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New large-deviation local theorems for
sums of independent and identically
distributed random vectors when the limit
distribution 1s a-stable
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A class of absolutely continuous distributions in R? is considered. Each distribution belongs to the
domain of normal attraction of an a-stable law. The limit law is characterized by a spectral measure
which is absolutely continuous with respect to the spherical Lebesgue measure. The large-deviation
problem for sums of independent and identically distributed random vectors when the underlying
distribution belongs to that class is studied. At the focus of attention are the deviations in the
directions, where the spectral density equals zero. The main conclusion is that the deviation in such a
direction is explained by two abnormally large summands.
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1. Introduction

Let & EW, E@ be a sequence of independent and identically distributed (i.i.d.) random
vectors taking values in R?, d > 1. Assume that the distribution of & belongs to the domain
of attraction of a non-Gaussian a-stable law S. This means that there exist sequences
a™ €R? and b, € R} such that the sequence of random vectors b,'(E1) + ...+

EM — My as n — oo converges in distribution to a random vector £ having the distribution
S. Denote by |-| the usual Euclidean norm in R?, that is, |x| = (3% ,x2)"/? for
x = (x1, ..., xg). It is well known that the convergence mentioned takes place if and only if
the tail function P(|§| > ¢) is of regular variation as ¢ — oo with the exponent lying in
(=2, 0) while the measure

udE) = P(E["'E € E|E] > 1),

defined on the o-algebra Bss 1 of the Borel subsets of the unit sphere S9!, weakly
converges as t — oo to a probability measure ¢ (Theorem 4.2 in Rvacheva 1954, Corollary
6.20 in Araujo and Giné 1980). In other words,

P& > 0= %UD,  w = (1.1)
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where a € (0, 2) and [(f) slowly varies as ¢ — oc.

If in (1.1) lim, I(¢) = ly, where [, is a positive constant, then the distribution of &
belongs to the domain of normal attraction of S and the normalizing sequence is of the
form

b, = bon'/* (1.2)

(Kalinauskaite 1974). The choice of by given [y determines the total variation of the so-called
spectral measure of S. Denote by §(y), y € RY the characteristic function of S. It is well
known that $(y) admits the representation

~Ins(y) =

i{a, y) + JSLH [{(y, e)|*(1 — isign({y, e)) tan(ma/2))v(de), if a €(0, 1)u(l,?2),

i(a, ») +J 1 @1+ i@/msign((y, eDin| (v, el nde),  if a=1,
where @ € R is a location, while v is a bounded measure defined on the Bss 1 (Theorem
2.3.1 in Samorodnitsky and Taqqu 1994). It is v that is called the spectral measure of S. It is
easy to see that

v(E)

u(E) :1/(844—1)’

E e Bgd—l .

Choosing by = (lyacy)'/* with

B JOC l—cosu T
Ca wre T OT(1 + ) sin(a/2)

we obtain ¥(S9"') = 1 and, therefore, v = u. Throughout the paper we adhere to such a
choice of by in (1.2).

Assume that the distribution of & is absolutely continuous with a bounded density p(x).
Denote by p,(x) and p,(x) = b’ p,(b,x) the densities of £ = ED 4 ..+ £ — 4 and
b,'¢"™, n=1,2,..., respectively. By the local limit theorem of Gnedenko, as n — oo,

su[RE)d | pn(x) — s(x)| = o(1), (1.3)

where s(x) is the density of the limit a-stable law S.

From (1.3) it follows that p,(x) — 0 as |x| — oco. Theorems dealing with the asymptotic
behaviour of p,(x) for such x are called large-deviation local theorems. Such theorems
assume certain asymptotic regularity of the underlying density. The following regularity
conditions were introduced in Zaigraev (1999).

Definition 1.1. A density function p(x) belongs to the class P if it is bounded and admits the
representation

~ h(en) + @)
()=

|x| > 1
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where a € (0, 1)U (1, 2), h(e) is a continuous function on S*7!, e, = |x|"'x, |0(x)| < 1, and
w(t) — 0 as t — oo.

It is easily seen that for a distribution having a density belonging to P the normalizing
sequence b, has the form (1.2) with

b= Gac)' . =o' [ @)
Sd-1
that is, such distribution belongs to the domain of normal attraction of S determined by a and

J h(e)o(de)
V(E) = E ) E € Bgd—l,

J h(e)o(de)
gd—l

where 0 denotes the spherical Lebesque measure on Bge1. In other words, v is absolutely
continuous with respect to o and, furthermore,

T@=——
do J h(e)o(de)

eec S
§d

In what follows we consider the case where S is a strictly a-stable distribution and
a # 1. This implies that the location a = 0 and, therefore, we may put a” = 0.

Let p, denote any sequence such that lim, ...p, = co. The following statement was
proven in Zaigraev (1999); see his Theorem 1.

Proposition 1.1. If p(x) € P then, for any 6 >0,

Pn(X)

lim sup np(x) —

=00 e €Ey,|x|=n'/p,

1 o

where Es = (e € S : h(e) = 0), while
lim sup n x| p,(x) = 0, (1.4)

n—o0
e €E0 |x|=nl/ep,

where E° = (e € S¥7! : h(e) = 0).

From (1.3) it also follows that for any fixed e € S?~! there exists a sequence 7,(e) — oo
such that

Dn(te) _
s(te)

We call the interval [0, 7,(e)] the zone of local attraction in the direction e (cf. Ibragimov
and Linnik 1971, Chapter 9).

How wide could the zones of local attraction be? Proposition 1.1, together with Corollary
2 of Arkhipov (1989), enables us to answer this question at least in the case e € Es. Let

lim  sup

=90 0<t<t,(e)

1‘ = 0. (1.5)
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p(x) € P. Assume, additionally, that all derivatives of #A(e), up to order 2+ d/2, are
bounded. For more about the derivatives of functions defined on S?~! see, for example,
Groemer (1996, Section 1.2). Then, by Corollary 2 of Arkhipov (1989), there exists ¢ > 0
such that, for |x| # 0,

h(ex) cb(x)

S(x) - bg‘x|d+a ‘x|d+2a ?

(1.6)
where |6(x)| < 1. So, for e € E5 as t — oo,
h(e) -
s(te) = W(l + cO(te)t™ ).

Together with Proposition 1.1, this implies that, for any ¢ > 0,

lim sup P _
n—00 xeKy S(x)

1 o

where
Kaz(xe[R{d:eerg).

In other words, for e € E5 we have #,(e) = oco. In particular, if Es = S?~! then K5 = R? and
we obtain the strong form of the Gnedenko local limit theorem,

208
5(0)

Let us call the directions e € E° singular. Up to now the asymptotic behaviour of p,(te)
in the singular directions remains unknown. The problem is that the regular directions
e € Ey are studied using methods that were worked out for one-dimensional heavy-tailed
distributions (Nagaev 1969; Tkachuk 1973). Unfortunately, those methods have proved to be
insufficient for analysing singular directions and require further development.

It is the basic goal of the paper to outline an approach to the problem of large deviations
in the singular directions. The problem seems to be extremely difficult, even in the simplest
case considered below.

The paper is organized as follows. In Section 2 we state and comment on the main
results. Auxiliary facts are given in Section 3. Sections 4 and 5 are devoted to the proof of
the main results.

lim sup
n00 eRd

1 -0

2. Main results

Recall that we confine ourselves to the case a € (0, 1) U (1, 2) and assume that there is a
finite number of singular directions. The following definition specifies the case.

Definition 2.1. A density function p(x) belongs to the class Py if it is bounded and satisfies
the following conditions:
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(i) #(E%) < oo (there is a finite number of singular directions).
(ii) For |x| > 1, the density p(x) admits the representation

h(ex) | d(ex) + 6(x)a(|x|)
px) = x| 7+a + |x]4 7P ’ @D

where a € (0, 1)U (1, 2), B> a, and d(e) is a continuous function on S'.
(iii) For all e* € E°, there exists a positive constant hy such that

h(e) < hole — ™2, ec ST (2.2)

Obviously, Py C P. It is worth recalling that the function %(e) coincides, up to a constant
multiplier, with the spectral density of the limit a-stable law.

Under the additional restriction on the smoothness of #4(e), one can compare the
asymptotic behaviour of p(x) and s(x) in a direction e* € E°. Suppose that p(x) € P, and
all derivatives of A(e), up to order 4 + d/2, are bounded. From Corollary 2 of Arkhipov
(1989) it follows that the limit a-stable density s(x) admits the expansion (cf. (1.6))

h(ex) b(ey) cO(x)
B 2.
) b%|x|d+e T |x|d+2a + |x[d+3a° x| # 0, (2.3)

where b(e) is a continuous function on S~!. Since A(e™) = 0 we conclude that, for t — oo,
s(te*) = b(e*)t 21 + O(1™)), pte*) = d(e*)t (1 + o(1)),

provided d(e™) > 0.

Below we prove that b(e™) > 0. Thus, the relation between p(te*) and s(te™) depends on
that between f and 2a.

Denote

7(x) = h(eo)|x|"“T, |x| #0. (2.4)

This function is not integrable, but
m(e*) = J a(x)m(e™ — x)dx < oo
R4
(see Lemma 3.7 below). The following theorem contains our main result.

Theorem 2.1. Let p(x) € Py, e* € E°, and d(e*) > 0. Then as n — oo, t — 00,

(") - (@H20(] 4 gy (n, t))+M

—(d+p)

t (1 + wa(n, 1)),
2a

2b; nPla=1ph

Pa(te®) =
where
lim sup|w;(n, )] =0, i=1,2.

n—00 y=p,

Now we are able to compare the asymptotics of p,(te*) and s(te™).
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Corollary 2.2. Suppose that the conditions of Theorem 2.1 are fulfilled and all derivatives of
h(e), up to order 4 + d/2 are bounded. If § = 2a, then

If B <2a, then

Palte™)
s(te*)

lim  sup
=00 40,1 /]

1’20,

where k = (f/a — 1)/Q2a — B). But if t = n*p,, then, as n — oo,

ﬁn(te*) _
s(te®)

In particular, if B = 2a, that is, p(te*)= O(s(te*)), then the zone of local attraction in
the direction e* is infinite.

In the proof of Theorem 2.1 an unexpected phenomenon is utilized. To the best of our
knowledge this phenomenon has been never discussed. Usually, large deviations of a sum of
ii.d. random vectors having a heavy-tailed distribution arise when exactly one of the
summands is abnormally large (Nagaev and Zaigraev 1998; Zaigraev 1999). In particular, it
is true for the regular directions e € Es. The following statement was proven in Zaigraev
(1999); see his Theorem 2 therein.

Proposition 2.3. If p(x) € P then, for any 6 > 0 and any A € Bpa,
lim sup sup P(b;l(é(") —Eye At = x) —S(4)| =0,
=0 x|=p,b, ex€Es

where &' denotes the summand in the sum " with largest absolute value.

It turns out that within P, large deviations in a singular direction e* € E® are explained
by two abnormally large summands if f = 2a or f < 2a but p, < t < n*/p,. It is the first
term in the representation for p,(te™) that reflects this phenomenon.

The following statement gives a more formal description of the phenomenon and should
be compared with Proposition 2.3.

Theorem 2.4. Let the conditions of Theorem 2.1 be fulfilled and A, B, C € Bya.
If p =2a, then

lim sup |P(b,'E € t4, b,'E" € tB, b, (L — & — &") € C|g\") = b,te™)

=00 t=p,

—S(C)(m(e*))—ljm( tB)rt(u)Jr(e* —uwydu| =0, (2.5

where &' and E" denote the two summands in the sum " with largest absolute value.
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If b <2a, then (2.5) remains valid if the supremum is taken over p, < t < n*/p,. As for
bigger values of t, the following relation holds:

lim sup |P(b," (" — &) € 4|t = b,te™) — S(4)| =0, (2.6)

n—0o0 th”nK
where &' denotes the summand in the sum " with largest absolute value.

Now assume that o(E®) > 0, that is, there is a ‘hole’ in the support of A(e). Then the
nature of the large deviation in the direction e* € int E® is the same as in the case of finite
number of singular directions. More precisely, the large deviation is explained by two
abnormally large summands. However, the case seems to be much more complicated, as
does that concerning the asymptotic formula for p,(te™) for t — oo, as e — OE°. The
authors will discuss these cases elsewhere.

3. Auxiliary statements

Henceforth, Bj(0, r) = (x € R¥ : |x| < r), for » >0, and ¢ denotes any positive constant
whose concrete value is of no importance. This means that, for example ¢+ ¢ = ¢ and
c? = c. By w(f) we denote any non-negative function such that lim, ., (f) = 0, while 6

always varies within [—1, 1].

3.1. Marginal densities

Let e* € E* and C be an orthogonal matrix such that Ce™ =(0,...,0, 1)T. If £ has a
density from P, then the density of C& also belongs to Py with h(e) be replaced by A(CTe).
So, without loss of generality, we may assume that e*=(0,...,0, ). For any
x=(x1, ..., xq), define X = (xy, ..., xg_1). Then x = (X, xy).

Lemma 3.1. If p(x) € Py, then the marginal density p(xX) of E = (&\, ..., E4_1) is bounded
and admits the representation (cf. Definition 1.1)

_ . h(ex) + Oo(|5]) <
P(x)zwa X[ > 1,

where h(e) is a strictly positive continuous function on S92,

Proof. Since Py C P, we may represent p(x) as

_ h(e) + Oalx])

(x) W» x| > 1.

Note, first, that
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00 w((x2 +22)1/2)d2 NG e e dew
J . = 9w(|x|)J (% + 272 dz = Goo(|x|)|x| 7

e (|f‘2—|—22)(d+‘1)/2

)
Further,
ro h(e.z)dz _ |f|7d7a+lrc h(e(e,.-)dz .
o (5 + 22 (1 + 2)dra2
It is evident that the function
i(es) = JOC h(ee..z)dz
oo (1 + 22)(d+a)/2
is continuous and positive. The lemma is proven. ]
Let ED ..., £" be independent copies of & Denote by p,(¥) the densities of &1

4.+ EM n=1,2, ... Here
b, = bon'®, by = (Ipacq)"?, Iy = a_lj h(e)a(de),
§df2

where ¢ denotes the spherical Lebesque measure on Bgs-2. From Lemma 3.1 and Proposition
1.1 we arrive at the following statement.

Corollary 3.2. Let $(x) be the density of the a-stable distribution determined by o and v,
where

J h(e)a(de)
WE) = =£ , E € Bgaa.

J h(e)o(de)
Sd-2

Under the conditions of Lemma 3.1 the strong form of the Gnedenko local limit theorem
holds, that is,
by Bulba®)

) 1| =0.

lim sup
100 feRd-1

The proof of the next result is similar to that of Lemma 3.1.

Lemma 3.3. Let £ = (&1, ..., &), d = 2. If p(x) € Py then the marginal density p*(t) of the
random variable &; € R is bounded and admits the representation

B¥(6) + 0o(|1])
P*(f)Ml—H!', [ >1,

where

h(ezsign(ry))dx
kooN (x,sign(7))
0= T >
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3.2. Truncated densities

Consider a random vector 7 = 7, such that
P e A)= PEc Al|§ < r), A € Bya.

Obviously, the distribution of 7 is absolutely continuous and its density g(x) = ¢,(x) is of the
form

q(x) = (PUEl < )" p()1p,0.0(%)- (3.1
Let g,(x) be the densities of ) + ...+ 5", n=1,2,..., where 0, j=1,2,...,

are independent copies of 7.

Lemma 3.4. Let the distribution of & be from the domain of normal attraction of S. If
Sup,cre p(x) < oo, then
lim sup sup |b‘iqn(b,,x) —s(x)| = 0. 3.2)

n—0oo r;pnbn x€R4

Proof. Let r = p,b,. Denote by y(y) and ¢,(y) the characteristic functions corresponding to
p(x) and g(x) = ¢q,(x), respectively. We should verify the following relations:

lim sup |p"(b,'y) — $(»)| = 0;

n—o0 ‘_}/ng

sup |, ()] < [p(WI(L + O~ "), Iyl =7;

r=pyby

sup sup ¢g(x) < oo.
r=pyby xeR?

Here Y is any fixed positive constant.
The first two relations follow from the representation

@r(») = () + O(r™).

The third one is quite evident. The lemma is proven. ]

Let £ = (&, ..., &) = (&, &;). Consider the random vector 7 € R and the random
variable 77, € R! such that

PlreA)=PECAfl<r,  A€Bu,
and
P(pa < 1) = P& =< t[|&a| < 1), re R
Obviously, both distributions are absolutely continuous, with densities
4(®) = (P&l < )~ p@15, 0.,

where p is the density of &, and
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g ()= (P&l < )™ " (D11—rn(0),

respectively.

Let g, and ¢, n > 1, stand for the nth convolutions of g and ¢, respectively.

1/a

Lemma 3.5. If p(x) € Py then, as n — oo, zn~ /% — o0,

| aumas=omz | giode= oz,
|X|>z

[t|>z

1

* — 00, zr ' — 00.

provided rn~"/

Proof. First, note that by Lemma 3.1 p(x) satisfies the conditions of Theorem 1 of Zaigraev
(1999). So, in order to prove the first statement it suffices to alter slightly the proof of
Lemma 4 therein, where, in contrast to the case considered here, the projection of £ onto the
direction of the large deviation is truncated. As to the second statement, it follows from

Lemma 3.3 and Tkachuk (1973).

3.3. More about the tail properties of s(x)

O

Here we give two facts concerning the asymptotic properties of the limit a-stable density.

The first is a direct corollary of Theorem 1 of Fristedt (1972).

Lemma 3.6. If a random vector  has the distribution S then, as r — oo,
E(1618,0.0(8) = er? (1 + o(1)).

The next fact is very important, but not quite obvious.
Lemma 3.7. Let p(x) € Py, and 7(x) is given by (2.4). Then

m(e®) = JRdn(x)n(e* — x)dx < oo.

Proof. Represent m(e™) as follows:

nz(e*)=J +J +J =5L+5L+1s
[x[=<1/2 |[x—e*|<1/2 (x:]x|>1/2,|x—e*|>1/2)

Obviously, I} = I,. From (2.2) and (2.4), it follows that

I < cJ h(ees_y)|x| "9 “dx < CJ lees_x — e* x|~ dx.
[x[<1/2

[x|<1/2

For |x| < 1/2 we have |e® — x| = 1/2 and, therefore,

2|%>
leg_y — "> < P < 8|x|%.

(3.3)
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Hence,
I < cJ x| 9742 dx < oo.
|x|<1/2
Further,
I; < cJ x|~ *dx < .
Ix|>1/2
The lemma is proven. O

4. Proof of Theorem 2.1

Put z = b,t and let ¢+ — co. Recall that b, = byn'/“.
Consider the events

App = {|§(f>\ <vyz, j=1,...,n}
A ={|EV| < yz, j=1,...,n—1,|E"| > yz},
Ay ={|ED| <yz j=1,...,n =2, |E" D] > yz, || > yz};

A, is the event that at least three variables among |EW], ..., || are greater than yz,
where the constant y € (0, 1) is to be specified later.
Then p,(ze*) can be represented as

n(n—1
pn(ze*) = pn,O(ze*) + npn,l(ze*) + %)

Pra(ze™) + pus(ze®), (4.1
where
P j(ze®) = |Bm A 79P(ze* < & < ze* + A, 4,;),  j=0,1,23
—0
and < (<) denotes componentwise ordering.

We begin with the contribution of the largest summand. Substituting » = yz in (3.1), we
obtain

(P&l = y2)" " =1+ 0(1)
and, therefore,
pua(ze™) = L(2)(1 + o(1)), (4.2)

where, in view of (2.1),

1,(2) = J p(u)q,,_l(ze>|< —wydu=1+J, 4.3)

|u|>yz
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h(e, d(e,) + Ow(|u
I = J Hqunfl(%* — u)du, J = J ()TH;(anl(ze* — u)du.
[u|>yz U [u|>yz u

First, consider /. It is easily seen that

h(e(ft,ud)) _ — —d— ’
=] s e (i = (R4
d z

where
I = JJ h(e(,;,zfu,,))q;a—l(—ﬁ, ug)diuduy.
[a>+(z—ug)>>y222

Let Iy, I; and I3 be the parts of I’ corresponding to the sets
Al = e R i + (z — ug)? > y*2%, || < Oz, |ug| < 0z),
Ay = e R : i + (z — ug)? > y*2%, || < Oz, |ug| > 0z),
Ay = (€ RY il + (z — ug)* > y*22, || > 02),
respectively, where 0 < 0 < 1 — y is a fixed small number. Then
I'=1+1,+ 15 4.5)
First, we estimate /,. By (2.2),
h(e(z-up) < cle@z—uy — €.
Since (cf. (3.3))
2Jaf?

6*‘2 <~
[+ = ey

|e(ﬁ,Z*ud) -
we obtain
I < cz—2” i qn1(—ii, ug)dii dug.
(u:|i]=<0z)

Obviously, for all sufficiently large n,

pnfl(u)

(P(|&| < yz))»-1 < 2pn-1(u), ue R

gn-1(u) <
Then
I, < CZZJ - |i|? pp 1 (0)d,
where p, 1(if) is as in Lemma 3.1. By Corollary 3.2,

J | oy (i0)diT = BiJ aPs(@ydacl + o(1)).
|u|<0z

|d|<0z;!
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From Lemma 3.6 it follows that, as 7 = zh,! — oo,
J|g|§é;ﬁ|2§(a)dﬁ = cO? P71 4 o(1)).
Thus, for all sufficiently large n,
J - |i)? P (D) dit < 0>~ %2> b
and, therefore,

I} < co* “nz2 (4.6)

The term [/, is simpler. Here, for all sufficiently large n,

12 = CJ qn_](—ﬁ, UJ)dgdUd = CJ C]jq(”d)d”da
Ay

lua|>0z
where ¢ | is defined as in Section 3.2. In view of Lemma 3.5, we have
I, = o(nz™%). 4.7)

As to I3, it is evident that, for all sufficiently large n,
I; = CJ qn_l(ﬁ)dﬁ,
lit|>0z

where ¢, is defined as in Section 3.2. By virtue of Lemma 3.5, we have
I3 = o(nz™%). (4.8)
Combining (4.4)—(4.8) yields
I < co* “nz=97%, (4.9)

provided n is sufficiently large.
We now estimate J in (4.3). First, note that

d(e,)qn— *—ud
J= J (e)q 1(56 WU |4 o1y = 24P + o(1)), (4.10)
|u|>yz |M‘ B
where
g JJ d(egz—up)qn1(—it, ug)diduy
i e—ugp=prz (@222 4+ (1 = ug /2P

Denote by Ji, J, and J3 the parts of J' corresponding, respectively, to the sets 4;, A, and
Az, that is,

J' =T+ Jr+ Js. (4.11)

If ue A then d(e.—u,) = d(e®)+c6S, and recall that d(e*)>0. If 6 >0 is
sufficiently small then
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A = weRY: |i] < Oz, |ug| < 92)
and
[a? /2% + (1 — ug/z)* = 1+ c69.

Therefore,

Jy = (d(e) + ceé)J J (i, )it dug
‘Md‘géz

|i| <oz
and, by Lemma 3.4,
J1 = d(e®) + c9,
provided n is sufficiently large.
As to J,, again for all sufficiently large n, by virtue of Lemma 3.5 we have

I =< cJ - qF (ug)dug = o(nz"%).
uy|>0z

J3 is estimated in the same way as /3. We thus obtain
J3 = o(nz™%).
From (4.10)—(4.14) it follows that, for all sufficiently large n, we have
J' =d(e") + 6
and, therefore,

J = (d(e*) + c00)z~ P,

(4.12)

(4.13)

(4.14)

(4.15)

Since 0 > 0 can be arbitrarily small, in view of (4.2), (4.3), (4.9) and (4.15) we arrive at the

following statement.

Lemma 4.1. Under the conditions of Theorem 2.1 as n — oo, zn~'/®

Pi(ze®) = d(e*)z P + o(1)) + o(nz—2),

— 00,

Turning now to the contribution of the two largest summands, denote

I= () p(V)qn—2(ze™ — u — v)dud,

[u|>yz Jv[>yz

I = () (V) g n—r(ze* — u — v)dudv,
[u|>yz Jv[>yz

I lu| == v| =P g, 2(ze* — u — v)dud,

[ul>yz J|o|>yz
where 7(x) is given by (2.4). Then it is evident that
pra(ze™) = I(1 + o(1)),

(4.16)
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where
I =1+ cOI,. (4.17)

First, we estimate /;. With the change of variables u = zx, v = z(e* — x — y) we obtain

I = Z_zaj a(0)a(e® — x — y)qu-a(zy)dxdy = 272y + I),
4

where
A= () eR x| >y, | —x—y>y).

Here

ILi= Z"J A —x — Pgua@drdy,  i=1,2,

A;

where

A= (0, ) €R - x| >y, [¢" —x—y| > 7, [y] < 0a),

Ay = (5, ) R x| >y, | —x—y| >y, |y > 6,)
and 6, > 0.

Choose 0, — 0 so that 8,zb,' — oo. Since the function /(e) is continuous, in view of
Lemma 3.4 we obtain, as n — oo,

I = J a(x)m(e* — x)dx + o(1).
(e[x|>p, e* —x|>7)

The obvious inequality 7(x) < c|x|~?~* yields

Ip < CJ |x|_d_ade qn—2(y)dy.
[x[>y [y[>z0n
By virtue of Lemma 3.4, /1, = o(1) as n — oo for any y € (0, 1). Thus,

I = z*H“J a(x)m(e® — x)dx 4 o(z~972). (4.18)

(x:|x[>y.|e* —x|>y)

As to I, we have

I < cz’d’ﬂJ |u| 4~ duJ Gno(ze* —u—v)dv < cz7* P, (4.19)

|u|>yz R4

Recall that > a. In view of (4.16)—(4.19) we arrive at the following statement.

Lemma 4.2. Under the conditions of Theorem 2.1 as n — o, zn Ve oo,

pn,z(ze*) = Z*d*ZGJ ﬂ(x)ﬂ(e* — x)dx + O(Zid*za).
(

xix[>y,|e* —x|>y)

We now consider the contribution of the ‘normal’ summands. Let g(x) = ¢,(x) be defined
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as in (3.1) with » = yz. Consider the density ¢‘)(x), s > 0, associated with g(x) and having
the form

4V = (f(5) e g(x),

where x = (x1, ..., x4) and

f®=J e gx)dx.

|[x[<yz

By Cramér’s transformation we have

pro(ze™) = (P(E| < y2)"(f(5))"e” ¢} (ze™), (4.20)
where ¢! is the nth convolution of ¢, n > 1. Put
s=ay 'z In(zn V), 421

where 0 <y < a/(d+2a).

Lemma 4.3. If s is given by (4.21) then, as n — oo, zn~'/* — o0,
fls)=140(n™".
Proof. Let o' > o and
Ao =] evgman e = | e g(x)dr.
|x|[=a'/s a'/s<|x|<yz
Then
S(8) = f1(s) + fa(s). (4.22)

If 0 <a <1, then

ﬁm=1—J

a'/s<|x|<yz

q(x)dx + J (€™ = Dg(x)dx = 14 O(s*) + f11(5).

|x|<a’/s

By Lemma 3.3,

a'/s
ﬁ@ﬁ{‘ (WL%MWM—OGJVMfmm>—Wﬁ)

|x|=a'/s

For 1 < a < 2, we have

xaq(x)dx + J (e — 1 — sxg)g(x)dx.

|x|=a'/s

A =1-|

a'/s<|x|syz
s<|x|=y

q(x)dx + SJ

|x|=a'/s

Again by virtue of Lemma 3.3,

a'ls
J (esxd — 1= sxd)q(x)dx — O<S2J |l‘|2q*(t)dt> = O(Sa)
Ixi=a/s o’

—a
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Therefore, thanks to the relations P(|§| < yz) =1+ O(z~%) and

J xapO)dx = —J xap(dx = O(s%7),
|x|<a'/s |x|>a'/s

we obtain
f1(s) = 1 4+ O(s%). (4.23)
Further,
fa(s) < J e’Mg(x)dx = j x| exp(s|x| — &’ In[x])g(x)dx.
a'[s<|x|<yz a'/s<|x|<yz

Since the function st — a’In ¢ increases in (a'/s, yz), in view of (4.21) we obtain
fr(s) < (yz)*“’eWJ 1x|“ g(x)dx = O(z~“e"**) = O(n ™). (4.24)
a'/s<|x|<yz
From (4.22)—(4.24) it follows that
f(s) =1+ 0"+ O(n™").

It remains to note that ns® = O(t~“(In £)*) = o(1). The lemma is proven. O

Lemma 4.4. If s is defined by (4.21) then, as n — oo, zn~"/* — o,
sup ¢(x) = O(n™ /).

xeR4

Proof. Let y,(y) be the characteristic function corresponding to ¢(x). Since ¢(x) is
bounded, we may use the inverse formula and obtain

sup ¢'9(x) < Qm) (I, + D), (4.25)

xeR4

where
I = J [Ws(»)]"dy, I, = J [ys(»)]"dy
[y[=o [y[>0

and 0 > 0 is a fixed small number.
First, we estimate /;. We confine ourselves to the case a € (1, 2) because the case
a € (0, 1) is much simpler. From (4.22) and (4.24) it follows that

Pi(y) = (f(s»‘J ‘ el g (x)dx = Yy () + cOn ', (4.26)
x|=yz
where
mO =G| gt @z a

Denote
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a(s) = (ai(s), ..., aq(s)) = (f1 (S))_IJ xe™g(x)dx.

|x|=a'/s

Note that |a(s)| — 0 as s — 0. Then

P (e O =1 — (f (s))”J (1 — cos(y, x))e" 4D g(x + a(s))dx

|x+a(s)|=a'/s

+i(fi (S))71J (sin(y, x) — (y, x))e’ @ 9D g(x + a(s))dx = 1 — R +il.

[x+a(s)|<a’/s

Recall that o > 1. By (2.1),

1= e Isinty. ) = (o a)lpto+ a(o)dx = | v a] *“[sinty 2) = (7. 0l
<c|_ e lsinr. x) = (. 9lds

= eyl sinfey 3) — ey 0l = o
R4
while, for a sufficiently large N,

R= (1 — cos(y, x))|x + a(s)|~9~* dx,

CJ
N<|x+a(s)|<a'/s,exras)€E

where
E' =(ee S he)y=h'/Q20(SY)), h = J h(e)o(de).
gd—l
So,

R= c|y\“J (1 — cos{ey, x))|x|“~*dx = cmax(|y|*, s“).
Niyl<lxl=a'|yl/s.eccE'

This implies that, for all sufficiently small 6 > 0 (see (4.26)),
[ < (1 = cmax(|y|*, s))(1 + cOn™").
Thus,
I < en 9% 4 es? < en~9/e. (4.27)
Now we estimate /5. It is clear that
n—2
I = <Squs(T)|> J |1/)S(J})|2 dy.
7[=6 R4

For a fixed N > 0, we have
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sup ¢ (x) — p(x)| = maX( sup [+, sup |-, sup
xeR9 |x|<N N<|x|<(d+a)/s [x[>(d+a)/s
=max(A, Ay, A3),

It is evident that as n — oo, zn~ !/«

Ay = ‘s‘ggvl(f(s)P(I«Sl < y2))'e™ p(x) — p(x)| = o(1)

— 00,

since s — 0. Further,

Ay < (2T + 1) sup p(x) = o(N).
|x|>N

Finally,
As<c sup e Wl|x| 7 4 gt )
(d+a)/s<|x|<yz

As in the proof of Lemma 4.3, we have

es\x|7(d+a)ln |x] < ceyszzfdfa — C}’lilzid.
Therefore, Az = o(1).
Thus, as n — oo, zn~ /¢ — o0,
sup|¢"(x) — p(x)| = o(1),
xeR4

since N can be arbitrarily large.

)
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Now, taking into account the fact that p(x) is bounded, by Parseval’s equality we obtain

[ Py = | @R = | (o s+ 20 swplg ) - pw < e

It is evident that, as s — 0,

sup [15(y) — p(»)| = o(1).

yeRd

1/a

Thus, for all sufficiently large » and sufficiently large zn~"/“, we have

sup [y < p <1
[y[>0

and
I < cp" 2 = o(n %

In view of (4.25), (4.27) and (4.28), the lemma follows.

(4.28)
O

Taking into account (4.20), (4.21) and Lemmas 4.3 and 4.4, we arrive at the following

statement.
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1/a

Lemma 4.5. Under the conditions of Theorem 2.1 as n — oo, zn~ /% — 00,

Puo(ze™) = o(n?z7972%)

>

provided 0 <y < a/(d + 2a).

In order to complete the proof of Theorem 2.1, all that remains is to estimate the term
pus(te™) in (4.1). By definition,

praGey <ot pndul  poato| gt - u— o wpondw.

|u|>yz o>z [w|>yz
For all sufficiently large |w|, we have p(w) < c|w|~¢~%. Hence,

J Gn_z(ze® —u— v —w)p(w)dw = O(Z’d’a)
lw>yz

and, therefore,
pu3(ze™) = O(nPz- (P& > yz))?) = O(n’z7973%). (4.29)

Combining (4.29) and Lemmas 4.1, 42 and 4.5, we conclude that, for any
0<y<a/d+2a),

pn(ze*) =

1
d(e*)nz" P (1 + o(1)) + 5 nzz_(d+2“)J a(x)m(e™ — x)dx + o(n?z~(129).

(efx[>p.e* =x|>y)

By Lemma 3.7,

J a(x)m(e® — x)dx = m(e®) + w(1/y).
(efx[>y,[e* —x|>7)

Since y can be arbitrarily small and p,(te*) = b? p,(ze*), z = b,t, b, = bon'/%, the theorem
follows.

5. Proof of Theorem 2.4

First, let 8 = 2a. Again put z = b,t, where b, = bon'/®, and let  — oco.
Let A,;,1=0,1,2,3, be as in the proof of Theorem 2.1. Then, for any event 4’,
i P(ze® < {"W <ze* + A, A, A)) - D j(z€™)
IA|—0 P(ze* < M < ze* + A) pa(ze®)’

j=0,1,3.

Put
Ar = AN By(0, R), Br = BN By(0, R), Cr = CnN B0, R),

where R > 0 is a fixed large number. For the sake of brevity, denote
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P, = P(b;lé’ € tAg, b,'E" € tBg, b, ("™ — & — E") € Cxle™" = b,,te*).
Taking into account Lemmas 4.1, 4.2 and 4.5 as well as (4.29), we obtain
Pn,t = P;z,f + 0(1)7

where
;J—(;)P@'ean,aezBmC“*—&—&”ebwh“uﬂd”—zﬁ)

As in the proof of Theorem 2.1, where we considered the contribution of the two largest
summands, we obtain

P = zf’mz(e*»*lj A — x — Vgna(z)dxdy + o(l),
A*

where
A* = ((x, y) € RZd RS AR\Bd(O’ V)» 6* —X—)yE€ BR\Bd(Oa y)a ye Z_lanR)-

It is clear that the set 4™ is covered by 4, defined in that proof. Further,

Phu= (o) [ aa(e | g2+ ot

b,Cr

where
Af = (x € RY : x € 4R\ Bu(0, ), €* — x € Br\B4(0, 7).

By Lemma 3.4, as n — o0,
| a0y = sco + o
b,Cr

Since y can be arbitrarily small and R can be arbitrarily large, (2.5) follows.
The case ff <2a, p, <t < n"/p, is dealt with similarly.
Now let f < 2a, t = p,n”. For the sake of brevity, denote

Oy = P(b," (" — &) € AR|6"™ = b,te™).
Taking into account Lemmas 4.1, 4.2 and 4.5 as well as (4.29), we obtain

Qn,t = Q;1,t + o(1),

where
O = nP(E"W — & € byAg, 4,0 = ze™).

By Lemma 4.1,
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Zd+ﬁ Zd+ﬂ h(e )
| PG 126 — ) =~ (J Mew) o e — wdu
! d(e*) ze*—ueh, Ay ! d(e*) ze*—ueh, Ay |u|d+a :
n J d(e,) + 6w (|ul) (ze* \d d+p +J)
— g, 1(ze" — = )
R T AT

For all sufficiently large n, the set {u € R?:ze* —u € b,Ar} is covered by {u€
R : |u| > yz}. Therefore, I can be estimated as in Theorem 2.1, where we considered the
contribution of the largest summand (see (4.3)—(4.9)). As to J, we have (cf. (4.10))
d(e.)
J= J e — (1 -+ o(1)

e*—uch,Ap |M

_ Z_d_ﬂj d(e—iz—ug)qn—1(1, ug)dii dug (1+ o(1)).
(

zunebyap (A2/22 4+ (1 = uq /2P

For all sufficiently large n, the set b,Ay is covered by A; defined in the proof of Theorem
2.1, where we considered the contribution of the largest summand (see (4.5) and (4.11)).
Thus,

J = z~d+h) <d(e*)J

By Lemma 3.4, as n — oo,

G (uw)du + o(l)) ‘

byAg

j do (W) = S(Ag) + o(1).
b, AR

Since R can be arbitrarily large, (2.6) follows. The theorem is proven.
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