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Let (Xi.,, Ypmg) 1 < i< n, denote the n pairs obtained by ordering a random sample of size n from an
absolutely continuous bivariate population on the basis of X sample values. Here Y|;., is called the concomitan:
of the ith order statistic. For 1 <& < n,let V) = max{Yj_gs1ms- - s Yimy}s a0d Vo=max{ ¥y, ..., Yinwiom}-
In this paper, we discuss the finite-sample and asymptotic joint distribution of (V;, V>). The asymptotic results
are obtained when & =[np], 0<p<l1, and when k is held fixed, as n—co. We apply our results to the bivariate
normal population and indicate how they can be used to determine & such that V) is close to ¥,.,, the maximum
of the values of ¥ in the sample.

Keywords: bivariate normal distribution; concomitants of order statistics: convergence in distribution; extreme
values maximum

1. Introduction

Suppose we have a random sample of size n from an absolutely continuous bivariate population
(X,¥).Forl <i<n,letX;,and ¥, denote the ith order statistics of the X’ and Y sample values.
respectively, The Y value associated with X}, denoted by ¥);,,, is called the concomitant of the ith
order statistic or an induced order statistic. In view of their applications in selection procedures.
functions of Y., have been extensively studied. For a recent review, see David (1991). Early work
has been survéyéd by Bhattacharya (1984).

Here we explore the joint distribution of ¥ and V;, where V; = max{Y},_ji1m, - -+, ¥imy} and
Vy = max{¥[jy; - -+ ¥jnn}- Recently, Feinberg and Huber (1994) have investigated some
properties of ] in a study of cut-off rules under imperfect information. Assuming the sample is
drawn from a bivariate normal distribution, they compared the value of E(¥)) with E(Y,.,) for
selected values of . This information was used to determine k&, the number selected, that optimizes
some cost function of interest. Motivated by these applications, Nagaraja and David (1994) have
studied the finite-sample and the asymptotic properties of V;. Our work extends their results to two
dimensions by considering the joint cumulative distribution function {cdf) of ¥; and ¥5.

Since 7Y, = max{V|, V;}, using our results, one may determine the smallest k such that
P(W, < 1—¢) <6 for a given n and prespecified small € > 0 and 6 > 0, where W), = (¥7/Y,.,).
Since for w < 1, P(W, < w) = P((V|/V;) <w, V; > 0), the joint ¢df of ¥} and ¥, is crucial for
determining the cdf of W). When k = [np], 0 < p < 1, and the population is bivariate normal.
Nagaraja and David (1994) noted that the limit distribution of ¥ is free of p, the correlation
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between X and Y, whenever p > (). Hence, it seems more appropriate to determine & using ¥, than
by comparing the means of ¥ and Y,,. Thus, our results are applicable to the selection problem
considered by Feinberg and Huber (1994).

In Section 2, we obtain an expression for the joint cdf of ¥, and V5. Then, in Section 3, we
investigate the limiting joint distribution of (¥}, ¥3) in the quantile case where k = [np], 0 < p < I,
as n — oo. The limit distribution when £ is held fixed (extreme case) is considered in Section 4. In
both the cases we obtain simple sufficient conditions and suggest norming constanis which ensure
the convergence to a non-degenerate random vector. Finally, in Section 5 we apply our results to the
bivariate standard normal population angd discuss their implications on the choice of k that satisfies
the constraint P(W, < 1 — €} < 6. As we march along this route, whenever we have a step that is
similar to the one in Nagaraja and David (1994), we refer to it for details.

We now introduce some notation. For a random variable or vector T, Fr represents its cdf and fr
its probability density function (pdf). We write a(x) == b(x) if the ratio tends to 1 as x — co. We let
xo = F¥'(g), where g=1—p, and vy =sup{y: Fy{y) < 1}, the two special quantiles which
appear in our analysis. The cdfs Fi(ylx)=P(Y < y|X > x), Fa( y|x) = P{(¥Y < y|X < x) and
F3(y|x) = P(Y < ylX = x) represent three conditional cdfs associated with Y. The symbols ¢
and ® represent the standard normal pdf and cdf, respectively.

2. Finite-sample joint cdf of V', and V),

The joint cdf of V| and V5 can be expressed in a compact form by conditioning on the value of
X,_in. From Theorem 2 of Kaufman and Reiss (1992) it follows that, conditioned on the event
X, -in = X, V; behaves like the sample maximum of a random sample of size k from F,( - |x), and V;
behaves like the maximum of another set of #n — k independent random variables where (n — £ — 1)
of these have cdf F,( - |x) and the remaining one has cdf F5{ - |x). Further, these two sets of random
variables are (conditionally) independent. Thus, we obtain

Fy v, (v, ) = P(Vy S v, Vo <)
= E{h(v|,v2: Xppn) }» 2.1)
where
h(v1,v3, %) = {Fi (0110} Fa(valx)" ™ Fa (v ]x). (22)
Note that the joint pdf of ¥; and V3 is given by

oo (o) = kj{(n — k= 1)Es(0a}x) fo(wal) + fo (02l Fawa]0)}
x {F1{vy | %)Y Ry (o))" 2 £ (v %) fx,_, (x) dx,
for | < k <n-—1.Since ¥, = max{V,, V,}, the joint cdf of ¥, and Y, is
P(Vl S’U, Yn:ngy)=FVlV3(U1y)v U<y1

={Fy(»}", vz
where the joint cdf of V| and V5 is given by (2.1).
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The joint distribution of ¥ and V> can be used to obtain the cdf of W = V/Y,,. Since W, > 1
whenever ¥, < 0, forw < 1,

Fy,(w) =PV, £ Vow. V2 > 0)

= J J fVl.Vz(%’l:Uz) dvidvy
>0 Joy<uw

- r J:c{(n — k= DFs(0s]%) falwa]) + fsloal) Fa(v %)}

—0oc

x {Fy (maw|x) Y Fa(vadx)" 2y, (x)duy dx. (2.3)

3. Asymptotic joint distribution in the quantile case

Theorem 1 Let & = [np], 0 < p < 1. Assume (i) fy is continuous at x; (if) fy (xe} > 0; (1ii) f3( ¥|x) is
continuous at x, for all y; and (iv) there exist constants a,, b, > 0, ¢,, d, > 0, such that as n — oc,

{Fy(@n + by ¥|x0)}" — G1 () (3.1a)
{Falen + dayixo) " — G2 ), (3.1b)
for all real y, where ; and G, are non-degenerate cdfs. Further, assume that
P(X is between xq and xy + ¢/\/n, Y > a, + b, y) = o(1/n), (3.2a)
P(X is between xg and x, + ¢/vn, Y > ¢, + d, y) = o(1/n), (3.2b)

for ail fixed real ¢ and all y. Then
FV,,V:(an + by, €p + dptn) — {Gt(v!)}p{G2(v2)}q: (3.3)
for all real v; and v».

Proof
Define Z, = {\/nfy (x0)(Xp—t.n — Xo0)//PG}, and note that from (2.1) and (2.2) we have

Fy, vy{a, + byvy, ¢y + dyvy) = E{h(a, + byv, ¢p + dyva, Xo + ¢0Z,/Vn)},
where ¢y = ,/pg/fy(xo). Recall that
h{a, + byvy, ¢y + dyvn, xp + coz/ /1)
= {Fi(a, + byui]xg + coz/ V) Y {Fale, + dyvalxo + coz/vm) Y X Fale, + dyvslxg + coz/ﬁ).

In view of the arguments presented in the proof of Result 2 in Nagaraja and David (1994), it is
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enough to show that, for all v; in the support of G, i = 1,2, and for ali z,

{Fl (arr +brrv| !X@ +CO:/\/E)}H - GI(U‘J)J (34)
{Fz{cn + dHUEIXU + CDZ/\/;)}" - GZ(UE)! (35)
Fs(c, + dutnlxg + coz//n) — 1. (3.6)

Condition (3.1a) is equivalent to the fact that n{1 — F\(a, + b,v|x4)} — — log G,(v) which can be
expressed as nP(X > Xy, ¥ > @y + byv) — —p log G, (v) = 7. say. Thus, in order to establish (3.4)
we have to show that nP(X > xy + cpz/V/n, ¥ > a, + byv) — 1, where 0 < n < oo. The difference
between the two sequences is nothing but nP{xy < X < x4+ cpz//n, Y > a, + b,v), which
approaches 0 by the assumption made in (3.22). Hence (3.4) holds. Using (3.1b) and (3.2b), we
can show along similar lines that (3.5) holds.

To prove (3.6), note that f3{ ¥xo + ¢oz/+/7) is 2 pdf for every »# and converges 10 a pdf f5( ¥{xp)-
Then from a convergence theorem involving pdfs (see, for example, Rac 1973, p. 124) it follows that

j " s (slxo + 002/} ~ f2(ixg)ldy — O. (3.7)

Now, for any ¢ with 0 < G1(v) < 1, ¢, + d,v approaches the upper limit of the support of Fy( y|xo).
By continuity, F;(ylxe) = P{Y < y|X < x;) and hence, the upper bound for the support of
F3(y|xp) is not less than the corresponding bound for F3(y]x). Thus, we can conclude that
Y £ vlxp)dy — L. This, in view of (3.7), implies that (3.6) holds. 0

We now examine the conditions we have imposed to establish Theorem 1.

Remark 1

Instead of assuming {3.1a) and (3.2a) to establish (3.4}, we could have assumed the latter condition
in the statement of the theorem. But (3.4) implies that (3.12) and (3.2a) hold for #; in the support of
G (see Nagaraja and David 1994, p. 484).

Remark 2
Since fy is assumed to be continuous at xp, a sufficient condition for the continuity of f3(y|x) at xy 1s
that the joint pdf is also continuous at x; as a function of x.

Remark 3
Condition (3.1a) is equivalent te saying that the sample maximum of a random sample from the cdf
Fy(+|xy) converges in distribution to a non-degenerate random variable with ¢df G,, where G, is one
of the three extreme-value cdfs. If this is the case, we say that F,( - |xp) is in the domain of attraction
of G, and we write Fi( |x3) € D(G,). Following, for example, Resnick (1987), we will denote the
possible forms for G, by @,, ¥, and A. Condition (3.1b) has a similar interpretation.

The domain of attraction entails a specific nght tail behaviour for the cdf Fi( - |x,). Quite often, its
tail is messier to manipulate than that of Fy . But sometimes the two cdfs may be 1ail-equivalent; that
15, there exists a finite and positive 3,, possibly dependent on xg, such that

lim - Fely)

B . T S 38
=¥l — Fl(yixo) . ( )
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Since 1~ Fy(y) = p{l ~ Fi{yixe)} + q{1 — F(¥ixg}}. if Fy{+|x) and Fy are tail-equivalent
with 3, > p, F5(-|xy) and Fy are also tail-equivalent. So if (3.8) holds and &; > p. then

. 1=Fy(y) a5
G =1 = .
2 J-'E,l;lol - F{ylx) Gi—p

{(3.9)
From Resnick (1987, Proposition 1.19) it follows that if Fy € D(G) as n — oo such that
{Fy(a, + &, 1)} — G{y), and (3.8) holds, then (3.1a} holds with G,{v) = G(a + bv). Further,
a=0and b® = 3, ifG =&,
a=0and $7° = 3, ifG =7, (3.10)
a=logfB and b= 1, fG=A.

If B, > p, then (3.1b) also holds with ¢, = a, and 4, = b, and G;{v} = G{¢ + dv). The constants ¢
and 4 are determined using (3.10), by replacing 4, & and 3, by ¢, 4 and 8, (from (3.9)), respectiveiy.
When fy y(x.y) = 2exp(—x ~ »), 0 < x < y < o¢, By = /p (Nagaraja and David 1994, p. 491)
and hence the above conclusions hold. For the bivanate siandard normal population, 5, = p.
(Nagaraja and David 1994, pp. 486—487) and thus F,(-]x,) and Fy are not tail-equivalent.
However, F5(-|xp) is also in the domain of attraction of A, as we shall show in Section 5.

Remark 4

Now we examine (3.2a) and introduce conditions that validate it. First, define F(x.)) =
P(X >x,Y >y) and let A}F(x,y) denote its first partial derivative with respect to x. When
¢ > 0, from the mean value theorem (under appropriate assumptions), P{x; < X < xg+ ¢/ \/n.
Y > a,+b,y) = F(xg.a, + b,y) ~ F(xg+ ¢/, a,+by) = ~{c/V/n}A F(x",a, + b,y), where
x" is between x4 and x, + ¢/+/n. Thus, if the conditions

AVFix,a, + b,y) = ol1/4/n), (3.11a}
A\ F(x,¢p+dyy) = 0o(1/Vn), (3.11b]
hold uniformly in x in a netghbourhood of x,, then (3.2a) and (3.2b) hold, respectively.

4. Asymptotic joint distribution in the extreme case
The premise now is that & is held fixed and n — oo.

Lemma 1 Let there exist constants a,,, &, > 0, ¢, d, > 0 such that for non-degenerate cdfs Gy and
Gy,

{Fy(an + 0,%)}" — Gylx) and {Fy(c, + dop)}" — Gy(¥). (4.1)
for all real x and y. Further, assume

nP(X >a,+bx,Y >y +dly) — 0. (4.2)
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Then,
{F{c, + duyla, + 6,3} — Gy (3)- _ (4.3)

Proof
Condition (4.3) holds if, and only if, n{1 — Fy(c, + dry|a, + box)} — — log Gy(y). Now,

n{1 = Fa(c), + duyla, + b,x)}

=nP(Y > &, + diy){Fylah + b)) 1 = {P(X > a, + B,x, ¥ > &+ djy)/P(Y > ¢, + diy)}].
It follows from (4.1) that nP(Y > ¢, + d,y) — —log Gy (y) and Fy(a, + b,x) — 1. From (4.2) we
can conclude that the last facior on the right-hand side above tends to 1. That is, (4.3) holds. O

Now suppose Fy satisfies one of the three von Mises conditions (see, for exampie, Resnick, 1987,
Propositions 1.15-1.17). Then, the pdf of (X,,_., — @,)/b, converges to the pdf g, (see Lemma 1 of
Nagaraja and David 1994), where

—log Gy(w)}*
grlw) = i‘—k!i('—}}—gx(“’)» {4.4)

Theorem 2 Suppose Fy satisfies one of the von Mises conditions, and, for all x and y, assume (4.1)
and (4.2) hold where the norming constants are such that Fi{c, + d,y|a; + &,x) — 1. Further,
suppose there exist constants 4, b, > 0, such that

Fl(a:+b;yia;+b;x) - H(x,y], (45)
as n — oo, Then,
Fy, vy + byvy, ¢ + dyvy} — {Gy(va)} j{H(X: ”1)}k8{k)(x) dx. (4.6)
where g,y is given by (4.4).

Proof
First observe from (2.1) that

Fy vla, + Bavy, Cp + dyvy) = J{Fl (@, + byuilay, + b;“)}sz(C; + dyvala, + b;“)"“kvl

x F3{c, + djus|ay -+ b:,u){b;,fxn_m(a;, + b ydu

Next, use Lemma 1, and foilow the proof of Result 1 in Nagaraja and David (1994), We omit the
details. O

Remark 5

Note that {4.1) and {4.2) together imply that the marginal maxima are asymptotically independent
(see, for example, Galambos 1987, p. 301). Under the conditions assumed above, asymptotically V),
and ¥, are independent, just as In the quantile case. Here, while the limit distribution of ¥, is related
to that of X,.,. V> behaves like ¥, asymptotically.
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5. Bivariate normal population
We begin by deriving the asymptotic distribution.

Theorem 3 Let (X, ¥} be a bivariate standard normai population with correlation coefficient p
{0 < p < 1). Then, for all real v, v,,

P(V] b— dy <y, Vzd— Cp < Uz) R e—{cxp(-v,}-:—qcxp(-u:]} (5'1)
n N

fk=np],0<p<l,and

P(Vl ;Pan < v, Vzb— a, < 1}2) - {@(Ul)}k e—exp[—v_s)‘ (52)

if k is heid fixed as #n —+ oo, Here # = /1 — ¢7, and the other norming constants may be chosen as

tlog(4niogn)
=/2logn———2 50
“n o 2 v2iogn (53)

b, =1/+/2logn,

_ ' log(4miog ")} _ ,(x5/2) +log(ge/8)
€y = px0+9{\/2logn STora 0 NATT : (5.4)

d, = 0b,.

Proof
We verify the conditions assumed in Theorems 1 and 2 and identify the norming constants involved.
(a) Quantile case. It is well known that, when the a,’s and b,s are given by (5.3).
{Fyla, + b,y)}" — A{y). Since Fy(-|x¢) and Fy are tail-equivaient with p being the 3, in (3.8)
(Nagaraja and David 1994, p. 486), from (3.10) we may conclude that (3.1a) holds with
G, (¥) = A(y +logp).
We now show that (3.1b) holds with G, = A or equivalently F, € D{A), where F, stands for
Fy( - 1xo). To prove this and other claims that follow, we make repeated use of L’'Hépital’s rule and
the following consequence:

() ={1-20)}} =a0¥)/y asy—x. (5.5)
Note that the pdf of F, is given by
S0y = 471801 ®(xoko + k1), (5-6)
where
kg =1/86. ky=—p/8 <. (5.7}

Hence, on using L'Hdpital's rule and (5.5), it can be shown that as y — oc, £ 3){y (1)}~ —
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—(1+kfy==1/6% and
YI=Fo) 1 _ g
) L+ i
Thus, f7(»){1 = Fa3)H{A0)} ! — —1 as y — 0o. Therefore, from Proposition 1.1(b) in Resnick
(1987, p. 40) it follows that F> € D(A).

We now choose ¢, and d, using tail-equivalence ideas. From (5.5), (5.6) and (5.8) it can be shown
that, for large y,

(5-8)

1 - Fa(y) = BPo(0dlxeky + k1 y){pay?} ' =1 - Fy(y). (5.9)

say. Thus the same set of norming constants works for both these cdfs. Now suppose r, can be
chosen to satisfy (see Resnick 1987, p. 40) log{l — Fy(r,)} = —logn. Since 1/nfy(r,) =
{1 = Folr)}/folra) = 82/r, (recall (S.8)), with d, = 6" /r,, {Fo{ry + du)}" — A(y).

From (5.9) it follows that r, satisfies

Fa = 2p%g7y + 46 logr, + o = 267 log n, (5.10)

where o = x3 — 28*log(6°/2mpq). Since the first term on the left is the dominating term,
r, = 8y/21og n. Consequently, 4, can be chosen as {6//2logn}.

Now our goal is to determine other termsin r, up to o(1/1), where 1 = +/2logn. So, we define the
function

h(1) = 01 + 6, + 6x(log 1)/t + 65 /1., (5.11)

and determine the cofficients §; such that (5.10) holds as 1 — oo when A(t) replaces r,. That is, we
have to satisfy the constraint:

[A(1)}? = 2pxph(0) + 487 log hl1) + o — 677 — Q.

On using (5.11), the expression above can be written as 20, — pxo} + 28(6; + 28) log 1+
(63 + 208, — 2px8, + 46 log8 + @) + o{1). Since this must approach 0 as ¢ — oo, we must have
8, = pxg, 6> = —26, and 05 = —9{(x3/2) + logfy} where 6, = (2mgp/8). In other words, A(¢) in
(5.11) must have the form

h{t) = 6t + pxo — 20(log 1)/t — B{(x}/2) + log 64} /1. (5.12)

with § = /1 — o7 and 8, = (2ngp/8).

We choose ¢, = h(/21ogn) and show that (¢, —r,}/d, — 0, where r,, satisfies (5.10). For this, cail
rp = ¢, + (1) with 1 being /2 log n. We have to show 18(z} — 0 as 1 — oc, where A(¢) satisfies (5.12)
and r, = A(t) + (1) satisfies

{h(6) + 6(0)}* — 2pxo{h(1) + 8(1)} + 46% log () + 46 log[l + 8(){h(1)} |+ a - Fr =0. (5.13)

On substituting for A{t} from (5.12), and noting that A{f) = #¢, it can be seen that the left-hand side
of (5.13) is of the form 2618(¢) + o(1) + o{16(z}) as 1 — cc. Since the right-hand side is zero, this
means :6(1) — 0. Hence we have shown that we can take ¢, = (/2 logr), where k(1) is given by
(5.12), and d, = 8b,. This establishes (5.4).
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We will now show that (3.11b) holds. Note that
BB (y) = = [ fxndv == | etiotar + xide
¥ ¥

= —p(x}{1 — Bkoy + k;x)},

where kg and k, are given in (2.7). Thus itis enough to show that, vniformly in x in a nelghbourhood
of xy, n{1 — Bikylc, + dy) + kyx)} — 0. Asd, — 0, thisis true if n{1 — D(koc,, + k1x)}? — 0. This
holds if {1 — ®(kge, + k1x)}2/{1 = F3(c,)} — 0, since n{l — Fy(¢,}} — 1. In view of (5.6) this
indeed is the case, if 4,.(y) — 0 as y — oo, for some fixed x < x5, where

{1 — Blkey + kyx)}
Ax( )I =)
L Olv)®(koxy + kyv)dv

(5.14)
koxo + K1y ¢ (kgy + kx)
koy + kix o(y)dlhkoxo + k1y)

The coefficient of J* in the exponent arising from the ratio of the normal densities above is negative,
which implies that 4,{y} ~» 0. Thus we have shown that (3.11b) holds

To establish (3.11a), we have to show that n{l — ®(kya, + k;x)} approaches 0 umformly in x
as n—00. Since 0 <6<, a,> S for large n, and thus, n{l — ®(kqa, + k;1x)}° is ultimately
bounded by n{l — ®{kyc, + k,x)} We have just shown that this bound approaches 0 uniformly
in x.

In view of Remark 4, we have verified the validity of (3.2a) and (3.2b). Thus, (5.1) follows from
Theorem 1.

(b} Extreme case. Now let us assume & is heid fixed and # — oc. We will show that ali the
conditions needed for the validity of Theorem 2 are satisfied. First note that & satisfies the von Mises
condmon (equauon (1.4) of Resnick 1987, p. 40), and that (4.1) holds with Gy = Gy = A,
a, = ¢, = a,, and &, = d, = b, where convenient choices for a, and b, are given by (5.3). It is
well known (see, for example, Reiss 1989, p. 237, or Resnick 1987, p. 297) that for the bivariate normal
parent, (4.2} holds. Further, Fs(c, + d,pla, + byx) ~ 1, since P(Y < ¢, +dy|X = a), + b,x) =
®i{a, + b,y — pla, + b,x)}/6]. From Nagaraja and David (1994, p. 483) it follows that with
a;, = pa, and b} = 0, Fy(a, + b, yla, + b,x) — ®{y). Thus (4.5) holds with H{x, y) = ®(y). Hence
(5.2) follows from (4.6). C

%-—2;(0

We now discuss how to choose k. Suppose we are given n, and small positive € and 6, and the goal is
to choose the smallest & for which P((V1/Y,,,) <1 —¢€} = Fy, (1 — €} < é. For this purpose we may
use the expression for Fy, given in (2.3). For the bivariate standard normal cdf ®yy, on
substitution, we obtain, for w < 1,

n! B Lol
Fy,(w) = mj J {(n = k = 1)®(kyx + kyv)B(kqv -+ k1 X)o(v)

+ 07 dlkox + k)P y (x, VIH{ B (wv) — Oy p(x, wv)} {Dy yix, v)}" k- 'qb(x o(v)dedx,
(5.15)
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where kg and k; are given in (5.7). One can use numerical integration to find & for which Fy, (I — ¢)
falls just below é.

For large n, we can use the asymptotic approximations in order to simplify the task of integration.
Since for w < 1,
Fy, (w) = P((V) — pay) < {w(V2 — a,) + (w~ p)a,}, V2 > 0),

in view of (5.2), it can be approximated for small k& by
o]
J ‘I’k(e'l{wbnv + {(w~ p)an}) e~ tx0(=Y) o=¥ gy

For a given w = 1 — ¢, when this expression falis below §, if the associated k is not too smali (say,
k > 0.02n), we suggest the approximation based on (5.1). In that case, note that

ka(w) = P({(Vl - an)/bn} S wﬂ{(Vz - Cn)/dn} + Y V2 > O)a
where v, = (we, — a,)/b,. On using (5.1}, we can approximate the above probability by

g r’ e~ {E(—{utonhrqenp(-al} g0 g,
—-oc

where ¢ = (n — k)/n, and choose k accordingly.

We can use the asymptotic results in another way. Let &* be the value of k suggested by the
asymptotic considerations. Then k" can be used as the preliminary value in our search for the
smallest k satisfying Fy, (1 — €) < 6, where Fy, (w) is given by (5.15).

Remark 6

Theorem 3 assumed that p is positive. When p =0, V, and ¥V, are independent for all ». Further,
(5.1) holds if ¢, is replaced by a, and (5.2) holds with # being |. When p < 0, with Z =Y, (X, Z)
will be bivariate standard normal with positive correlation lp|. Since (X,Z) 4 (—X.-Z),
Vi =max{~Zy_itams- -+~ L } 4 max{Z .y, -+ Zygm} = Vi, say. Similarly we observe that
Vy & max{Zysmy-- - Znn} = V3, say. In fact, (¥, ¥2) £ (¥, ¥3). Consequently, we can modify
Theorem 3 10 conclude the following:

W) Ifk=[p,0<p<l,

1

r Vi — ¢ <y V-6 <y | — e 1P xRl exp(-ua)}
dg — 7 b, =

where ¢ is obtained by replacing p by |g| and g by p in the expression for ¢, in (5.4).
(i) If k is held fixed as » -+ oc, replace (¥, — pa,) by (V| — |pla,) on the left-hand side of (5.2).
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