 restricted to Z;’_l x U,. It is easy to observe that
the map fv is a bijection. Since the maps 7, and 7y are continuous and the
map id X f, is a diffeomorphism, the map fu is a homeomorphism.
Let a € [0,1) and H, be the hyperplane {¥ z; = a} in R". Then
Py = Hy N B} is the origin of R™ and P, = H, N B} is an (n — 1)-simplex
for each a € (0,1). When a € (0,1), the facets of P, are

{Fo, :={z; =0} NP,; j=1,2,...,n}.



4 S. Sarkar

The map

Vo {Fa; :j=1,...,n} > Z5" defined by V,(F,,) = 9;, (2.6)
satisfies the following condition. If F is the intersection of unique I (0 <
I <n-—1) facets Fo; ..o, Fan of P, then the vectors ¥, (Fa].1 )y 719a(Fajl)
are linearly independent vectors of Fy .

Hence ¥, is a characteristic function of a small cover over the polytope
P,. Since P, is an (n—1)-simplex, the small cover corresponding to the char-
acteristic pair (Py,1,) is equivariantly diffeomorphic to the real projective
space RP"™ !, see [DJ]. Here we consider RP" ™! as the identification space
{En_l/{z =—z}:x¢€ 5‘§n_1}. So at each point (a,0,...,0) € B} — {0}
we get an equivariant homeomorphism

(Z5™ x Pa)/ ~o= RP"Y, (2.7)

which sends the fixed point [, a]™° to the origin of B" . It is clear from the
definition of the equivalence relation ~q that at (0,...,0) € By, (Zh~ ' x
Py)/ ~o is a point. Hence Yj is equivariantly homeomorphic to the open
cone

(RP"™ x [0,1))/RP" ' x {0}

on real projective space RP"!. Consider the following map
S"1 % [0,1) — B™ define by ((x1,x2,...,2,),7) = (re1, e, ..., 70,).

This map induces a homeomorphism f : B™ — (S"~1 x [0,1))/5"~! x {0}.
The covering map S™~ 1 — RP" ™! induces a projection map

@o : (S"71 % [0,1))/8™ 7 x {0} — (RP"™! x [0,1))/RP" ! x {0}.

Observe that this projection map g is nothing but the orbit map q of the
antipodal action of Zy on B™. In other words the following diagram is
commutative.

Br L (s 1 x0,1))/5" " x {0}

ql wol (2.8)
B" /7, SN (RP"™* x [0,1))/RP"* x {0}

Since the map ¢ is induced from the antipodal action on S"~1 the com-
mutativity of the diagram ensure that the map f is a homeomorphism. Let
y be the composition of the following maps.

B" % B /7y L (RP"! % [0,1))/RP™ ™ x {0}V, 22 X, (2:9)
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Hence (B™,Zs, p,) is an orbifold chart of X, corresponding to the vertex v
of the polytope P and {X, : v € V(P)} is an open cover of X. O

Let F be a codimension-k (0 < k < n) face of P. Let
Ur = (U,

where the intersection is over all vertices v of F. Let Xr := 7~ 1(Ur).

Fix a vertex v of F. Consider the diffeomorphism f, : B} — U,. Observe
that Ug can be obtained from U, by deleting unique n — k facets of U,. Let
Ey,....,F be the facets of U, such that

n—k

Ur :Uv—{ﬂl U-~-UFln,k};

where {l1,...,lh—r} C {1,2,...,n}. Let B% = f, '(Up). Let {x;, = 0},
..., {z1,_, = 0} be the coordinate hyperplanes in R" such that

f’l)({xll = O}QB?) = ﬂ1a RN fv({wln—k = O}QB?> = F‘ln,fk'

So By = B — {{zm, =0}U...U{xy,_, = 0}}. Then f,(ry ' (Br)) = Xp.
Let a € (0,1) and P, = P, —{x;, = 0}. Since (P,,?,) is a characteristic
pair, there exist an equivariant homeomorphism from (Z5~' x P.)/ ~qg
to B"~! such that (Z3 ' x Fa;)/ ~o maps to a coordinate hyperplane
Hj :={z;;, =0ynB" ! for j € {{1,2,...,n} — l1}. Clearly H; # H; for
i # 5.
Let P/ =P, — {{z;, =0} U...U{x;,_, =0}}. Then
(Zy ' x P/~ =B"'—{H,U...UH;, ,}and B%=(0,1) x P/.
So 7y H(BR) = (Z5~ x B})/ ~¢ is homeomorphic to
(0,1) x {287 x PY)/ ~o} = (0,1) x {B"' — (H,U...UH],_}}.
By our assumption

(0,1) x {B" ' —{H,,U...UH,,_,}} = (RP"* x[0,1))/RP"* x {0}.

So there exist two open subsets Dp, D} of B™ such that D = —Dp and
the following restrictions are homeomorphism.

1. pgo f|DF :Dp — (0, 1) X {anl — {le U... UHln,k.}}-
2. oo f|D% : D/F — (0, 1) X {anl — {le U... UHln,k.}}-

Hence the restriction ¢,|p, : D — X is homeomorphism. Clearly

Dp = {{B"N{x, >0}} —U'" "Dz =0} (2.10)

leawlj FTn
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Lemma 2.3. Let E(P) be the set of edges of the polytope P. Then for
each e € F(P) and v € V(e) there exist an orbifold chart (D,, {0}, p.,) on
Xe.

Proof. An edge e of P is a codimension-(n — 1) face. Then the set D, is

homeomorphic to an open ball in R™. Let ., := @y|p, : De = X¢ be the
restriction of the map ¢, to the domain D,., where v € V(e). So ¢, is a
homeomorphism. O

Lemma 2.4. Let F be a codimension-k (0 < k < n — 1) face of P. Then
for each (i,v) € {1,2,...,2(n—k —1)} x V(F) there exist an orbifold chart
(Br@), {0}, ¢r,i)) on the image of pp, ;) in Xp.

Proof. The set Dp is disjoint union of open sets {Bp¢y : i =1,...,2(n —
k—1)} in R™. Here all Bp(;) are homeomorphic to an open ball in R™. Let
(va(i) = (P’U|BF(1‘) : BF(z) — XF (2.11)

be the restriction of the map ¢, to the domain Bp(;), where v € V/(F). So
©F,(;) 18 an injection. O

Lemma 2.5. Let P° be the interior of P and Xp = 7~ !(P%). Then
for each (j,v) € {1,2,...,2(n — 1)} x V(P) there exist an orbifold chart
(Bj,{0}, ¢p,(;)) on the image of ¢p, ;) in Xp.

Proof. The set
Dp = {{B" N {z, > 0}} - U~} {z; = 0}} (2.12)

is homeomorphic to X p under the restriction of ¢, on Dp. The set Dp is a
disjoint union of connected open sets {B; : j =1,...,2(n—1)} in R where
each B; is homeomorphic to the open ball B". Let

©p,(j) = #olB;  Bj = Xp (2.13)

be the restriction of the map ¢, to the domain B;. So ¢p, ;) is an injection.
O

Proposition 2.6. The space X has a smooth orbifold structure.

Proof. Let

u:{(BnaZQ’W’U)}U{(D&{O}?@ev)}U{(BF(i)7{O}a(pFu(i))}U{(Bj7{0}59013((]'))])’
2.14
where v € V(P), e € E(P), F run over the faces of codimension k (0 < k <
n—1),i=1,...,2(n—k—1)and j =1,...,2(n—1). From the description



Some small orbifolds over polytopes 7

of orbifold charts in the previous lemmas, corresponding to each faces and
interior of the polytope, it is clear that il is an orbifold atlas on X. Clearly
the inclusions D, < B", Bp(;) < B™ and B; < B™ induce the following
smooth embeddings respectively:

(Dca {0}790@,,) — (Bn7Z2a90v)v (BF(i), {O}a@Fv(i)) — (BnaZ%(Pv)

and (Bj’ {0}7 @Pv(j)) — (Bna Ly, 90’0)-
Thus X (P,9) := (X, 4) is a smooth orbifold. O

We denote X (P,9) by X whenever there is no confusion.

Definition 2.7. We call the smooth orbifold X' (P, d) small orbifold asso-
ciated to the s-characteristic pair (P,).

Remark 2.8. 1. The small orbifold X(P,d) is reduced, that is, the
group in each chart has an effective action. Singular set of the orbifold
X(P,Y) is

EX(P,9) ={[t,v]” € X :v e V(P)}.

We call an element of ¥X'(P,d) an orbifold point of X.

2. We can not define an s-characteristic function for an arbitrary poly-
tope. For example, the 3-simplex in R? does not admit an s-characte-
ristic function.

3. The small orbifold X is compact and connected.

Example 2.9. Let P? be a simple 2-polytope in R2. Define
¥ : F(P?) = Zy by 9(F) = 1,YF € F(P?). (2.15)

So ¥ is the s-characteristic function of P2. The resulting quotient space
X (P?%,9) is homeomorphic to the sphere S?. These are the only cases
where the identification space is a topological manifold. The reason is the
following. Let P be a simple n-polytope (n > 2) and wp : X(P,¥) — P be
the orbit map. Then 7p(U,) is homeomorphic to the open cone on RP"!
for any vertex v of P. Since n > 2, X (P, ) is not a manifold.

Example 2.10. Let I? = {(z,y,2) € R?: 0 < z,y,2 < 1} be the standard
cube in R3. Let vy,...,vs be the vertices of I3, see figure 1. So the facets
of I3 are the following squares

Iy = v1vav3v4, Fy = 01020605, F3 = 01050804,

Fy = vavgv3vr, F5 = 04030708, Fg = vs5060703.
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FIGURE 1. An s-characteristic function of I3.

Define 9 : F(I3) — Z2 by
Hence 9 is an s-characteristic function of I°. Then

Gr =Gp, = {(070)’ (170)}7 Gr, =Gp, = {(0’0)7 (0, 1)},
GF:s = GF4 = {(O’O)a (17 1)}

For other proper face F of I3, Gp = Z3. Hence X (I3,9) is a 3-dimensional
small orbifold. Observe that X (I3,1) is just the standard 3 torus divided
by the involution  — x~!. That is, X (I3,1) is a quotient of a small cover
by an action of Zs.

Remark 2.11. The small orbifolds are closely related to the notion of
small cover. Actually some, but not all, small orbifolds are quotients of a
small cover by the action of Zs. If f : M — P is an n-dimensional small
cover such that the orbit space of a subgroup Zs(P)(= Z2) of Z% is a small
orbifold, then Zs(P)-action on the invariant subset f~1(U,) is nothing but
the antipodal action for any vertex v of P.

Observation 1. Let F be a codimension-k (0 < k < n—1) face of P. Then
F is a simple polytope of dimension n — k. Let F(F) = {Fj,...,F}} be
the set of facets of F'. So there exist unique facets Fj,,...,F}, of P such
that

F;,NF=F;

jivo

.. FyNF=F.

Fix an isomorphism b from the quotient field F3~'/Gr to Fy '~*. Define
a function

0 F(F) = 257" by ' (F)) = b(9(F},) + Gr).
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Observe that the function ¢’ is an s-characteristic function of F. Let
~' be the restriction of ~ on ZF~'"% x F. So X(F,¢) is an (n — k)-
dimensional smooth small orbifold associated to the s-characteristic pair
(F,9"). The orbifold X(F,') is a suborbifold of X'(P,¥) and the underly-
ing space X (F,9') = 7~(F). We have shown that for each edge e of P,
the set X, is homeomorphic to the open ball B". Let ¢’ be an edge of F
and U/, = Ues N F. Hence

We = (251 x U) ) ~'= (2571 x UL)/ ~
is homeomorphic to the open ball B"~*.

3 Orbifold fundamental group

Orbifold cover and orbifold fundamental group was introduced by Thurston
in [Th]. In this section we compute the universal orbifold cover and orbifold
fundamental group of an n-dimensional (n > 3) small orbifold X over P C
R™.

Definition 3.1. A covering orbifold or orbifold cover of an n-dimensional
orbifold Z is a smooth map of orbifolds g : ) — Z whose associated con-
tinuous map ¢ : Y — Z between underlying spaces satisfies the following
condition.

Each point z € Z has a neighborhood U 2 V/T" with V' homeomorphic
to a connected open set in R™, for which each component W; of g~ (U)
is homeomorphic to V/I'; for some subgroup I'; C T" such that the natural
map g; : V/T'; = V/I corresponds to the restriction of g on W;.

Definition 3.2. Given an orbifold cover g : J — Z a diffeomorphism
h:)Y — Y is called a deck transformation if goh = g.

Definition 3.3. An orbifold cover g : )Y — Z is called a universal orbifold
cover of Z if given any orbifold cover g; : W — Z, there exists an orbifold
cover go : Y — W such that g = g; o ga.

Every orbifold has a universal orbifold cover which is unique up to dif-
feomorphism, see [Th]. The corresponding group of deck transformations is
called the orbifold fundamental group of Z and denoted by 7™ (Z).

The set of smooth points

M:=X-XX

of small orbifold X is an n-dimensional manifold. For each v € V(P) we
have
X, —[0,v]” =2 RP"! x I°,
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The sphere S™~! is the double sheeted universal cover of RP" ™!, So the
universal cover of X, — [0,v]~ is S"7! x I® = B" — 0. Let e be an edge
containing the vertex v of P. Define € := eNnU,.

Identifying the faces containing the edge € of U, according to the equiv-
alence relation ~ we get the quotient space Xz(U,, ) homeomorphic to

B! :={(z1,x9,...,2,) € B" : 2,, > 0}.

The set X, is obtained from Xz(U,,®) by identifying the antipodal points
of the boundary of Xz(U,,?) around the fixed point [a,v]~. Identifying
two copies of Xz(U,, ) along their boundary via the antipodal map on the
boundary we get a space homeomorphic to B".

Doing these identification associated to the orbifold points we obtain
that the universal cover of M is homeomorphic to R® — N for some infinite
subset N of Z™ where N depends on the polytope P in R™. Let

C:R*—N =M (3.1)

be the universal covering map.

The chart maps ¢, : B® — X, are uniformly continuous and P is an
n-polytope in R™. So for each x € N there exists a neighborhood V,, C R"
of x such that the restriction of the universal covering map ( on V, — x is
uniformly continuous. Hence the map ¢ has a unique extension, say CA , on
their metric completion. The metric completion of R — N and M are R™
and X respectively. The map ¢ sends N onto V (P).

We show the map 6 is an orbifold covering. Let o : Z — X be an orbifold
cover. Then the restriction o : Z — ¥Z — M is an honest cover. Hence
there exist a covering map ¢, : R” — N = Z — X2 so that the following
diagram is commutative.

¢ l Ql (3:2)
M s M
Since the map ( is locally uniformly continuous and the maps (,, ¢ are

continuous, all the maps in the diagram 3.2 can be extended to their metric
completion. That is we get a commutative diagram of orbifold coverings.

R — 2

(| | (3.3)
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Hence é : R™ — X is an orbifold universal cover of X. Clearly the map é is
a smooth map.

Theorem 3.4. The universal orbifold cover of an n-dimensional small orb-
ifold is diffeomorphic to R™.

/‘U
2

s

U1

FIGURE 2. Identification of faces containing the edge vsvg of I3.

Example 3.5. Recall the small orbifold X (I3,49) of example 2.10. The set
of smooth points

M(I3,9) := X(I*,9) — DX (I3,9)

is a 3-dimensional manifold. The universal cover of M (I3,4) is homeomor-
phic to R?® — Z3. To show this we need to observe how the faces of Z3 x I3
are identified by the equivalence relation ~ (see equation 2.1) on Z3 x I3.
For each v € V(I?)

X, (I3,9) — [a,v]~ = RP? x I°.

The sphere 52 is the double sheeted universal cover of RP?. So the universal
cover of X, (I3,9) — [a,v]™ is S? x I° =2 B3 — (. Hence the identification of
faces around each vertex of I tells us that the universal cover of M (I3,4)
is R? — Z3. We illustrate the identification of faces by the figure 2, where
x ~ —x on the upper face and y ~ —y on the lower face in that figure.

Now we use the following observation from [ALR] to compute the orb-
ifold fundamental group of X.
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Observation 2. Supposg thatAu : )AJ — Y is an orbifold universal cover.
Then the restriction u: Y — XY — Y — ¥ is an honest cover with G =
79" (1)) as the orbifold covering group, where ¥} is the singular subset of

Y. Therefore Y = j)\/G

Let {B1,82,...,0m} be the standard basis of Z35*. Define a map 3 :
F(P) = Z5* by B(Fj) = B;. For each face F = F;, N F;, N...NFj,, let Hp
be the subgroup of Z5* generated by 8;,, 8, - .., 3. Define an equivalence
relation ~g on Z3* x P by

(s,p) ~g (t,q) if and only if p=g and t — s € Hp

where F' C P is the unique face whose relative interior contains p. So
the quotient space N(P, ) = (Z5 x P)/ ~z is an n-dimensional smooth
manifold. N(P,f) is a Z5*-space with the orbit map

7y : N(P, 8) — P defined by m,([s,p]™~?) = p.

We show P has a smooth orbifold structure. Recall the open subset U, of
P associated to each vertex v € V(P). Note that open sets {U, : v € V(P)}
cover P. Let d be the Euclidean distance in R™. Let F; , F;,,..., F; be
the facets of P such that v is the intersection of Fj,, Fi,, ..., F; . For each
p €Uy, let
zj(p) = d(p, I;), forall j =1,2,...,n.

Let By = {(z1(p),...,zn(p)) € RY, :p € Uy}. So the map
f:U, — By defined by p — (z1(p), ..., zn(p))

gives a diffeomorphism from U, to B)'. Consider the standard action of Z%
on R™ with the orbit map

£€:R" = RY,.

Then £~1(B?) is diffeomorphic to B™. Hence (§~Y(BP), f~10&,Z8) is a
smooth orbifold chart on U,. To show the compatibility of these charts as v
varies over V(P), we can introduce some additional smooth orbifold charts
to make this collection an smooth orbifold atlas as in section 2. From the
definition of ~ it is clear that = : X (P,9) — P is a smooth orbifold covering.

Definition 3.6. Let L be the simplicial complex dual to P. The right-
angled Coxeter group I' associated to P is the group with one generator for

each element of V(L) and relations between generators are the following;
a’=1for all a € V(L), (ab)? = 1if {a,b} € E(L).
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For each p € P, let F(p) C P be the unique face containing p in its
relative interior. Let F((p) = F;, N...NFj,. Let a;,,...,a; be the vertices
of L dual to Fj,,..., F}, respectively. Let I'p(,) be the subgroup generated
by a;,,...,a;, of I'. Define an equivalence relation ~ on I' x P by

(9,p) ~ (h,q) if p=gand h™'g € Tp).

Let Y = (I x P)/ ~ be the quotient space. We follow this construction
from [DJ]. So Y is a I'-space with the orbit map

r 1Y — P defined by &r([g,p]™) = p. (3.4)

Then Y is an n-dimensional manifold and &p is an orbifold covering. Since
each facet is connected, whenever two generators of I' commute the inter-
section of corresponding facets of P is nonempty. From Theorems 10.1 and
13.5 of [D], we get that Y is simply connected. Hence &r is a universal
orbifold covering and the orbifold fundamental group of P is I'.

Let H be the kernel of abelianization map I' — I'®*. The group H
acts on Y freely and properly discontinuously. So the orbit space Y/H is a
manifold. The space Y/H is called the universal abelian cover of P. Note
that N(P,8) =Y/H. Let

§s:Y = N(P,f) (3.5)

be the corresponding orbit map. B
Define a function ¥ : Z3' — 2571 by ¥#(8;) = ¥(F;) = ¥, on the basis of
Z3'. So v is a linear surjection. ¢ induces a surjection

J: N(P,B) — X (P,9) defined by 9([s,p]™*) = [s,p]™. (3.6)

That is the following diagram commutes.

N(P,B) —— X(P,9)

wl ﬁl (3.7)

p 4, p

From this commutative diagram we get ¥ is a smooth orbifold covering of
X (P,9). Hence the composition map

Jo&s:Y — X(P,V)

is a smooth universal orbifold covering. From [Th] and Theorem 3.4 we
obtain the following necessary condition for existence of an s-characteristic
function.
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Theorem 3.7. Let ¢ : F(P) — Z5 ! be an s-characteristic function of the
n-polytope P (n > 2). Then the space Y is diffeomorphic to R™.

Note that when P is an n-simplex, Y is homeomorphic to the n-dimensio-
nal sphere S™. So by this theorem there does not exist an s-characteristic
function of n-simplex.

Let &y be the following composition map

r T 7 zot, (3.8)

Clearly ker(&y), kernel of &, acts on Y with the orbit map Yo &s. Now
using the observation 2, we get the following corollary.

Corollary 3.8. The orbifold fundamental group of X (P, 9) is ker(&y) which
is a normal subgroup of the right-angled Coxeter group associated to the
polytope P.

4 Homology and Euler characteristic
4.1 Face vector of polytope

The face vector or f-vector is an important concept in the combinatorics
of polytopes. Let L be a simplicial n-polytope and f; is the number of
j-dimensional faces of L. The integer vector f(L) = (fo,..., fn—1) is called
the f-vector of the simplicial polytope L. Let h; be the coefficients of t"~*
in the polynomial

(t—1)" + 20— 1) (4.1)

The vector h(L) = (hg, ..., hy) is called h-vector of L. Obviously hy = 1,
and Xh; = fo—1. The f-vector and h-vector of a simple n-polytope P is
the f-vector and h-vector of its dual simplicial polytope respectively, that
is f(P) = f(P*) and h(P) = h(P*).

Hence for a simple n-polytope P,

f(P):(foa'-wfnfl% (42)

where f; is the number of codimension-(j + 1) faces of P. Then h, =1
and E: h; is the number of vertices of P. The face vector is a combinatorial
invariant of polytopes, that is it depends only on the face poset of the
polytope.

4.2 (CW-complex structure

To calculate the singular homology groups of small orbifold X we construct
a CW-structure on these orbifolds and describe how the cells are attached.
Realize P as a convex polytope in R™ and choose a linear functional

¢:R" SR (4.3)
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which distinguishes the vertices of P, as in proof of Theorem 3.1 in [DJ].
The vertices are linearly ordered according to ascending value of . We
make the 1-skeleton of P into a directed graph by orienting each edge such
that ¢ increases along edges. For each vertex of P define its index indp(v),
as the number of incident edges that point towards v.

Definition 4.1. A subset @ C P of dimension k is called a proper subcom-
plex of P if @ is connected and @ is the union of some k-dimensional faces
of P.

In particular each face of P is a proper subcomplex of P. The 1-skeleton
of @ is a subcomplex of the 1-skeleton of P. The restriction of ¢ on the
1-skeleton of @ makes it a directed graph. Define index indg(v) of each
vertex v of () as the number of incident edges in @) that point towards v.
Let V(Q) and F(Q) denote the set of vertices and the set of faces of @
respectively.

Lemma 4.2. Let X be a small orbifold over a simple polytope P. Then X
has a CW-complex structure with ¥'h; cells in dimension k, 0 < k < n.

Proof. Let
Ip={(u,e,) €V(P)x E(P):indp(u)=nande,is the edge joining the vertices
u, &, such that p(u) > @(x,) > p(a) for all vertex a € V(P) — {u,z,}}.
Let U, = U, NU,, and Q" = P. Then W,, = (Z4 ' x U,.,)/ ~ is
homeomorphic to the n-dimensional open ball B™ C R™. Let
Q" '=P-U,,. (4.4)

Q™! is the union of facets not containing the edge e, of P. So Q™!
is an (n — 1)-dimensional proper subcomplex of P and V(P) = V(Q"™1).
Let v € V(Q" ') with indgn-1(v) = n— 1. Let F)~! € F(Q" ') be the
smallest face which contains the inward pointing edges incident to v in Q1.
If vy, vy are two vertices of Q"™ with indgn-1(v1) =n — 1 = indgn-1(v2)
then Fﬁ_l =+ Fﬁ;l. Let

Ign-1={(v,e,) €V (P)x E(P):indgn-1(v)=n—1 and e, is the edge joining
the vertices v,y, € V(F" 1) : o(v) > o(yn) > p(b) Vb € V(F" ) —{v,y,}}.

Let
Ue, = U, NU,, NE}* for each (v,e,) € Ign-1.

From observation 1, W, = (Zy ' xU,,)/ ~ is homeomorphic to the (n—1)-
dimensional open ball B»~! ¢ R"~!. Let

Q=pr-{{ |J Uv.yu{ U U} (4.5)

(w.eu)Elgn (v,e0)Elgn-1
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So Q"2 is an (n — 2)-dimensional proper subcomplex of P and V(P) =
V(Q"2). Let w € V(Q"~2) with indgn—2(w) = n—2. Let F'=2 € F(Q"?)
be the smallest face which contains the inward pointing edges incident to
w in Q2. If wy, wy are two vertices of Q"2 with indgn—2(wy) =n—2=
indgn-2(ws) then Fi—2 # Fp-2. Let

Ign—2={(w,e,) €V (P)XE(P) : indgn-2(w)=n—2 and e,, is the edge joining

the vertices w, z, € V(F" %) : p(w) > 0(20) > (c) ¥ c€V(F"2)—{w, 2, } }.
Let

Ue, = Uy NU,, NFL? for each (w, ey) € Ign-2.
From observation 1, W,, = (Z3 ' x U,,)/ ~ is homeomorphic to the
(n — 2)-dimensional open ball B"~2 C R"~2,

Continuing this process we observe that Q'(=~ (Z5 ' x Q')/ ~) is a
maximal tree of the 1-skeleton of P and Q° = V(P). Hence relative interior
of each edge of (Z5~* x Q')/ ~ is homeomorphic to the 1-dimensional ball
in R. So corresponding to each edge of polytope P, we construct a cell

k

of dimension > 1 of X. Let Xy = V(P) and Xj = U U W, for
=1 (v,ey)€lyi

1 <k <n. Then X} is the k-th skeleton of X and

X = U X
k=1
The integer h,_; is the number of vertices v € V(P) of indp(v) = i.
The Dehn-Sommervile relation is
hi:hnfi Vz’zO,l,...,m
see Theorem 1.20 of [BP]. Hence the number of k-dimensional cells in X is
[ Igr| = Xph; for 1 <k < n. (4.6)

So we get a CW-complex structure on X with ¥} h; cells in dimension k,
0<k<n. O

We describe the attaching map for a k-dimensional cell. Here k-dimensio-
nal cells are

{We, @ (v,ey) € Ign}.
Let (v,e,) € Igr. Let FF¥ € F(Q") be the smallest face containing the

inward pointing edges to v in Q*. Define an equivalence relation ~., on
Zh~ ' x FF by

(t,p) ~e, (5,q) ifp=q€ F and s —t € Gp (4.7)
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where F' € F(FF) is a face containing the edge e,. The quotient space
(Z5~' x FF)/ ~., is homeomorphic to the closure of open ball B* C RF,
The attaching map ¢px is the natural quotient map

gt SN (L X (FE UL  ~ey = (B3 x (FE-UL)/ ~ . (48)

Since singular homology and cellular homology are isomorphic, we com-
pute cellular homology of X. To calculate cellular homology we compute
the boundary map of the cellular chain complex for X. To compute the
boundary map we need to compute the degree of the following composition

map Bue,

Prk
k—1 u n—1 k 9 Xp_1 __ k—1 Yuw k—1
SN (25 X (FE - UL,/ ~— 2L = V oosht sk
(w,ew)GIQk_l
(4.9)
where FF¥ is a face of Q¥ of dimension k (k > 2), Sk~ = S*~1 and ¢, g,

are the quotient maps.

Lemma 4.3. Degree of the map SBye, is 2 if £ > 2 is odd and By, is a
surjection. Otherwise it is zero.

Proof. Clearly the above composition map S, is either surjection or con-
stant up to homotopy. When the map is constant the degree of the compo-
sition map Bye, is zero. We calculate the degree of the composition when
it is a surjection.

Let (w,ew) € Igr-1 be such that By, is a surjection. Let z, be the
vertex of the edge e, other than w. Let F~1 € F(Q* 1) be the smallest
face which contains the inward pointing edges to w in Q¥~1. Let

Ue, =U,NU,, NF*L,

So U,,, is an open subset of F*~! and U, contains the relative interior of
ew. The face FF=1 C F¥ — U, is a facet of F¥. Note that

We, =(Zy " x Ue,)/ ~ =8Sht —{Xp_2/Xp_2}.

The quotient group G FE-1 /G px 1 isomorphic to Z,. Hence from equa-
tions 4.7, 4.8 and 4.9 we get that (Bue,) *(We, ) has two components Y'!
and Y2 in S*~!. The restrictions (Bwe, )yt and (Bue, )|y, on Y! and Y?
respectively, give homeomorphism to W, . Let y, be the vertex of the edge
e, other than v. Observe that

(Zy™" % (Fy = {Ue, U{v,90}})/ ~e, 2 1% x S72,
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Hence from the definition of equivalence relation ~, it is clear that Y2
is the image of Y'! under the map (possibly up to homotopy)

(idx a) : 19 x S*=2 — 1% x §*=2 defined by (id x a)(r, ) = (r, —z), (4.10)

where I° is the open interval (0,1) C R. The degree of (id x a) is (—1)*1L.
Hence the degree of the composition map By, is

2 if k > 2 is odd and S, is a surjection
dyw = deg(Bue,) = 0 if kK > 2 is even and fBy., is a surjection
0 if Bye, is constant
(4.11)
O

Theorem 4.4. The singular homology groups of the small orbifold X with
coefficients in Z is

Z if k=0andif £k =n even
Hy(X,Z) = (Bn, Z)® (@zgﬂhi Zs) ifkiseven, 0 <k<mn
0 otherwise

Proof. The cellular chain complex of the CW-complex constructed in lemma
4.2 of small orbifold X is

0—7Z ﬂ) @|1Qn—1| 7 — ...ﬁ)@ua)ﬂ Z E) @|]Q1| Z i) @|1Q0| Z—0
(4.12)
where dj, is the boundary map of the cellular chain complex. If k£ > 2 the
formula of dj, is

dWe)= Y duWe,, (4.13)

(w,ew)€lgr—1
where (v,e,) € Igr and d,, is the degree of the composition map Bye, -
Hence the map dy, is represented by the following matrix with entries

{dow = (v,ey) € Igr, (W, ey) € Igr-1}. (4.14)

So by lemma 4.3 the map dj is the zero matrix for all even k. When
k > 2 is odd, the map dj is injective and the image of the map dj is the
submodule generated by

{ > duwWe, : (vey) € Ige}. (4.15)

(w,ew)€lgr—1

Hence the quotient module (GBHQ,C_“ Z)/Imdy; is isomorphic to (@p, Z) ®
(g, hi Za)-

k+1
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Since the 1- skeleton X is a tree with X h; vertices and £7h; edges. The
boundary map d; is an injection. The image of d; is X7'h; dimensional direct
sur%mand of @7, Z over Z. Hence (@\IQol 7)/d1 (@\IQH 7) is isomorp}gc
to Z.

Remark 4.5. If P is an even dimensional simple polytope then the small
orbifold over P is orientable.

Corollary 4.6. The singular homology groups of the orbifold X with co-
efficients in Q is

Q if k=0 and if kK =n even
Hy(X,Q)=( ®p, Q ifkiseven, 0<k<n
0 otherwise

With coeflicients in Zs the cellular chain complex 4.12 is
0 0 0 dy 0
0—Zo — GB‘Ianl‘ Ly — -+ o — EBUQI‘ Lo —> @\1Q0| Zy — 0 (4.16)

Where d; is an injection. Hence (@|1Q0| Zs)/dy (@\IQl\ 7Z5) is isomorphic to
Zsy. So we get the following corollary.

Corollary 4.7. The singular homology groups of the orbifold X with co-
efficients in Zs is

Zo if k=0andifk=n
Hk(X7Z2) = Dsrn, Zo ifl<k<n
0 ifk=1

Remark 4.8. The k-th modulo 2 Betti number by (X) of small orbifold X
is zero when k = 1. bp(X) = X h; if 1 < k < n and bo(X) = hg = 1.
Hence modulo 2 Euler characteristic of X is

X(X) = ho + Sp_y(—1)F5rh; = 5/, (4.17)

Observe that bi(X) # by (X) if 1 < k < n. Hence the Poincaré Duality
for small orbifolds is not true with coefficients in Zs.

5 Cohomology ring of small orbifolds

We have shown that the even dimensional small orbifolds are compact,
connected, orientable. Let X be an even dimensional small orbifold over the
polytope P. Hence by the following Proposition we get that the cohomology
ring of X satisfy the Poincaré duality with coefficients in rationals.
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Proposition 5.1 (Proposition 1.28, [ALR]). If a compact, connected Lie
group G acts smoothly and almost freely on an orientable, connected, com-
pact manifold M, then the cohomology ring H*(M/G;Q) is a Poincaré
duality algebra. Hence, if X' is a compact, connected, orientable orbifold,
then H*(X;Q) will satisfy Poincaré duality.

We rewrite Poincaré duality for small orbifolds using the intersection
theory. The purpose is to show the cup product in cohomology ring is
Poincaré dual to intersection, see equation 5.9. The proof is akin to the
proof of Poincaré duality for oriented closed manifolds proved in [GH]. To
show these we construct a q-CW complex structure on X. The q-CW
complex structure on a Hausdorff topological space is constructed in [PS].

An open cell of g-C'W complex is the quotient of an open ball by linear,
orientation preserving action of a finite group. Such an action preserves the
boundary of open ball. The construction mirrors the construction of usual
CW complex given in Hatcher [Ha]. In [PS] the authors show that g-cellular
homology of a q-CW complex is isomorphic to its singular homology with
coeflicients in rationals. Similarly we can show that g-cellular cohomology of
a q-C'W complex is isomorphic to its singular cohomology with coefficients
in rationals.

Let P be an n-dimensional simple polytope where n is even and 7 : X —
P be a small orbifold over P. Let P’ be the second barycentric subdivision
of the polytope P. Let

{(n*:aeA(k)and k=0,1,...,n} (5.1)

be the simplices in P’. Here k is the dimension of 7% and A(k) is an index
set. Let (%) be the relative interior of k-dimensional simplex 7" .

Definition 5.2. A subset Y C X is said to be relatively open subset of di-
mension k if for each point y € Y there exist an orbifold chart (U, G, ) such
that (V)  y is an open subset of Y, for some k-dimensional submanifold

VofU.

Then (771)(n*)? is disjoint union of the following relatively open subsets

{(eh ) cXi=1,...,a(k)}

for some natural number a(k). Here 0% is the closure of (¢f )? in X.
The restriction of m on % is a homeomorphism onto the simplex 7’ for
i=1,...,a(k). Then the collection

{o% i=1,...,a(k)and a € A(k) and k =0,1,...,n} (5.2)

1)
gives a simplicial decomposition of the small orbifold X. So

K = {0, 0o (5.3)
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is a simplicial complex of X.

Definition 5.3. The transversality of two relatively open subsets U and V
of X at p e UNYV is defined as follows:

1. If p is a smooth point of X, we say U intersect V transversely at p
whenever T,(U) + T,(V) = T,(X).

2. If p is an orbifold point of X there exist an orbifold chart (B™, Zs, ¢y)
such that ¢, (0) = p. We say U intersect V transversely at p whenever
To(e, 1(U) + To(e, 1 (V) = To(B").

Let akl and p > be two simplices of dimension k; and ks, respectively in
the smlph(nal complex K of X.

Definition 5.4. We say of& and p > intersect transversely at p € okl ﬁpﬁ
if there exist two relatively open Subsets U C X and V C X containing Jai
and pgj respectively such that dim(U) = ky, dim(V) = ks and U intersect
V transversely at p.

Let U and V be two complementary dimensional relatively open subset
of X that intersect transversely at pc UNV.

Definition 5.5. Define the intersection index of U and V at p to be
1 if there exist oriented bases {&1,...,&k } and {m,...,nk,} for T,(U)
(To(ey H(U))) and  T,(V) (To(py,'(V))) respectively such that
{&, .. €ksm, ... Mk, ) 1s an oriented basis for T, X (TyB™) whenever p is
smooth (respectively orbifold) point of X. Otherwise the intersection index
of U and V at pis —1.

Since antipodal action on B™ (as n is even) is orientation preserving
there is no ambiguity in the above definition. Let

A= Enmakt and B = Ymg, pgj

[e3

be two cycles of the simplicial complex I such that n = k1 + ko and they
intersect transversely.

Definition 5.6. Define the intersection number of A and B is the sum
of the intersection indixes (counted with multiplicity) at their intersection
points.

The number is finite since A and B are closed subsets of compact space
X. We show that the 1ntersect10n number depends only on the homology
class of the cycle. Let akl and pB2 be two simplices in K with k1 + ko = n.
From the construction of the snnph(nal complex K we make some observa-
tions.
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Observation 3. 1. g% and pgf can not contain different orbifold points
whenever their intersection is nonempty.

2. Each o%! and pgj can contain at most one orbifold point.

3. If ¥ and pgj contain an orbifold point or not, whenever their inter-
section is nonempty, we can find a Zs-invariant smooth homotopy

G:[0,1]] x X, = X,

fixing the orbifold point of X, such that G(0 x U¥') and G(1 x Vﬁkj?)
intersect transversely where Uél and V[f]? containing afﬁ and pfﬁ re-

spectively are suitable relatively open subsets of X, and dingf} =k,
dimVy? = ko.

Let o4l +...+ 04 be the boundary of (ki + 1)-simplex o' *'. The
observations 3 also hold for the simplices o*1*1 and pgj although %k + 1 +

ko =n+ 1. If G is the smooth homotopy and G'(0 x UM 1) N G'(1 x V;J?)
is nonempty then the subset

G'(0x US) NG (1 x Vg2)

of X is a collection of piecewise smooth curves. After lifting a curve to
an orbifold chart (if necessary), using the similar arguments as in [GH]
we can show that intersection number of of 4 ... + afé}q and pgf is zero.
k1

Integrating these computation to the boundary A = ¥n,, 05! and the cycle

B = ¥mg, ij we ensure that the intersection number of A and B is zero.
Let K/ = {7k, 0} be the first barycentric subdivision of the

complex K. Now we construct the dual g-cell decomposition of the complex
K. For each vertex agi in the complex IC, let

*ogi: U U (5.4)

0
Qg

o ergj

be the n-dimensional g-cell which is the union of the n-simplices 7'[;], e K’

containing Ugi as a vertex. Then for each k-simplex a’(;i in the decomposi-
tion IC, let

*UZ,-: ﬂ *og]_ (5.5)

Uﬂj ETai

be the intersection of the m-dimensional g-cells associated to the k + 1
vertices of 0¥ . The q-cells {A "% = xo¥ } give a g-cell decomposition of X,
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called the dual g-cell decomposition of /. So the dual g-cell decomposition
{A"k} is a q-CW structure on X.

From the description of dual g-cells it is clear that Ag;k intersects 021_
transversely when dimension of U(];i is greater than zero. A7 is a quotient
space of the antipodal action on a symmetric convex polyhedral centered at
origin in R™. Since the antipodal action on R™ (n even) preserve orientation
of R", we can define the intersection number of ¢ . and A7 to be 1. We
con51der the orlentatlon on the dual g-cell {A7 } such that the intersection
number of o¥ o, and AR” ks 1.

Using the same argument as Grifiths and Harris have made in the proof
of Poincaré duality theorem in [GH], we can prove the following relation
between boundary operator 0 on the cell complex {cr(’ii} and coboundary
operator 0 on the dual g-cell complex {AZ:’“} when dimension of aﬁi is
greater than one,

SUALTY) = (~1)"FH w90k ). (5.6)

Let {0k } =< @,y >€ K be a one simplex with the vertices z,y. The
orientation on {o% } comes from the orientation of X. Since we are con-
0

s1de1"1ng g-cell structure on X, define §({A21}) = «0) — x00. So we get a

map 0% — A~F which induces an isomorphism
& Hi(X,Q) = Hy'ow(X, Q), (5.7)

where H. gfckw(X ,Q) is n — k th g-cellular cohomology group. Hence we
have the following theorem for even dimensional small orbifold.

Theorem 5.7 (Poincaré duality). Let X be an even dimensional small
orbifold. The intersection pairing

Hk(X7 Q) X ank(X7 Q) — Q

is nonsingular; that is, any linear functional H,,_ (X, Q) — Q is expressible
as the intersection with some class © € Hy (X, Q). There is an isomorphism
¢, from Hy(X,Q) to H" (X, Q).

Using this Poincaré duality theorem for even dimensional small orbifold
we can calculate the cohomology groups of small orbifold X.

Theorem 5.8. The singular cohomology groups of the even dimensional
small orbifold X with coefficients in Q is

Q if k=0 and if kK =n even
HN(X)={ @, Q ifkiseven, 0 <k <n
0 otherwise.
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We can also define a product i, 1, similarly as in [GH] but some care
is needed at orbifold points. The product

Phiks : Hn—gy (X, Q) X Hy— ) (X, Q) = Hp— gy —1, (X, Q) (5.8)

on the homology of X in arbitrary dimensions satisfying the following com-
mutative diagram.

Hkiko

ankl (X; Q) X ankz (X, Q) — H’ﬂfk1fk2(X’ Q)
En—kq X‘En—kgl §n—k1—k2J( (5'9)
HM(X,Q) x H*(X,Q) —— HM*(X,Q)

where the lower horizontal map u is the cup product in cohomology ring.

We write some observations about the transversality of faces of an n-
dimensional polytope P (n even). Let F' and F’ be two faces of P. F and
F’ intersect transversely if codim(F N F') = codimF + codimF’. Since P
is simple polytope, the following two properties are satisfied.

Property 1. Let F be a 2k-dimensional face of P and u be a vertex of F'.
Then there is a unique (n — 2k)-dimensional face F’ of P such that F' and
F’ meet at u transversely.

Property 2. Let F' be a face of codimension 2k. Then there is k many
distinct faces of codimension two such that they intersect transversely at
each point of F'.

Lemma 5.9. Let 7 : X — P be an even dimensional small orbifold and
X (F,9") = n~Y(F) for each face F of P. Then

1. For each 2k-dimensional face F' of P, the homology class represented
by X (F,¥), denoted by [X (F, )], is not zero in H.(X,Q).

2. The cohomology ring H*(X, Q) is generated by 2-dimensional classes.

Proof. The space X (F,v') is a 2k-dimensional suborbifold of X, for each
2k-dimensional (0 < 2k < n) face F' of P. By Corollary 4.6 we get that the
homology in degree 2k of X is generated by the classes of form [X(F,d)],
where F' is a 2k-dimensional face.

By equation 5.9, the dual of X (FNF’,+¥) is the cup product of the dual
of [X(F,9")] and the dual of [X(F',9)], if F' and F’ intersect transversely
and otherwise the dual of X (F N F’,4') is zero.

The property 1 tells that there is an (n — 2k)-dimensional face F’ which
intersects F' transversely at a vertex of P. Since the homology classes
[X(F,9)] and [X (F’,¢)] are dual in intersection pairing of Poincaré dual-
ity, they are both nonzero. This proves (1) of the above Lemma.
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In theorem 5.8 we show the odd dimensional cohomology group is zero.
The cohomology in degree 2k is generated by Poincaré duals of classes of
the form [X(F,?¢')], codimF = 2k. By property 2, F is the transverse
intersection of distinct faces of codimension two. Hence, the Poincaré dual
of [X(F,¥")] is the product of cohomology classes of dimension 2. This
proves (2) of the above Lemma. O

Recall the index function indp from section 4. Let F, € F(P) be the
smallest face containing the inward pointing edges incident to the vertex
v of P. Let w be the Poincaré dual of class of the form [X(F,,)], also
denoted by [v]. Let {vi,vq,..., v} be the set of vertices of P such that
indp(v;) = n — 2. We show that {w;,ws,...,w,} is a minimal generating
set of H*(X,Q).

Let A; = {v € V(P) : indp(v) = j. Let Up be the open subset of
F, obtained by deleting all faces of F, not containing the vertex v. From
section 2 it is clear that 7 —! (Upg, ) is homeomorphic to the orbit space BI s,
where Zo action on B’ is antipodal. So w‘l(UFv) is j-dimensional g-cell in
X. Clearly

X = U Wﬁl(Uﬁv).
veV(P)
This gives a q-CW structure on X. From Theorem 1.20 of [BP], we get
the number of j-dimensional cells is h,_;, cardinality of A;. So the cor-
responding g-cellular chain complex gives that {[v] : v € A;} is a basis of
H;(X,Q) if j is even. Theorem 5.8 tells that {w = §;([v]) : v € A;} is a
basis of H" 77 (X, Q) if j is even.

Let F be a codimension 2k face of P with top vertex v of index n — 2k.
By property 2 F' is unique intersection of k£ many distinct codimension 2
faces Fvil ey Fvlk with top vertices v;,,...,v; € {v1,va,..., v} respec-
tively. Hence w;, ...w;, = w in H*(X,Q). Consider the polynomial ring
Q[wy, wa, ..., w,]. Let the map

le.--ml tHy (Xv Q) Ko X Hm'l (Xv Q) - Hn—nil—'“—ml (Xv @) (5'10)

i1

be defined by the repeated application of the product map pin, n, . Let I
be the ideal of Q[w1, wa, ..., w,] generated by the following elements

Wiy Wiy - . - Wy, ifﬂnil...nil ([Ui1]7 s [Uil]) =0in an{nilJr-”Jrnil}(Xv@)
S= lllwik—Hlfwjl ifﬂnil...mll([vil],- . -a[vizl]) :/’l’nj1~~-njl2([vj1}7' .- 7[Uj12]) in
Hy () 4oin, } (XQ) with ng+. oo ng, =njt. . 40y,
(5.11)
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The Poincaré Duality theorem and intersection theory ensure that the re-
lations among w;’s are exactly as described above. Hence we have the
following theorem.

Theorem 5.10. The cohomology ring of even dimensional small orbifold X
over the simple polytope P is isomorphic to the quotient ring

Q[wl,wg,...,wr]/l.

6 Some remarks on toric version

Definition 6.1. The function ¢ : F(P) — Z"~! is called an isotropy func-
tion of P if the facets Fj,, F; ., F;,, intersect at vertex of P then the
set

25+

{%1,%‘27 oo ,wik,lvwikv’lpik+1v cee 7win}a
where ¥(F;) = 1, is a basis of Z"~! over Z for each k (1 < k < n).

Here the symbol "represents the omission of corresponding entry.

The quotient T" =1 = (Z" 1 ®@R)/Z"~! is a compact (n — 1)-dimensional
torus. Suppose F' = Fy N ...N F;. Let Gr be the subgroup of T"~! de-
termined by the span of ¢1,...,,1;. Let S(P,1) be the quotient space of
equivalence relation ~p on T?~! x P define by

(t,p) ~1 (s,q) if p=qand s~ 't € Grp) (6.1)

where F(p) is the unique face of polytope P whose relative interior contains
p. Then every point of S(P, ) are smooth point except a finite set of points
corresponding to the set V(P) if n > 3. When n = 2 the quotient space is
homeomorphic to 3-sphere. Only this is the case where the quotient space
is a manifold.

We can give a CW-structure on S(P,) with cells in dimension 0,1, 3,
...,2n — 1 only. The zero dimensional cells correspond to the set V(P).
The one dimensional cells correspond to the relative interior of each edge of
a maximal tree of the 1-skeleton of P. Hence in the cellular chain complex
of the CW-structure on S(P, 1)) each boundary map dj, is zero except d;.
The map d] is injective and the image of the map d} is a direct summand
of a free module with codimension-1. Hence we can prove the following
theorem.

Theorem 6.2. The singular homology of the space S(P,) with Z coeffi-
cients is

Z ifk=0andifk=2n-1
Hy(S(P,v),Z) = § ®spn, Z ifk=2l-1isoddand 1 <k <2n-—1
0 otherwise
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Remark 6.3. If n > 3 and P is a simple n-polytope, the space S(P, 1)) is
not an orbifold. The Euler characteristic of the space S(P, ) is

n

X(S(Py),Z) =ho+ Y (—1)*! zn: hi = ho — Zn:(z' —Dh; (6.2
k 2

k=2
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