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A stochastic wave equation in dimension 3:
smoothness of the law
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We prove the existence and regularity of the density of the real-valued solution to a three-dimensional
stochastic wave equation. The noise is white in time and has a spatially homogeneous correlation
whose spectral measure u satisfies ij u(d&)(1 + |£[*) ™" < oo, for some 5 € (0, %). Our approach uses
the mild formulation of the equation given by means of Dalang’s extended version of Walsh’s
stochastic integration. We apply the tools of Malliavin calculus on the appropriate Gaussian space
related to the noise. An extension of Dalang’s stochastic integral to the Hilbert-valued setting is
needed. Let S3 be the fundamental solution to the three-dimensional wave equation. The assumption
on the noise yields upper and lower bounds for the integral Jol ds fw u(dE)| FS5(s)(&)> and upper
bounds for jof ds [ u(dE)|E|| FS3(s)(E)* in terms of powers of ¢. These estimates, together with a
suitable mollifying procedure for S3, are crucial in the analysis of the inverse of the Malliavin
variance.
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1. Introduction

In this paper we study the probability law of the real-valued solution to the stochastic wave
equation

32 . 6u
(W — A3) u(t, x) = o(u(t, x))F(t, x) + b(u(t, x)), u(0, x) = E(O’ x)=0, (1)

where (¢, x) € (0, T] X R3, T > 0; A; denotes the Laplacian operator on R® and F is a
Gaussian noise white in time and correlated in space. Clearly, (1) is a particular case of a
class of stochastic partial differential equations (SPDEs) of the form

Lu(t, x) = o(u(t, x))F(t, x) + b(u(t, x)), u(0, x) = %(0, x) =0, 2)

(t,x) €(0, T] X RY, T > 0, where L is a second-order partial differential operator and the
fundamental solution of Lu = 0 is a non-negative distribution with rapid decrease A.
Assume that the coefficients o and b are Lipschitz continuous real-valued functions and
F is a mean-zero L*(Q, F, P)-valued Gaussian process indexed by the space of test
functions D(R?*!) with covariance functional J(¢, ¥) = J. A5 Jra T(dx)((s) * P($))(x),
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where T is a non-negative, non-negative definite tempered measure and (s, x) = (s, —x).
Let u = F~'T,, where F is the Fourier transform operator. Then

o = | o] wanFeeeFeE.

In Dalang (1999) a suitable extension of Walsh’s stochastic integral with respect to martingale
measures is developed; with this tool a rigorous meaning is given to equation (2) in a mild form
and a theorem on existence and uniqueness of solution is proved. More precisely, there exists a
real-valued stochastic process u = {u(t, x), (¢, x) € [0, T] X R4} which satisfies the equation

t t

u(t, x) = J

J At — s, x — y)a(u(s, y)M(ds, dy) + J
0JRre

ds J b(u(t — 5, x — Y)AGs, dy),
0 R4

3)

where M denotes the martingale measure extension of the process F (see Dalang and
Frangos 1998).

Fix (¢, x) € (0, T] X R3. Our purpose is to find sufficient conditions ensuring that the law
of u(t, x) is absolutely continuous with respect to the Lebesgue measure on R and that the
density is a C*> function. The existence of the density has been studied in the companion
paper by Quer-Sardanyons and Sanz-Solé (2004).

Malliavin calculus provides a suitable tool for the analysis of these problems. The
Gaussian family to be considered here is described as follows. Let £ be the inner-product
space consisting of functions ¢ € S(RY), the Schwartz space of rapidly decreasing C* test
functions, endowed with the inner-product (¢, )¢ := [, u(dE)Fp(&)Fp(&). Let H denote
the completion of (&, (-, -)¢) and set Hy = L*([0, T]; H). Notice that H and H; may
contain distributions. The space Hy is a real Hilbert separable space. For & € Hy we set
W(h) = fot Ja h(s, x)M(ds, dx), where the stochastic integral is interpreted in Dalang’s
sense. Then {W(h), h € Hr} is a Gaussian process and we can apply the Malliavin
calculus based on it (see, for instance, Nualart 1998).

In Theorem 1 of Quer-Sardanyons and Sanz-Solé (2004) we introduce an extension of
Dalang’s stochastic integral to integrators that are defined by stochastic integration of
Hilbert-valued predictable processes with respect to martingale measures. Owing to this
extension we have proved that the solution of (3) at any point (#, x) is once differentiable in
the Malliavin sense and that the derivative belongs to any L” and satisfies an SPDE.

We prove in Section 3 below that u(z, x) € D* and give the equation satisfied by
DV u(t, x). The standard approach to this problem (see, for instance, Millet and Sanz-Solé
1999; Marquez-Carreras et al. 2001) cannot be used here. In fact, the difference of two
positive distributions is not necessarily positive; but positivity is one of the requirements in
the construction of Dalang’s integral and, especially for obtaining L? bounds, a useful tool
for proving L? convergences. We circumvent this difficulty as follows. We consider a
sequence of regularized processes u,(#, x), n =1, obtained by convolution of the
fundamental solution A with an approximation of the identity. The L7-limit of u,(¢, x)
as n tends to infinity is u(t, x), as is proved in Proposition 1 of Quer-Sardanyons and Sanz-
Solé¢ (2003); in addition, wu,(z, x) € D>*. Then, since the iterated Malliavin derivative
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operator DV is closed, it suffices to prove that the sequence D"u,(t, x) converges in the
topology of LP(Q; H‘?N ), for any N =1, p € [1, co). This can be achieved by first proving
that the sequence is bounded in any L? and then proving the convergence of order 2, which
can be checked with techniques related to the isometry property of the stochastic integral.

The results of Section 4 concern the particular case of equation (1), the stochastic wave
equation in spatial dimension 3. We prove that the inverse of the Malliavin variance of
u(t, x) belongs to any L”(Q) for all fixed (¢, x) € (0, T] X R®. Then, by the results of
Section 3, we conclude that the law of u(#, x) has a smooth density.

The existence of moments of any order of the inverse of the Malliavin variance is assured
by the integrability in a neighbourhood of zero of the function

e — e TP P Du(t, x)||§1r <el,

for any p € [0, o). Hence, the main issue is to obtain the size in & of the factor
P{|| Du(t, x)H%iT < ¢}. The difficulties come from the fact that the fundamental solution of
the wave equation is a Schwartz distribution. The natural idea is to smooth that distribution,
as we did to study the differentiability. This time we introduce a regularization kernel which
depends on € in a suitable way so that the error in this approximation is a function of & as
well. This technique is complemented with upper and lower bounds of integrals involving the
Fourier transform of the fundamental solution of the wave equation, which have also played a
crucial role in the arguments of Quer-Sardanyons and Sanz-Solé (2004); these are presented
in the Appendix.

All positive real constants are denoted by C, regardless of their values. In the following
section we give some basic notation for Malliavin calculus used throughout the paper. We
refer the reader to Nualart (1995) for a complete account of notions related to this topic.

2. Preliminaries

Consider the stochastic equation (3) as described in the Introduction. Assume that the
following set of hypotheses is satisfied:

Hypothesis D. Let A\ be the fundamental solution of Lu = 0. Then A(t) is a non-negative
distribution with rapid decrease such that

T
j er MBI FADEF < oo 4
() Rl/

and
. T 2
1]%1L erW ﬂ(dg)tig%h\f (A(r) = A())(E)|” +0.

Moreover, A is a non-negative measure on R, X R4 of the form A(t, dy)dt such that
supo<,<1 A(t, Rd) =< Cr < oo
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Then Theorem 5 in Dalang (1999) establishes the existence of a unique progressively
measurable process {u(t, x), (t, x) € [0, T] X R} such that (3) holds; in addition,
SUP(;.v)eqo, 7)xre E(|u(t, x)|7) < oo, for any p €[l, 00), and this has a spatial stationary
covariance function. This process will be called the solution of (3).

We denote by D the Malliavin derivative operator defined in the framework of the
Gaussian space described in the Introduction. Fix any positive integer N; then DV denotes
the Nth iteration of D. For any random variable X, the Nth derivative, if it exists, defines a
random vector with values in HQTZ’N . For any p € [1, co) we denote by D":? the Sobolev—
Watanabe space of random variables X such that

N
X1, = B0 + S E (1D, ) < +oc.
=

Let A be a separable real Hilbert space and K = {K(s, z), (s, z) € [0, T] X RY} be an
A-valued predictable process. Set K/(s, z) = (K(s, z), ¢;)4, where {e;, j =0} is a
complete orthonormal system of A. Assume that:

1. supqs oyeqo, rxre BO K (s, 2)[|%) < oo;
2. forall j=0, s€[0,T], x, y € R,

E(K/(s, x)K/(s, y)) = E(K’(s, 0)K/(s, y — X)).

For any j = 0, set
. t )
MK (4) = J J K/(s, Z)M(ds, dz), t €0, T], 4 € By(RY).
0J 4

The process M f{(A) =3 i=oM f /(A)e ; defines an A-valued martingale measure.
Set G (s, 2) = E(K/(s, 0)K’(s, z)). The measure

I'(d2) =) GF(s, 2)I(do)

J=0

is non-negative and tempered. Let uX be the non-negative tempered measure such that
]_‘—1 rK — #K ) ’

The next result reproduces Theorem 1 in Quer-Sardanyons and Sanz-Solé (2004). It is an
extension to the Hilbert setting of Theorems 2 and 5 in Dalang (1999).

Proposition 1. Let t — S(¢) be a deterministic function with values in the space of non-
negative distributions with rapid decrease satisfying (4). Then the indefinite stochastic

integral of S with respect to the martingale measure MX, (S - MX), t € [0, T, exists as an
A-valued process and satisfies

B M0 = | as| kel

Moreover, for any p € [2, o), t € [0, T],
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(S - M) = € dssup (K. 01| aa]FSexEP. ®)

with C; = (Jy ds Jgo p(dB|FS)EP)P.

We shall use the notation

T
I8 = | as] mwsizsoner.

In this paper we will apply this result to A := H?j and to H?j -valued stochastic processes
involving Malliavin derivatives up to order j = 1.

3. Malliavin differentiability of spatially homogeneous SPDEs

Suppose that the coefficients of equation (3) are C' functions with bounded Lipschitz
continuous derivatives. We have proved in Quer-Sardanyons and Sanz-Solé (2004) that, for
any fixed =0 and x € R? u(t, x) belongs to the space D7, for all p € [1, o0). The
purpose of this section is to extend this result to any differentiability order. That is to say,
we wish to prove that u(z, x) € D™ = N, N peft.00)DNP. Tt is clear that a strengthening of
the regularity of the coefficients is needed.

We shall use the notation

N _ N -
Ditrpnytrion® = Dy iy X 01 @ o @ O )pon,
for r; €0, T], p; € H, i=1, ..., N. Thus, we have that
N y2 2
10X = [ ar a3 1Dt AP ©
[0,71¥ Josf N

where {e;};=¢ is a complete orthonormal system of 7.

Let NeN, fix a set Ay ={a, =, ;) e R XH,i=1,..., N} and set \/,r; =
max(ry, ..., ry), @ = (A, ..., ay), o = (01, ..., Aj_1, Ajy1, - .., Ay). Denote by P, the
set of partitions of Ay consisting of m disjoint subsets py, ..., pu, m=1, ..., N, and by

| pi| the cardinal of p,. Let X be a random variable belonging to DV, N =1, and g be a
real C"-function with bounded derivatives up to order N. Leibniz’s rule for Malliavin’s
derivatives yields

N m
DY (g(xX) =YY eng™X) ] DX, (7)
m=1 P, i=1
with positive coefficients ¢,,, m=1,..., N, ¢y = 1. Let

Al (g, X):= DY g(X) - g'(X)DY X.

Notice that Ag (g, X)=0if N =1 and it only depends on the Malliavin derivatives up to
the order N — 1 if N > 1.
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We now state the main result of this section.

Theorem 1. Assume Hypothesis D and that the coefficients o and b are C* functions with
bounded derivatives of any order greater than or equal to one. Then, for every
(1, x) €0, T] X RY, the random variable u(t,x) belongs to the space D>®. Moreover,

for any p=1 and N =1, there exists an LP(Q; H?N )-valued random process
{ZN(t, x), (t, x) € [0, T] X RY} such that

DNu(t, x) = Z"(t, x)

+ th At — s, x — 2)[AN(0, u(s, z)) + DV u(s, 2)o'(u(s, z))]M(ds, dz)
0JRd

+ JtdsJ A(s, d2)[AN (b, u(t — s, x — z))
0 R4

+ DVu(t — s, x — 2)b"(u(t — s, x — z))] (8)
and

sup  B(|DYu(s, »)|.0) < +o0.
(5,y)€[0,T1¥XR4 r

We prove this theorem by applying the next lemma, which follows from the fact that DV is a
closed operator defined on L”(€2) with values in LP(Q; H?N ).

Lemma 1. Let {F,},=1 be a sequence of random variables belonging to D™-P. Assume that:

(a) there exists a random variable F such that F, converges to F in LP(Q) as n tends to
oo,
(b) the sequence {DVF,},=1 converges in LP(Q; H7Y).
Then F belongs to DY-? and DNF = LP(Q; H}Y) — lim,_.. DV F,.

As in Quer-Sardanyons and Sanz-Solé (2004), we consider the sequence of processes
{u,(t, x), (£, x) € [0, T] X R?} solving the equation

t

it = |

J Ay(t — s, x — )0 (uy(s, z))M(ds, dz)
0Jra

+ JtdsJ b(u,(t — s, x — z))A(s, dz),
0 JRre

where A (1) = ¥, * A1), with ¥ ,(x) = ny(nx), n = 1, y being a non-negative function in
C>(R?) with support contained in the unit ball of R? and such that f[R{d PY(x)dx = 1.

Since A, is smooth, a standard proof (see, for instance, Millet and Sanz-Solé 1999;
Marquez-Carreras et al. 2001) yields that u,(z, x) € D>, for all n = 1. Moreover, the
derivative DVu,(t, x) satisfies the equation
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N

DY un(t, ) =Y (Au(t = 11, x =)Dy~ 0 (a(ris ), @i
i=1

T J;/:l JRdAn(t -5 X Z)[Aij(oa un(Sa Z))
+ DY uy(s, )0 (n(s, 2))]M(ds, dz)

t
+ J ‘ dsJ A(s, dz)[A(]:[(b, u,(t—s, x —z2))
Vi Jwe
+ D;vun(t -8, X — Z)b,(un(t -8, X = Z))], (9)
where o = ((r1, ¢1), ..., (ry, @n)), With 7, ..., ry =0 and ¢4, ..., oy € H.

Lemma 2. Assume the same hypothesis as in Theorem 1. Then, for all p € [1, c0) and every
N=1,

sup sup E(HDNu,,(t, X)||

) < +oo. (10)
n=1 (1,x)€[0, TIXR4

p
QN
My

Proof. We will use an induction argument with respect to N with p = 2 fixed. For N =1,
the property (10) is proved in Quer-Sardanyons and Sanz-Solé (2003, Proposition 2). Assume
that

sup  sup E(HDku,,(t, x)Hftm) < 400,
n=1 (1,x)€[0,T]XR r

forany k=1,..., N—1 Leta=((r1, €;,), ..., (rn, €j,), ¥ = (11, ..., ry), dr =dry ...
dry. Then, by (6), we have that

p/2
E(IIDNun(t, x)H;};N) E(J[O ] dr > (DY u(t, x)|2>
’TN . ‘N

Jlseens]

where
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N, E(
N2=E<
NFE(
N4:E<
N5=E<

[0.71¥

dr
JlseesJ N
dr Z
JlseesJ N
dr
JlseesJ N
dr Z
JlseesJ N
dr Z
JlseesJ N
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2) p/2
2) r/2

N

Z(An(t — 1, x—%x) X Dﬁ’i’la(un(ri, *)), €, )nH
=1

t
AV
i
t
Vi
i
t
Vi
i

t

J An(t — s, x — 2) X AN(0, u,(s, z))M(ds, dz)
Rd

2> p/2

J Ay(t—s, x— Z)Dévun(s, z) X o' (u,(s, z))M(ds, dz)
Rd

dsJ A(s, dz) X AN(b, u,(t — s, x — 2))
Rd

2) r/2

dsJ A(s, d2) DY u,(t — 5, x — 2) X b'(u,(t — s, x — 2))
Rd

2) r/2

\/ri
i

By Parseval’s identity and the definition of the H-norm, it follows that

where ji =, ..

=

=

(J[O,T]N

drz

(An(t = riy x = %) X Dy o (un(ri, %)), €,

2) p/2

Tloens JN
p/2
E J dr S 1AM = iy x = DY (i, )
[0,71V >
Ji
E(J drj F(dz)J dyA,(t—ri, x— )
i—1 [O,T]N Rd Rd
r/2
(t=rix—y+2) | > Dy o(ualri, IDY 0 (un(ri, y = 2)) :
Ji
- Jiz1s Jit1s --- » jn. Then, by the Cauchy—Schwarz inequality and

Hélder’s inequality the preceding expression is bounded by
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n T
ZE(J driJ F(dz)J dyAn(t — riy x — YAt — riy x — y 4 2)
i—1 0 R4 R4

p/2
XJ df,”DNilO(un(r,’, W)||He-n X ||D1r¥*la(u,,(r,~, y— Z))HHx(Nl))
[0,77¥
J J r(dz)j Ay ALt — i x = YA~ ri 5 — y+2)
Rd

p/2
AR DY (i Dl X DY G(un(n,y—Z))IIwa)
[0,77’

ZJ th F(dz)J dyA,(t—ri, x— YA (t—ri, x—y+2)
— d Rd

r/2
X supE(J df,’HD;\:_lo‘(un(l"i, U))Hg.‘xmvn)
[0,7]V-1

veRY

<C sup E(|DN10(un(S, Z))H:txwl)>a
(5,2)€[0, TIX R4 T

with d#; =dr ... drio1drigy ... dry. By (7), the assumptions on o and the induction
hypothesis, it follows that N; is uniformly bounded with respect to n, ¢ and x.
In the remaining terms we can replace \/,r; by 0, because the Malliavin derivatives
t
J J At — s, x — 2)AN(0, u,(s, z))M(ds, dz)

involved vanish for r </, r;.
P
N, =E
0J R4 HON

By Proposition 1 (See (5)))
= ’d u A"V (o UnylS HE 12
CJO SSEpE(” N( , ( R y))” N)J , ((l§)|3 li(l S)(é)‘

t
= CJ dS Sup E(”AN(Oa un(‘[’ y))”f”;/’\l)‘](t - S)»
0 r

(7,y)€[0,s]X R4

with J(#) = fRd w(dE)|FA)E)?. According to the induction hypothesis, this last term is
uniformly bounded with respect to n, ¢ and x.

Using similar arguments — this time for deterministic integration of Hilbert-valued
processes — Holder’s inequality and the assumptions on A, we obtain



174 L. Quer-Sardanyons and M. Sanz-Solé
t
Vo= as| A BN G e - s x - 2
0 R4 T
<C sup  E(IAY, s L)
]X[Rd T

(s,2)€[0,T

which again, by the induction hypothesis, is uniformly bounded in #, ¢ and x.
For N4 we proceed as for N,; this yields
t
Ny < CJ ds  sup E(||DNu,,(r, y))||7’_jt®N> J(t —s).
0 (z,y)€[0,s]XRY T
Finally, as for MNj,
t
Ns < CJ ds  sup E(HDNun(t, y))||ftm).
0 (7,y)€[0,s]XR4 r

Summarizing the estimates obtained so far, we obtain

sup  E([|D"un(s, wIIZ0 )
(5,y)€[0,1]X R4 r

<C

t
| +J ds  sup E(||DNun(r, y))H;j{M)(J(z —5+1)
0 (1,y)€[0,s]X R4 T

An application of a version of Gronwall’s lemma (Dalang 1999, Lemma 15) concludes the

proof. O
For N=1, n=1, r=(r,...,rn), a=(r,ej), ..., (ry, e;,)) and (¢, x) € [0, ] X
R?, we define the H®"-valued random variable ZIVV (¢, x) as follows:
N

(ZV"(t, x), €, ® ... ® e, )yen = Z(An(t — Fiy X — *)Dg”fla(un(ri, %)), €,)H-
i=1

Applying Lemma 2, it can easily be seen that ZV-"(¢, x) € LP(Q; H3") and

sup  sup E<||ZN’n(ta X)H?piw) < +o0, (11)
n=1(1,x)e[0,T]X R4 r

for every p € [1, oo). Notice that ZV-"(¢, x) coincides with the first term of the right-hand
side of (9) for a = ((r1, e},), ..., (rn, €j,)).

On the other hand, for N =1, we introduce the assumption that the sequence
{D/u,(t, x), n =1} converges in LP(Q; H;’), j=1,..., N —1, with the convention that
LP(Q; HF®) = LP(Q) We denote this assumption by (Hy_).

Proposition 1 in Quer-Sardanyons and Sanz-Solé (2004) yields the validity of (Hj).
Moreover, for N >1, (Hy-;) implies that wu(z, x)€ D/? and the sequences
{DJu,(t, x), n =1} converge in LP(Q; H}’) to D/u(t, x). In addition, by Lemma 2,



A stochastic wave equation in dimension 3 175

sup  E(||D7u(s, y)||7.)) < oo, (12)
(5,¥)€[0,T]X R4 T

Lemma 3. Fix N = 1. Assume the same hypothesis as in Theorem 1 and that (Hy_1) holds.
Then the sequence { ZN-"(t, x)} =1 converges in LP(Q; 'H‘?N) to a random variable Z"(t, x).

Proof. For N =1 the result is proved in Quer-Sardanyons and Sanz-Solé (2004, Proposition
3). Assume N > 1. In view of (11), it suffices to show that {Z"-"(¢, x)},=1 is a Cauchy
sequence in L*(Q; H7MY).

For n, m = 1, set

N
D At = ri, x =)D o (un(ri, %), € )m

i=1

zmm ::EJ dr
a2

Jlsees] N

N 2
= (At = ri, x =)D o (un(ri, %), €j, )

Then
ZM < C(ZY + 257+ Z8),

where

N
Zr=3"E[ dr 3 [A i x =) X DY 0(un(ri #) — DY o uri ). g )ul.
=1 JTIY g Ty

dr > (DY o(u(ri, 9) X AL = rry x = %) = Ap(t = 7oy x = 9], €))%,

071V i

N
Zy" =3 "E
i=1

N
7y =3"E ) dr > HAw(t = 1y x = %) X DY 0 (ulri, %) = DY~ o (un(ri, )] €;,)n)
=1 :

Jlsees] N

Parseval’s identity and the Cauchy—Schwarz inequality ensure that
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zr =Y EJ[O] 47 S A = x — DY 0, ) — DY ot )R,
TV~ p
Ji

i=1

I

N 1
g EJ df,—J dsJ F(dz)J dyA,(t—s,x—y)
[O,T]N*l R(I Rd

i=1 0
X An(t =5, x = y+ 2| DY 10 (tns, 7)) — 0 (s, )l

X || D0 (un(s, y = 2)) = o (u(s, y = 2)|lpev

= s B(ID 0o ) = ot ) X | as] el FAG - 9@

(5,¥)€[0,T] X R4

<C s E(HDNJ(a(un(s, ») = o(uls, y)))||i(w_”),
(5,9)€[0,T]XR4 o

Equation (7), Lemma 3 and assumption (Hy_) yield that the last term tends to zero as n
goes to infinity. Analogously, Z3' tends to zero as m tends to infinity.
Using similar arguments, we obtain

N
Z;’m - E EJ[O ]N ld’;:i E ||D({1V:710(u(’ *))[An(t - X — >k) - Am(t -, X — *)]”i{r
i LTV 0
Ji

N T
— ZEJ df,-ZJ dsJ F(dz)J dyDY o (u(s, )
B [O,T]‘N" j" [Rd Rd !

0
X Dg’i_lo(u(s, y—2)[A(t—=s,x—y)— A,(t —s, x— )]
X[Ap(t—s,x—y+2)—Au(t—s5x—y+2)]

i—1 0’ T]N—l

T N-15(u
a7} Jo dSJR,ﬂf 7B F (At — 5) — At — )E.
Ji

a

This term tends to zero as m and #n go to infinity. Indeed, arguing as in the proof of Theorem
2 from Dalang (1999), we have that

2 L 2
A — ')Ho,Dg’flo(u) = hglorclfHAk(t - ')Ho,ng’f‘a(uy
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Then, by Fatou’s lemma,

N

~ r Dd;lc(u) B 5
EJ[O,T]M“”'ZL“SJ us" o AOIFA( = )©)

T d
Ji R

= di Y A= )G e
J[O,T]Nl l; O’Dﬁi o

o A 2
< h;?lgfj[oﬂwdr" Jz AR = o035y
This last term is bounded by a finite constant not depending on k, as can easily be seen using
(12). Then we conclude by bounded convergence. O

Proof of Theorem 1. Fix (t,x) € (0, T] XRY, pe€[2,00). We apply Lemma 1 to
F,:=u,(t, x) and F := u(t, x). We know that assumption (a) of the lemma is satisfied.

Let us check that the sequence {DYu, (¢, x)},=1 converges in the space L7(Q; H@T@N ), for
every N =1 and p = 2, which implies that the random variable DNu(t, x) exists, belongs
to LP(Q; H;") and, by Lemma 2, satisfies

sup  E(|DVuls, ]|2.0) < +oo.
(s,¥)€[0,T]X R4 r
Owing to Lemma 2, it suffices to check the assertion for p = 2. We will use an induction
argument on N. For N = 1 the proof is given in Theorem 2 of Quer-Sardanyons and Sanz-
Solé (2004).

Assume the induction hypothesis (Hy-_1). Let B,y be the class of progressively
measurable H?N -valued processes {W(t, x), (¢, x) € [0, T] X RY} with spatially homoge-
neous covariance function and satisfying

sup  E(|[W(s, p)llyev) < +oo.
(s,0)€[0, TIxX R4
We consider the stochastic integral equation in B, v,

t

U(t, x) = ZV(t, x) +J

J A(t — s, x — 2)[A(0, u(s, z)) + U(s, z)o ' (u(s, z))]M(ds, dz)
0Jra

+ Jtdsj A(s, d2)[A(D, u(t — s, x — 2)) + U(t — s, x — 2)b"(u(t — s, x — 2))],
0 Jre

with ZV(¢, x) given in Lemma 3. There exists a unique solution to this equation. Moreover,
following arguments similar to those in the proof of Theorem 2 in Quer-Sardanyons and
Sanz-Solé (2004), owing to Lemma 3 and (Hy_;) it is easy to prove that

U(t, x) = LA(Q; HGY) — lim DV u, (¢, x),

the limit being uniform in (¢, x). Then by uniqueness of the solution U = DVu, and the
process DVu(t, x) satisfies equation (8). O
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4. Study of the inverse of the Malliavin matrix

In this section we consider the stochastic wave equation (1). Let S3 be the fundamental
solution of Lu = 0 where L = 0*/0t> — A;. In this case condition (4) is equivalent to

u(dé)
Jo < 03

and this implies Hypothesis D (for details, see Dalang 1999).

Let {u(t, x), (¢, x) € [0, T] X R*} be the real-valued process solving (1). The purpose of
this section is to study the L7”-integrability of the inverse of the Malliavin variance of
u(t, x) for any fixed (¢, x) € (0, T] X R®. More precisely, we prove the following result.

Theorem 2. Assume that the coefficients o and b are C' functions with bounded Lipschitz
continuous derivatives and, in addition, that:

(a) there exists 0¢ > 0 such that inf{|o(z)|, z € R} = oy,
(b) there exists 1 € (0, %) such that

(1N,
ysguléjwsr(dx)]: ((1 + |§|2)r/>(x y) < oco.

Then, for any p > 0,

E(HDu(t, x)||;[f) < oo

This result, together with Theorem 1 applied to equation (1), yields the main result of the
paper, as follows.

Theorem 3. Assume that the coefficients o and b are C* functions with bounded derivatives
of any order greater than or equal to one, and that hypotheses (a) and (b) of Theorem 2 are
satisfied. Then the random variable u(t, x), (t, x) € (0, T] X R, has a density which is a C>
function.

We notice that assumption (b) in Theorem 2 implies (13) (Lévéque 2001, Proposition 4.4.1).
Recall that the Malliavin derivative Du(t, x) of the solution to (1) satisfies the equation

tpe

Du(t, x) = Z(t, x) + J J S3(t — s, x — z)0 ' (u(s, z))Du(s, z)M(ds, dz)
R3

0
+ JtdsJ S3(t — s, d2)b'(u(s, x — z))Du(s, x — z), (14)
0o Jm

where {Z(t, x), (t, x) € [0, T] X R} is the Hr-valued random process given by
Z(t, x) = LP(Q2; Hr) — lim Z"(¢, x),
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p =1, where Z"(¢, x) := S3.,(t — -, x — %)o (u(-, *)) with S3 , = S3 x 1,; see either Theorem
1 or Quer-Sardanyons and Sanz-Solé (2004, Theorem 2).

Lemma 4. Assume that o is Lipschitz continuous and that condition (13) is satisfied. Then,
for any (t, x) € (0, T] X R?, v e (0, {] and q = 1,

v q
8170 002) = ¢ [Las|_mapiFsonar)

Proof. Holder’s inequality with respect to the non-negative finite measure
S3.0(8, x — 1)83,4(s, x — y + 2)dsI'(dz)dy yields

E(|Z ot 0ll3) = lm E(| Z7_ (1, 0)[13)

= lim E(|S3,0( x = %) u(t = -, #)[3)

= limE( Jvdsj F(dz)J dySs.u(s, x — y)o(u(t — s, y))
e 0 Jr R

q
XS3,n(sa xX—=y + Z)O.(u(t -5, )y Z))

v q—1
< lim <J dsJ F(dZ)J dyS3.a(s, x — ¥)S3.0(s, x — y + z)>
n—oo\Jo  Jme R
U
X J dsJ F(dz)J dySs3.u(s, x — 1)S3.0(s, x — y+ 2)
0o Jme R

X E(lo(u(t — s, y)o(u(t —s, y = 2)|%)

sc<1+ sup E(IM(SaZ)|2q)>

(5,2)€[0,T]XR3

n—oo

X lim (J:dsjw T(dz)(S3.4(s) * &,,,(s))(z)) ’

= o] o] uasiFsinepr.
where in the last inequality we have used the L7 uniform boundedness of u(?, x). O
Owing to Lemma 4 and Proposition 1, we obtain the following technical result.

Lemma 5. Under the same hypothesis as in Lemma 4, we have that
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v q
sup  sup E(|Dy—.u(s, YIPY) = C(J dsj ﬂ(dE)IfSa(S)(E)IZ) ,
1—U<s<t yeR3 0 JR3

forall t €0, T] and q = 1.

We remark that both of the preceding lemmas also hold in the more general setting of
Section 3.

Proof of Theorem 2. Fix p > 0; it suffices to check that, for some ¢y > 0,

€0
Jo P PL|Du(t, x)|)7,, < e}de < oo.

Let ¢;, 0 > 0 be such that, for any ¢ € (0, ¢], ¢ — ¢ > 0. Owing to (14), we consider the
decomposition

P{|| Du(t, x)||;T < ¢} < Pl(¢, 8) + P*'(c, 0, v) + P¥*(c, O, v),

where
t
Pl(e, 0) = P{ J dru(t, r, x)| = e},
t—c
P (e, 0, v) = P{||Ser(c, x — x)o(u(t — -, ®)||3,, < 6e},
P*(¢, 0,v) = P{|| Z—u(t, x) = S, x — D)o (u(t — -, )3, = ¢},
with

U(t, r, %) = | Drsti(t, D17, = || Zoat, 0|7, and — Sev = v % 83, her(x) =

e 3Pp(cx), v >0 and ¥ a non-negative function in C®(R3) with support contained in
the unit ball of R® and such that [p, y(x)dx = 1.

Let us first consider the term P'(¢, 0). By Chebyshev’s inequality, for every ¢ =1 we
have that

t
J drU(t, r, x)

t—c0

Pl(c, 0) < e_qE(

q 5
) <Ce?y Ty, (15)
k=1

with
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-
=

E(
-

Jt dr< Z, (1, X), Jt JR3S3(t — 8, X — 2)D, (s, z) X o' (u(s, z))M(ds, dz)>

t—eo

H

< Z,.(t, x), Jt adSJR3S3(t — 5, dz) D, u(s, x — z) X b'(u(s, x — z))>

t
q
B

2
Sg(t — 8, x — 2)D,.u(s, z) X o' (u(s, z))M(ds, dz)

, éa
H

E

..
[ o
|

< S3(t -8 X = Z)Dr’*U(S, Z)O"(M(S, Z))M(dsa dZ),
—cd t—cd

)

X J dSJ S3(t — s, dz) D, u(s, x — 2)b" (u(s, x — z))>

2

‘ t q
Ts =E J dr J dsJ S3(t — 5, dz) Dy cu(s, x — z) X b'(u(s, x — z))
t—cd t—c® R3 H
Schwarz’s inequality yields
Ty < T\’T)7,
with
t , |
Th :E( J ;dr||Z,,*(t, )|l% ),
t—¢9
t t q
T = E< J dr||J J Ss(t — — 2)D,u(s, z) X o' (u(s, z))M(ds, dz)||§_[ >
t—¢® t—c®

By Lemma 4 and (27),

T =E(|Z0 o0, IR, ) = G, (16)
We have that

2q
T, =E .
Ho

Here we apply Proposition 1 to A :=H., K(s, z) := D,—.,u(s, z)o ' (u(s, z)) and S := Ss.
Thus, Lemma 5 and (27) ensure that

Jt J S3(t — 8, x — 2)D_. ou(s, z)o ' (u(s, z))M(ds, dz)
R3

t—e?

0 2q
= C(L @ JR3ﬂ(d.s)|fS3(s)<§)|2) < @wa-2),

Hence,
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Ty < CEPC=20/2, (17)

We now consider the term
2q
T 2 = E

Jt dsJ S3(t — s, dz)Dy—.,u(s, x — z)b'(u(s, x — z))
o Jm3

1—¢

Heo

Holder’s inequality with respect to the finite measure Si(f— s, dz)ds on [z — ¢, 1] X R

yields
t 2g—1
T = <J dSJ S3(t — S, dZ)>
t—e0 R3

t
X E(J dsJ S3(t — s, dz)|| Dy—. «u(s, x — 2)b"(u(s, x — z))||${q)) )
o Jm3 «

1—¢€
Notice that
t ®
J dsJ S3(f — s, dz):J dsJ Ss(s, dz) < C¥,
o R3 R3

t—¢ 0

because Si(f) = 0,/4mt, where o, denotes the uniform measure on the three-dimensional
sphere of radius ¢. Then, since ' is bounded, Lemma 5 and (27) imply

Tyy < CeH0+a0G=20) — CeadT-20), (18)

Schwarz’s inequality and the estimates (16), (17), (18) yield

T, < TVPTI? < Cetd-2m),

T3 = Ty, < Ce40C-20,

Ty < T\ THP < CeroB3/23n),

Ts = Ty < Cct07-20, (19)
Therefore, (15), (17) and (19) imply

Pl(c, §) < Ceat-14306-2n/2),
Consequently, [ P'(¢, 0)c '"Pde < oo if

1_34G-2n)

20
55 rigq (20)

We now study the term P>!(¢, 0, v). Our purpose is to choose some positive 0 and v
such that, for e sufficiently small, {||S.+(-, x — *)o (u(t — -, *))Hil6 < 6¢} is the empty set
and therefore P>!(¢, 8, v) = 0. Assumption (a) in Theorem 2 yields
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IS0+t x = )0ttt = r, NI = 0| u@EIFS &

= ol

(; JR3ﬂ<d§>|fsa(r><s)|2 - J[R}ﬂ(d&)msw - S3>(r)(§)|2) :
We have that
[F(Ser = SN = |Fper (&) — 1P| FS3(n@)F
< 47| F Sy &l¢”.
Therefore, the lower bounds (26) and (28) yield
IScr -, x = 9ot = - )3,

)

= o (%J ar| waplFs@F - ane| o ﬂ(dé)IEIIsz(r)(§)2>
0 R3 0 R3

= O'% <% Cl 63(5 _ C26V+(3(2—277)> ,

for some positive constants Cy, C,. Let v, > 0 be such that

14+2yp 1
< - 21
v 0’ @h

then

1 30 v+0(2—27) 1 30 G Hrmott2m
ZCIC — Che D= Ce”, forall ¢ < ¢ := .

4C,
Thus, for any € < ¢,

18y x = )0 (ult =, Dy, = o551

Moreover, the condition
30 <1 (22)

implies

C,02 1/(1-36)
0
24 ) '

2C 30 —
6c < 0y3c’, for e < ¢ ._(

Hence, if v, 0 > 0 satisfy (21) and (22) then P>'(¢, 6, v) =0, for any ¢ < &; A e3.
Consider now the term P>2(c, 0, v). By Chebyshev’s inequality and (29), we have that
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PP, 0,v) < ¢ 'B(| Zi- o1, X) = Sy x = 0o (ult — -, #)|3,.,)
o

| o l@lFse - s oner
0 R

J

< 4ne*1+VJO dsjw 17 (dE)E| F S5 ()

< C6_1+V+6(2_2’7),

for some positive constant C, where o denotes the process {o(u(t— r, x)),
(r,x) €0, 1 X R°}.
Thus, [;°e +PP22(c, 8, v)de < oo if and only if

0
—1—p4+v+052—2y) >0. (23)

We finish the proof by analysing the compatibility of the conditions (20)—(23). We recall
that # € (0, %) and p € [0, co) are fixed. Choose v > 0 such that

1+2
L/ (24)
3
Then (20)—(23) are equivalent to (23) and
1 393-2
3ol 24672 (25)
o  p+tyg

Let go = 1 be such that 3 < %qo(?a —2n)/(p + qo), or equivalently 2p/(1 — 25) < go. Then
let 09 > 0 satisfy (25) with g = go. For this dy, choose vy > 0 sufficiently large such that
(23) and (24) hold. The proof of the theorem is complete. U]

Appendix

In this appendix we present some of the technical results that have been used in the proofs

of Section 4. These provide bounds for integrals involving the Fourier transform of the

fundamental solution of the wave equation in any spatial dimension d, denoted here by S,.

The proofs of these results are given in Quer-Sardanyons and Sanz-Solé (2004, Appendix).
We recall that, for every d = 1,

sin 27tt|&])

FSa(t)(§) = B ER

For any # € (0, 1], we introduce the assumption

u(dé)
Lml mERTA
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which we denote by (/). We observe that (H,) is weaker than assumption (b) of Theorem 2
(Lévéque 2001, Proposition 4.4.1).

Assume that (/) holds for # = 1. Then there exist two positive constants C;, i =1, 2,
such that, for any ¢ € (0, 1),

i’ = JodSJRde@VSd(s)(é)lz < ot (26)

Suppose that (/) holds for some 7 € (0, 1). Then, there exists a positive constant Cj,
such that for any ¢ € [0, T,

LdSJW#(dE)lfsd(S)@)F < Gy, @7)

Assume that (/) holds for some 7 € (0, %). Then there exists a positive constant Cy
such that for any 7 € [0, T,

Ldsjwum&na\fsd(sxs)ﬁ < CP ) (28)

Let {Z(t, x), (t, x) € [0, T] X R’} be a predictable L*-valued process with stationary
covariance function and such that sup, .\ejo, r1xr/E(| Z(1, x)|?) < co. Assume that hypothesis
(b) of Theorem 2 holds. Then, there exists a positive constant Cs such that

Ldsjwuf(dsn5||de(s)<5)|2 < Ct ) (29)
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