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Consider the following distribution dependent SDE:

dX; =01 (X, ux,) dWr + b (Xy, px,) dt,

where uy, stands for the distribution of X;. In this paper for non-degenerate o', we show the strong well-posedness
of the above SDE under some integrability assumptions in the spatial variable and Lipschitz continuity in x about
b and o. In particular, we extend the results of Krylov—Rockner (Probab. Theory Related Fields 131 (2005) 154—
196) to the distribution dependent case.
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1. Introduction

Let P(R9) be the space of all probability measures over (R?, B(R)), which is endowed with the weak
convergence topology. Consider the following distribution dependent stochastic differential equation
(abbreviated as DDSDEs):

dX; =b,(X;, ux,)dt + 0y (Xy, ux,) dWy, (D

where b : R} x R? x P(RY) — R? and o : R4 x R? x P(RY) — R? ® R? are two Borel measur-
able functions, W is a d-dimensional standard Brownian motion on some filtered probability space
(Q, F#,(F)i=0,P), and ny, :=Po X,_1 is the time marginal of X, at time ¢. By It6’s formula, it is
easy to see that py, satisfies the following non-linear Fokker—Planck equation (abbreviated as FPE) in
the distributional sense:

duex, = (27" ) x, +div(b¥ x,). )

where G,X (x) :=o0:(x, ux,), th (x):=bs(x, ux,), and (,Z”IUX)* is the adjoint operator of the following
second order partial differential operator

|
L7 fw= 5 Y (ool o nx)aid; £ (0. 3)

i,j.k=1

We note that if
o X (x) = / oiCe g, (dy), b () = / b (x. Yy, (dy),
R4 R4
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then DDSDE (1) is also called mean-field SDE or McKean—Vlasov SDE in the literature, which natu-
rally appears in the studies of interacting particle systems and mean-field games (see [3,5,13,20,24,27],
in particular, [4] and references therein).

Up to now, there are numerous papers devoted to the study of this type of nonlinear FPEs and
DDSDE (1). In [9], Funaki showed the existence of martingale solutions for (1) under broad condi-
tions of Lyapunov’s type and also the uniqueness under global Lipschitz assumptions. His method is
based on a suitable time discretization. Thus, the well-posedness of FPE (2) is also obtained. More
recently, under some one-side Lipschitz assumptions, Wang [28] showed the strong well-posedness
and some functional inequalities to DDSDE (1). In [10], Hammersley, Siska and Szpruch proved the
existence of weak solutions to SDE (1) on a domain D C R? with continuous and unbounded coeffi-
cients under Lyapunov-type conditions. Moreover, uniqueness is also obtained under some functional
Lyapunov conditions. Notice that all the above results require the continuity of coefficients. In [7], Chi-
ang obtained the existence of weak solutions for time-independent SDE (1) with drifts that have some
discontinuities. When the diffusion matrix is uniformly non-degenerate and b, o are only measurable
and of at most linear growth, by using the classical Krylov estimates, Mishura and Veretennikov [21]
showed the existence of weak solutions. The uniqueness is also proved when ¢ does not depend on p
and is Lipschitz continuous in x and b is Lipschitz continuous with respect to i with Lipschitz con-
stant linearly depending on x (see also [16]). It should be noted that by Schauder’s fixed point theorem
and Girsanov’s theorem, Li and Min [17] also obtained the existence and uniqueness of weak solutions
when b is bounded measurable and ¢ is nondegenerate and Lipschitz continuous. On the other hand, by
a purely analytic argument, Manita and Shaposhnikov [19] and Manita, Romanov and Shaposhnikov
[18] showed the existence and uniqueness of solutions to the nonlinear FPE (2) under quite general
assumptions. As observed in [1], by a result of Trevisan [25] (see Theorem 5.1 below), one in fact
can obtain the well-posedness of DDSDE (1) from [19] and [18]. In [1], a technique is developed to
prove weak existence of solutions to (1) by first solving (2) which works also for coefficients whose
dependence on ux, is of “Nemytskii-type”, that is, are not continuous in px, in the weak topology.

In this work we are interested in extending Krylov—Rockner’s result [14] to the singular distribution
dependent case, that is not covered by all of the above results. More precisely, we want to show the
well-posedness of the following DDSDE:

dx, = ( A Xy, (dy)) dr +2dw,, 4)

where b : R, x R? x R? — R? is a Borel measurable function and satisfies

(H?) [b;(x, y)| < hy(x = y) for some h € L{, (Ry; LP(R?)), where p, g € (2, 00) satisfy 4 + 2 <

loc

1,and L? (R?) is the localized LP -space defined by (13) below.

Here the advantage of using the localized space Lp (R9) is that forany 1 < p < p’ < 00,

L®([R) + L (RY) ¢ ' (RY) € £P(RY) " Koot

where K;_1 is the usual Kato’s class defined by

Ky_p:= {f: lim sup / lx — yI"™ f(y)dy ZO}-
lx—yl<e

s—>0xeRd
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We note that the above DDSDE is not covered by Huang and Wang’s recent results [11] since u —
fRd b;(x, y)u(dy) is not weakly continuous. In fact, if we let

Bi(x, ) = /Rd by (x, Yu(dy) =: u(bi(x, ), nePR?), ®)
then by |b; (x, ¥)| < h;(x — y), we only have
1B o i) = Be(co ), < Wellp | 1 = 1| - ©6)
where || - ||Tv is the total variation distance, and || - ||, is defined by (13) below.

Throughout this paper, we assume d > 2. One of the main results of this paper is stated as follows
(but see also Section 4 for corresponding results when the diffusion matrix ¢ is non-degenerate, but
not constant).

Theorem 1.1. Under (H?), for any B > 2 and initial random variable X with finite B-order moment,
there is a unique strong solution to SDE (4). Moreover, the following assertions hold:

(1) The time marginal law w; of X, uniquely solves the following nonlinear FPE in the distribu-
tional sense:

O = Apty + v (s (br (). lim i (dy) =Po X' (@) (7)

in the class of all measures such that t — [, is weakly continuous and

T
/ff|bt(x,y)|m(dy)m(dx)dt<oo, VT > 0.
0 R4 JRR4

(i) us(dy) = th (y)dy and (¢, y) — ,otX (y) is continuous on (0, 00) x R? and satisfies the follow-
ing two-sided estimate: for any T > 0, there are constants yy, co > 1 such that for all t € (0, T]
andy € R4,

g Py ito () < 0 () < co Py ito(y),

where P jo(y) := 2mr)~4/2 f]Rd e"x_”z/(z’),u,o(dx) is the Gaussian heat semigroup.
(iii) If divy b =0, then for eacht > 0, th(~) e CY(R?) and we have the following gradient estimate:
forany T > 0, there are constants y1, c1 > 1 such that forallt € (0,T]and y € RY,

Vo] < eit™ 2Py po(y).

Example 1. Let b;(x, y) :=a;(x, y)/|x — y|* for some « € [1,2), where a,(x, y) : Ry x R x R? —
R4 satisfies that for some « > 0,
|a: (x, y)| < klx —yl.

Then it is easy to see that b satisfies (H?) for some p > d and g = 0o.

Remark 1. Here an open question is to show the following propagation of chaos (see [24]): Given
N eN, let XN/, j=1,..., N solve the following SDEs

N
S ; ; j
dxX; =3 (X X de 4 V2aW] L j =1 N,

i=1
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where W.j ,j=1,...,N are N-independent d-dimensional Brownian motions. Let X be the unique
solution of SDE (4) in Theorem 1.1. Is it possible to show that

X_N’1 — X. indistribution as N — oo?

It should be noticed that when b is bounded measurable, the above propagation of chaos has been
shown by Lacker in [16]. However, for singular drift b, it seems to be open.

To show the existence of a solution to DDSDE (4), by the well-known result for bounded measurable
drift b obtained in [21] (see also [16,17] and [31]), for each n € N, there is a solution to the following
distribution dependent SDE:

axt = ( [ oh(xt smgtan )+ VEaw. xg=xa ®

where b} (x, y) := (—n) V b;(x, y) A n. By the well-known results in [29], one can show the following
uniform Krylov estimate: For any p1, g1 € (1, o0) with % + % <2 and T > O, there is a constant

~ q
C > 0 such that for any f € L/ (T),

T
supE( /0 fi (X?)dr) = Crllfllg - ©)

By this estimate and Zvonkin’s technique, we can further show the tightness of X” in the space of
continuous functions. However, since b is allowed to be singular, it is not obvious by taking the limit
n — 0o to obtain the existence of a solution. Indeed, one needs the following Krylov estimate: for
suitable po, go € (1,00) and any f: R, x R x R? - R,

t
sng( /0 fi(xn, Xf:)ds> < IS Ugzor)-

where X" is an independent copy of X”. When b is bounded measurable, such an estimate is easy to get
by considering (X", X") as an R2?-dimensional Itd process and using the classical Krylov estimates
(see [21]). While for singular b, such simple observation fails in order to obtain best integrability
index p. We overcome this difficulty by a simple duality argument (see Lemma 2.6 below). Moreover,
concerning the uniqueness, under assumption (6), we shall employ Girsanov’s transformation as usual.

This paper is organized as follows: In Section 2, we prepare some well-known results and tools for
later use. In Section 3, we show the existence of weak and strong solutions to DDSDE (1) when the
drift satisfies (H?), and the diffusion coefficient is uniformly nondegenerate and bounded Holder con-
tinuous. In Section 4, we prove the uniqueness of weak and strong solutions to (1) in two cases: the
coefficients b and o are Lipschitz continuous in the third variable with respect to the Wasserstein met-
ric; drift b is Lipschitz continuous in the third variable with respect to the total variation distance and
the diffusion coefficient does not depend on the distribution. In Section 5, we present some applications
to nonlinear FPE (2) and prove Theorem 1.1.

Finally, we collect some frequently used notations and conventions for later use.

For 0 > 0, Py(R?) := {p € P(RY) : [pa Ix]% u(dx) < oo}

For R > 0, set Bg := {x e R? : |x| < R}.

For a function f : RY — R, Mg f(x) := SUP,¢(0, R ﬁ fBr | f1(x+y)dy.

Let Siocn be the set of all measurable stochastic processes on (£2,.%, P) that are stochastically
continuous.
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o Leth: Ry x RY x P(RY) — R¥ be a measurable vector field. For X € Sicn, define

bY(x) :=bi(x, ux,), px, =PoX; . (10)

For a signed measure , we denote by || illtv :=supy sy <1 [« (f)| the total variation of .
For j = 1,2, we introduce the index set .#; as following:

d 2
g :={(p,q)e(1,oo>:—+—<j}. (11)
P q

For a matrix o, we use ||o ||gs to denote the Hilbert—Schmidt norm of .
We use A < B (resp. <) to denote A < CB (resp. C~'B < A < CB) for some unimportant
constant C > 1, whose dependence on the parameters can be traced from the context.

2. Preliminaries

In this section, we recall some well-known results. We first introduce the following spaces and notations
for later use. For (a, p) € Ry x (1, 00), the usual Bessel potential space H*? is defined by

HP = {f € Lige(RY) £ 11 f Nl 1= | T = 2)*2 £, < o},
where || - ||, is the usual L”-norm, and (I — A)¥/? f is defined by Fourier transform
M= A2 f=F 1+ P)FF).
Notice that for n € N, an equivalent norm in H™? is given by
1 lnp = F 1+ [V £,
ForT > S>0, p,q € (1,0) and @ € R, we introduce space-time function spaces
LS. T):=L9([S, T}; L?),  Hy"(S,T):=LI([S,T]; H*?).

Let x € CSO(R"I) be a smooth function with x(x) =1 for [x| <1 and x(x) =0 for |x| > 2. Forr >0
and z € R?, define

X ()= x((x = 2)/r). 12)

Fix r > 0. We introduce the following localized H%?-space:
Hep — {f € HIOO"CP(Rd)’ Iflle,p == SLzlp”fo Ha’p < oo}, (13)
and the localized space-time function space ]ﬁlf;p (S, T) with norm
I ggers.r) = sup 7 1 lgr s,y < 00 (14)

For simplicity we shall write

HOP(T) :=HP0,T),  LH(T):=H)P0,T),
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and
Hy? = (Hy ().  Lf= (L.
T>0 T>0

The following lemma list some easy properties of H?IZ” (see [34] and [29]).

Proposition 2.1. Let p,g € (1,00), 0 e Ry and T > 0.
(1) Forr #r' >0, thereisaC=C(d,a,r,r', p,q) > 1 such that

-1
¢ Stzlprsz’ HOP (1) = SLz‘p”erz HH‘,’;’p(T) =C S‘;prsz’ ”HZ'P(T)‘ (15)
In other words, the definition of ﬁg’p does not depend on the choice of r.
(ii) Let a > 0, p,q € [1,00) and p’ € [p, f—dl a<d + 00 - 1,4=4l. It holds that for some C =
d—pa =P 14
C(d,a,p,p)>0,

”'fmnig’(r) = Clifllgger (r)- (16)

(iii)) For any k € N, there is a constant C = C(d, k,a, p,q) > 1 such that
-1 N kelll
CT S ot iy < WMy + [IV* F Moy < U ggosion o

(iv) Let (pg)ee(0,1) be a family of mollifiers in R? and fe(t,x):= f(t,)xpe(x). Forany f € ]ﬁlg’p,
it holds that f. € LI (R; C?(Rd)) and for some C =C(d, «, p,q) >0,

loc

W fellgger ) = CNflger(ry, Ve €O, 1), 17
and for any ¢ € C2°(RY),
35;%” (fé‘ - f)(p”HZp(T) =0. (18)
(v) Let Z% be the d-dimensional integer lattice. For r = % and s := qu, define
IAWEp ) = sup o Fllipery U8l = D Mo.glligan,
z€Z4 7d
zZe
where
Q=T Gz+11, z=(,...,20) € Z. (19)
Then we have
T
U bgry =< WUy = sw ([ [ fingoodsa (20)
! Fa b, ., <110 Jre
and
T
* —
|||g|||E§(T) = sup /(; /Rd Je(x) g (x)dxdz|. (21

L <1
IHfHILg(T) <
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Proof. The first four conclusions can be found in [34], Proposition 4.1. We only prove (v). The equiv-
alence between || f |||]I§(T) and || fI is obvious by definition. Concerning the others, we note that

FACS)
by Holder’s inequality,
T T
| [ rweamaa=3 [* [ 10.0fmeawm
0o Jre “Jo Jrd
ZEL
= Y Mol to.glum < U Uy Usky gy (22)
zez4 l

On the other hand, assume that z,, is a sequence in 74 so that for On =0y,

. _ /
Jim 11o, Fllygcry = 1 zp - (23)
If we take
1o (x)m(x)v’—l(/f g\
gi(x) = ——"—"—"— 1o, fillpdt
g, fillp™? 0
with the convention 0/0 = 0, then by easy calculations, we have || g[|% =1 and

5(T)

T T 1/q
/ / ft(x)gz(x)dXdl=(/ ||1ant||§’,dz> =g, fllLr(r):
0 JRd 0 “

which together with (22) and (23) yields (20). Similarly, if we take

Lo, (x)lg(x)! T oo\ st
ity = 3 [ noaizar)
ZGZd ngt r 0

then ”lf”l]/ig(r) =1 and

T
fo fR fi)g(x)dxde =y

T 1/s
s — et
([ mo.etzar) =uent,,
zezZ4

which together with (22) yields (21). O
We now recall the following result about L4 (L?)-solvability of PDE (see [29]).

Theorem 2.2. Let (p,q) € 1 (see (11)) and T > 0. Assume that o;(x, ) = o;(x) and b;(x, ) =
b:(x) are independent of |, and satisfy that for some co > 1,y € (0, 1] and forallt >0, x,y,& € RY,

oy &l < |of @& < colgl. [or(x) — 01 () [y < colx — 17, (24)

and |||b|||1ig;<T> < kg for some ko > 0, Then for any A > 1 and f € Eg (T), there exists a unique solution

ue ]ﬁ[é’p (T) to the following backward parabolic equation:
du+ (L —Nu+b-Vu=f, u(T,x)=0. (25)

Moreover, letting ® := (y, co,d, p, q, ko, T), we have the following:
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(i) Foranya €[0,2 — %), there is a c; = c1 (o, ®) > 0 such that for all A > 1,

1—2_1
0 Yl oy + Nullgzo gy < e Mg - (26)

A

(ii) Let (o', b, f') be another set of coefficients satisfying the same assumptions as (o, b, f) with

the same parameters (y, co, ko). Let u’ be the solution of (25) corresponding to (o', b’, f').
For any o €[0,2 — %), there is a constant ¢y = c3(«, ©) > 0 such that for all A > 1,

_a_ 1
ATe "|||”_”/|||11?1‘;5”(T) 5C2”|f_f/|||ig(r)

+allflgpay(lo =o'l + 0= llzre). @D

Proof. The existence and uniqueness of u € HT]I,QI’IJ (T) as well as the first conclusion are proved in [29],
Theorem 3.1. We only show (ii). Let w = u’ — u. Then

dw+ (L7 —Dw+b - Vw= (L =L Vu+(b-b) - Vu+ f' - f.
By (26) and Holder’s inequality, we have
Nl oy S (27 = 2 Yt (0= 0) - Vuk £ =l
<o’ - 6”L°°(T)|”V2“”|E5(T) L b”|E{;(T) NVullLeoery + || £/ = f|||]ig(T)~
Estimate (27) now follows by Sobolev’s embedding (16) due to % + % < 1 and (26). O

Remark 2. It should be noted that if b is bounded measurable, then the assertions in Theorem 2.2 hold
for all p,q € (1, 00).

The following stochastic Gronwall inequality for continuous martingales was proved by Scheutzow
[22], and for general discontinuous martingales in [30].

Lemma 2.3 (Stochastic Gronwall’s inequality). Let £(¢) and n(t) be two nonnegative cadlag % -

adapted processes, A, a continuous nondecreasing F;-adapted process with Ay =0, M, a local mar-
tingale with My = 0. Suppose that

t
S(t)fﬂ(t)-F/ §(s)dAs +M;, Vi =0. (28)
0

Then for any 0 <q < p <1 and t > 0, we have

/q
[E( @) ] < (—pfq) (EepAx/0=m)I=PIPg (2%, (29)

where &(1)* 1= supcio. 1 §(5)-

We also recall the following result about maximal functions (see [29], Lemma 2.1).
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Lemma 2.4.

@) For any R > 0, there exists a constant C = C(d, R) such that for any f € L®(R?) with V f €
loc (R?) and Lebesgue-almost all x, y € R?,

£ () = fO| = Clx = yI(MRIV f1(0) + MRIV FI) + 11 flloo) (30)

where Mg is defined at the end of the introduction.
(1) Forany p > 1 and R > 0, there is a constant C = C(R, d, p) such that for any T > 0 and all
fellm),

~pn < ~
|||MRf|”]Lé(T) = C|||f|"]1,g(T)- (31)
We introduce the following notion about Krylov’s estimates.

Definition 2.5. Let p,q € (1,00) and T,k > 0. We say a st~ochastic process X € Sioch satisfies
Krylov’s estimate with index p, g and constant « if for any f € ]Lg (T),

T
E( /0 £(X0) dt) <kl fllzp ey (32)
The set of all such X will be denoted by K;Z

For a space-time function f;(x, y) : Ry x R x RY — R and p1, p2, qo € [1, o], we also introduce

the norm
T L
q90
Il Nizpi-r2 ) := sup (/ (/ 1o fi(,y) md)’) > .
Lgy > (1) wverd \Jo ” Q: ‘

The following lemma is an easy consequence of Proposition 2.1(v).

Lemma 2.6. Let p1, p2, 490,491,492 € (1, 00) with - +——1+—andT K1, > 0. Let X e K\ 0!

and Y € K??Kzz be two independent processes. Thenfor any fi(x, y) € Lp(} P2y,

T
E</0 fi(X:, Yt)dt) = kvl fllgzer gy (33)

Proof. Let Z ' — X and Z2 =Y. First of all, by Krylov’s estimate (32), for each i = 1, 2, there is a
function p?' € L{(T) with r; = %, 5= q_q—il so that

T . T
Z! i
/0 /}R pacr (x)dxdr:E( /0 ﬁ(z;)dt> <will oy < €Iy

By Proposition 2.1(v), we further have

(T) Z ||1Q o

ze74

ll%

i=1,2,

L < K;
s:(T) =0
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where Q; is defined by (19). Now by the independence of X, Y and Holder’s inequality, we have

T T
E(/ ﬁ(Xt,Y,)dr): / / / £ G )oK ()Y () dx dy dr
0 0 R4 JRA

T
=X [ ] 1001000 0 @l () dxayar
0 R4 JRd )

z€74 77e7d

= Z Z HleXszf”Lf,’g"’z(T) HlepX

774 77e74

LiH(T) ” Io, p" L& (T)

<kika sup |1g.xo. fllprirz o =x1i2ll fllzeirz g,
7,774 Q:xQy LoD Lo ™" (D)

which gives (33). The proof is complete. ]

Now we prove the following convergence lemmas, which have independent interest and will be
crucial for showing the existence of solutions in Section 3.

Lemma 2.7. Let X", Y", X, Y € Siocn be such that for each t > 0, X} converges to X; almost surely
and Y[' converges to Y; in distribution. Let p,q > 1 and T, B, k > 0. Suppose that X" € K’;Z for each
n € N, and for some C1 > 0,

sup sup E|X;1|55C1. (34)
n tel0,T]

If for each (t,x), u +— by (x, ) is continuous with respect to the weak convergence topology and for
some y > 1 and Cp > 0,

sup [|6% |H]L%(T) =Gy, (35)
€3toch
where b? is defined by (10), then
. r Y, Y
n@g@E(fO |b;" (X)) — b, (X,)|dt) =0. (36)

Proof. To prove (36), it suffices to show the following:

T
lim E</ by (X1 —th(X;’)}dt) =0, 37
n— oo 0
T
lim E(/ b} (x}) —b,Y(X,)|dt> =0. (38)
n—oo 0

We first look at (37). Since py» weakly converges to uy, for each z > 0, by the assumption we have

b (x)" b)Y (x), V(t.x) eRy xR (39)
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For fixed R, M > 0, since X" € K’T’:Z (see (32)), by the definitions we have

([ taybx1) o 1)o7 ()

=k [1g (6™ =57

Lj (1)
S ||IBR (by" - by)l\hy’l—hYISM ”LQ(T) + ||IBR (bY" - by)l\by"—by|>M||L§(T)

= [1ae (6™ = 6"V Vs i<at [y + [ 0™ = BF 7 gy /M7

By the dominated convergence theorem and (39), the first term converges to zero as n — oo for each
M > 0. By (35), the second term converges to zero uniformly in n as M — oo. Thus, we obtain that
for any R > 0,

T
lim E(f 1g, (X7)|b" (X) — bY (X7)] dt) =0. (40)
0

n—00

On the other hand, by Holder and Chebyshev’s inequalities and (34), we have

o [ sy e ) -0 (1))

X|=

d =1
< [ R(xr1= BT (e (x7) 2! (1))

1

— _ T >
< sup P(}X,”|>R)yVITVV1(/ E|bf"(xf)—b,y(x;1)|th>V
te[0,T] 0

y—1 y—1
CiT\ v 1 3G /CiT\ v 1
< (—Rﬁ ) k¥ (|67 =" gy = ( RP ) v 2.

Combining this with (40), we obtain (37).
Next, we show (38). Let b,Y Fx) = bly (-) * 0+ (x) be a mollifying approximation of b . By Proposi-
tion 2.1(iv) and (34), as above one can derive that

T
lim  sup E(/ b (X7) — th(X;’)\dt) =0, (41)
0

£=0peNU{oo}

where we have used the convention X* := X. On the other hand, since by (32),
Ty Y % Y.e||Y
€ ny __ € e[

Slrlsz<~/() }bt (Xt) bt (Xf)| dt) = C|Hb |HL%(T)’

and for fixed ¢ > 0 and any ¢ > 0, x > blY *#(x) is continuous, by the dominated convergence theorem,
we have

T
lim E(f b (X7 —th’g(Xt)|dt> =0,
0

n—o00

which together with (41) yields (38). O
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There are, of course, many examples where the weak continuity assumption of u — b;(x, @) in the
above lemma is not satisfied, as in the following interesting case:

by (. ) = / By (x. y)u(dy), 42)
Rd

where b: Ry x R? x RY — R is a bounded measurable function. Obviously the weak continuity of
w > b(t, x, u) does not hold. However, in this case we still have the following limiting result.

Lemma 2.8. Let X", Y", X, Y € Siocn be such that for each t > 0, X} converges to X; almost surely
and Y[' converges to Y; in distribution. Let p1, p2,qo,q1,q2 € (1,00) with (ILI + qiz =1+ qLo and
T, B,k > 0. Suppose that X" € K’;L’(q} and Y" € K[Tji’(qz for each n € N, and that there is a constant
C1 > 0 such that

sup sup E(|x")° +|v"|")<ci. (43)
n tel0,T]

Lety > 1. Then forany b € E%(')’ym(T), we have
T n
lim E(/ b} (X7) —th(Xl)|dt> =0. (44)
n—od 0

Proof. Let Ny, := NU{oo}and Y := Y, X := X. Since b*" only depends on the distribution of ¥",
by Skorohod’s representation, without loss of generality we may assume that (X"),en,, and (Y"),en,,
are independent, and (X7}, Y/") — (X;,Y;) a.e. as n — oo for each ¢. Notice that by the assumptions
and (33),

T
sup E([ b (X7, Y| dt) < K2|||b|||IZLW,,y,,2(T) < o0. (45)
0 Y40

neNg

Let l;f (x,y)=b; % 0:(x,y) be a mollifying approximation of b. As in the proof of (37), we have

T
lim sup E( / |8 (X7, Y]") — b (X], Yt")|dt) =0. (46)
0

£=>0,¢eNy,

Thus, to prove (44), it suffices to show that for fixed ¢ € (0, 1),

T
lim E(/ |bS (X7, Y]") — b (X), Y,)|dt> =0,
0

n—od
T - -
lim E(f b5 (X}, Yy) — B (X4, Y,)|dt> =0,
n—oo 0
which follows by (45) and the dominated convergence theorem. (]

3. Existence of weak and strong solutions

In this section, we show the weak existence and strong existence of DDSDEs with singular drifts. First
of all, we recall the notions of martingale solutions and weak solutions for (1). Let C be the space of
all continuous functions from R to R?, which is endowed with the usual Borel o-field B(C). The set
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of all probability measures on (C, B(C)) is denoted by P(C). Let w; be the coordinate process over
C, that is,

w;(w)=w;, weC.

For t > 0, let B;(C) = o {wjy : s <t} be the natural filtration. For a probability measure P € P(C), the
expectation with respect to P will be denoted by E if there is no confusion.

Definition 3.1 (Martingale solutions). We call a probability measure P € P(C) a martingale solution
of DDSDE (1) with initial distribution v € P(R?) if Powy ' = v and for any f € C®(RY),

t t
/ }.,?S"Pf|(ws)ds+/ by -V f|(ws)ds <00, P-as., Vi >0,
0 0
where otp(x) = oy (x, pLEP) and b?(x) = b, (x, ,uf), ,uf’ =Po w,‘l, and

t t
M/ = fw) — f(wo) — fo (£ ) (wy) ds — fo (BY -V f) (wy) ds, (47)

is a continuous local B;(C)-martingale under P. All the martingale solutions of DDSDE (1) with coef-
ficients o, b and initial distribution v are denoted by .Z] b,

Definition 3.2 (Weak solutions). Let (X, W) be two R9-valued continuous adapted processes on some
filtered probability space (2, .F, (%;);>0, P). We call

(Q, j, (yt)tz(), P, X, W)

a weak solution of DDSDE (1) with initial distribution v € P(R9) if

(i) PoX, "=y and W is a d-dimensional standard Z;-Brownian motion.
(i1) For all ¢ > 0, it holds that

t t
/0|bs|(XS,,uX3)ds+/0 losoy | jys (Xs mx,) ds < 00,  P-as.

and
t

t
XIZXO+f bs(Xs,st)ds-i-f os(Xy, ux,)dWs,  P-as. (48)
0 0

Remark 3. It is well known that weak solutions and martingale solutions are equivalent (cf. [23]),
which means that for any P € .#"?, there is a weak solution

(Q’ 'gz.s (yl)tz()v Pv Xv W)
to DDSDE (1) with initial distribution v € P(Rd ) such that
P=Pox !

Now we make the following assumptions about o and b:
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(H"*b) For each t, x, the mapping u +— oy(x, ) is weakly continuous, and there are ¢y > 1 and
y € (0, 1] such that forall ¢ > 0, x, x", £ € R4 and uwe P(Rd),

o el < |orx. wE| <colél. ot ) —or(x' 1) g < colx =27 (49)

The drift b satisfies one of the following conditions:
(i) For each ¢, x, the mapping u — b;(x, i) is weakly continuous, and for some (p, g) €
A1 and ko > 0,

sup |Hbz |||H”;p(T) < kg < 00. (50)
est()ch 4

(ii) b has the form (42) with b satisfying (H?).
It should be noticed that under (H?), (50) holds. Indeed, by definition we have

q
ds
P

16”1

T
q z h
1, = sup/ ‘x / by(-, y)pz,(dy)
L werd Jo r e

T
< sup[
zeR4 /0

T
sp [ [l @nas
0 R4

z€R4

T T
f sup || hs [z, (R7) ds = f s ds.
0 R4 0

zZ€

q
ds
P

Xf/ hs(- = y)z,(dy)
]Rd

IA

IA

To show the existence of weak solutions, we first establish the following a priori estimates.

Lemma 3.3. Let B > 0. Under (H*?), for any v € Pp (RY) and Z € Sioch, there is a unique weak
solution (2, F, (F)r>0, P; X, W) 1o the following SDE:

dX; =b%(X,)dr + 07 (X,)dW,, PoX,'=v.

Moreover, letting ® = (d, p, q, co, ¥, ko, B), we have
(i) Forany T >0, thereisa C1 = C1(0, T) > 0 such that

E( sup 1X,17) = 1 (EIXolf +1). (51
1€[0,T]
and forany 6 € (0, T),
E( sup X — XS|’3> <8P, (52)

1,5€[0,T],|t—s|<8

(ii) For any (p1,q1) € S and T~> 0, there is a constant Cy = C(p1, q1, ®, T) > 0 such that for
all0 <ty <t <T and f € LY (1o, 1),

n
E( / fs(xs)ds%) < Callflgn .1y (53)
fo
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Proof. The proof of this lemma is essentially contained in [32]. For the reader’s convenience, we
sketch the proofs below. We use Zvonkin’s transformation to kill the drift bz (cf. [35]). For A, T > 0,
consider the following backward PDE:

du+ (L —Nu+b% - Vu+b% =0,  u(T,x)=0.
Since bZ € Eg(T) with (p, ¢) € .#1, by Theorem 2.2, for A > 1, there is a unique solution u € ]IT]ICZI”’(T)

solving the above PDE. Moreover, for any « € [0,2 — %), there is a constant ¢y = ¢ (o, ®, T) > 0 such
that forall A > 1,

Ml oy + etz i, < 1 [16” Mg - (54)
In particular, since % + % < 1, by (16) we can choose A large enough so that
lullLoe(ry + I VullLeo(ry < 1/2.
Now if we define
D (x) :=x + us(x),
then it is easy to see that
lx = y1/2 < | @ (x) = D1 (y)| <2Ix = yl, (55)
and
3+ 27 ®+b% VO =u. (56)
By the generalized Itd formula and (56), we have
1 1
Y, := @, (X,) = ®o(Xo) + X /0 g (Xy) ds + /0 (07 - V@s)(Xy) AW,
t - t
= ®o(Xo) + fo by(Yy)ds +f0 o5 (Yy) dWs, (57

where
G:=(0%-V®)od ',  bi=ruod L.
Moreover, by (54), (55) and the Sobolev embedding (16), it is easy to see that for some ¢c; =2 (0, T) >
0 and yo =y (v, p,q) € (0, 1),
S |GE < ealgl. 610 = 51 (0) |y < calx — yI7, (58)
and
IbllLoe () + 1 VB lIeecry < 4. (59)

By well-known results, SDE (57) admits a unique weak solution (cf. [23]). Moreover, as in [32], one
can check that X; := d>,_1 (Yz) solves the original SDE.

(1) Let B8 > 0. By (58) and (59), estimate (51) directly follows by BDG’s inequality. We prove (52).
Fix 8 € (0, T'). Let T be any stopping time less than 7 — §. By equation (57) and BDG’s inequality, we
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have

B

T+ B
E( sup |Yrqr — Yr|ﬂ> SE(/ |bs(Xs)|ds> +E

T+r
sup / oy (X)) dW;
rel0,68] T T

rel0,5]

SNBI oy + 16 11f 78772 < C8P2,

which yields (52) by [33], Lemma 2.7 and (55).
(i) It was proved in [29], Lemma 4.1, that for any (p1J1) € %, there is a constant Cp =
C2(p1,¢q1,0©,T) > 0such thatforall 0 <7g <t; <T and f € L} (t0, 11),

141
E(/ fs(Ys)dsL%O) = Call Fllzpr g 0y
fo

By a change of variable and (55) again, we obtain (53). O

Remark 4. An important conclusion of (ii) above is the following Khasminskii’s type estimate (see
[30], Lemma 3.5): Forany A, 7 > 0 and f € ]Lf]]ll (T) with (p1, q1) € A,

T
EeXP<?»/ !fs(Xs)!ds> <Cs, (60)
0

where C3 only depends on A, ®, pi, g1, T and || f{lz»: )
q1

Now we can show the following weak existence result.
Theorem 3.4. Let 8 > 0. Under (H%?), for any v € Ps (RY), there exists a weak solution
(2, F.(F)i=0.P; X, W)
to DDSDE (1) with Po Xy ' =v.

Proof. For n € N, consider the following approximating SDE:

t

X;’:ngt/()tb?(Xg,uxg)dst/O oy (XY, uxn) dWy, (61)
where
bl (x, ) :=(—n)Vbs(x,n) An incase (i) of (H"’b),
and
b (x,y) = (—n) V bs(x,y) An in case (i) of (H"'b).
Since " is bounded measurable, by [21] or [31], Theorem 1.2, there is a weak solution
(2,7, (Z)i=0. P X", W)

to DDSDE (61) with P o (X{)~! = v. Moreover, since

sup |6

Z€Stoch

Bjm = 5P 15l ) = <o-

toch

by Lemma 3.3, the following uniform estimates hold:
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(i) For any T > 0, there is a constant C| > 0 such that

supE( sup |Xf|ﬁ) < Ci(E[Xolf +1),
n te[0,T]

and for all § € (0, T),

supE( sup |X;1 — X;l|ﬁ> = C13ﬁ/2.
n t,s€[0,T],|t—s|<8

(i1) Let (p1,q1) € #.Forany T > 0, there is a Cy > 0 such that for all f € ij;ll (1),

T
supE( fo fi (Xg’)ds> = Call iz
n

Now by (i), the laws Q" of (X", W) in C x C are tight. Let Q be any accumulation point of Q".
Without loss of generality, we assume that Q" weakly converges to some probablhty measure Q. By
Skorokhod’s representation theorem, there are a probability space (2, Z,P) and random variables
(X", W") and (X, W) defined on it such that

(X", W") - (X, W), P-as. (62)

and

Po(X", W) =@ =Po(x", W),  PoX,W)'=0Q (63)

Define jt” = O'(W" X” s <t). We note that

P(W, — W €-|.F)=P(W, - W,e-) = P(W'—W!'e |F!)=P(W'—-We").

s

In other words, W™ is an j‘,”—Brownian motion. Thus, by (61) and (63) we have

t t
X,"=5(3+/O b?(f(;’,u@)dsJF/O oy (XY g, ) AW

By (ii), (62), Lemmas 2.7, 2.8 and [12], Theorem 6.22, page 383, one can take limits as n — oo to
obtain
t

t
fo=Tot [ bFeug)ds+ [ onEeng )ai
0 0

Here we only check that the assumptions of Lemma 2.8 are satisfied in the case that b takes the form
(42) with b satisfying (HD). Clearly, by (ii) above, for any (p1, q1) € %, there is a ¥ > 0 such that for
eachn € N,

v P1,41
X" € KT’K .

We note that |b;(x, y)| < h,(x — y), where for some (p, q) €S, he IEP One can choose y > 1 so

that %” + 27" < 1. Now if we take p; = 5’ q0 = %, q1 = then it is easy to see that (p1, q1) € %

q+2y
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and

TPp.00 _ T'¥p1,00 Fypi.p’
bely™=Lye™c (Lyg".

p'>1

Thus one can apply Lemma 2.8 to conclude that

lim E(/ |bys (X Yokg) bs(f(s,u&)|ds>:

n— oo

Moreover, as in showing (46), we also have

lim supE(/ |bm X" Y”)d ):O,
m—0oo , $
where Y” is an independent copy of X". The proof is thus complete. (]

About the existence of strong solutions, we have the following corollary.

Corollary 3.5. Let 8 > 0. Under (H°Y), if for some (p1,q1) € 41,

sup [[Vo gy

E€Stoch

) =

then for any initial random variable X with finite B-order moment, there exists a strong solution to
DDSDE (1).

Proof. Let (2, %, (Z1)i>0, P; X, W) be a weak solution of DDSDE (1). Define
b (x):=b(x,px,),  of()=o0/(x,ux,),  px,=PoX; .
Consider the following SDE:

dz, =bX(Z,)dt + 0¥ (2,) dW,.

Under the assumption of the theorem, it has been shown in [29] that there is a unique strong solution
to this equation. Since X also satisfies the above equation, by strong uniqueness, we obtain that X = Z
is a strong solution. ]

Remark 5. Although we have shown the existence of strong or weak solutions, the uniqueness of
strong solutions or weak solutions is a more difficult problem.

4. Uniqueness of strong and weak solutions

In this section, we study the uniqueness of strong and weak solutions. We introduce the following
assumptions about the dependence on the third variable u:

(Ag’b) Let 6 > 1. We assume (49) and for some (p, q), (p1,4q1) € 41,

sup H|bZ’HLP(T) sup |||VG |||L”1(T)<°O

Z€Sioch Z€Soch
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and there are £ € Lf’oc(R+) and a constant ¢; > 1 such that for any two random variables X,

Y with finite 0-order moments,

161 1) = i) ||, < €lIX = Yo,
(64)
lot (o 1) = 01y ) | o, < c1llX = Yo,

where || - || stands for the L-norm in the probability space (2, .%, P).

Notice that (64) is equivalent to that for all u, ' € Py (RY),
166Gy = b (o )|, < €We (. 1),
lot o) = o1 (o 1) | o < cOWa (e, 1),

where Wy is the usual Wasserstein metric of 6-order. In particular, (Ag’b)=>(H"’b ). For convenience,
we would like to use (64) rather than introducing the Wasserstein metric.

Remark 6. We note that in [11], (64) is assumed to hold for p = oco.
We first show the following strong uniqueness result.

Theorem 4.1. Let 0 > 1 and B > 0. Under (Ag’b), for any initial random variable X, with finite
B-order moment, there is a unique strong solution to DDSDE (1).

Proof. Below we fix p, ¢ € .41, and without loss of generality, we consider the time interval [0, 1] and
assume that for some y > 1,

€/l Lra0.1) + sup ||bZ||ug(l)<oo. (65)

Z€Soch

Otherwise, we may choose y > 1 so that 2 4 ¥ _ | holds and replace (p, q) with (p/y,q/y). The
existence of strong solutions has been shown in Corollary 3.5. We only need to prove the pathwise
uniqueness. Let X, Y be two strong solutions defined on the same probability space with same starting
points X¢ = Yj a.s. We divide the proof into three steps and use the convention that all the constants
below will be independent of T € [0, 1].

(1) Let T € (0, 1) and A > 0. We consider the following backward PDE:

X + (L7 = Nu+b* VX 46X =0,  uf(x)=0. (66)

By Theorem 2.2, for A > 1, there is a unique solution uX e ]ﬁlg’p (T) solving the above PDE. Moreover,
for any @ € [0,2 — %), there is a constant ¢; > O such that forall A > 1 and T € [0, 1],

1—e_2

2
Az \H“ﬂ”ﬁgf(r) + |H”X|”ﬁl§’P(T) = |be\”£5<¢)‘ (67)
In particular, since % + %1 < 1, by (16), we can choose X large enough so that

|| ooy + 1V | ooy < 172, VT €10, 11. (68)
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Below we shall fix such a A and define
CDIX(x) =x+ u[X(x).
It is easy to see that
30X +.27 X 4 bX . VX =X,
(ii) By the generalized Itd formula (cf. [29], Lemma 4.1), we have
t t
X, = dX (X,) = of (Xo0) + A/O uX (Xy)ds + /0 X (X)) dws, (69)
where
6% =a¥ . voX,
Similarly, we define Y, = <I>tY (Y:), and for simplicity write
=X —Y, &=X-1Y,.
Noting that by (68),
e =yl <2[0f (0) — oF (»)] =2[@f ) — o | +2[u” — " |

and
[0 () = & ] <20 =yl + [uX = u" | e 7
we have
6 <208+ 2w —u" || gy LEI = 20E 1+ [0 =i - (70)

By (69) and again It6’s formula, we have for any 8 > 1,
t
1&1F = 1E0l? + B /O E1P2E, uX (X)) —ul (Yy))ds
t
iy /0 E 126X (X, — 67 (%) E,. dW,)
p e B—4|(~X ~Y *z 2
A5 1) | IEPT(07 (X0 = 6 () & | ds

B ("= g_ay-~ . 2
+ 5 [ &P (X =67 () s ds
0
=h+Lb+hL+ 14+ 1s.

Since by (68),

u ) =) W] < lx =yl + | =" | L 7
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by Young’s inequality we obtain
t ~ 13 /5
Izsf Iéslﬂds+?»/ | (Xs) —u) (¥9)|” ds
0 0

sfot(@svs + & 1P) ds + AP T [u® —u¥ | s -
Let
gf(x) = |V2u§(x)| + |VUSX(X)| + ”VMXH]LOO(T) + |’UX||L°0(T)'
By the definition of 5%, we also have that
16X () =6 (]
<o oo | VO @) = VOL W+ [oF 1) =0 D] - [V 1)
< No" ey (V2 00) = Vul )] + [ Vi () = Vu' (s, »)])

+ (|GsX(x) - st(y)| + |UsX(J’) - GsY(Y)D ) ”V(DX ”Loo(T)

(30)
S = yI(Migf ) + Migl ) + |V = Vi | iy + 0¥ =0

”oo'

Hence,
t
= 2
Li+1s< / (1617 + 1&,1P) (Mg (X) + MgX(¥y)) ds
0
TVX—VYﬁ tX_Yﬁd
+ T Vu u ||L°°(T)+ o log* — oy ”oo S.
Combining the above calculations and noting that |§0| < ||u8( — u(l)’ ||oo, We obtain
t
1P < X =) | (EIP + 1508+ 1E15) ds
YT T Jy
t
- 2
+f (&P + 1&1P) (M1gX (X,) + Mg (¥s)) ™ ds + M, (1)
0

where M; is a continuous local martingale.
(iii) Now we define

t
A=t + / (Mg (Xy) + MigX (¥y) ds.
0

By (71) and (70), we obtain that for all # € [0, T],

t t
el 160 S = [y + [ 1605 s+ [ (8 41817 a4
o0 0 0
Note that by the assumption and (31),

(5.3) > (M [V ) e 23T
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and
X 2

(5.0 > (Mi[VaX)])? e L3 ).
Since (£, %), (5, 4) € £, by Khasminskii’s estimate (60), we have

EexpyAr <oo, Vy>0,VT €][0,1].
Thus we can use the stochastic Gronwall inequality (29) to derive that

B 9\P/? X _ Y ! B
sup (117 = (sup EI&I’) S [u¥ =¥ fiw 4 | NENG ds. (72)
s€[0,T] 5€[0,T] 0

Noticing that by (64),

T 1/q
|||bX_bY||JE”(T)5(/ E?IIXr—YtIIZdt> <I€llzao.,T) sup &l
! 0 1€[0,T]
and
o =" liiry <co sup I1X; = Yilo=co sup [l
t€l0,T] te[0,T]
we have by (27),

H”X —u’ ”Hé‘j"(r) S H’bx - bYWE”(T) + mbxmfﬁ”(n(”‘jx - UYH]LOO(T) + ‘be —b" ”’ig(T))

-1
< (lellzao.r) + [[6* |H]LPT Sup I&:1lo 5 T sup [I&llo-
()
tel0,T]

Substituting this into (72), we obtain

B Bly=1
sup |I&lly <CT va sup Ilézlle, T €(,1),
s€[0,T] 1€[0,T]

where C does not depend on T € (0, 1). By choosing 7 small enough, we get ||§,||g =0 forallz e
[0, T]. By shifting the time 7', we obtain the uniqueness. (]

It is obvious that b defined in (42) does not satisfy (64). Below we shall relax it to the weighted total
variation norm by Girsanov’s transformation. The price we have to pay is that we need to assume that
the diffusion coefficient does not depend on the time marginal law of X. For 6 > 1, let

Po(x) =1+ |x|”.
(Kg’b) Let 6 > 1. We assume (49), o;(x, u) = o;(x) and for some (p, q), (p1,41) € 41,

Z“P |||b |||1L”(T) o0, |||VU”|IE(‘,’]‘(T)<OO’
toch

and there is an £ € L{ (R..) such that for all &, u’ € P(R%) and ¢ > 0,

loc

e, = b(o. -2, < €l - (0= ) . 73
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It should be noted that [26], Theorem 6.15, implies,

W (. ') < ¢ - (1= ') | 1y -

Theorem 4.2. Let 0 > 1 and B > 26. Under (Kg‘b),for any initial random variable X with finite -
order moment, there is a unique weak solution to DDSDE (1), which is also a unique strong solution.

Proof. We use the Girsanov transform in the same way as in [21] to show the weak uniqueness, and
so also the strong uniqueness. Since under the assumptions of the theorem, weak solutions are also
strong solutions (see Corollary 3.5), without loss of generality, let X @ i =1,2 be two solutions of
SDE (1) defined on the same probability space (2, .%#,P) and with the same Brownian motion and
starting point £. That is,

dx =a (X)W, + b, (X0, ) dr, XY =g, (74)
where ,ugi) =Po (X,("))’1 . We want to show /xgl) = ,ugz).

Since o (x, ) = oy (x) satisfies (24) under our assumptions, it is well known that there is a unique
weak solution to SDE

dZ, =o,(Z;) dW;, Zy=§.

Let B > 26. Since o is bounded, it is easy to see that

sup E|Z# < C(EIE)P +1). (75)
t€[0,T)
Define
O =0 ) b5 ), WO i=w, - /Ot b (Zy)ds
and

. T _. 1 T ..
&' :=exp{ fo b(Zy) - AWy = > fo }b§’)<zs>|2ds}-

ince [16© |z, < (16

have

e Trry < for some (p, q) € #1, by Khasminskii’s estimate (60), we
q

Eexp{y/or|l;§i)(Zs)|2ds} <Cr,. Vy=>0, (76)
and for any y € R,
E(&"Y <cCr, <. (77
Hence, foreachi =1, 2, EéaT(i) =1, and W@ is still a Brownian motion under é";i)P, and
4z = o (Z)dW D + X7 (zydt,  Zo=&.
Since the above SDE admits a unique strong solution (see also (74)), we have

(6P oz =Po (X)) =ul, i=1,2.
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Therefore, for § = % < 2, by Holder’s inequality, we get
o (7" =1 oy = 00 - (&77R) 0 27! = (677P) 0 27") [y
= E(¢9(ZT)|5;1) - gT(z)D = ||¢9(ZT)”3/(8—1) ||‘§T(1) - ‘g)T(Z) “5
(75)
= ”1 +1z7/’ “,3/0 ”éaT(l) - éETa) ”a = C”gT(l) - gT(Z) ”5 (78)

Noting that
d& =06 (z)) - dw,
we have
d(éat(l) B éat(z)) _ (52(1)15,(1)(20 . éat(Z)l;t(z)(Zt)) AW,
By Itd’s formula, we have
460 - 6217 =600z - £P6P )P di + M,
<2|6" = 62 PIpVzp | dr 2|62 (B 20 - b 20) [P dt + My,

where M is a continuous local martingale. Since § < 2, by the stochastic Gronwall inequality (29) and
(76), we obtain

T
2 ~ ~ 2
|6 13 < [ El6 6020 -5 z) Par
Since (p, q) € #1, one can choose y € (1,1/(d/p +2/q)) so that

(P/2).q/2y)) € .

Thus by Holder’s inequality and Krylov’s estimate (53), we further have

an ;s ¢T _ i 1
16" =623 < (/0 E|b,“)(Z,)—b}2)(z,)|zydt>y

SO =52 P = 150 = 52
q/cy

2
([ 1) —ot®igar)
(73) T
([ o =)y ar)”

which together with (78) yields

Lf ()

=

T
o0+ (0 =)y <€ [ efllon- (s =)ty
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By Gronwall’s inequality, we obtain

Igo - (1 — )4y =0 = uP=uf.

The proof is thus complete. O

5. Application to nonlinear Fokker—Planck equations

In this section, we present some applications to nonlinear Fokker—Planck equations. First of all we
recall the following superposition principle: one-to-one correspondence between DDSDE (1) and non-
linear Fokker—Planck equation (2), which was first proved in [1,2], and is based on a result for linear
Fokker—Planck equations due to Trevisan [25] (see also [8,15] for the special linear case where the
coefficients are bounded). We repeat the argument from [1,2] here.

Theorem 5.1 (Superposition principle). Let i, : Ry — P(RY) be a continuous curve such that for
each T > 0,

// Ut’kat’k )G, )|+ [ (x, we)]) e (dx) d < oo, (79)

Then w; solves the nonlinear Fokker—Planck equation (2) in the distributional sense if and only if there
exists a martingale solution P € .4 > to DDSDE (1) so that for each t > 0,
wr=Pow, I

In particular, if there is at most one element in ./\/l‘,f’b with time marginal p; := px,,t > 0, satisfying
(79), then there is at most one solution to (2) satisfying (79).

Proof. If P € ./Z b and yu; =Po w; ! then by (79) and Itd’s formula, it is easy to see that y; solves
(2). Now we assume u; solves (2). Consider the following linear Fokker—Planck equation:

Oufie = (L") i+ div (b - ),

where b“ (x) :=b;(x, ;) and o H(x) := o, (x, ). Since p, is a solution of the above linear Fokker—
Planck equation, by [25], Theorem 2.5, there is a martingale solution P € .Z " 0" 50 that

wr=Pow, !
In particular, P € .Z7 b The last assertion is then obvious and thus the proof is complete. (|

From the above superposition principle and our well-posedness results, we can obtain the following
well-posedness result about the nonlinear Fokker—Planck equations.

Theorem 5.2. In the situations of Theorems 4.1 and 4.2, there is a unique continuous curve |; solving
the nonlinear Fokker—Planck equation (2).

Now we turn to the proof of Theorem 1.1.

Proof of Theorem 1.1. The existence and uniqueness of solutions to the nonlinear FPE (7) are conse-
quences of Theorem 4.2 and Theorem 5.1. We now aim to show the existence and smoothness of the
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density ,o,x (y). Let u; be the solution of the Fokker—Planck equation (7). We consider the following
SDE:

dX, = b (X)) dt +v2dW;, Xo=§, (80)

where b} (x) := /]Rd b (x, y)u(dy). Since b* € Eg, where %—F% < 1, itis well known that the operator
A + b* - V admits a heat kernel ppu (s, x; ¢, ¥) (see [6], Theorems 1.1 and 1.3), which is continuous in
(s,x;t,y)on{(s,x;t,y):0<s<t<o00,x,y€ Rd} and satisfies the following two-sided estimate:
For any T > 0, there are constants cq, p > 1 such thatforall0 <s <t <T and x,y € R4

gl - §) "2 =P/ =) < 5 (s it y) < ot — 5) "4 2RI/ (0t=9)
and the gradient estimate: for some c1, y1 > 1,
|V, o (s, x5 1, y)| < €12 — §)~@HD2e= =y /(=)
If divy b =0, then ppi (s, x; ¢, y) = p—pn (S, y; t, x), and so in this case,
|V, o (5, x5 1, )| < e1(t — §) @+ 2e=lx=y 2/ (1=5)

In particular, the density of the law of X, is just given by
p,"(y)=/dp(o,x;r,y)(Png‘)(dx):Emo, Xo:t,y).
R

Strong uniqueness of SDE (80) ensures that p,X (y)dy = us(dy). The desired estimates now follow
from the above estimates. O
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