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We give an elementary definition of the (Wick—)Ito integral with respect to a fractional Brownian
motion using the expectation, the ordinary Lebesgue integral and the classical (simple) Wiener
integral. Then we provide new and simple proofs of some basic properties of this integral, including
the so-called fractional It6 isometry. We calculate the expectation of the fractional It6 integral under
change of measure and prove a Girsanov theorem for the fractional It integral (not only for fractional
Brownian motion). We then derive an Ito6 formula for functionals of a fractional Wiener integral.
Finally, we compare our approach with other approaches that yield essentially the same integral.
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1. Introduction

Since fractional Brownian motion with Hurst parameter H # % is not a semimartingale, 1t6’s
integration theory cannot be applied to this family of processes. Therefore different
extensions have been proposed. They can be roughly divided into two groups by considering
their change-of-variable formulae. An extension is said to be of Itd type if, analogously to
the Ito integral for semimartingales, an additional term involving the second derivative
occurs. It is said to be of Stratonovich type if the change-of-variable formula coincides with
that from ordinary calculus.

After a preliminary section we give a motivation for a simple definition of an integral
with respect to a fractional Brownian motion which turns out to be of It type. This
definition is based on the S-transform, an important tool in white noise analysis, but carries
over to an arbitrary probability space on which a two-sided Brownian motion lives. To this
end we provide a new proof of the injectivity of the S-transform. Then we show that the
new definition of the fractional It0 integral is an extension of the classical Ito integral to the
case H 75% using the classical Girsanov theorem. Moreover, the relationship to the Wick
product and the (Hitsuda—)Skorohod integral is explored and a simple proof of the so-called
fractional It0 isometry is provided.

In Section 4 we examine the behaviour of the fractional Itd integral under change of
measure dQ; =: e/(/) : dP, where :e/(/): is the Wick exponential of a function
f € L*(R). We first calculate its expectation under the measure Q;. Then we prove a
Girsanov theorem for the fractional It6 integral. The essential new feature of this theorem is
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that it holds for the fractional It0 integral, and not just for fractional Brownian motion as do
the Girsanov theorems due to Norros et al. (1999), Hu and @ksendal (2003) and Elliott and
van der Hoek (2003). Since the fractional Ito integral is implictly based on the Wick
product and the Wick product depends on the underlying probability measure, the extension
of Girsanov’s theorem from fractional Brownian motion to the fractional It6 integral is not
at all obvious.

In Section 5 we first prove an Ito formula for functionals of fractional Wiener integrals
(with non-constant coefficients in the case where H > %) — modifying the approach in
Bender (2003a) — to show that our integral is of 1t0 type. We then extend the definition of
a (Wick) geometric fractional Brownian motion from Hu and Oksendal (2003) to non-
constant coefficients in the case where H > % As a corollary, we obtain an It6 formula for
geometric fractional Brownian motions. This in turn yields an analogue of the Doléans—
Dade equation and thus justifies the name geometric fractional Brownian motion.

We conclude by comparing our S-transform approach with other approaches to Ito-type
integration with respect to a fractional Brownian motion. It turns out that our definition is
equivalent to the white noise definition (Hu and ©@ksendal 2003; Elliott and van der Hoek
2003; Bender 2003a) as long as we suppose the integrand and the integral to be L?(Q)-
valued. However, our definition is much simpler and does not make use of the complicated
constructions from the white noise calculus. Compared to the Malliavin calculus approach
(Alos et al. 2001), our definition allows a wider class of integrands, particularly for small
Hurst parameters. A different generalization of the Malliavin calculus approach has recently
been developed independently by Cheridito and Nualart (2002).

2. Preliminaries

2.1. Construction of fractional Brownian motion

Definition 2.1. A continuous stochastic process (Bf’ )eer s called a (two-sided) fractional
Brownian motion with Hurst parameter H, if the family (B"),cr is centred Gaussian with
E[B{B]1 =3[t + s = |t = sP™), 1 seR (1

If H= %, B'/2 is said to be a two-sided Brownian motion.
We recall a construction of a fractional Brownian motion starting from a Brownian

motion. Let (Q, F, P) be a probability space that carries a two-sided Brownian motion B.
For a, b € R we define the indicator function

1, ifa<t<b,
1(a, b)(t) =< —1, ifb<t<a, 2)
0, otherwise.

Furthermore, let
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o 1 = H-1/2 _ H-1)2 NS
KH.F(H+2)<JO ((1+s) s )ds+2H ,

and define the operator
KyD;"7VPp o< H<
MEf =31 H =3 3)
K1y, leH<l

Here 19, 0 < a <1, is the fractional integral of Weyl's type, defined by

1
(1P i= s | =0 a,

(I )(x) —mj S — 0 dr,

if the integrals exist for almost all x € R. D%, 0 < a <1, is the fractional derivative of
Marchauds type given by (e > 0)

(DY f)x) = | IR L

Ira-aw), tlta
and

(DLf) = lim (D2 ).

if the limit exists in LP(R) for some p > 1. The notation D%f € LP(R) indicates
convergence in the L”(R) norm.
With these definitions we have:

Theorem 2.1. For 0 < H <1, let the operators ML be defined by (3). Then
MH1(0, 1) € I*(R) and a fractional Brownian motion B is given by a continuous
version of the Wiener integral fR(M 1100, 1))(s5)dB;.

Proof. Using elementary integration one can easily show that the representation of B is the
well-known Mandelbrot—Van Ness representation (Mandelbrot and Van Ness 1968). More
details can be found in Bender (2003a). O

2.2. The S-transform

The S-transform is an important tool in white noise analysis. Here we give a definition and
state some results that do not depend on properties of the white noise space.
We first introduce some notation. /5( f) denotes the Wiener integral Jg f(s)dB; for a
function f € L*(R). If there is no danger of confusion, we shall drop the superscript B.
|f]o is the usual L? norm, and the corresponding inner product is denoted by (f, g)o.
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Note that we interpret the functions in L*(R) and in S(R), the Schwartz space of smooth
rapidly decreasing functions, as real-valued.

G is the o-field generated by {I(f); f € L>(R)}, and we define (L?):= L*(Q, G, P).
|®|lo denotes the (L*) norm.

We can now define the S-transform:

Definition 2.2. For ® € (L?), the S-transform is defined by
S®(y) := El®- : /™ -], 7 € S(R). 4)

Here the Wick exponential of 1(37) is given by : e/ : = eln=1ii/2,
The next theorem states that the S-transform is injective:
Theorem 2.2. If (S®)(n) = (SW)(n) for all n € S(R), then & = W.

This result is well known in the white noise setting. Here we give an elementary proof
that relies neither on the Stone—Weierstrass theorem (and hence on topological properties of
the probability space) nor on the chaos decomposition. It is inspired by Theorem 4.1 in
Hida (1980).

Proof. Let &,, n € N, be an orthonormal base for L*(R) in S(R), for example the Hermite
functions. We define G, as the o-field generated by {I(&;); k < n}.
By the linearity of the S-transform it is sufficient to prove

v e SR),  (SP)y)=0= d = 0. (5)

We set @, := E[®|G,]. Then there is a function ¢, such that ¢,e /4 € I2(R") and
D, = ¢, (1), ..., [(§,)). Using the orthonormality of (§;) and the transformation theorem,
we obtain, for t = (¢, ..., t,) € R",

0= J /() L pap = J Lol (k) ®,dpP
Q Q

= jg exp {Z(rkz(m - %ri)}m(l(fl), L I(f)dP
k=1

:(2::)—"/2J e 1P 2g (w)du
Rn

:2e|t|2/2(2n)_”/2J e 1 g Quye P A du.
Rn

Consequently, the convolution of e M and PYa(x) = ¢n(2x)e"2x‘2/ 4 € [*(R") vanishes.
Applying the Fourier transform and taking into account that the Fourier transform of e P is
strictly positive, we may conclude from the trivialization theorem for the convolution that
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the Fourier transform of v, vanishes. Therefore, 1, equals zero and so do ¢, and thus
D,.

As (&;) is an orthonormal basis of L?(R), G, monotonically increases to G and hence
o =0. O

One can also characterize (L?) convergence in terms of the S-transform:

Theorem 2.3. Let @, be a sequence in (L*) and ® € (L*). Then the following assertions are
equivalent:

(i) @, (strongly) converges to ® in (L?).
(D) [|[Pallo = |Pllo and, for all 7 € S(R), S(P,)(n) — (SP)(x).

Proof. The proof of (i) = (ii) is obvious.

As for (ii) = (i), by the preceding theorem the linear span of {: e/™ : ;5 c S(R)} is
dense in (L?). Hence, by Yosida (1966, Theorem 3, p. 121) @, weakly converges to ® in
(L?). Then ||®,||o — ||®||o implies convergence even in the strong topology. O

The following lemma can easily be proved:

Lemma 2.4. Let f, g € L*(R). Then:
E[: /) ¢ : e® . ] = o 2n,
In particular,

(S : el . )n) = (/o

Proof. 1f g =0, we have

E['el(f)']:—1 Jex u—l |f|2+u—2 du =
e I WA YT

The general case can be reduced to this by

B (0 SR (0 B ¢ N (R

Lemma 2.4 and Theorem 2.3 imply:

Corollary 2.5. Let f, be a sequence that converges in L*(R) to f. Then : e!») : converges
to 1 el 1 in (L?).

From Lemma 2.4 we know that E[: e/(/) : ] =1 for f € L*(R). Hence we can define a
probability measure on G by
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dQ, =: e’/ . dp. (6)

One can easily check that P and O are equivalent. With the measures Q,, 7 € S(R), we can
rewrite the S-transform as

(SP)(1y) = EY[P]. (7

2.3. Fractional integration by parts

Under appropriate conditions, the equation
| s g = | (mr)oewas ®)

holds. We refer to (8) as the fractional integration by parts rule. It is valid under the
following conditions:

Theorem 2.6. (i) Let 0< H <1 Then (8) holds if M"f e L/(R), M"ge L'(R),
feL®), gel'R®yand p>1, r>1,1/p+1/r=3/2—H 1<s,t<c0.

(ii) Let %<H<l. Then (8) holds if fe€ LP(R), g€ L' (R) and p>1, r>1,
1/p+1/r=1/2+H.

Proof. In view of the definition of M f this is a simple reformulation of Corollary 2 (p. 129)
and formula (5.16) in Samko et al. (1993). For (i) we note that by Theorem 6.2 in Samko et
al. (1993) the conditions 1/s=1/p—1/2+ H and 1/t =1/r—1/2+ H are satisfied. [J

From the proof of Lemma 2.6 in Bender (2003a), we know that an e LV/O-M(R) if
H <% and 7 € S(R). Moreover, it is well known that S(R) C L?(R) for all p = 1. Hence,
we have:

Corollary 2.7. Let f € S(R). Then:

(1) (8) holds if 0 < H <%, Mg e I2(R) and g € LP(R) for some 1 < p < co.
(i1) (8) holds zf% < H<1 and g e LP(R) for some 1 < p < (H—%)_l.

2.4. Pettis integral and stochastic fractional calculus

Throughout this paper we interpret a stochastic process as an (L?)-valued function. Hence,
the notion of Pettis integrability fits better than the pathwise integral:

Definition 2.3. Let X : M — (L*) (M C R a Borel set). Then X is said to be Pettis integrable
if E[XW] € LY(M) for any W € (L?). In that case there is a unique ® € (L?) such that, for
all W € (1%),
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E[®W] = J E[X,W]dz.
M
O is called the Pettis integral of X and is denoted by jM X;dz

A proof of the existence and uniqueness of ® can be found in Hille and Phillips (1957).
Note that by this definition we have, for a Pettis integrable X,

JME[X,‘P]dt —E “MXt‘Pdt] )

for all W € (L?). In particular, the Pettis integral interchanges with the S-transform.

Before we state a useful criterion for Pettis integrability, we shall point out the
relationship between the Pettis integral and the pathwise integral. Let X : [a, 5] X Q@ — R
be measurable and pathwise integrable such that the pathwise integral belongs to (L?). If X
is good enough to apply Fubini’s theorem, we can interchange the integrals:

E “j)(, dt- 1111 = J:E[X,‘I‘]dt,

where the integral on the left-hand side is the ordinary pathwise integral. Hence, the Pettis
integral defined in Definition 2.3 coincides with the pathwise integral in that case.

The following criterion is based on the fact, that the Pettis integral is an extension of the
Bochner integral:

Theorem 2.8. Let X : R — (L?) such that (SX)() is measurable for all n € S(R) and
| Xlo € L'(R). Then X is Pettis integrable and

J Xtdt
R

Proof. As the linear span of the set {: e/ : ; # € S(R)} is dense in (L?) by Theorem 2.2,
E[X,F] is measurable for any F € (L?). Hence, X, is weakly measurable. The separability of
(L?) implies that X, is strongly measurable (see Hille and Phillips, 1957, p. 73). Thus, X,
is Bochner integrable and the inequality holds by Theorem 3.7.4 in Hille and Phillips
(1957). O

< J [|.X ¢ ]Jodz.
0 R

Let us now extend the operators M! to stochastic processes: For X : R — (L?) and
%< H <1, the fractional integral of Weyls type is defined by

1 o0
A1), = 7] X(t—x)32dt,
L(H—-1) )
B 1
(a2 x), ::7J X, (x — 324y,
* T(H-h) '

if the integrals exist for almost all x € R as Pettis integrals.
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fO<H <% the fractional derivative of Marchaud’s type is given by (¢ > 0)

1 00
—(H-1/2) )  —(H =) [P X~ Xogy
(Di,c X = F(H+%) T pEn dt

and

<D;(H—1/2)X) (Llrori(D (H— 1/2)X)

if the above integrals exist for almost all ¢ > 0 and x € R as Pettis integrals and the limit
exists in LP(R, (L?)) for some p > 1. Again, D;(Hfl/z)X € LP(R, (L?)) indicates con-
vergence in the LP(R, (L?)) norm. The operators M can then be defined as in (3).

It is important that the operators M f interchange with the S-transform:

Lemma 2.9. Let M X exist for some X : R — (L*). Then we have, for all W € (L?),
E[(MTx) W] = M (E[X,P)).
In the case H <1 the convergence of the fractional derivative on the right-hand side is in the

LP(R) sense, if M Py e LP(R, (L*)). In particular, the operators M interchange with
the S-transform.

Proof. The case H = 2 is straightforward in view of (9).

Let H < 3. Then by (9):

p
JR‘E [(D;(H”/z))()xly] — D,V ELY, W)

|,

2] 2/2
< E[IIIZ]P/Z . J E [((D;HI/Z)X)X _ (DEGH*I/Z)X))J :| dx
R

E [III ((D;(Hfl/Z)X)x B (D;T(HA/Z)X)X)} ’pdx

— 0

as € — 0 + by the definition of the fractional derivative of a stochastic process. In view of the
definition of M in the case where H <} the proof is finished. O

We now prove a stochastic version of the Hardy—Littlewood theorem:

Theorem 2.10. Let H>%. Then Mf is a continuous operator from LP(R, (L?)) into
LR, (L) if 1 < p<(H —p~" and g = p/(1 — p(H — 1/2)).

Proof. As X € LP(R, (L?)), || X|lo € LP(R). Thus,
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o0 o0
[ e = 02 ds = [ 1cots 02 < o
t t

for all ¢ € R. Hence, by Theorem 2.8, M7 X exists and

q/p
hWﬂmmm<Mwﬂmmwmswﬂﬁmwﬁ,

where the last inequality follows from the deterministic Hardy—Littlewood theorem (Samko
et al., 1993, Theorem 5.3) applied to [|X||o. The proof for M’ is similar. O

We conclude this section with a straightforward consequence of Holder’s inequality:

Lemma 2.11. Let X : R — (L?) such that X € LP(R, (L?)), p > 1. Then E[X®] € L?(R) for
all ® € (L?). In particular, X € LP(R, (L?)) implies (SX)(n7) € LP(R) for all n € S(R).

3. The fractional Ito integral

3.1. The classical case from an S-transform point of view

Let 0<a=<b) and X : [a, b] X Q — R a progressively measurable (with respect to the
filtration F, generated by the Brownian motion B, 0 < s < ) process satisfying

b
EU |Xt|2dt] < 0. (10)

a

Then the classical Ito integral f: X,dB, with respect to the Brownian motion B exists. By the
isometry property of the It integral it is an element of (L?). We now calculate its S-
transform.

Let Oy, 7 € S(R), be the measure defined by (6). Then by the classical Girsanov theorem
B,:= B, — f(; n(t)dt is a two-sided Brownian motion under the measure Q. Moreover, by

(10) and Holder’s inequality,
, 1/2
E& J | X ,|*dt < <.
a

Consequently, Lf X,dB,a<s<b, isa Oy-martingale with zero expectation.
Using the above considerations, (7) and Fubini’s theorem we obtain
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S <J:X, dB,) (7) =E& “th dB,

—E& bet dB, + JbX,n(t)dt]

a a

b
- j EQ[X In(ds

b
- j (SX )z,

If we replace X by a function f € L?>(R) we can repeat the argument and obtain for the
Wiener integral,

SUNm) = JRﬂr)n(r)dr.

In particular,

t

S(B.)(n) = J n(s)ds.

0

Let us summarize the foregoing:
Theorem 3.1. (i) Let 0 < a < b and X : [a, b] X Q — R a progressively measurable process

satisfying (10). Then the Ito integral J": X,dB, is the unique element in (L?) with S-transform
given by

b
J (SX )i,

(i) The Wiener integral I(f), f € L*(R), is the unique element in (L*) with S-transform
given by

j Flm(odt.
R

Using this result we can define an extension of the Itd integral in terms of the
S-transform:

Definition 3.1. Let M C R a Borel set, X : M — (L?). Then X is said to be Hitsuda—
Skorohod integrable if (SX.)()n(-) € L' (M) for any 5 € S(R), and there is a ® € (L?) such
that, for all n € S(R),

SP(n) = JMS(X,)m)n(z)dt.
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In that case @ is uniquely determined by Theorem 2.2 and we denote it by fM X, dB}/ g

Remark 3.1. In this terminology, Theorem 3.1(i) states that the Hitsuda—Skorohod integral is
an extension of the Ito integral. This result is well known in the white noise setting. However,
in this setting the proof is usually given either by calculating the chaos decomposition (Hida
et al. 1993) or by approximating with step processes (Kuo 1996). Note that our proof is
rather elementary.

Our definition of the Hitsuda—Skorohod integral makes use of the S-transform. It
obviously coincides with the definition in Kuo (1996) in the white noise setting. However,
there is another and more common approach to the Skorohod integral using the Malliavin
calculus. As the fractional It0 integral is defined via the (Malliavin calculus) Skorohod
integral in Decreusefond and Ustiinel (1999) and Alds et al. (2001), we briefly review this
definition. For more information concerning the Malliavin calculus we refer to Nualart
(1995).

For a smooth random variable of the form F(I(&), ..., I(§,)) with & € L*(R) and
F € C*(R"), with polynomial growth, the Malliavin derivative is given by

" OF
D,F = ;a—msl), o IEDEND).

Xi
(t € M, M C R a Borel set). Here DF is a closable operator from (L?) to L*(Q, L*(M)). The
domain of D is denoted by D'
A stochastic process X € L>(M, (L?)) is said to be Skorohod integrable (with respect to
B) if X: QX M — R is measurable and

‘E U D,FX, dt}
R

for all F € D"? and a constant ¢ depending on X. Then the Skorohod integral of X is the
unique element @ € (L?) such that, for all F € D'?,

= ¢[[Fllo

E[® - F] = EU D,FX,dt}
M
Now one can easily check that : /™ : € D'? and

D, : el . = ¢ln . (1)

for n € S(R). Hence we have proved the first part of the following theorem:

Theorem 3.2. The Hitsuda—Skorohod integral is an extension of the Skorohod integral.
Conversely, if X is Hitsuda—Skorohod integrable, then X is in the domain of the Skorohod
integral if and only if X € L*(M, (L?)).

Proof. The ‘only if” part is trivial in view of the above definition. For the ‘if” part suppose
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X € L*(M, (L?)) is Hitsuda—Skorohod integrable. Then there is a ¥ € (L?) such that, for all
n € S[R),

E[Y : e/® :]:(SYXn)::JMcgygoﬂn@gds::JME[X;Ds:e“m:]d&

By linearity and the fact that the linear combinations of Wick exponentials form a dense set
in D', we may conclude that, for all F € D'2,

HYFF{SWyQHM

which shows that X is in the domain of the Skorohod integral. O

3.2. Definition of the fractional Ito integral and basic properties

We shall now define an integral with respect to a fractional Brownian motion in analogy to
the Hitsuda—Skorohod integral. To this end, note that

d
(1) = £ S(B))

and, hence,

b b
jS<Xt)(n>n(t>dr jS(Xt)(m S(B)(.

a

Thus, we should define the fractional Ito integral as the unique random variable @ (if it
exists), that satisfies

(SP)(p) = JbS(Xz)(ﬂ) S(BH(ndr.
From Theorem 3.1(ii) and the construction of B we see that
—S(B (1) = d J M0, D)(s)n(s)ds.
Applying the fractional integration by parts rule (Corollary 2.7) yields:
S(BH)(W) J(M M(s)ds = (M {n)(0).
Thus, we arrive at the following definition:

Definition 3.2. Let X: M — (L*) (M C R a Borel set). Then X is said to have a fractional Ito
integral (S-transform approach) if (SX.)(n)(M n)(-) € L'(M) for any n € S(R) and there is a
® € (L?) such that, for all n € S(R),

SP(1) =j SCX (M (1)t
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In that case @ is uniquely determined by Theorem 2.2 and we denote it by fM X, dB,H .

Remark 3.2. For the rest of this paper, except for Section 6, the phrase ‘fractional It0
integral’ always refers to the S-transform approach proposed in Definition 3.2.

The following properties of the fractional Ito integral are straightforward in view of the
definition:

Proposition 3.3. (i) For all a < b € R,

b
Bf—Bf:J dB”.

a

(i) Let X : M — (L?) be fractional Ité integrable. Then
J X,dB" :J 1y(t)X,dBY,
M R

where 1), denotes the indicator function of M.
(iii) Let X : M — (L?) be fractional Ité integrable. Then

EU X, dB{f] =0.
M

Note that (iii) holds since the expectation coincides with the S-transform at n = 0.
Because of (ii) there is no loss of generality in proving the majority of results for M = R
only.

Example 3.1. Let us calculate fOT BPdB!: Again, 0,, 7 € S(R), denotes the measure in (6).
B is the Brownian motion under Q, given by the classical Girasanov theorem. Then we can
apply integration by parts and the classical Girsanov theorem to obtain:

T T ¢t
ZJ S(BYap(M ) (1)dt = 2J J (M p)(s)ds(M ) (1)di
0 0JO0

T 2
- (L (Mfm(s)ds)

2
T
—E2 <J M0, T)(s)st—j (Mfm(s)ds) —[MH1(0, )2
R 0

2
_E% (J M0, T)(s)st> 1 - 1" =s(B)) ) — 27
L R

by Theorem 2.1 and (7). Hence,



968 C. Bender
! HipH _ 1 H\2  2H
OB, dBf =L (BY) —12#).

Remark 3.3. The above argument can be generalized to obtain It6 formulae for functionals of
a fractional Brownian motion or a geometric fractional Brownian motion; see Section 5.1
below or Bender (2003a) for the case of generalized functionals of BY.

We now prove that the fractional It6 integral coincides with a Hitsuda—Skorohod integral
under appropriate conditions:

Theorem 3.4. Let 0 < H < 1. Suppose that X € LP(R, (L)) with 1 < p < (H —)~" when
H >1/2, and that M" X € IX(R, (L*)) and X € LP(R, (L)) with 1 < p < co when H < 1.
Then
J X,dBY :J (MY X)(1)dB\?
R R

in the usual sense, that is if one of the integrals exists then so does the other, and both
coincide.

Proof. From Lemma 2.11 we know that (SX)(1) € L?(R) for all 7 € S(R) with the respective

p from the assumption of the theorem. Moreover, S(M 7 X))() € L*(R), if H < % Now we
obtain from Lemma 2.9 and the fractional integration by parts rule (Corollary 2.7):

JRS((Mf’X)z)(ﬂ) -n(nde = JRMf’((SX-)(n))(I) -n()dr

= | svom - o,
which (in view of Definition 3.2) proves the assertion. O
From this theorem we can easily deduce a criterion for fractional Ito integrability:
Corollary 3.5. Let 0 < H < 1 and X € L'"(R, (L?)) and additionally M" X € [*(R, (L?))
when H <%. Moreover, assume that the Malliavin derivative D, (M X),] exists as an
element of (L*) for almost all (s, t) € R?, and

j E[D (MY X),] - DM X),])d(s, 1) < oo.
RZ

Then X is H-fractional Ito integrable and

E[(JRXS ost)

Proof. The stochastic Hardy—Littlewood theorem (Theorem 2.10) yields M7 X € L2 (R, (L?))

- j E[DL(MY X),1- DM X0, 1] dGs, 0 +J EL(MY X, Plds (1)
R2 R
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when H > %, too. Then, by Nualart (1995, pp. 38—39), M’ X is Skorohod integrable and
(11) holds with the left-hand side replaced by

2
E [(J (M x), dB;/2>
R

Hence, the assertion follows from Theorem 3.4. O

Remark 3.4. Note that (11) was first proved (in a slightly different formulation) by Elliott and
van der Hoek (2003) in the white noise setting by a rather lengthy calculation involving the
Wiener chaos expansion of the fractional 1t6 integral. In analogy to the classical isometry for
the It6 integral, (11) is usually called the fractional Ité isometry. This name is misleading in
the sense that in general (11) can be zero without X being zero. However, it becomes an
isometry if restricted to an appropriate class of adapted processes (with respect to the
filtration generated by the fractional Brownian motion starting at minus infinity); see Bender
(2003b).
Let us now introduce the Wick product:

Definition 3.3. Let ®, W € (L) and assume that there is an element ® OW € (L?), that
satisfies S(® O W)(n) = (SDP))(SW)(n) for all n € S(R). Then ® W is called the Wick
product of ® and W.

The next theorem explores the relationship between the fractional It6 integral and the
Wick product:

Theorem 3.6. Let X : R — (L?) and Y € (L?). Then
Yy & J X B! = J Y & XdBY
R R

in the sense that if one side is well defined then so is the other, and both coincide.

The straightforward proof can be carried out by calculating the S-transform of both sides.
In particular, this theorem implies that, for good random variables Y,

Y O (BY — B = J 1(a, b)(s)YdBY (12)
R

Together with the fractional 1t6 isometry (11), this shows that for sufficiently good processes
X the fractional Itd integral is an (L?) limit of Wick—Riemann sums.

Note that, in general, the Wick product does not coincide with the ordinary pathwise
product. We provide an easy example:

Example 3.2. Let a < b and 7 € S(R). Again O, denotes the measure defined in (6) and Bis
the Brownian motion under O, constructed by the classical Girsanov theorem. Then
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S(BX(B — B = S(jR(M” 1(0, a))(s)dB; - JR(ME’ 1(a, b))(s)st)w)
=E% [(j (M™1(0, a))(s)dB, +j (M ™10, a))(S)n(S)dS>
R R
X (j (M™1(a, b))(s)dB; +J (M"1(a, b))(S)n(S)dSH
R R

a b
- J (M p)(s)ds - J (M p)(s)ds + (M0, @), M 1(a, b))
0 a

= S(B & (Bf' — BI) () + 16?7 — & — (b — a)*").
Hence,

BYB} — BN =Bl O (Bl - By +1(0*" — & — (b — a)"). (13)

Remark 3.5. If H :% the last term on the right-hand side of (13) is zero. This is not by
chance, but a special case of the following more general reasoning. Assume that X is F,-
measurable, where F, is the filtration generated by the Brownian motion B. Then we can
apply Theorem 3.1(i), to see that

b
S(X(By — Ba))(m) = (SX )(W)J n(0de = (SX))(S(By = Ba))(1)-

a

Hence,
X(Bpy—By)=X <& (By — Bo). (14)

This is why one does not need the Wick product in defining the classical It6 integral.

Using (12) we can rewrite (13) as

b b
BfJ B! — J BHABT 4+ 1(B2H — M — (b — ap!).

a a

Thus, we arrive at the following unfortunate observation, which is different from the Ito
integral in the Brownian motion case:

Proposition 3.7. Let ]-',H = U(Bf; O0ss= t) and assume that X : [a, b] — (L?) is .7-',H—
progressively measurable and Y € (L?) is F f -measurable. Then, in general, the identity

b b
Y-J X, dBH :J Y- X dBY

a a

does not hold if H # 1/2.

The true relationship between the pathwise product and the fractional Ito integral is as
follows (see Biagini et al. 2003):
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Proposition 3.8. Suppose X satisfies the assumptions of Corollary 3.5, and let Y € (L?) such
that, for almost all t € R, D,Y € (L*). Then

J Y- X,dBH = Y-J XSdBf—J D,Y - (M X),ds
R R R

in the sense that the integral of the left-hand side exists if the right-hand side belongs to (L?).

The proof is a direct application of Theorem 3.4 above and formula (1.49) in Nualart
(1995).

4. The fractional Ito integral under change of measure

4.1. Expectation

We now calculate the expectation of a fractional Ito integral under the measure Oy,
f € L*(R), given by (6).

We begin with the rather simple case of Q,, 7 € S(R). To this end, let X : R — (L?) be
H-fractional It6 integrable (0 < H < 1). Then

EY U X, dBf’} = S(J X, dBf’)(n) :J EZ (X, (M) (1)dt (15)
R R R

by Definition 3.2 and (7).

Let us now consider the general case of f € L*(R). We choose a sequence
(Mn)neny C S(R) such that #, converges to f in L*(R). By Corollary 2.5 the left-hand
side of (15) (with 5 replaced by #,) converges to E¢” U: X,dB/"]. So we have to impose
conditions that ensure the convergence of the right-hand side:

Theorem 4.1. Let 0 < H < 1, f € [*(R) and Qr be given by (6). Moreover, assume that
X R — (L?) is H-fractional It6 integrable and X € L' " (R, (L?)). Additionally, suppose
that MY f € LVO="(R) and M7 X € IX(R, (L*)) when H <1 Then

EY U X, dB,H} :J B2 [ X (MY f)(n)dt.
R R

Proof. Note, first, that by Theorem 2.10, M7X € I[*(R, (L?)) when H >1 too. Let
(7)nen C S(R) be given such that 7, converges to f in L?>(R). By the considerations at the
beginning of this section it remains to prove that the right-hand side of (15) (with # replaced
by 7,) converges to E¢r UR XM f n)(t)dt] By the supposed integrability conditions,
Lemmas 2.9 and 2.11, we may apply the fractional integration by parts rule in the form of
Corollary 2.7 to obtain:
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J E[X, : el (M y,)(0) - B[X, - ' J (M f)(r)de
R

J E[((MTX), : ") :]n,(1) —J E[(MTX), : e"D:] f(1)dt
R R
sJ \17,,(t)|EH(MfX),(: el . . el 2)|]de

R

+ [ = ol a0, e ar
=11+ 1.

By Hoélder’s inequality,

1/2
L<n,—flo- (J E[(M"X), - : /) :|2d1)
R

1/2
<.~ flo- (jRE[kamﬂdt) (EL: &/ . 2"

— 0

as n — oo. The same argument applied to 7, yields

L=< o - (JREU(MHX),ﬂdt)l/Z

X (E[|: /@) — 1 el |2D1/2
— 0

as n — oo by Corollary 2.5. Hence,

limj B9 X, (M p,)(1)dt = J B2/ [X J(MY ),
n—oo R R
which proves the assertion.

Remark 4.1. Note that under the assumptions of Theorem 4.1, for all ¥ € (1?),

J .E[Xt(Mf f)(t)‘P] dr
R

1—-H H
s(JR(MffW“H)dr) (JRE[X,lz]”(”)dr) E[|W[*]

< 0.

C. Bender
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Thus, fR XM f )(6)dt exists as a Pettis integral and, by (9),

EO/ U X, dBf“'] _go U X (MY f)(t)dt]. (16)
R R

4.2. A Girsanov theorem

The classical Girsanov theorem states that a Brownian motion with drift becomes a
Brownian motion without drift under some change of measure. In the fractional Brownian
motion case similar results have been obtained by Norros ef al. (1999), Hu and Oksendal
(2003) and Elliott and van der Hoek (2003). We now explore how a fractional Ito integral
behaves under change of measure. We thus generalize the results given above.

Let Oy, f € L*(R), again be the measure defined by (6). The probability space
(2, G, Oy) carries a two-sided Brownian motion given by B,:=B,— fot f(tH)dt by virtue of
the classical Girsanov theorem. Hence, all constructions from Section 2 carry over to this
probability space. We shall use the notation Sp, for the S-transform with respect to this
new probability space:

(So, X)) = E9/ [: e’ X]

S and I respectively denote the S-transform with respect to the space (L2, G, P) and the
Wiener integral with respect to B, as before.

Later we shall need the following identity which can be verified directly for all
g € L*(R):

el el 2l (17)

Our Girsanov theorem has the following form:

Theorem 4.2. Let the assumptions of Theorem 4.1 hold with respect to the probability space
(2, G, P). Moreover, assume that

E9r [

J X,dB :J X,dB? —J X (MY f)(p)dt
R R R

2
1 < o0. (18)

JRX, dB! — JRX,(Mfsz)

Then the identity

holds in [*(Q, G, Oy) and consequently Qr-almost surely and P-almost surely.

Proof- We want to apply Theorem 4.1 to f+#n, n€ S(R). Recall that, for H < %,
Mf;y e LV/O=H(R) for all € S(R) by the proof of Lemma 2.6 in Bender (2003a). Hence,
MH(f +1n) € LYO=HY(R) if H <1 By (17) and Theorem 4.1 we have:
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So, (J[th dB — J{RX MIf )(t)dt) ()
= E9r URXt dBY — JRX,(Mf f)(t)dt]
_ JREQ”'/ LXIMYCS + (i — JREQ”” L)Y oy

= JREQW X )M ) (nydi = JR(SQfo)WMf n(1dr.

To obtain the second identity, we also used the fact that [, X (M f F)()dt exists as a Pettis
integral, which was proven in Remark 4.1. In view of Definition 3.2 applied to the space
(2, G, Oy), the asserted identity is proved. Note that it also holds P-almost surely, as the
measures P and O are equivalent. O

Remark 4.2. (i) Notice that the fractional Girsanov theorem also holds for anticipating
integrands.

(ii) Consider a special case where X, = 1(a, b)(f)Y with ¥ € (L?) such that the conditions of
Theorem 4.2 are valid. Then

b
Y Co, (Bf —BIy=Y Op (B — B - Y-J (M f)(s)ds.

Note that a priori there occur different Wick products with respect to the different probability
measures on both sides of the equation. It is therefore somewhat surprising and not at all
obvious that the Girsanov theorem extends to the fractional It0 integral.

(iii) In Elliott and van der Hoek (2003) and in a preprint of Hu and Oksendal (2003) a
Girsanov theorem is proved for the fractional Brownian motion but applied to the (white
noise definition of the) fractional It6 integral. After we had informed Hu and @ksendal about
this gap, they included an additional result, Lemma 3.21, in the final version of their paper.
This states that (in our notation) in the spaces of Hida distributions (S)j; and (S)z;f
corresponding to the measures P and Q, respectively, the Wick products $p and ©p,
coincide. In a denseness argument in the proof they implicitly use the fact that both spaces of
Hida distributions are equal as sets and carry equivalent topologies. Both assertions are not
proved and seem not to be trivial.

4.3. Removal of a drift

Usually (and, in particular, in no-arbitrage arguments) the classical Girsanov theorem is
applied to remove a given drift le X,g(t)dt. The fractional version stated in Theorem 4.2
allows a drift of the form
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b
|t o
to be killed. Hence, we need to explore whether the fractional equation

MIf)y=g as. (19)

has a solution f € L*(R) for given g.
We start with H <1 Note that in this case the Theorems 4.1 and 4.2 require that
M1y e LV/I=M(R). So the best we can hope for is:

Theorem 4.3. Let 0 < H <1 and g € L'/'=™(R). Then (19) has a solution f € L*(R).

Proof. Let f(x) = K},l(lﬂr/ A 2)(x), where Ky is the constant given by (3). Then by
Theorem 6.1 in Samko ef al. (1993) and (3) above,

iy = D) =

Now the Hardy—Littlewood theorem (Samko ef al., 1993, Theorem 5.3) implies that
f e LA(R). O

If H>1 we have:
Theorem 4.4. Let % < H <1 and assume that g = Iffl/zq’) for a ¢ € L*(R). Then (19) has
a solution f € L*(R).

The proof is given in Samko et al. (1993, Theorem 30.6). Moreover, the solution f is
explicitly calculated.

For our purposes it is sufficient to solve (19) on the interval [a, b]. Hence, the following
corollary is useful, as its assumptions are easier to verify:

Corollary 4.5. Let %< H <1, and suppose that g = 1(a, b)y, y : [a, b] — R, is Hdlder
continuous with exponent A > H — % Then (19) has a solution f € L*(R).

Proof. Let us first extend 1 to a A-Holder continuous function 9 : R — R with compact
support. Then: g = 1(a, b)y and the assertion follows from Lemma 5.3 in Pipiras and Taqqu
(2000), Theorem 6.7 in Samko ef al. (1993) and Theorem 4.4 above. d

Thus, we have proved the following variant of Theorem 4.1:

Theorem 4.6. Let 0 < H <1 and a < b € R. Moreover, assume that X : [a, b] — (L?) is
H-fractional It integrable and X € LY'"([a, b], (L?)). Additionally, suppose that
ge LYU-I(R)y and MP(1(a, b)X) € AR, (L?) if H <1 and that g is A-Hélder
continuous with A > H —% if H> % Then there is an [ € L*(R) such that



976 C. Bender

b b
EY U X, dBtH] :J EY/[X ] g(p)dr.

a a

Remark 4.3. We could also formulate a similar variant of Theorem 4.2. But notice that this
variant would require the integrability condition (18) to hold with respect to the measure Oy,
where f is the solution to (19) on [a, b].

5. Ito formula and geometric fractional Brownian motion

5.1. Ito formula for a fractional Wiener integral

We begin this section by proving an It6 formula for a class of indefinite fractional Wiener
integrals using the S-transform approach in Bender (2003a). In this way we show that our
definition of an integral with respect to a fractional Brownian motion deserves to be called
of 1t6 type. In general, an indefinite H-fractional Wiener integral is to be understood as a
process

t
X, = J o(s)dBY, 0<t<T,
0

provided o is a deterministic function such that the above integral exists for all 0 < ¢t < T.

Proposition 5.1. Let T > 0, and o : [0, T] — R be continuous (if s < H < 1), or A-Hélder
continuous with A > % —H ((f0<H< %) Then the indefinite H-fractional Wiener integral
exists for all 0 < t < T, and

Jto(s)dBSH = 1(M"(1(0, )0)).
0

Proof. The case where H 2% is straightforward in view of Theorems 3.4 and 3.1(ii). For
H <3 we have to prove M7 (1(0, f)o) € L*(R) for all 0 < <T to apply Theorem 3.4:
Similar to the argument in Corollary 4.5, we may conclude that for fixed ¢ there is a function
¢ € L*(R) such that

100, no = 17",

Hence, M“(1(0, t)o) € L*(R) by the inversion formula of the fractional calculus (Samko
et al., 1993, Theorem 6.1). O

Let us now prepare the ground for the proof of our It6 formula:

Lemma 5.2. Let 0 : R — R be continuous and H > % Then
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t T
M7 (10, o) = 2HQ2H — 1)J J o(s)o()|s — ] % ds dr (20)
0J0
In particular:
(1) For all t =0,

M7 (10, Ho)fs < m[%x]|o(s)\2t2ﬂ
s€[0,1
(i) |[MHAqo, t)0)|3 is differentiable in t and, for all t =0,
d t
5 \M (100, o) = 2HQ2H — 1)J o(s)a(t)|s — 12 2ds
0

< 2H max |o(s)[? 1171,
s€[0,7]

Proof. By an identity of Gripenberg and Norros (1996) we have
|MH(1(0, yo)|; = HQH — 1)J J 1(0, 1)(s)o ()1(0, £)(T)o ()]s — 7[> 2 ds dr.
RJIR
Equation (20) easily follows. The other assertions are direct implications of (20). Ol

Remark 5.1 For H < % there is a lack of a result similar to the above lemma. Hence, we can
consider the case of constant o only in this case. Then we have

M7 (10, Ho)fs = o2,

Note that the It6 formula below would hold for H <% and a A-Holder continuous o
(A >%— H), if estimates similar to the above lemma could be established under these
assumptions for z > 0.

Theorem 5.3. Let T >0 and X be an indefinite H-fractional Wiener integral with
continuous integrand o when H 2% and constant integrand when H <%. Furthermore,
assume that F € CY*([0, T] XR) and there are constants C=0 and A<

QT - max,ejo.r|0(s))) 72 such that, for all (1, x) € [0, T] X R,
} < Ce™.
T

T
J a(t)gF(t, X)dB# = F(T, X1) — F(0, 0) fJ 9 (. Xt
0 Ox 0 ot

5

0
aF(l, X)

0 ?
aF(tax) 7’@17([9)6)

max{|F(t, x)|,

Then the following equality holds in (L*):

‘EJTilMH(l(o 00 2 et X 1)
2 o dem T L
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Proof. By Definition 3.2 we have to prove that the right-hand side is an element of (L?) and
has S-transform given by

r B r B
L (MY)(0)S (o(r)am Xt)) ()t = L (M" n)(t)o(t)S( F(t, X,)) (md. (22)
Notice first that, by the growth condition for G = F, (9/0t)F, (0/0x)F, (0*/0x*)F and
t €0, T,
G(t, X)|lg < C2(1 — 4A|M ™ (1(0, 1)o)[3)"/* < const. (23)

using Lemma 5.2 or Remark 5.1 below. Consequently all terms on the right-hand side exist in
(L?) (the integrals as (L?)-valued Pettis integrals). For the last integral this can be proved in
the following way:

"ld . u , &
L S, 00 2 R, X)) d
0
r a
<J L, 00| 7 k. x|
0

T
= const.J A1 dr < oo
0
using Lemma 5.2 and (23) and then applying Theorem 2.8.
We shall now calculate the S-transform of the right-hand side of (21): To this end, let

1 {—xz}
ex
N TR T,
be the heat kernel. Applying the classical Girsanov theorem for the measure Q,, n € S(R),
and fractional integration by parts (Corollary 2.7) we may conclude that X, is a Gaussian
random variable with mean Jo o(s)(M 7)(s)ds and variance |M*(1(0, t)0)|0 under the

measure Q.
Thus we obtain, for 0 < r < T,

S(F(t, X)) = E@[F(t, X))]

g(t, x):=

- J F(r, “ +j (M" n)(S)O(S)dS> (M (1(0, o), w)du
R
By the growth condition we may interchange integration and differentiation to obtain
d 0 0
q, S X0)on) = < F(, Xt)) () + (M n)(t)O(t)S< F(1, Xz)) (1)

1

d 0*
53 M0, Do)l <a k. X») )
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for 0 < ¢ = T in the same way as in Bender (2003a). Hence,

S(E(T, Xr) = F(0, 0)(7) = im S(F(T, X7) = F(e, X))
- JTS<8F(t X))( )dt+JT(MH )(t)a(t)S(aF(t X))( )ds
B 0 ot ’ ! U 0 +17 Ox ’ ! g

1(7d 2 (82 )
+5J0 S, vl s ( 5 P X0 ) aa

Thus, the S-transform of the right-hand side is given by (22). U

Remark 5.2. In the case 0 = 1 the above theorem generalizes the 1t6 formula from Alos et
al. (2001) to the case where H < JT. A different proof has recently and independently been
given by Biagini et al. (2003). The advantage of our proof is that we do not have to
approximate the function F' as in Biagini et al. (2003). Moreover, our result allows non-
constant integrands when H > % Note that Theorem 5.3 also contains the versions of It0’s
formula in Bender (2003a) provided F is classically differentiable. However, the Ito formula
in Bender (2003a) holds in the framework of tempered distributions and generalized
functionals of a fractional Brownian motion.

5.2. Geometric fractional Brownian motion

We now introduce geometric fractional Brownian motions with deterministic (but not
necessarily constant) coefficients:

Definition 5.1. Let H € (0, 1), xo > 0 and o, r: [0, c0) — R. Then we call

P :=Xxo exp{J;r(s)ds — %|Mf](1(0, t)0)|§ + J;O(s)dBSH}

a geometric fractional Brownian motion with coefficients H, xy, o, r, provided the right-hand
side exists as an element of (L*) for all 0 < t < cc.

The following 1t6 formula is a consequence of Theorem 5.3.

Theorem 5.4 Let T >0, P be a geometric fractional Brownian motion with continuous
coefficients r and o, and let 0 be a constant in the case where H < % Furthermore, assume
that F € C1*([0, T] X R) such that F, (0/0t)F(t, x), (0/0x)F(t, x), (0*/Ox*)F(t, x) are of
polynomial growth. Then the following equality holds in (L?):
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T T
J o(t)P,gF(t, P)dB? = F(T, Pr) — F(0, xo) —J 2F(t, P,))dt
0 ax 0 af

T 0
- J r(l‘)Pth(t, Pt)dt
0 Ox

IJT d M0, H)o)2P? i F(t, P,)dt
2 pdt T 0T rgx2T Y T

Remark 5.3. Note that the assumptions on » and o obviously ensure the existence of P.

Proof. Apply Theorem 5.3 to F(t, g(¢, x)) with

ga(t, x) == Xxp exp{J;r(s)ds — %|Mf(1(0, t)O)\(Z) + x}.

The special case F(t, x) = x yields:

Corollary 5.5. Let P be a geometric fractional Brownian motion as in Theorem 5.4. Then, for
all t =0,
t

t
P, =xy+ J o(s)PdB? + J 7(s)Pyds.
0

0
This corollary is a fractional analogue of the Doléans—Dade identity. It justifies the name
‘geometric fractional Brownian motion’.

6. Comparison with related approaches

We finally compare our definition of an It type integral with respect to a fractional
Brownian motion with related approaches in the literature. However, to make these
approaches comparable, we have to choose a common basic setting. In particular, we will
always assume that fractional Brownian motion is related to the underlying Brownian
motion as described in Section 2. Additionally, we interpret application of the operator M %
in the sense of Pettis integration.

6.1. The white noise approach

The general idea of the white noise approach is as follows. There is an appropriate space of
generalized random variables (Hida distributions) (S)* which contains (L?) such that the
mapping B : R — (S)* is continuously differentiable. Moreover, the Wick product can be
extended to a continuous mapping, < : (8)* X (S)* — (S)*. Now suppose a stochastic
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distribution process, that is, a mapping X : R — (S)*, is given. Then we can consider the
stochastic distribution process X < (d/d#)B*.

(S)*-valued integration can be defined as a Pettis-type integral with the help of the
extension of the S-transform to (S)*. To be precise, a stochastic distribution process X is
integrable if [(SX,)(n)dt exists for all 7 € S(R) and is the S-transform of a Hida
distribution ®. We then call ® the white noise integral of X. We thus arrive at the
following definition:

Definition 6.1. A4 stochastic distribution process X has a fractional It0 integral (white noise
approach) if the process X < (d/d¢)B" is white noise integrable. We then define its
fractional It6 integral (white noise approach) to be the white noise integral of
X O (d/dnBH.

This definition was first proposed by Hu and @Oksendal (2003) in the case H >% and
extendend in slightly different settings to arbitrary Hurst parameters in Elliott and van der
Hoek (2003) and Bender (2003a).

We have:

Theorem 6.1. Let X : R — (L?). Then the white noise approach to the fractional Ité integral
extends the S-transform approach. Conversely, if the fractional 1t6 integral of X exists in the
white noise approach and is itself a member of (L*), then it also exists in the S-transform
approach.

The proof follows directly from the fact that S((d/dt)B,H Y1) = (M f n)(?), which is
proved in Bender (2003a, Theorem 3.7).

Therefore the S-transform approach preserves the generality of the white noise approach
as long as we suppose the integrand and the fractional Ito integral to be (L?)-valued.
However, following the S-tranform approach we do not need the complicated constructions
from the white noise analysis, such as the space of Hida distributions and the extensions of
the Wick product and the S-transform, for which we refer the reader to Hida et al. (1993)
and Kuo (1996).

6.2. The Malliavin calculus approach

The Malliavin cacluclus approach to integration with respect to a fractional Brownian
motion originates in Decreusefond and Ustiinel (1999) and Privault (1998). Most related to
our paper are the definitions in Alos ef al. (2001) and Cheridito and Nualart (2002). In our
setting we may define:

Definition 6.2. Suppose X : R — (L?) such that M" X is Skorohod integrable (with respect
to the underlying Brownian motion). Then X is said to have a fractional It0 integral
(Malliavin calculus approach) which is defined to be the Skorohod integral of M7 X .
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Theorems 3.2 and 3.4 imply:

Theorem 6.2. Suppose X € LP(R, (L?)) for some 1 < p < oo in the case where H <% or
for some 1 < p < (H —%)~" in the case where H > 3. Then X has a fractional 116 integral in
the Malliavin calculus approach if and only if X has a fractional Ité integral in the S-
transform approach and M X € I*(R, (L*)). In that case both approaches yield the same
integral.

The condition M7X € (R, (L)) is particularly restrictive for small Hurst parameters.
For the smaller the Hurst parameter the higher the order of the fractional Marchaud
derivative and consequently the higher the required smoothness of X. For this reason the
Malliavin calculus approach in Alos et al. (2001) is only developed for H > %. For a further
discussion of this smoothness problem for small Hurst parameters we refer to the recent
paper by Cheridito and Nualart (2002), in particular Proposition 3.

Cheridito and Nualart (2002) also propose a different generalization of the Skorohod
integral approach. Roughly speaking, they replace the Wick exponentials in our S-transform
approach by Hermite polynomials. However, we believe that the use of the Wick
exponentials has several advantages over the use of the Hermite polynomials. First, the
definition of the fractional It6 integral with the aid of the Wick exponentials is analogous to
the definition of the Hitsuda—Skorohod integral. Thus, the fractional It6 integral (S-
transform approach) coincides with a well-known integral for H = % Second, the relation to
the classical Girsanov theorem, which crucially depends on the use of the Wick
exponentials, yields simple proofs. The reader might like to compare our proof of the
fractional 1t6 formula with the rather lenghty argument in Cheridito and Nualart (2002).
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