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We consider an N by N real or complex generalized Wigner matrix Hy, whose entries are independent centered
random variables with uniformly bounded moments. We assume that the variance profile, s;; := E|H;; |2, satisfies
ZzNzl sij = I,foralll1 <j <N and ! <Nsjj <c forall 1 <i, j < N with some constant ¢ > 1. We establish
Gaussian fluctuations for the linear eigenvalue statistics of Hy on global scales, as well as on all mesoscopic
scales up to the spectral edges, with the expectation and variance formulated in terms of the variance profile. We
subsequently obtain the universal mesoscopic central limit theorems for the linear eigenvalue statistics inside the
bulk and at the edges, respectively.
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1. Introduction

1.1. Linear eigenvalue statistics of Wigner matrices

A Wigner matrix Hy is an N x N matrix whose entries are independent real or complex valued random
variables up to the symmetry constraint Hy = Hj,. Wigner matrices with real or complex Gaussian
entries are known as the Gaussian Orthogonal Ensemble (GOE) and the Gaussian Unitary Ensemble
(GUE), respectively. The celebrated Wigner semicircle law [68] states that the empirical eigenvalue
distribution of Hy converges to the semicircle distribution with density pg.(x) := %\/4 — xzjl[_z,z].
More precisely, denoting by ()\i),N: | the eigenvalues of Hy, for any sufficiently regular test function

f, the linear statistics % vazl fx) — fR f(x)pse(x) dx converges in probability to zero as N — oo,
which can be understood as a Law of Large Numbers.

It is then natural to derive the corresponding Central Limit Theorem (CLT), that is, the Gaussian
fluctuations of the linear eigenvalue statistics

N N
DA —E[Z f(m}. (L.1)
i=1 i=1

The linear statistics (1.1) need not be normalized by N -3 as in the classical CLT, which can be ex-
plained by the strong correlations among eigenvalues. Khorunzhy, Khoruzhenko and Pastur [49] proved
a CLT for the trace of the resolvent of Wigner matrices. Johansson [48] derived Gaussian fluctuations
for the linear eigenvalue statistics of invariant ensembles, including the GUE and GOE. Bai and Yao [8]
used a martingale method to extend the CLTs to arbitrary Wigner matrices and analytic test functions.
The regularity conditions on the test functions were weakened by Lytova and Pastur [59], Shcherbina
[62] via the characteristic function of (1.1), and more recently by Sosoe and Wong [67] who obtained
the CLT for H!*€ test functions.
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The fluctuations of the linear eigenvalue statistics on mesoscopic scales, that is,

N

Zf(%>_ﬂz[éf<%>} (1.2)

i=1

with fixed energy Eo € (—2,2) and scale parameter N~! « 1o < 1, were first studied by Boutet de
Monvel and Khorunzhy [17] for the GOE given the test function f (x) = (x —i)~!. They subsequently

extended their results to real Wigner matrices [18] with N % < no < 1. A Mesoscopic CLT for the
GUE was obtained by Fyodorov, Khoruzhenko and Simm [38], and was extended by Lodhia and Simm
[58] to complex Wigner matrices on scales N 173 « no < 1. He and Knowles [42] improved these
CLTs on optimal mesoscopic scales N ™! « 1o < 1 for all Wigner matrices. They also studied the two
point correlation function of Wigner matrices on mesoscopic scales in [43]. More recently, Landon and
Sosoe [52] obtained similar CLTs by studying the characteristic function of (1.2).

Mesoscopic linear eigenvalue statistics can also be studied at the spectral edges, where the meso-

scopic scale ranges over N -3 < np < 1. Basor and Widom [10] used asymptotics of the Airy kernel to
derive Gaussian fluctuations of the linear eigenvalue statistics of the GUE at the edges. Min and Chen
[61] subsequently extended this result to the GOE. Adhikari and Huang [1] proved the mesoscopic
CLT for the Dyson Brownian motion at the edges down to the optimal scale 19 > N 3 ina short time.
Recently, Schnelli and the authors [57] obtained mesoscopic CLT for deformed Wigner matrices at
regular edges, where the spectral density has square-root behaviors.

Besides Wigner matrices, mesoscopic CLTs were also obtained in many other random matrices en-
sembles, e.g., random band matrices [26,27], sparse Wigner matrices [41], Dyson Brownian motion
[25,46,53], invariant S-ensembles [11,14,50], orthogonal polynomial ensembles [19], classical com-
pact groups [66], circular S ensembles [51], and free sum of matrices [9].

1.2. Generalized Wigner matrices

In this paper, we are interested in the linear eigenvalue statistics for generalized Wigner matrices,
which were introduced in [36]. Let Hy = (H; j)f?’ =1 be an N by N matrix with independent but not
identically distributed centered random variables up to the symmetry constraint Hy = Hy,. Denote
by § = Sy the matrix of variances, that is, S := (sij)f?'jzl, with s;; = E|Hij|2. We assume that S is
symmetric and doubly stochastic, i.e.,

N
Y sij=1, foralll<j<N. (1.3)
i=1
We say Hy is a generalized Wigner matrix if the size of s;; is comparable with N —1 that is, there
exists ¢ > 1 independent of N such that
¢ ' <Nsjj<e¢, foralll<i,j<N. (1.4)
Standard Wigner matrices are a special case of generalized Wigner matrices, with s;; = N ~1 for all
1 <i, j < N. The first condition in (1.3) guarantees that the limiting spectral measure of Hy is given

by the semicircle law; see [7,39,64]. Without the condition (1.3), the limiting eigenvalue distribution is
characterized by the Dyson equation and were classified in [3]. Local laws of such general Wigner-type
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matrices were obtained in [4,5] and bulk universality was then established in [4], while the edge and
cusp universality were derived in [5,6,22,32].

The second assumption (1.4) is a sufficient condition for generalized Wigner matrices to demonstrate
the same local eigenvalue statistics as standard Wigner matrices. Universality for the local eigenvalue
statistics of generalized Wigner matrices was obtained in [14,35,37] for the bulk and in [13,36,55] for
the edges. For random band matrices, the condition (1.4) is not satisfied. We refer to [15,16,29] for
results on local laws and bulk universality, and to [65] for edge universality.

Consider now a special variance matrix S with s;; = %f(%, %), where f € C([0, 1] x [0,1]) is a
non-negative, symmetric function such that fol f(x,y)dy =1. A CLT for the linear eigenvalue statis-
tics of such matrices was obtained in [7] by studying its generating function via combinatorial enu-
meration, with the variance formulated as an infinite series. Global CLTs for random band matrices
were obtained in [47,56,63], while the mesoscopic linear statistics were studied in [26,27]. Fluctua-
tions of the linear eigenvalue statistics on global scales for many familiar classes of random matrices
were also studied in [20], where a unified technique was formulated for deriving such CLTs using sec-
ond order Poincaré inequalities, without an explicit formula for the variance. Under this framework,
CLTs for linear eigenvalue statistics of Wigner matrices with general variance profiles were obtained
in [2]. Global fluctuations of block Gaussian matrices with variance profiles were proved within the
framework of second-order free probability theory, see [24] and references therein. In addition, CLTs
on global scales for large sample covariance matrices given a general variance profile were discussed
in [40].

In the present paper, we consider generalized Wigner matrices with matrix of variances S satisfying
(1.3) and (1.4). We derive Gaussian fluctuations for the linear eigenvalue statistics (1.2), with explicit
integral formulas for the variance and expectation in terms of the matrix of variances S, at fixed energy
Eo € [—2,2] on scales N~! « ng < 1 such that n9/10 + ko > N !, where ko = ko(Eo) denotes the
distance from E to the closest edge of the semicircle law; see Theorem 2.2. This range of ng covers
the global scales as well as all mesoscopic scales up to the spectral edges. Furthermore, we obtain the
universal CLTs on all mesoscopic scales, for energies Eg in the bulk and at the edges respectively, by
computing the variances and expectations explicitly considering mesoscopic-scaled test functions; see
Theorem 2.4. The limiting law is universal, only depending on the symmetry class, and is independent
of the scaling 1 and the energy Ey.

The proof of our main technical result Proposition 4.1 is provided in Section 4. We follow the idea
of [52,59] to study the characteristic function of the linear eigenvalue statistics (1.2). Via the Helffer—
Sjostrand functional calculus, we write the derivative of the characteristic function in terms of the
resolvent of Hy, and then cut off the ultra-mesoscopic scales of the spectral domain, see (4.4), since
the very local scales do not contribute to the mesoscopic linear statistics. The benefit is that on the
restricted spectral domain, the resolvent of Hy is controlled effectively by the local laws [30,36]. We
subsequently apply the cumulant expansions (see Lemma 4.2) to solve the right-hand side of (4.4). This
technique was first used in random matrix theory by [49] and in recent papers, for example, [31,42,54,
59]. The key tools to estimate the error in Proposition 4.1 are the (isotropic) local laws for the resolvent
[6,12,31,44] and the fluctuation averaging estimates [28,29,45,69]. One of the main technical achieve-
ments is to find a weak local law for the two point function T, (z, 7') := Z;-V:l’j#b 54jG jp(2)G jp(2),
with different spectral parameters z, z’; see Lemma 4.3 with proof in Section 5. Compared with the
standard Wigner matrices [42,52], the two point function Ty (z, z') cannot be written as a matrix prod-
uct and hence the resolvent identity (5.15) or cyclicity of trace no longer help. Similar two point func-
tions of the resolvents appeared in [9,21,23,33] to derive Gaussian fluctuations of the linear eigenvalue
statistics for different random matrix ensembles. The proof of Lemma 4.3 is inspired by the fluctuation
averaging mechanism [28], combined with recursive moment estimates based on cumulant expansions.
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A special case z = 7 was studied previously in [28,45,69], and our statements are for arbitrary param-
eters z, z € C\ R. In addition, we end Section 4 by estimating the expectation of the linear eigenvalue
statistics and then complete the proof of Theorem 2.2.

Notation. We will use the following definition on high-probability estimates from [28].

Definition 1.1. Let X = XY™) and ) = Y™) be two sequences of nonnegative random variables. We
say Y stochastically dominates X if, for all (small) € > 0 and (large) D > 0,

P(x™N) > N YNy < NP, (1.5)
for sufficiently large N > Ny(e€, D), and we write X < ) or X = O<()).

We often use the notation < also for deterministic quantities, then (1.5) holds with probability one.
Properties of stochastic domination can be found in Lemma 3.4.

For any vector v € CV, let ||v||sup := max!"_, |v;| be the sup norm. For any matrix A € CV*V_ the
matrix norm induced by the sup vector norm are given by ||A|ls := maxi<j<y Zﬁvz 1 1A;j]. We also
write ”A”sup I=max; j |Aij|-

Throughout the paper, we use ¢ and C to denote strictly positive constants that are independent of N.
Their values may change from line to line. We use standard Big-O and little-o notations. For X, Y € R,
we write X < Y if there exists a small T > 0 such that | X| < N~7|Y| for large N. Moreover, we write
X ~ Y if there exist constants ¢, C > 0 such that ¢|Y| < |X| < C|Y| for large N. Finally, we denote
the upper half-plane by C*: = {z € C : Imz > 0}.

2. Main results

Let H= Hy be an N x N real or complex generalized Wigner matrix satisfying the following as-
sumption.

Assumption 2.1. For real (8 = 1) generalized Wigner matrix, we assume that

1. {H;jli < j} are independent real-valued centered random variables with H;; = H ;.
2. Let § = Sy denote the matrix of variances, i.e., S := (Sij),szl with s;; = IE|H,-]-|2. There exist
constants 0 < Cipf < Csyp < 00 such that

Y sij=1;  Cing < inf Ns;j < sup Ns;j < Cap. @2.1)
Niij N.i,j

3. All moments of the entries of /N H, N are uniformly bounded, that is, for any k € N, there exists
Cy independent of N such that forall 1 <i, j <N,

E|VNH;j|* < Cy. (2.2)

For complex (8 = 2) generalized Wigner matrix, we assume that
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(a) {Re H;;,Im H;;|i < j} are independent real-valued centered random variables with H;; = H};.
(b) The same moment conditions 2 and 3 hold and IE[HI%.] =0fori #j.

For a probability measure v on R, denote by m,, its Stieltjes transform, that is,

mv(z)::/ @ et 2.3)
R

Note that m,, : Ct — C™ is analytic and can be analytically continued to the real line outside the sup-
port of v. Moreover, m,, satisfies lim,, », inm, (in) = —1. The Stieltjes transform of the semicircle law
Use = psc(x)dx = %\/4 — x2]l[_2,2] dx, denoted by my,, is defined as the unique analytic solution
C*t — C* satisfying

m3.(2) + zmse(z) +1=0. (2.4)
Fix the energy Eo € [—2,2] and set N~! « 59 < 1. Consider a scaled test function

x— Eyp

f=fn :=g< ) g€ CX(R). (2.5)

Define the distance between the support of f and the nearest edge of the semicircle law,

ko := dist(supp(f), {—2,2}). (2.6)

Then we have the following CLT for the linear eigenvalue statistics of Hy .

Theorem 2.2. Let Hy be a generalized Wigner matrix satisfying Assumption 2.1 and assume that
no~/ko+no >N —lco for some constant co > 0. Then there exists a small constant 0 < 1 < % such
that the following statements hold. For f as in (2.5), define

b AT ) mj (2m} ()
ViN=~-,-5 /n sz(z)f(z){ﬁTr((l —msc(z)msc(z’)sﬂ)

+ 2k4msc (Z)m;c (Z)mSC (Z/)mZVC (Z/)

+Tr S<1 - %)mgc(z)mgc (<) } dzdz’, 2.7)

where

o ky is the summation of the forth cumulants (see (4.6) and (4.21)) of both real and imaginary parts
of all entries {H;j};
° f is an almost-analytic extension of f, that is,

Fox+1iy) = (f) +ivf () x (), (2.8)

where x : R — [0, 1] is a smooth cutoff function with support in [—2,2] and with x(y) =1, for
yl=1
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e the contours T'y(k =1,2) are givenby {z € C: |Imz| = lN*fno} with counterclockwise orienta-
tion.

If there exist constants ¢, C > 0 such that c < V(f) < C, then

Tr f(Hy) —ETr f(Hy) 4
V()

— N(0,1).
Moreover, the so-called bias is given by

ETrf(HN)—N/Rf(x),Osc(x)dx

1 m’, . (2)m3,.(z)S?
= 2mi f(Z){(E_1> ( 1 —m2,()S )

NZ‘L’
(Nno+/ko +10) /4
Remark 2.3. We remark that Theorem 2.2 applies to the global scales as well as optimal mesoscopic

scales up to the spectral edges. The formulas for the variance (2.7) and the bias (2.9) coincide with the
corresponding results for standard Wigner matrices [52,57] where s;; = N “Tforalll <i, J<N.

+ k4m§c(z)m§’c(z)} dz + O<< ) + O<(N77). (2.9)

Finally, we obtain the following mesoscopic CLTs for the linear eigenvalue statistics in the bulk and
at the edges, respectively.

Theorem 2.4 (Universal mesoscopic CLTSs). Let Hy be a generalized Wigner matrix satisfying As-
sumption 2.1. Fix any Eg € (=2,2), and set N~'7¢1 < no < N= for some small ¢| > 0. For any
function g € C 3 (R), the mesoscopic linear statistics in the bulk

Non—E —E 1
Zg(—“) —N/g(x O)psc(x)dxi/v(o,—[ |s||§(5)|2ds),
: 10 R 10 B Jr

i=1

where §(£) := (2m)~1/2 ng(x)e_isx dx
In addition, set Ey = &2 and N—2/3te < no < N= for some small c; > 0. Then the mesoscopic
linear statistics at the edges

N a—E —E
Zg( 0) Nfg(x °>psc(x>dx
P R 10

d 2 g© 1 p o2
Sn((5-1)50 55 [ el ae)

where h(x) := g(Fx?), and h(§) := 2m) ™'/ [ h(x)e 7 dx.

Remark 2.5. The means and variances of the limiting laws in Theorem 2.4 agree with the correspond-
ing results for the Gaussian ensembles. See [17,38,60] for the bulk and [10,61] for the edges. Such edge
formulas were also obtained in other ensembles, for example, Dyson Brownian motion [1], deformed
Wigner matrices and sample covariance matrices [57].
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3. Preliminaries

In this section, we introduce some preliminary results that will be used in the proof.

3.1. Properties of the Stieltjes transform of the semicircle law

In this subsection, we recall some properties of m .. Let k = k (E) be the distance from E to the closest
spectral edge of the semicircle law, that is,

/<:=min{|E~|—2|,|E—2|}. 3.1
Define the spectral domain
D::{z=E~|—in:|E|§5,0<n§10}. 3.2)

Lemma 3.1 (Lemma 4.2 in [35], Lemma 6.2 in [34]). We have the following estimates.

1. Forany z € D, there exists a constant ¢ > 0 such that

¢ <|mse(@| <1—cn. (3.3)

2. Forall z € D, we have
[imim,e (2))| e =2, (3.4)

mmg(z)| ~ ) .
\/TTU otherwise.
3. Forall z € D, there exist some constants ¢, C > 0 such that

ek Fn< |l —mi ()| <CViFn. (3.5)

4. Forall z € D, we have
@~ 1 @~ i =0 == ). 69

3.2. Properties of the variance matrix S

In this subsection, we state some properties of the matrix of variances S, which is crucial in studying
the local laws of the generalized Wigner matrices. Recall that S = (s; j)lN =1 is the matrix of variances
satisfying (2.1), and S is deterministic, symmetric and doubly stochastic with strictly positive entries.

Hence, 1 is the largest eigenvalue, with eigenvector e := N -3 (1,1,..., I)T. By the Perron-Frobenius
theorem, the largest eigenvalue 1 is simple and all other eigenvalues are strictly less than 1 in absolute
value. Define §+ to be the spectral gaps satisfying

Spec(S) C[-1+6-,1—-45641N{1}.
It is not hard to show that
8+ > Cint > 0,

provided S satisfies (2.1). Combining with (3.3), 1 — my.(z)ms(z')S is invertible. Thus, we have the
following estimates.
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Lemma 3.2. Define Il := ee” with e = N_%(l, 1,....,DT. Foranyz,7 € D or z, 7' € D, there exists
C > 0 such that

e I [l 2
1 — mgse(D)mye(2)S 00 T = mge()mge ()] ' 1 — mgc(D)mye(2)S 00 -

I

where the constant C depends on Ciyt and Cqyp in (2.1).

Similar statements can be found in Lemma 6.3 [34] for z = 7/, and the proof also applies to two
parameters z, z’. In particular, we have from (3.5) that for all z € D,

1 1 1
pi=|— < C‘ ~ i 3.7)
H I =m2()S Hoo T—m2@| JEtn
We also have a trivial lower bound, p > m > %, since e is an eigenvector of S and |my.(z)| < 1.

3.3. Local law for the resolvent of Hy

Denote by (ki)f\/: | the eigenvalues of Hy. We define the empirical spectral measure of Hy by

uy(x) = % ZZNZI 8, . The Stieltjes transform of p is then given by

my(z) ;= A; d}\&_(j) =N'TrG(z), withG(z):=Hy—zI)"!,z¢€ C\R. (3.8)

The function G(z) is referred to as the resolvent or Green function of Hy. The semicircle law states
that for any fixed z away from the real line, my(z) converges in probability to ms.(z) as N tends to
infinity. It can be extended down to the local scales Imz 3> N~!. We introduce the spectral domain,

D' :={z=E+in:|E| <5 N " <n <10}, (3.9)

for any constant T > 0, and define two deterministic control parameters for z = E 4+ in € C\ R,

Vo) = [Tmse@ g gy L (3.10)
N|n| Nn| Nn|

With estimates of m.(z) in Lemma 3.1, it is easy to check

CN“I<W(@) <1, zeD. G.11)

We have the following (isotropic) local laws for the resolvent of Hy, which is an essential tool in our
proof.

Theorem 3.3 (Theorem 2.3 in [30], Theorem 2.12 in [12], (3.8) in [28]). Let Hy be a generalized
Wigner matrix satisfying Assumption 2.1. The following estimates hold uniformly in z € D’:

max|G;;j(z) — 8ijmqsc(2)| < ¥(2); Imn(2) — mye(2)| < ©(2). (3.12)
l’.]
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Furthermore, we also have for all z € D',

N
max| Y 5i;G (@) = mse(2)| < p¥2(), (3.13)
j=1

with p in (3.7). For any deterministic unit vectors v, w € CN and all z € D', we have
(v, G(D)w) — mye(2) (v, W)| < W (2). (3.14)
Finally, we end this section with properties of stochastic domination defined in (1.5).

Lemma 3.4 (Proposition 6.5 in [34]).

1. X<YandY < Zimply X < Z;

2. If X1 <Yyand Xy <Ya,then X1+ Xo <Y1+ Yo and X1Xo < Y112,

3. If X <Y, EY > N7 € and | X| < N€ almost surely with some fixed exponent c, then we have
EX <EY.

4. Proof of Theorems 2.2 and 2.4

We define the characteristic function of the linear eigenvalue statistics
¢\ :=E[e(n)], where e(1) :=exp{ir(Tr f(Hy) —ETr f(Hy))}. 2 €R. “4.1)
Then the characteristic function ¢ satisfies the following proposition.

Proposition 4.1. Under the same conditions as in Theorem 2.2, if no/ko + 1o = N~ for some
co > 0, then there exists a constant ) < T < f—% such that for any fixed A € R, the characteristic function

¢ (L) satisfies

(14 |AHN* )

') ==2pM)V(f) + O<(|A[log NNT) + 0<<—1
(Nno~/ko + 10)#

Admitting Proposition 4.1, integrating ¢'(1) and applying the Arzeld-Ascoli theorem and Lévy’s
continuity theorem, we prove the Gaussian fluctuations for the linear statistics, as stated in Theo-
rem 2.2. Given the scaled test function (2.5), we compute the variances (2.7) and biases (2.9) on
mesoscopic scales in the bulk and at the edges respectively, and then conclude Theorem 2.4. Simi-
lar arguments for deformed Wigner matrices can be found in Section 6 [57] and we omit them in the
present paper.

Proof of Proposition 4.1. Via the Helffer-Sjostrand functional calculus (see (4.10) of [52] for a ref-

erence), we translate the linear eigenvalue statistics of f(Hy) to the Green function of Hy. More
precisely, for any f in (2.5),

1 a =
Tr f(Hy) = ~ [c B_Zf(Z) Tr(G(2)) d’z, 4.2)
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where a% = %(% + ial), f(z) is an almost-analytic extension of f given in (2.8) and d?z is the
Lebesgue measure on d As observed in [52], the ultra-local scales do not contribute to the mesoscopic

linear statistics. So we restrict the domain of the spectral parameter to
Qo:={zeC:|Imz| >N no}, 4.3)

for a small constant 7 > 0. Notice that G(z) is analytic in C \ R. Taking derivative of the characteristic
function ¢ (X) in (4.1) and applying Stokes’ formula, we have

¢' () = % /F F@E[e00)(Tr(G(z) = ETrG(2))]dz + O (1A log NN 7, 4.4)
1
where
ai=epl o [ 716 () - ETG() | @5)
2w Iy

with I'1 > given in Theorem 2.2. More details can be found in [52,57]. Here we choose slightly
different contours to avoid singularities. Thus, in order to study ¢’()), it suffices to estimate
E[(eo(M)(Tr(G(2)) —ETrG(2))].

To simplify the proof, we will only consider the real symmetric case (8 = 1). The proof for the
complex case (8 = 2) is similar. Before we proceed the proof, we introduce the following cumulant
expansion formula, see [42] for a reference.

Lemma 4.2 (Cumulant expansion formula). Let h be a real-valued random variable with finite mo-
ments, and f is a complex-valued smooth function on R with bounded derivatives. Let ¢*) (h) be the
k-th cumulant of h given by

¢®(h):= (—i)k(;i—kk(log E[e""]) (4.6)
4 1=0
Then for any fixed | € N, we have
L dt
E[nf ()] = ]; Ec("“)(h)ﬂ*l[w f(h)} + Rit1, @.7)
where the error R4 satisfies
|Ri1] < CE[|]' ] s [P+ CE[IA 1 ] supl 70 00 (4.8)
x xe

and M > 0 is an arbitrary fixed cutoff.

By the definition of the resolvent and applying the cumulant expansion (4.6) for / = 3, we have (c.f.
(5.6) in [57])

zE[eo)(TrG —ETrG)| =E[eo(M)(Te(HG) —ETr(HG)) | =L+ L+ 3+ R4, (4.9)

where I; (k =1, 2, 3) denote the expansion terms associated with the (k + 1)-cumulant, and Ry is the

error given in (4.8). In the following, we estimate each term on the RHS of (4.9) using the identity
0Gij _ GiaGpj + GipGyj
9Hap 1+ 8ap

, 1<a,b<N. (4.10)
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Similar arguments for deformed Wigner matrices can also be found in Section 5 [57], so we omit most
computation details. First, it is not hard to check that Ry = O (N 121+ |Ah), by using the local
law (3.12), the moment condition (2.2) and Lemma 3.4.

Next, we look at the first term /7. Using the local law (3.13), I can be written as (c.f. Section 5.1
and Lemma 5.1 [57])

N N
L= - ZE[eo(k)(l ~E) (ZSijij(Z)Gii(Z)ﬂ

i=1 j=1

N (@)
- ZE[eoma ~E) (Zsijcji<z)cji<z)>}

i=1 j=1

2yl [ 05X 6,600 )
T ry a7’ j=1]+5“ Y jimJt

tj

= —2m5c(DE[eo(M) (1 —E) Tt G] —E[eo() (1 —E)Tr T (z, 2)]
A <D
_ ;E[eo(k) f(z’)a—z, TrT(z,2) dz’]

Iy

ATrS -
-] [ FEmcom () a
T r

2

2]

~/Nno

where we define the following two point function for short,

+ O<(Np¥*(2)) + 0<( ) + 0<(IM¥ (2)), 4.11)

()
Tup(2.2) =) _54jGp()G (/). 1<a.b<N.z,7 €C\R, (4.12)
j=1

yvith 2512] = Z?ley#b. The following local laws for the matrix T (z, ) := (Tap(z, 7)) ap are proved
in Section 5.

Lemma4.3. Forall 1 <a,b <N and z,7 € D" in (3.9), we have

m2@m?,()S?

—mye(D)msc(2)S

Tup(z.2') = (1

) +0(V3@QW() + ¥ (W3 (). (4.13)
ab

where py = p2(z,7') = (1 — mye(2)mye ()", Moreover, we have the following estimate of the trace
of T(z,7):

2 @m2 ()S?
1 — myse(2)mse(2))S

where the error E7(z,7') is analytic in 7,7/ € C\ R and for all z, 7' € D/, it satisfies

TrT(z,2) :Tr( >+5T(z,z’), (4.14)

Er(2.2)| < N2 ()W () + N (W3 () + NO2(2) + NOR)O(Z). (4.15)
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The above results also hold true when z and 7 are in different half planes, that is, they also hold true
forall 7,7/ € D'.

Remark 4.4. We remark that the above local law is not optimal. If we further expand (5.9) in the proof
below, the error in (4.13) can be improved to 0<(,02\I/2(z)‘-11(z’) + ,oz\IJ(z)\Ilz(z’)). But Lemma 4.3 is
sufficient to establish the CLTs for the linear statistics, so we do not aim at the optimal local law in the
present paper.

Notice that T'(z, z) is analytic in z, z’ € C \ R. Taking the partial derivative of TrT (z, z’) in (4.14)
and applying the Cauchy integral formula, we have

Mg (Z)m§0 (Z/)S
(1 — mgc(2)mse(2') S)Z

o (pr%(z)xp(z') L NU(W3 () + NOX ) + NO(Z)OF)

0
a7 TrT(z, z/) = Tr(

) — mge(2)m, (z/) TrS

). (4.16)

[Im 7’|

Plugging (4.14) (for z = z’) and (4.16) into (4.11), we hence obtain that

I = —2m;c()E[eo()(1 —E)Tr G] + %E[eo(k)] /F F()mse(2ym () dz’
2

. e (S ,
f(z/) Tr( a _mms(cz()zn)'lms(j(z/)s)2> dz' 4+ &€1(2), 4.17)

— %]E[eo()»)] /

I

where the error £1(z) is collected from (4.11), (4.15) (for z = z’) and (4.16). Since g is compactly
supported, we have ko < k < C(ko + no) with x and k¢ given in (3.1) and (2.6). Using (2.5), (3.4),
(3.7) and (3.10), the error &£, (z) satisfies

[&1@| =< (1+ IM)N”(%}7 + W () + NpWi(2) + NO* (D) + 0@y + N2 ()
0

NoEn

1 3
(ko + 10)* ) <(Ko +n0)3 1 )
+ +NWY + .

VNno Nno © (Nno)% (Nﬂo)%

By direct computations and the isotropic local law (3.14), one shows that the second term I, corre-
sponding to third cumulants is negligible (c.f. Section 5.2 [57]),

+N\p3(z)( (4.18)

(1+ |x|2>N2’\1/(z)> )
L =0. OL(VNVY . 4.19
: ( = + 0L (VNW2(2) 4.19)

It is also straightforward to check that (c.f. Section 5.3 and Lemma 5.1 [57])

_ had N0 oo <1+|x|3)N2f)
L= ZnE[eo(k) 5 f(z)azl(msc(z)msc(z ))dz]+0<(7m . (420)

where k4 is the summation of all the fourth cumulants, that is,

N
ko= o) (Hy) =E[H] - 3(E[H2])". 4.21)
i j=1
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Plugging (4.17), (4.19) and (4.20) into (4.9) and rearranging, we obtain that

(Z+2msc(z))E[eo(k)(1—E)TrG]:—%E[eo(k)] / f()K(z2)dd +E@), (422
I

where the kernel K (z, 7') is given by

- , msc(Z)m;c(Z/)S
=2T
K(z7) r((l — My (Dmye(2)S)?

) — msc(z)m;C (z/) TrS + 2k4mgc (Dmge (z/)méc (Z/),

and & (z) is the error collected from (4.18)-(4.20). Dividing both sides of (4.22) by z + 2m.(z) =
—Mee@) o feF n from (2.4) and (3.6), and plugging it into (4.4), we hence obtain that the character-

m}.(2)
istic function satisfies

(14 |A[HN _
' () = —AE[eo(W)]V () + O~ (+ +O0-(IAINTT),
(Nno/ko +n0)*
where V() is given in (2.7) and we use (2.5), (3.4) and (3.10) to estimate the error. Note that |e(A) —
eo(M)| < |AINTT.If V(f) < O(1), then we replace eg(1) by e()) at the cost of O(|]A|N~F). This
completes the proof of Proposition 4.1. ]

We end up this section with the estimate of E[Tr G(z)] — Nmy.(z) in a similar way and obtain the
bias formula for the general linear statistics.

Proof of Equation (2.9). Using the definition of resolvent and the cumulant expansion (4.7) on
zE[Tr G(z) — Nmy(z)], in combination with the local laws in Theorem 3.3 and Lemma 4.3, we have
the analogue of (4.22), that is,

m? (2)S?
1—m2.(2)S

+ O<(Np¥?) + O (NW/?) + 0L (N©?), (4.23)

(z+2mye(2))E(TrG(z) — Nmye(2)) = — Tr( ) — kam?.(2)

where p is given by (3.7), and k4 is defined in (4.21). Dividing both sides by z + 2m.(z) and trans-
forming E[Tr G (z)] — Nm.(z) to the bias of the linear statistics via the Heffler-Strsjand formula (4.2)
and Stokes’ formula, we obtain (2.9) and conclude the last statement of Theorem 2.2. O

Remark 4.5. The results in Section 4 extend directly from real symmetric (8 = 1) to complex Her-
mitian (8 = 2) matrices. The only difference is to apply the complex analogue of cumulant expansion

formula and g g;; = —G;4Gy; instead of (4.10). Similar arguments can be found in Appendix A [57],

and we omit them here.

5. Proof of Lemma 4.3

In this section, we prove a local law for the two point function 7' (z, z') defined in (4.12). For notational
simplicity, we write T = T (z, 2'), m1 := myc(2), ma := my-(z’) and define the control parameter &, :=

\IJ% Q¥ () + \I’(Z)‘IJ% (z'). We aim to prove that

1
Pap = == Tap +ma(SThap + mim3(°),,, = O<(En). (5.1
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Due to (2.4) and the relation zG = HG — I, we write
)
Paip = 5aj(HG) j5(2)G () + m1 Tup +ma(ST)ap + mim3(S?) . (5.2)

j=1

Set M, 4 == (Pap)? (P},)? for any p, g € N for short. For any d € N, applying the cumulant expansion
(4.7), we have

() N
0Gp(2)G jp(2))
]E|Pab|2d [(Zzsws]k 9H, kl )Md—l,di|
J

j=1k=1

b N
+E[<Zzsajsjkab(z)G,-b( ))(d—l)aH“’; H,d}
J

j=lk=1

b)) N 9P+
+E (ZZSaJS]kab(Z)Gjb( )) aH“iMdl,dl]—FRz
J

j=lk=1
E[(m1Tap + ma(ST)ap + m1m%(52)ab)Mdfl,d]
=Nh+h+ 3+ R+ Jg, (5.3)
where R» is the error of cumulant expansion, see (4.8) for [ = 1. We first show that R; is negligible.

We write GV := G(z), G® := G(z/), ¥ := W(z) and W, := W(Z') for short. Using identity (4.10)
and the local law (3.12), for general « € N, we have

1) @)
%Gy, G
OHS,

< W Wy 48 + S (54

We obtain from (4.10) and (5.1) that

N

0Py 1 0Ty aTip
OH;  myi 0Hj ma ) sa
(b)
_ _Z<_sa, —m; S%)
(1 1 2 (1 1 2 1 2 2
x (GG Gy + G GY G + Gl GY G + G Gl G Y). (5.5)

In general, for any « € N, the local law (3.12) implies that,

’8“Pub

YT < \Dlz\lfz + \111‘1122 +8jp W1 W2 + Sip W1 2. (5.6)
ik




Linear statistics of generalized Wigner matrices 1071

Similarly, the estimate (5.6) still holds true for 2;55” for general o € N. Using the moment condition
Jjk

(2.2),(5.4), (5.6) and (3.11), we hence obtain that

Ry =E[O«(E1)Mg_1,4] +E[O< (E%)Md—Z,d] + E[O<(E%)Md—l,d—l]
+E[0<(8))Ma—3.4] + E[O(E})My—2a-1] +E[O<(E})My—1a—2], (5.7

where we define a new control parameter E; := \1112\1’2 + W L1122 < EB».
Next, we look at the first term J;. Using (4.10) and the local law (3.12), we write

®) N
1) 2 1) (2 -
Ji _E[Zzsaﬂjk(m](;;b)c;b) +m2Gl(<b)Gl(cb))Md1>dj| +E[O«(EN)My-1.4]

j=lk=1

N
- E|:<m1Tab +my Zsaj Tjp + mlm%(5)3b> Md—l,d] +E[O<(EDM4-14]. (5.8)
j=1

Note that the leading term of J; will cancel J4. As for the second term J>, using (5.5) and simple power
counting by the local law (3.12), we have

®) N
0P,
Jr=(d— 1)E|:<ZZsujsjkab(Z)Gjb(Z/)> : Md2,d:| =E[0-(E3)Ma—2.4]. (5.9)

=1 k=1 OH i
We treat J3 similarly and get J3 = E[O<(E3)M4—1,4—1]. Therefore, we obtain that
E|Pop|* =E[0<(EN)M —1,d)] + E[0(83)My—1.4-1] + E[0<(E3) M4 —2.4]
+E[0<(87)My-3.4] + E[0<(E])Ma—2.4-1] + E[O<(E})Mu-1.4-2]. (5.10)

Applying the Young’s inequality to the RHS of (5.10) and using 1 < E,, we get E| Pyp|*? < E%d for
any d € N and thus | P,p| < Ej. Using |mg:(z)| ~ 1, the matrix (T),p defined in (5.1) hence satisfies

(1 —mim2$)T = mim38* +R(z,7), (5.11)

where the error matrix R = R(z, z’) has the following estimate:

IR 2)|., = 0-(W2@W()) + 0= (¥ ()W (). (5.12)

sup

Combining with the first estimate from Lemma 3.2, we hence prove (4.13).

Next, we continue to estimate the trace of the two point function T'(z, z’). Recall the projection
matrix IT = ee*, where e = N_%(l, 1,...,1)*. Note that T1S = STI = I1. Multiplying both sides of
G. 1) by (1 -1IDH(A — mim»S)~!, we have

$2-1 1-1I
(1—1‘1)T=m%m§1

mimzS 1 —mmyS
Using the second estimates in Lemmas 3.2 and (5.12), we obtain that

m%m%(S2 —1I0)

TrT =Tr(IIT) + Tr(
1—mmyS

) + O (NI (@W()) + O (NU (W3 (Z)).  (5.13)
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For the first term on the RHS of (5.13), we write it as

N (b) N
1
Tr(TNT) = § Y GG (2 ——Tr(G(z)G( _NE Gpp(2)Gpp(2).  (5.14)
b 1 b=1

To estimate (5.14), we separate our argument into two cases:

1. For z # 7/, using the resolvent identity

1
G()G(Z) = H(G(Z) -G()), (5.15)
and the local law (3.12), we have

Te(IIT) = M — mee@me () + 0-(0)) + 0-(8()).

If z, 7 are in different half planes, then |z — z’| > |Im z| and thus from (3.12),

my(z) —my(2') _ mse(@) — mye(2) 4 0<<®(Z)> 0 <®(Z’)>.

z2—7 z2—7 |Imz| |Imz|

If z and 7’ are in the same half-plane, without loss of generality, we assume z, z’ € C*. If [Imz —
Imz’| > %Imz, the previous argument still applies. Otherwise, we have %Imz <Imz < %Imz.
Since d(z) := my(z) — myc(z) is analytic in z € C*, applying the Cauchy integral formula, we

obtain that
0(2)
sup |d(a))|—0<( )
wel(z,7) [Imz|

_ /
‘d(z) AP
7—7

where L(z, z') denotes the segment connecting z and z". Therefore, we have

mge(z) — msc(z )

Te(TIT) = 2 =20 e (@mae(2) + 0<< (5.16)

O(2) + ®(z’)>
[Imz| '

2. For z = 7/, using the identity G%(z) = %G(z), the local law (3.12) and the Cauchy integral
formula, we have

N

d 1 , (2)
Tr(TIT) = d_sz(Z) ~N };(be(z))z =m! . (z) —m?.(2) + 0<<|I |>' (5.17)

In addition, we use the Taylor expansion on (1 — mlsz)’1 and the relation I1S = STI = IT to get

2.2
Tr< mim3 11 ): "M (5.18)

1 —mmyS 1 —mimy

Plugging (5.16) (or (5.17) for z = z’) and (5.18) into (5.13), we conclude from (2.4) that (4.14) and
(4.15) hold. This complete the proof of Lemma 4.3.
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