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Nonparametric estimation of surface integrals
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Surface integrals on density level sets often appear in asymptotic results of nonparametric level set estimation,
such as for confidence regions and bandwidth selection. Also surface integrals can be used to describe the shape
of level sets. Assuming the integrands are known, we consider three estimators of the surface integrals on density
level sets, one as a direct plug-in estimator, and the other two based on different neighborhoods of level sets. For
all the three estimators, we derive the rates of convergence and asymptotic distributions.
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1. Introduction

The c-level set of a density function f on R is defined as
Mczf_l(c) = {x eR?: fx) =c}.

The set L. = f~ ¢, 00) = {x e R? : f(x) > ¢} is called the super level set. Level set estimation finds
its application in many areas such as clustering [10], classification [38], and anomaly detection [58]. It
has received extensive study in the literature. See, for example, [9,17,31,43,48,49,55,57,60,61].

We consider d > 2 in this paper. For simplicity of notation, the subscript ¢ is often omitted for M,
and L.. When f has no flat part at the level ¢, M is a (d — 1)-dimensional submanifold of R4. Given
an i.i.d. sample X1, ..., X, from the density f, we investigate the estimation of the surface integral

re(fi8)=Mf.8) = /M g(x)d (x),

for some known integrable function g (for example, when g = 1), where 7 is the (d — 1)-dimensional
normalized Hausdorff measure. Our estimators are based on the kernel density estimator of f given by

f(x)zﬁz;K(x_hX"), (1.1)

where & > 0 is the bandwidth and K is a d-dimensional kernel function. The plug-in estimators of M
and £ are givenby M ={x e R?: f(x) =c} and L = {x e R?: f(x) > ¢}, respectively. We consider
the following three estimators for A(f, g):

MF.g)= /f_l(_)g(x)d%”(x), (1.2)

~ 1 ~
,\g”(f,g):z—/ g®)||Vf(x)||dx, and (1.3)
! 28” }l\il [c—¢&n,c+en]
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AD(f. )= / g(x)dx, (1.4)
28" f 1 (C)easn

for some ¢, > 0, Where \Y f is the gradlent of f and f (¢) ® ¢, is the union of all balls with radius
&, and centers at f I(c). Here A( f g) is a direct plug-in estimator, and Agn)( f,8),j=1,2, can be
viewed as local averages of surface integrals close to A( f g) when &, 1s small. The integration in
A(z)( f, g) is over a band or a tube of constant width around f I(c), while the domain of integration

in )\g’)( f , &) has varying width. See Section 2.2 for more comparison among the three estimators.
The main results of this paper include the rates of convergence and asymptotic normality of these
estimators.

The surface integral A(f, g) is an important quantity that is involved in asymptotic theory for level
set estimation. For example, it appears in [9] as the convergence limit of the set-theoretic measure of
LAL = =(L\ L’) U (£ \ £), which is the symmetric difference between £ and L. Using a similar mea-
sure as a risk criterion, [45] shows that the optimal bandwidth for nonparametric level set estimation is
determined by a ratio of two surface integrals in the form of A(f, g). [47] develops large sample confi-
dence regions for M and L, for which the surface area of M (a special form of A(f, g) when g = 1) is
the only unknown quantity that needs to be estimated. The quantity A(f, g) is also a key component in
the concept of vertical density representation [59]. Surface integrals on (regression) level sets appear
in optimal tuning parameter selection for nearest neighbour classifiers [11,29,51].

Some important concepts in differential geometry are in the form of surface integrals. For example,
the Willmore energy of a (d — 1)-dimensional smooth submanifold S embedded in R is defined as
W(S) = fs |H (x)|>d (x), where H(x) is the mean curvature of S at x [63]. W(S) measures the
total elastic bending of S from a sphere if d = 3. The Willmore energy is widely used in studying the
shape of biological cell membranes [53]. When S is a level set, the Willmore energy finds its appli-
cations in image inpainting [13] and segmentation of spinal vertebrae [36]. Other examples of surface
integrals on manifolds include Minkowski functionals, where the integrands are some functions of the
principal curvatures. When the manifolds are level sets, Minkowski functionals are widely used as mor-
phological descriptors (shape statistics) in studying cosmic microwave background. See Chapter 10.3
of [39], and [33,44,52] and the references therein. Minkowski functionals (and their ratios) can be used
to characterize different shapes, for example, planarity, filamentarity, clusters etc.

Surface area has been used in the definition of “contour index”, which is the ratio between perimeter
and the square root of area, and has appeared in medical imaging and remote sensing [12,50]. The
estimation of surface area also has extensive applications in stereology [5,6,26]. Other examples of
A(f, g) arise where g is observable temperature, humidity, or the density of some non-homogeneous
material, and one is interested in the surface integrals of these quantities on an unknown manifold [32].

In the literature [18] obtains a consistency result for the estimation of the surface area of M, that is,
when g = 1. There exists some recent work on the estimation of the surface area of the boundary of an
unknown body § C G where G is a bounded set given a sample on G. The work is relevant to the study
in this paper but in a setting different from what we consider here. There the surface area is defined
as the Minkowski content, which coincides with the normalized Hausdorff measure in regular cases
[1]. [4,24] obtain asymptotic normality results for the surface area (or perimeter) of 9§ in a framework
that assumes a uniform distribution on G and the binary labels for S and G \ S are observed with the
sample. The sampling scheme is called the “inside-outside” model in [21], and the binary labels for
S and G \ S contain important information of the location of 9. In contrast, we study the estimation
of surface integral A( f, g), which is more general than surface area. More importantly, the location of
f~1(c) is completely unknown and needs to be estimated. As a result even for g = 1 the approach we
take is very different from the above work. In the setting of the “inside-outside” model, the rates of
convergence of the estimators for the surface area of 9.5 are derived under different shape assumptions
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(see [19,41,42]). The consistency of the surface integral estimation on dS has been considered by [32],
where the integrand is assumed to be observable on the sample points. Assuming the i.i.d. sampling
scheme only on S, [3] estimates the perimeter of 3§ using the alpha-shape for d = 2 and derive the rate
of convergence. As shown in Section 2.1, A(f, g) — A(f, g) and d, (f, f) := fEAZg(x) dx are related,
the latter having been studied in, see, for example, [7-9,20,40].

We organize the paper as follows. In the rest of this section we introduce the notation, geometric
concepts and assumptions used for our results. In Section 2, the rates of convergence and asymptotic
distributions of the three estimators are given in Theorems 2.1 and 2.2. Sections 2.1 and 2.2 are ded-
icated to the estimation of the surface integral A(f, g) using the direct plug-in estimator A(f, g), and
neighborhood-based estimators )\é{f(f, g), j = 1,2, respectively. The proofs of all the results are left
to Section 4.

1.1. Notation and geometric concepts

For any x € R? and A C R?, let d(x, A) = infyeca ||x — y||. The Hausdorff distance between any two
sets A, B C RY is

dy(A, B) = max{supd(x, A), supd(x, B)}.
xeB x€eA
The ball with center x and radius ¢ is denoted by B(x, &) = {y € R?: ||x — y|| <e&}. For any set A C R4
and ¢ > 0, we denote A @ & = J,¢4 B(x, ¢). Let the normal projection of x onto A be wa(x) ={y €
A:|lx —y|| =d(x, A)}, which may not be a single point.
We will also use the concept of reach of a manifold. For a set S C R?, let Up(S) be the set of points
x € R? such that 75 (x) is a single point. The reach of S is defined as

p(S) = sup{(S >0:5®6C Up(S)}.

See [23]. A positive reach is related to the concepts of “r-convexity” and “rolling condition” (see [18]).
These are common regularity conditions for the estimation of surface area. For two manifolds A and B,
if the normal projections 74 : B— A and wp : A — B are homeomorphisms, then A and B are called
normal compatible. See [16] and Figure 1. For a matrix M and compatible vectors u and v, denote
(u,v)pr =u’ Mv and ||u ||%,I = (u,u)py.Let | M| r be the Frobenius norm of a matrix M. For a function
g :R? — R, let supp(g) be the support of g. If g is twice differentiable, let Vg and Vg be the gradient
and Hessian matrix of g, respectively. Denote || gllco = SUp,crd 1g(x)] and |Ig|l, = [f]Rd lg(xX)|? dx1'/P
for p > 1. For a vector or matrix M and a positive integer r, let M®" be the rth Kronecker power of M.

(a) (b)

Figure 1. This figure shows the normal compatibility between two curves A (green) and B (red). (a) shows the
normal projection from A to B. (b) shows the normal projection from B to A.
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The vector of the rth derivatives of g (if they exist) is defined as V® g(x) = %(x) e R?", where

we apply the rth Kronecker power to the operator V. For a bandwidth /4 > 0, let yn(k}z =4/ nﬁ%’
which, under standard assumptions, is the uniform rate of convergence of the kernel estimator of the
kth density derivatives after being centered at their expectation. We denote a v b = max(a, b) and
a Ab=min(a, b) fora,b eR.

1.2. Assumptions and their discussion

A function K is called a vth (v > 2) order kernel if [, u®" K (1) du # 0 and is finite while

1. ifl=0,
/ u® K (1) du = ! (1.5)
R4 0, ifi=1,...,v—1,

where we use the convention #®° = 1. For the Kronecker power used in matrices and multivariable
Taylor expansion as well as high-order kernels, we refer the reader to [14].

We introduce some assumptions that will be used in this paper. For § > 0, denote Z(8) =Z7(8) =
flc=68,c+8])={xeR?: f(x) € [c — &, c+ 8]}, which is a neighborhood of M.

Assumptions

(F) The density function f is continuous on R? and has continuous partial derivatives up to order
v on Z(28¢p) for v > 2 and some §y > 0. There exists g9 > 0 such that |V f(x)| > &g for all
x € T(24¢).

(K) K is atwice continuously differentiable kernel of vth order, with supp(K) C B(0, 1).

(H) The bandwidth /# depends on n such that yn<2,2 —0and h — 0asn — o0.

Discussion of the assumptions

1. The assumption ||V f(x)| > &g for x € Z(2§p) in (F) implies that the Lebesgue measure of M
on R? is zero. The level c is called a regular value of f and it is implied that infyer f(x) <
¢ < sup,p f(x). This is a typical assumption in the literature of level set estimation (see, e.g.,
[9,20,37,40]), which guarantees that M has no flat parts and is a compact (d — 1)-dimensional
manifold (see Theorem 2 in [61]). In particular, under assumption (F) the following well-known
margin condition (first introduced in [43]) is satisfied: P (| f(X) —c| < &) < Ce for some positive
constant C and small ¢ (see Lemma 4 in [49]).

2. The geometric construction in the derivation of our theory requires M to have positive reach. In
general, for functions with Liptschitz continuous gradient, their level sets at regular values have
positive reach (See Lemma 4.11 and Theorem 4.12 in [23]). So assumption (F) can guarantee that
M has positive reach. The requirement for the vth partial derivatives of f is mainly used to deal
with the bias in the kernel estimation.

3. The estimator f using a high-order kernel (v > 2) can take negative values, and therefore loses
its interpretability for practitioners (see, e.g., page 69 of [54], and [30]). However, this is not a
problem for our estimator, since we are only interested in the level set of f at a positive level,
and our estimators M and £ do not directly use negative values of f R

4. Assumption (H) guarantees the strong uniform consistency of the second partial derivatives of f.
This is used to establish the normal compatibility between M and M , so that we can explicitly
define a homeomorphism between them. A similar assumption has been used in [17] and [47] for
the construction of confidence regions of level sets.
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2. Main results

For A(f, g) where g is a known function, the three estimators A ( f g),and Asn)( f,g),j=1,2,defined
in (1.2)—(1.4) are investigated. In general, we use A} ( f , &) to denote any one of them. In particular,
when A;"n is used to denote A, we take ¢, = 0.

Theorem 2.1. Let g : Z(260) — R be a function with bounded continuous second partial derivatives.
Let )»jn be either A, )”S,) or Xg). Under assumptions (F) and (K), there exist constants A > 0, C > 0,

81 > 0 and 8, > 0 such that for all n > 1, h > 0, &, > 0 satisfying h* + &2 + L= < 8, and for all
0<e<éy,

P(|2,(F 9~ 2(f9)] < v Clen 40"+ (7,1)7))
>1— Aexp(—nhe?/A) — Aexp(—nh®"2e/A) — Aexp(—nh?t*/A). (2.1)

Remark 2.1. Under the additional assumption (H), by applying the Borel— Cantelli lemma with ¢ =

2ATogn \, 24108n e gt 1% (Fg) — 2(f, ) = OB 162 4+ 1" 4 (y)))?) almost surelly.

We give an asymptotic normality result for A7 (f, g) — A(f, g) in the following theorem. To formu-
late the result, we need to introduce more notation and geometric concepts, especially the curvatures
on level sets. We denote the tangent space of M at x € M by T, (M). Let N(x) = Ilg{p(i) be the
normalized gradient. For any t e R, let Ty ;(M) ={y + tN(x) : y € Tx (M)}, which is an afﬁne tan-
gent plane. If —N is chosen as the surface normal of M, then VN (x) is called the shape operator (or

Weingarten map). Let G(x) = I; — N(x)N(x)” . Direct calculation shows that (see [34])
VN(x) = |}Vf(x)y|*‘G(x)v2f(x). (2.2)

The following matrix is equivalent to VN (x) as a linear map on 7, (M) (see (4.30)) and hence is also
called the shape operator of M at x:

S(x)=VN(x)G(x) = HVf(x)||*1 G(x)V2f(x)G(x). (2.3)

The principal curvatures of M at x, denoted by x1(x) > --- > k4_1(x), are d — 1 eigenvalues of the
shape operator S(x) associated with eigenvectors orthogonal to N (x). The mean curvature, denoted
by H(x) is the sum of the (d — 1) principal curvatures, i.e., H(x) = tr[S(x)]. Note that both the
sum and the average of the principal curvatures are often called the mean curvature in the literature,
and we use _the former for convenience. Consider the plug-in estimators of the above quantities. Let

N@x) = %{% Gx)=1,—-N@XN®T, S(x) = VN(x)G(x), and H(x) = tr[S(x)]. For a kernel
function K and x € M, let Rg(x) = fR(th (M) K (u)d#(u))?>dt. If K is spherically symmetric,

then R (x) is a constant for all x € M and we write R(K) = Rk (x). For two sequences a, and b,,, we

. P . .
denote a, > b, if a,,/b,, — o0 as n — 0o. We use — and — to denote convergences in probability
and in distribution.

Theorem 2.2. Let g : Z(260) — R be a function with bounded continuous second partial derivatives.
Let A:n be either \, )Lgl) or kg) with &, — 0. Under assumptions (K), (F) and (H), with 1 and u;

being constants given in (4.87) and (4.72), and 17 given in (4.80) for j = 1,2, we have the following

. . . 1 1 2
results depending the relationship among the rates T hY, N and &;;.
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(i) If ez > max(h”, = e2), then nh*2[32 (F. ) = (£, )] > 1.
(i) I b > max(zher, <, e2), then K"k (1, 8) = A(f, @)1 = oo

_ P, P : .
(iii) If €2 > max (-t b, ﬁ), then e 20 (F. @) = h(f, )1 = uD for j=1,2.
(iv) Ifﬁ > max(—pzr, h", £2), then

Vah 3 (f.8) = n(f. )] 2> A (0.02), 2.4)

where 62 = cA(f, wiRg) with wg(x) = [V £ ()| IN()T Vg (x) + H(x)g(x)].

(v) Suppose we choose to use a spherically symmetric kernel function K, and then 02 =
cR(K)A(S, u);) in (iv). For a nonnegative sequence t, = o(l), let 02 = cR(K)A* (f Az)
where @g(x) = ||VfA(x)||_1[1/V\(x)TVg(x) + ﬁ(x)g(x)]. Suppose o2 # 0. Under the assump-
tion in (iv), we have

Vaha[1E (FL ) = M, )] 2 4, D). (2.5)

Remark 2.2.

(a) We can write A} (f, g) — A(f, &) =1y + 1, where I, = A (f, g) —E[A;, (fA, g)] is a centered
stochastic term, and II,, = E[Agn ( f, 2)] — A(f, g) is the bias. The results in (i)—(iii) are formu-
lated in a way that shows the asymptotic expressions of the bias II,, in different scenarios. In
fact, (nhd“)_lm +h'ur + g,zlu(f ) is the leading term in the bias II,,. The result in (iv) occurs
when the bias is dominated by I,. See (4.77) in the proof. We point out that the signs of the
components 111, z and ) in the leading term of the bias may not be the same, depending
on the unknown f. Therefore in some cases one may choose & and ¢, to cancel out the leading
terms in the bias, which is unlike the typical variance-bias tradeoff strategy used for bandwidth
selection for kernel density estimators.

(b) The result in (v) can be used to construct a confidence interval for A(f, g). For 0 <« < 1, let
Zq/2 be the (1 — a/2) quantile of .47(0, 1). With rates of s, 7, and &, chosen complying with
the conditions in (v), a (1 — &) asymptotic confidence interval for A( f, g) is given by

)\:n(f’g)_ a\rnZa/Z,)\:n(f,g)‘f'

1 [N

— ——=07,2a/2 |-

~/nh NCT “/

Note that the choice of A* used in &7, does not have to be the same one as in )Ljn (f, g).

(c) The theorem implies that A7 (f, g) —A(f, 8) = Op(otn,in), Where oy j = nhﬁ +h'+ ﬁ +82.
Below we give an interpretation of the rates in «j, ;. Here O, (8,%) accounts for the difference
between A7 (f,g) and A(f, g), that is, the error in approximating the surface integral by an
integral over a neighborhood of width ¢, around the level set. We then focus on A( fA g) —
A( f, g). It turns out that we have the appr0x1mat10n A( f g) — A( f gy~ T,1+ 1,2, where

n1=A(fiwe x (f — f)) and T, » = A(f p(Vf V f)) with p(Vf V f) a quadratic form
of \Y f V f. Itis known that f x)—E f (x) has a standard rate of 1/ Vnhd . Due to the integrals
on a (d — 1)-dimensional manifold M, we gain (d — 1) powers of &, which results in the rate
1/+/nh for the stochastic part of T}, 1. The fact that (nh?*2)~1/2 is the rate of convergence of
\Y f x) —EV f (x) explains (nh9t2)~1 ag a rate for the bias part of T, 2. The rate h¥ accounts
for the remaining bias in the overall estimation. To have the asymptotic normality in (2.4), we
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make the bias asymptotically negligible using the condition ﬁ > max(nh++1, hv, e,%), which
under assumption (H) requires v > d + 1.

(d) We discuss some special cases of g. If g =1, then wg(x) = IV £(x)||~"H(x) and the sur-
face integral A(f, wé) in o2 is a weighted Willmore energy (see the Introduction section). The
asymptotic normal distribution in part (iv) can be degenerate in some extreme cases for such g
that wg = 0, which are excluded from consideration in part (v).

In order to prove the rates of convergence and asymptotic distributions in Theorem 2.2, we derive a
few results that are also interesting in their own right. We consider the direct plug-in estimator A(f, g)

in Section 2.1, and then AY’ (£, g), j = 1,2, in Section 2.2.

2.1. Direct plug-in estimation

The proof of Theorem 2.2 when A7 = A is built upon the results below in this section. One of the main

challenges is that the domains of integrals in A(f, g) and A( f, g) are not the same, which makes the
comparison difficult. Briefly speaking, our strategy is to establish a diffeomorphism between the two
domains and utilize the area formula in differential geometry to convert A(f, g) into a surface integral
with the same integral domain as A(f, g). We provide some heuristic for this procedure, which also
explains the role of the curvature of level sets in o2

In Figure 2, we consider a circle with radius r as our level set M. An ideal estimator /T/l\ is a circle
with the same center and radius r + Ar. Here we allow Ar to be either positive or negative, and the
two dotted circles on the graph are two possible versions of M. In this heuristic we only consider the
perimeter of the circles, corresponding to g = 1 in the surface integral on level sets. From elementary
geometry it is known that the difference between the perimeters of M and M is 27 Ar. We focus
on the local geometry to better understand the behavior of this difference. We consider short arcs
BC on M and B*C* on M\, where both BB* and CC* can be extended to go through the center
of the circles. The difference between the lengths of the two arcs is |§k—C\*| — |B?| = Arr‘”ﬁl,
where r~! can be understood as the curvature of M, and we denote it by H (the same notation for
mean curvature). Now imagine that both M and M are slightly deformed from circles, and we allow
both Ar and H to depend on location x, then the difference of arc lengths can be approximated by a
surface integral f T Ar(x)H (x) dsZ (x). Itis straightforward to extend this approximation to the entire

surface, i.e., %(ﬂ) — (M)~ fM Ar(x)H (x) d 7€ (x). Another key aspect is Ar(x) ~ %,

where |V f(x)|| reflects a ratio between vertical and horizontal variations in level set estimation. See

Figure 2. This figure provides some heuristic to understand the connection and difference between the estimation
of Hausdorff measure of M and the Lebesgue measure of LAL.
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Lemma 2.2 below and its remark for details. Note that this approximation has included the sign of Ar
into consideration. So overall

f@) = fx)
M IVFI

The above approximation explains the role of curvature in the estimation of surface integrals on
level sets. In Remark 2.2 ¢) we have given the approximation A(f, g) — A(f, g) = Tp.1 + Ty.2, which
coincides with (2.6) when g = 1 if 7}, » is ignored.

Using Figure 2 again, we heuristically explain the difference and connection between 77’ (M\) -
€ (M) and the volume of the symmetric difference LA L, which corresponds to the band between M
and M. From elementary geometry, it is known that the volume of this band is approximately wr|Ar|,

. . . . _ _
if Ar is small. Using the arc notation, we have that Volume(BC C* B*) ~ |Ar||BC]|. So overall

H M) — A (M) ~ H(x)dH#(x). (2.6)

Volume(LAL) ~ / Md%”(x), 2.7)

M IV

which is an Lj-type integral (see [45]). The approximations in (2.6) and (2.7) provide some insight
into the connection and difference between estimating the surface integral on M and the set-theoretic
measure of LA L: both can be approximated by surface integrals on M and the integrands are related
to f — f, but the latter integrates an absolute value and only the former is (asymptotically) impacted
by the curvatures of the level sets.

Below we formulate the results that have been outlined in the heuristic above. Essentially we need
to establish a homeomorphism between M and M , which is given in Lemma 2.1 below. We show the

approximation Ar(x) ~ % in Lemma 2.2. Theorem 2.3 gives an exact expression of A( f, g) as

a surface integral on M. The asymptotic normality of A(f, wg X ( f —-E f )) is given in Theorem 2.4.

The following lemma is regarding the reach of the true and estimated density level sets as well as
their normal compatibility (see Section 1.1 for these geometric concepts). It is similar to Lemma 1
in [17], but our result is under slightly different assumptions and holds uniformly for a collection of
density level sets. Also see Theorems 1 and 2 in [61] for relevant results. With a twice differentiable
kernel K, let

B = sup | F(x) - f(x)

)

xeRd

BV = sup ||V - Vi@,
x€Z(280)

A= s V20 - V)
x€Z(280)

It can be shown that B = Oqs.(y, ) + O (h"), B = Oas. (v} +0(h*~1), and B> = Ous.(y ) +
o(h”’z) under the assumptions (F), (K) and (H). See Lemmas 2 and 3 in [2] and Lemma 4.1 in Sec-
tion 4.

Lemma 2.1. Under the assumption (F), we have the following results.

(1) There exists a constant to > 0 such that (Z(85y) @ to) C Z(25¢).
(ii) There exists a constant ro > 0, such that the reach p(My) > rqg for all T € [c — 8¢, ¢ + o).
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(iii) There exist constants co > 0 and ng > 0 such that when ,3,(,0) < co we have

sup dy(Me, My) < nop?.
T€lc—80,c+80]

(iv) There exists a constant Co > 0 such that when max(ﬂ,io), ,(,1), ,3,(12)) < Cy, the following (iv-1)
and (iv-2) hold. -
(iv-1) There exists a constant r1 > O such that p(My) > ry for all T € [c — 8¢, ¢ + o).
>iv-2) M\r and M are normal compatible for all T € [c — 8¢, ¢ + do].

With this result, we can explicitly define homeomorphisms between level sets and their plug-in
estimators. For x € M, with |t —¢| < §p, and t € R, let

L) =x + 1N (x). (2.8)

Furthermore, let #, (x) = argmin, {|¢| : £, (t) € M\,}, which is the first time point when ¢, (¢) hits M\T
starting from a point x on M, and

Pp(x) =&y (tn(x))- 2.9)

Under the assumptions in Lemma 2.1, M\ r and M are normal compatible. Hence, #, (x) is uniquely
defined, and P, is a homeomorphism between M, and M. The following lemma gives an approxi-
mation for 1, (x).

Lemma 2.2. Suppose that the assumption (F) holds. When max(ﬂ,(lo), ,(1]), ,3,22)) < Cy, where Cy is
given in Lemma 2.1, for any point x € L(8p), we have

(0 = ||V 7 [£0) = F)] + 8a0), (2.10)
where for some constant C1 > 0
sup 8,00 < C1(BOBY + (B)). @.11)
x€Z(80)

Remark 2.3. Note that |t,(x)| = || P,(x) — x||. Then the above result links the local horizontal vari-
ation t,(x) with the local vertical variation f(x) — f (x). Here |V f(x)|l on the right-hand side of
(2.10) can be understood as a directional derivative of f in the gradient direction, that is, ||V f(x)| =
(V f(x), N(x)), and it reflects the asymptotic rate of change between the local vertical and horizontal
variations, as P, (x) — x is parallel to the direction of N (x).

In the next theorem, we find a function s, ¢, which depends on g, P,, and the principal curvatures
;i on M such that A(f, g) = A(f, Sn,g)-

Theorem 2.3. Suppose that the assumption (F) holds. Assume that g is integrable on Z(289). When

max(,B,(,O), ,(ll), ﬁ,(lz)) < Co, where Cy is given in Lemma 2.1, we have

(go P x [T5MN1 +tnm)

A(f g =xrl f, —
(f,8) <f NoP.N)

(2.12)
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As indicated in Remark 2.2(c), one of the leading terms in the approximation of )»(f, g) —A(f, )
is A(f, wg x (f — f)). The asymptotic form of the bias in the estimation of A(f, g) is implicitly given
in Theorem 2.2 and discussed in Remark 2.2(a). Next, we focus on the asymptotic normality of the
centered stochastic variation in the estimation of A(f, g), essentially A(f, wy x (E f f )), which
assists assertion (iv) in Theorem 2.2.

Theorem 2.4. Suppose that the assumptions (F) and (K) hold. Let w : M — R be a bounded contin-
uous function. There exist constants C> > 0, hg > 0 and ty > 0 such that for alln > 1, h € (0, ho] and
¢ €10, 1],

P(|»(f.wx (f —Ef))| = ¢) < 2exp(—Conhe?). (2.13)

If additionally nh — oo and h — 0, then with 0% = cA(f, w* Rk ) we have

Vahi(f,w x (F—Ef)) 2 .4(0,62). (2.14)

2.2. Estimation using integrals over neighborhoods of level sets

We consider )Lg’)( f, g) and )Lg)( f , ) as two alternative estimators of A( f, g), where Agi) and )Lg) are
given in (1.3) and (1.4). It can be seen that (by Proposition A.1 of [9] and Section 3.4 of [27])

(7 8 =75- 28 / here(f.8)de, (2.15)

—&n

1 En
2O (Fg) = — / /  gdA ), 2.16)
" 2e, A1 ()@e)

where 8(f_1(c) ®e)={x:d(x, f_l(c)) =¢}. So kgl)(f, g) and )Lg)(f, g) can be viewed as two
local averages of surface integrals in a neighborhood of f ~1(¢). They may have some computational
advantage over A(f, g), because numerical approximation for integrals over subsets of R? in (1.3) and
(1.4) is less challenging than numerical approximation to a surface integral in (1.2) for d > 3.

Even though both of A(l)( f,g) and A(z)( f, g) are based on integration over some neighborhoods

of f L(c), their integration domains have different shapes, which can potentially impact their perfor-
mance. The region f e — en,c+€,] is an implicit tube defined through variation of the vertical
levels of f while the tube f (¢) ® &, has a constant radius, grown through horizontal variation from
f 1(¢). Note that the roles of &, in )»gl) and )Lg) are the magnitude of the vertical and horizontal vari-

ations, respectively, and the relevant geometric interpretation for why ||V f | appears in the integrand
in (1.3) can be found in Remark 2.3. When ¢, is appropriately chosen, the two different types of tubes
have been used as asymptotic confidence regions for f I(¢) in [17] and [47]. Finite sample perfor-
mance of these two types of confidence regions are compared in [47] and it has been observed that the
two types confidence regions behave differently, especially when c is close to 0 or or a critical value
of f. We expect these scenarios also impact the integration in Asn)( f,8),Jj= 1 2.

Let A be one of kgl) and Ag). Then it can be seen that 7 (f, g —A(f,8) =[x, (f, g)— )L(]?, 1+
[A(ﬁ g) — A(f, g)]. The results developed in Section 2.1 are useful to study k(ﬁ g) — A(f,g). The
difference A7 (f,g) — A(f, g) accounts for the extra error in the estimation caused by replacing a
surface 1ntegra1 by an integration over a tubular nelghborhood of f I(c) with (Vertlcal or horizontal)
radius &,,. Similar to (2.8), for x € MC, define ;x ) =x+ tN(x) t R, and let 7, (x) = argmin, {|7] :
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Ex (1) € J\//\lc+8}. Define P.(x) = Ex(tAs(x)) =x+ ?g(x)ﬁ(x). The following lemma is analogous to
Lemmas 2.1 and 2.2, which implies that 7, is uniquely defined and P is a diffeomorphism between

M\c and M\c+8, when ¢ is small enough.

We need to introduce more notation. For o = («q,...,aq) € N, let || =01 + -+ + 4. For a
smooth function g : R¢ — R, define 9@ g(x) = M%g(x), x € R¢. Here 8®g =g if || =0
by convention. Let ko be a nonnegative integer and ¢ > 0. For a kg times differentiable function 7 :

[Z(80) @ €] — R, define the modulus of continuity

v = max  sup  sup [09%(x) —a@h(x)|, fork=0,1,...,ko. (2.17)
aeN:ja|=k xeZ(89) x'eB(x,¢)

Note that assumption (F) guarantees that I//(k) (e)=0() fork=0,1,...,v—1and t/f(”)(e) =o(1),
as ¢ — 0.

Lemma 2.3. Under the assumption (F), when max(,B(O), (D ,3(2)) < Co where Co is given in

Lemma 2.1, there exists a constant ry > 0 such that for all € € [—r2, 1], (i) ./\/lc and MC+8 are normal
compatible and /\/chrg C Z(280); and (ii)

2 =e|VE@ | = 22|V F | N @ [ Pa e, + 7o) (2.18)
gx—sy fo 28 fx| O|v2 7y T (), .
where |10 (x)| < C3(|e® + 2B + ¥ (nole|))) for all x € M., for some constant C3 > 0.

The following theorem gives an approximation to the dlfference between kg,l) ( f g) and A( f g). In
particular, this difference is shown to be of the order of &2.

Theorem 2.5. Let g : Z(289) — R be a function with bounded continuous second derivatives. Let
e = 1B + B + lel + v P noleD + v (o v DIeDle?. Under the assumption (F), when

max(,B(O) ,21), nz)) < Cy, where Cy is given in Lemma 2.1, there exists a constant r3 > 0 such that
for g, € (0, r3], we have

WA ) =af, ) +end + o, =12, (2.19)

with ,u(/) l)»(f 6, J)), where 9,51) and 6‘,9) are given in (4.50) and (4.51), and |p,(Lj)| < C4¢p,s, for
some constant Cy4 > 0.

As a slight generalization, the next corollary is a consistence result of surface integrals when the in-
tegrand is unknown and can be consistently estimated. The corollary is useful, for example, in deriving
the asymptotic normality in (2.5), where one needs to show that 6}2” is a consistent estimator of o2 as
7, — 0.

Corollary 2.1. Let A7 be either X, A(l) or A(z) Let p : Z(25¢9) — R be a bounded continuous function

and py, be a sequence of functions on Z(28¢). Under the assumption (F), when max (8, (O) (1) , Bn @ ) <
Co and &, € [0, r3], where Cy is given in Lemma 2.1, and r3 is given in Theorem 2.5, we have

A2 (F. o) = 2(f. p)] < Cs(npn + ¥ (008) + B + (B)
+en+ ¥ (0 V Den)). (2.20)
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for some constant Cs > 0, where 1 n = SUp,c7 25,y |Pn(x) — p(x)|. Furthermore, if npn = 0,(1),
then under assumptions (K) and (H), we have

2 (F ) = A(f, p) = 0p(1). 2.21)

3. Discussion

In this paper, we consider nonparametric estimation of A(f, g), which is a surface integral on density
level set f~!(c), where the integrand g is assumed to be known (except in Corollary 2.1). We study
three types of estimators: A(f, g), A(l)(f g) and k(z)(f g), among which A(f, g) is a direct plug-in

estimator, and the estimators using Agi) and Ag%) are based on different neighborhoods of f~!(c). Our
main results are the rates of convergence and asymptotic normality for these estimators. Apparently our
methods can be extended to level set estimation in regression problems and the intersection of multiple
level sets (see [46]).

To make the bias asymptotically negligible, the bandwidth used in the estimation of surface inte-
grals on level sets needs to be appropriately selected. This is especially important if one would like
to construct confidence intervals for the population surface integrals using the asymptotic normality
results (parts (iv) and (v) in Theorem 2.2). An alternative approach is to explicitly correct the bias by
subtracting its estimators from A7 ( f g). This leads to the problem of estimating surface integrals on
level sets with unknown 1ntegrands the examples of which include all the leading terms in the bias
(w1, na, 1V, and 1@ in Theorem 2.2). The estimation of surface integrals with unknown integrands
has many other applications, such as the estimation of Willmore energy, and Minkowski functionals
(see the Introduction section). Also the bandwidth selection for level set estimation is another applica-
tion [45]. For the estimation of surface integrals with unknown integrands, our Corollary 2.1 gives a
consistence result, and we will address the rate of convergence and asymptotic normality elsewhere.

In a different context, a consistency result in the estimation of Minkowski functionals is recently
obtained by [21], where they consider the (compact) support § of a density function f. They impose on
S an assumption called the polynomial volume property. In particular, if S is a set with positive reach,
then the Lebesgue measure of S @ € can be expanded as a polynomial of ¢ of degree d with coefficients
being the Minkowski functionals of S (up to some constants) when 0 < & < p(S) (Theorem 5.6, [23]).
Given an i.i.d. sample &}, of f, [21] estimates the Minkowski functionals of S by fitting the polynomial
with the Lebesgue measure of A}, @ ¢ for a range of €. Their method can be adapted to the context of
this paper to estimate the Minkowski functionals of £, where one may use the Lebesgue measure of
L @ ¢ for arange of ¢ to fit a polynomial of degree d, assuming that £ has positive reach. We note the it
is still an open problem to study the rate of convergence and asymptotic distributions for the estimators
given in [21].

Another open problem is the minimax rates of estimating the surface integrals on level sets. We leave
the study of this interesting question to future work.

4. Proofs

We denote 9K, () = d¥K(-/h) for a = (ai,...,aq) € N in all the proofs. We also de-
note Qo = sup,czasy) | VS IlEs Jo = supyezasy 18] Ji = sup,czsy V@), and Jo =
SUP, c7(280) IV2g ()l .

Lemma 4.1. Fix o € N¢ with |a| € {0, 1, 2}. We denote S = R? when |a| =0, and S = Z(8o) when
la| =1, 2. Suppose that assumptions (K) and (F) hold. There exists a constant C > 0 such that for all
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n>1,he(0,1),and t > 0 satisfying nh*+t?% >t and nh?*+21%l > |log h|, we have

@ Fron a7 TV |logh| -
P<jgg|a fx)—Ed@ fo)|<C — Tl >1—e ", 4.1)
With tg > 0 given in Lemma 2.1, there exists a constant C' > 0 such that for all h € (0, to],
sup[Ed f(x) — 9 f ()| = C'h* g (), 4.2)

xeS
where ¢ (h) = 1 when |a| =0 and ¢ (h) = wj(c”)(h) when |o| =1, 2.

Proof. The proof of (4.1) follows similar arguments given in the proof of Proposition A.5 in [56]. In
particular, notice that under the assumption (K), for & € N¢ and |a| < 2, 8¥ K is of bounded variation
and the classes

Go={x> 39Ky —x):yeS}, |a|=0,1,2,

are of VC-type (see [25]) and the functions in these classes are uniformly bounded. Using Theorems

A.1 and A.2 in [56], we can show that there exists a constant C” > 0 such that foralln > 1, & > 0, and

. c’ Vol
T> O, with ;n’h = pyw =) log T

" "
@) £y — 9@ £ =C c'vr ) —e 7
P(izgla f) =B ()| < & + /Tn + e ¥ ) 2 1—e 7.

Then (4.1) is a consequence under the given conditions for n, i and 7 in this lemma.
To see (4.2), notice that for « € N? and |«| < 2, using change of variable z = (x — y)/h and inte-
gration by part we get forall x € S

@ Froy @) pooy— L @ _ _ @
B0 ) =0 £ = i [ 0K =) f 0 dy = f ()

= /d K@) [0 f(x —hz) — 0@ f(x)] dz. 4.3)
R

With the smoothness condition of f in assumption (F), we have the Taylor expansion

3 f(x —hz) — 9@ f(x)

v—|a|—1 1
= Z 7(_],l)J (Z®J)Tv®18(a)f(x)
=
1
+ 1 (_h)v—la\ (Z®(V—|0l|))T/ V®(U—\a|)8(a)f(x —ahz)da.
(v —le! 0

Plugging this into (4.3) and using the definition of vth order kernel functions, we have

E0@ f(x) — 0@ f(x)

1
=¥(—h)“"“'/ K(z)(z®(”_'“‘))T/ veO—leD @ ¢ (x — ahz)dadz.
(v —lee])! R4 0
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When || = 0, noticing that v is an even number, we have

- 1
Ef(x)— f(x)= Jh“ /Rd K(z)(z®”)szV®"f(x) +rp(x), 4.4)

where 1, (x) = 51" [pq K (2)(z®)T fol[V®”f(x —ahz) — V® f(x)]dadz. It follows that

()| < 2K (), (4.5)
! f

using the assumption that supp(K) C B(0, 1) and f has continuous vth partial derivatives on Z(28).
This leads to (4.2) when |«| = 0. When || =1, 2,

E@ f(x) — 0@ f(x)
_ 1
" (v —lal])!

1
X / / [V®(V—|a|)a(a)f(x —ahz) — V®(V—|a|)a(a)f(x)]Tda(z®(v—lﬂl|))
R4 JO

x K(z)dz. (4.6)

(=h)"7!

Since supp(K) C B(0, 1), from (4.6) we have that with cx := [pq 221D |I1K ()] dz,

[0 f(x) =9 £ ()|

1
< Kl gy / VOOl y@ £(x _ ahz)da — VOO-leD @ £(y)
(v —la! zeBO,DllJo
ol
< CKZV « hvilall/f('u)(h).
~ (= la)! /

Then we get (4.2) when |¢| =1, 2. O

Proof of Lemma 2.1. Define functions u(x,t) = | f(¢x(¢)) — f(x)] and ¢g(¢) = SUPxeZ(50) u(x,t).
Since u is a continuous function on Z(24g) x R, and Z(§p) is a compact set, g is a continuous function
on R. Let 7o = sup{s > 0 : sup,[_; ¢ (s) < do}. Since ¢(0) =0, we have 7o > 0 and (Z(5p) @ 10) C
Z(26¢). This is assertion (i).

To show assertion (ii), let us first recall a useful result in [23]. For any twice differentiable function
n on R, let Ay ={x :n(x)=0}. For ¢ > 0, define

ey & p ety VGO “7)
T2 supy, e IV F '

The proof of Lemma 4.11 in [23] shows that p(A;) > 1, (¢) for all £ > 0 such that ¢, (¢) is well defined
and positive. Hence under assumption (F), we have

p(My) > %0 A ;—0 E— (4.8)

inf
T€[c—8p,c+8p] 0
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Next, we prove assertion (iii). For any x € Z(8p) and t € (0, r9], we have the Taylor expansion
t t
f(e®) = fx) +/0 (V£ (6()] Ny ds = f(x) +/0 V@ +v(x, )] ds

where v(x, s) = [ [N(x)]” V2 f(¢x(v))N (x) dv. Note that [v(x, s)| <sQo for all s € [0, 7] and x €
Z(80). Therefore for all x € Z(5¢p) and ¢ € (0, ro],

|f (o) — f(X)|>80t—*Qot > —eot. (4.9)

1
2
Let §; = eoro For any 11 € [c — 809,¢c + o] and |tp — 11| < &1, it follows from (4.9) that
SUPxe M., d(x, M) < 5|r2 — 11]. Similarly we can also show that SUPxeM,, d(x, M) < %|r2 —
71]. Hence,

2
dH(Mrl,Mr2)§£|72_TI|~ (4.10)
Then applying the argument in the proof of Theorem 2 in [20], we get that with no = 12/,
sup  dy (M, My) = mop, (4.11)
T€lc—8p,c+80]

when ﬂ,(z < 1. Therefore when ﬁ(o) <& A 2%, we have
~ [0
Z(%0) ® 5 C Z(260), 4.12)

where f(&)) = f_l ([c =60, ¢+ d0]). Furthermore, using (4.7) again, when ﬂ(l) 28 0 and ,3(2) 3 Q
we have

— inf V£ t
inf o(Me) > 0\ MxeZ@s) IV /el >0, 80 ry > 0. (4.13)

telc—38p.c+80) 8 Sup,er(asy) IVZF)lr — 8 3Q0

Therefore using (4.8), (4.11) and (4.13), when max(ﬂ,(zo), l’(ll)’ﬂ}‘(EZ)) < Cp := min(§; A z’n—oﬁrl,
1

1
7€0, 5 Q0), we have

swp  dp(Me, Mo =@=v2)__ inf | min(p(Mo), p(M)),

t€[c—8g,c+80) T€[c—dp,c

which by Theorem 1 in [16] implies that M r and M are normal compatible for all t € [¢ — &g, c+5p].
The proof is now completed. O

Proof of Lemma 2.2. The fact that |f,(x)| = || P,(x) — x|| and (4.11) imply

sup |t(0)| < sup dp(My, My) <nopl. (4.14)
x€Z(8p) t€[c—8p,c+80]

Since f (P, (x)) — f(x) =0, using Taylor expansion for f (P,(x)) we obtain
0=F(x +tON@)) = fF(0) = F(x) = F() + 5 (DON@) TV f(x) + € (x), (4.15)
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where ¢,(x) = 11,(x)>)N ()T V2 f (x + 512, (x)N (x))N (x), for some 0 < s; < 1. Plugging V f(x) =
V f(x) — [V £(x) — VF(x)] into (4.15), we have

() = | VA [0 = FO] +8a(x), (4.16)
where
5, = [V N [VFE) = VIO ta(x) = |V F )| en).
Under assumption (F), using (4.14) and ,3,(,2) < %Qo, we then have
1o n
sup (8, (0)] < 2BV B0 + 72 (87)" (o + 7). (4.17)
xeZ(So) €0 280

which gives (2.11). O

PE‘\OOf 0£The0rem 2.4. Note that with & = ,%d f/\/l wx)Kp(x — X;)ds?(x), we can write A(f, w X
(f-Ef) = %Zle[éi — [E&;]. Suppose that & < %p(/\/l) =: hy. Since supp(K) C B(0, 1), for any
1 <i<n,if d(X;, M) > h, then & = 0. Otherwise when d(X;, M) < h, by the definition of reach,
there exists a unique point x; € M such that |lx; — X;|| = d(X;, M). Using elementary geometry,
lx — X;|| = h for all x € M\ B(x;,2h). Hence,

1 1
i| < — Kn(x — X)|d(x) < =K |lcod? N B(x;,2h)).
6l =3 /MOB(M’%J n(x = Xp|dA (x) = 251 Klloo (M N B(xi, 2h)

By Corollary 1.3 in [15], there exists a constant A > 0 that only depends on (d — 1) and p(M) such
that J#(M N B(x;, 2h)) < A297"h®=1. Hence, |&] < + A277V||K [l oc.
Next, we will calculate the variance of &;. We have

1 B _
1= (5o f (25
:hid/ / / w(x)K(u)w(Y)K<u—i—u)f(x—h“)d“d%(”d%(x)’
MIM JRE h

where we have used the variable transformation u = /~!(x — z). Then we can write E(§?) =
hLd S U (x) A (x), where

Ug(x) :/ / w(x)K(u)w(y)K<u +u)f(x —huydud #(y), xeM.
MnNB(x,2h) JRA h

We have [Ug(x)| < A22471hd=1|w |2 IIK |13, ]| flleo for all x € M and hence Var(&;) < E(£?) <
%AZZC’_l ||w||go ||K||go||f||oo<%”(./\/l). By Bernstein’s inequality, for any ¢ > 0,

P(’)"(f w X (f_]Ef/‘\)>| > 8) < Zexp{_ nh82 }
) =°)= A2 (| w |2 K 1211 f oo (M) + K lsog/3) )

Then (2.13) immediately follows.
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Next, we assume nh — oo and &7 — 0 and will show (2.14). Let M ©x ={y —x : y € M}, that is,
the manifold obtained by shifting M so that x becomes the origin. Then another variable transforma-
tion leads to

Ug(x) =/ / w(x) K ()w(x + y)K(X + u)f(x — hu)dud A (y).
(Mex)NB(0,2h) JRE h

Without loss of generality, we may assume that N(x) = (0, ..., 0, 1)’ and T((M) = R~ x {0}. When
h is small enough, (M & x) N B(0, 2h) coincides with the graph T, (M) >y = (y1,..., Yi—1,0) —
¢ == 1, ..., Ya—1, p(y)) € R? with a smooth function ¢ (y), where for y € Ten =T (M)N
B(0,2h)], p has a quadratic approximation (see page 141, [35])

1 d—1
PO =3 ;Ki(xxy, pi())> +0(h%), (4.18)

where «;(x), i =1,...,d — 1 are the principal curvatures of M at x, and p;(x), i =1,...,d — 1
are the corresponding principal directions. Both «;(x) and p;(x) can be obtained as the eigenvalues
and eigenvectors of the shape operator S(x) in (2.3). Note that the rate in the O (h3)-term in (4.18) is
uniform over M. From (4.18) we have

sup [l¢(») — || = O(h?). (4.19)

y€7},h

Then ¢ defines a diffeomorphism between 7 ; and its image under ¢. The Jacobian determinant of ¢
is

P 2 9 2
Jop(y) = \/1 + (—p(y)> +- 4 ( p(y)) =1+ 0(h), (4.20)
v 9yd—1
uniformly in ¢ (7 ,), where we have used (4.18). Notice that (M © x) N B(0, 2h) € ¢ (Tx.1), and the

Ug (x) remains unchanged if its domain of integration is changed from (M & x) N B(0, 24) to ¢ (Tx.1),
because supp(K) C B(0, 1). In view of this and by using (4.19) and (4.20), we get

U(;(x)=/ / w(x)K(u)w(x—i—d)(y))K(M+u)f(x—hu)du1¢(Y)d%(y)
7;‘;‘ R4 h

:/ / w(x)K(u)w(x+y)K<X+u)f(x—hu)dud%”(y)(l+o(1)),
7;.h ]Rd h
where the little o is uniform in x € M. Hence,

1
IE(SZQ):h_d/M/Th/Rdw(x)K(u)w(x—i—y)K(%+u>

X f(x —hu)dud s (y)dAH (x)(1+o0(1))
:1/ / / wx)K(w)w(x +hv)K (v + u)

h Jm J 1o omy Jrd

X f(x)dudff(v)dff(x)(l +o(1))

1
= eow. K. f)(1+o(D). (4.21)
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where p(w, K, f) = [, w(x)? fo(M) Jga K@)K (v + u)dud#(v)H (x). Notice that we have
R = Urer Tx,: (M) for any x € M. So we can further write

o(w, K, f) :/ w(x)z/ / / KK W+ u)ds(u)dtd 7 (v) 7 (x)
M Ty (M) JR I Ty (M)
=/ w(x)z// K () K v+ u)d s (v)dA (u)dt A (x)
M R J Ty (M) Ty (M)

2
=/ u)(x)2/(/ K(u)dff(u)) dt A (x), (4.22)
M R Tx.t(M)

where the last step holds because we use change of variables z =u + v and z € Ty ;(M) when u €
T (M) and v € T, (M). Similarly, using change of variables and Taylor expansion we get

1 -z
E) = h_d/M /Rd w(x)K(x h Z>f(z)dzd%ﬂ(x)

:/ / wx)K () f (x — hu) dui?t (x)
M JRA

:/M /Rd u)(x)K(u)f(x)dudff(x)(l +0(1))

:c/ w(x)%”(x)(l—i—o(l)). (4.23)
M

From (4.21) and (4.23) we have Var(§;) = h~'cp(w, K, f){1 + o(1)} and therefore

Lo VarE) |
Var(i(f.w x (f —Ef))) = arf) = —cp(w. K, f)(1+o(D)).

It only remains to show the asymptotic normality of % S (& — E&;). Note that following a similar
procedure of obtaining (4.21), we can show that E(|&; %) = O(hIWhM‘z) = O(h]—z). Then for the third
absolute central moment of &;, we have E[|&; — E(&)]’]1 < 8E(|&°) = O(h]—z). Therefore,

0 EBlE —EEPYS  ((/hD)'BY | )
[ Var(5)]'/2 - 0( (/)12 ) = (W> =o(1).

With the Liapunov condition satisfied, the asymptotic normality in (2.14) is verified. ]

Proof of Theorem 2.3. It is known that M is a compact (d — 1)-dimensional submanifold embedded
in R? with assumption (F) (see Theorem 2 in [61]). It admits an atlas {(Uy, V) : @ € o/} indexed by a
finite set .7, where {Uy, : « € o7} is an open cover of M, and for an open set 2, C RY™! vy : Qo —
U, is a diffeomorphism. Let B, be the Jacobian matrix of ¥,. By Lemma 2.1, P,(x) =x + 1, (x) N (x)
in (2.9) is a diffeomorphism between M and M\f for |t — ¢| < &g, when max(ﬂ,go), ,51), ,52)) < Cp.
Let ﬁa ={P,(x) : x € Uy}. Then {(Zf\a, P, oYy) :a € &/} is a finite atlas for /\//\l Let A,, be the
Jacobian matrix of P,, thatis, A, (x) = V P,(x). By the chain rule, the Jabobian matrix of P, o ¥ :

Qy — Uis given by (A, o ¥)B,. The area formula on manifolds (cf. page 117, [22]) leads to

ﬁ g(x) A (x) = / g(Pn (wa(e)))]n,a(e)d99 (4.24)

Uy Qu
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where J, () = {det[ By (e)TAn(wa(e))TA (Vo (0)) By (6)1}!/2. There exits a partition of unity (see
page 52, [28]) of M subordlnate to {Ua} denoted by {p, : o € &}, that is, supp(py) C Uo,,
> wew Pa(x) =1 for x € M and there exist only finitely many « such that p,(x) # 0 for x € M.
Using (4.24), we have

NTIEDY / po(x)g(x) d-A (x) = / (0a8) (Pu (Ve (0))) Jn.a (0)d0. (4.25)
acs/ acd

Recall that «;(x),i =1,...,d — 1 are the principal curvatures of M at x, and p;(x),i =1,..., d—1
are the corresponding principal directions, which form an orthonormal basis of T, (M). Let P (x) =
[p1(x), ..., pa—1(x)]. Notice that B, (0) € T (M), for 6 € Q, because N (0)T B, () =0, which
can be seen by taking derivatives of the equation f (4 (6)) = c. For B, (0), there existsa (d — 1) x (d —
1) matrix Ly (6) such that By (0) = F(l//a(é))La(Q). Notice that [By(6)]7 By () = [Lo(0)]7 Ly (6).
Therefore

Jna(©®) = {det[La )T P (Ve ()" An (Ve )" An (¥ (®) P (¥a(©)) La(®)]}'?
= {det[Lo(®) Lo }*{det[P (va(®)" An (¥ ®)" An(¥2(®) P (va©)]}'?
= {det[Bo () Bo(©)] }'/* {det[P (¥a ()" An(¥a(®)" An (v (®) P (va ()]},

Plugging this into (4.25) and using the area formula again, we get

NIEDY / (0a8) (Pa(0)) {det[P(0)T An(0)T A () P(0)] }'? dot (x)

aedd

=/ g(Po()) {det[P(0)T A, (0) T 4,(0) P(x)] }'* d. (). (4.26)
M

For the rest of the proof, we will evaluate the right-hand side of (4.26). We can write A, (x) =
I, + R, (x), x € Z(8y), where R, (x) = VN (x)t,(x) + N (x)[Vt,(x)]”. Recall that ,,(x) = (P, (x) —
x, N(x)) and hence

(Vi ()] = [Pax) = x]" VN@) + N©)T [VP,(x) — 14]
=t )N VN@) + N@x)' [A,(x) — 14]

=N [An(x) — 14],

where we have used the fact that N(x)TVN(x) =0 by differentiating both sides of the equation
(N(x), N(x)) = 1. Overall we write

An(¥) = L4+ VN () + NN [Ay(x) — 14]. (4.27)

Furthermore, by taking gradient on both siies of the equation f (P,(x)) = f(x), x € Z(6p), we get
[VF(P,(xN]TAn(x) = [V f(x)]T. Denote N(x) = ||V f(Py(x))|| "'V f(x). Then we can write

[N (P.0))]" 4,0 = [N)]". (4.28)
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Since {p1(x), ..., Pd—1(x), N(x)} is an orthonormal basis of R4, we have the following representation
of N(P,(x)):

N (Py(x)) ZZ (Pa()). pi (1)) pi(x) + (N (Pu(x)), N(x))N (x). (4.29)

Recall G(x) =I;— N(x)N(x)T and (2.3). Note that for any u, v € Ty (M), we have that
ul Sy v=u’ VN@x)v=u? VN(x)"v. (4.30)

The above equality can be derived by observing that the matrix G (x) is symmetric and has the property
that G(x)u = u and u?’ G(x) = u’, for any u € T, (M). Hence, [p;(x)]" VN (x) = [p; ()17 S(x) =
ki (x)[pi )17, Using (4.27) we obtain

[pi)] "A@)= [p0)]" + [pi@)] T VN @) () = [1 4+ 3 (i ()] [pr ()] 431)
Plugging (4.29) and (4.31) into (4.28), we have
[N]"
d—1

=3 (N (Pu@)). pi0)) [pi@)] " An@) + (N (Pa (). N [N )] An(x)
i=1
d—1 N
=S (N (Pu(0). pi () [1+ ta )i (0)] [pi ()]
i=1
+(N(Pa(x)). N@)) [N An(x). 4.32)

Using Lemmas 4.1 and 2.2, we know with probability one (Z/V\(Pn (x)), N(x)) #0 for all x € Z(5p) for
large n and so

[N@)IT — S (N (P (x)), pl<x)>[1+tn<x>xl<x)][pz<x)]

INW] A = (4.33)
(N (P, (x)), N(x))
Plugging this into (4.27), we then have
An(x)
=14+ VN®GLx) - N [N)]
N NOIN@TT =SSN (P (0)), pi (O + 1, (x) ()TN () [ pi 01" 434

(N(Py(x)), N(x))

Again recall that for i = 1,..., d —Nl we have VN(x)pi(x) = VN(x)G(x)pi(x) = S(x)pi(x) =
ki (x) pi (x), [N()]? pi(x) = 0 and [N ()] p;i(x) = 0. Also [p;(x)]” p;j(x) =0 if i # j. With the
new expression of A, (x) given in (4.34), we have for j =1, ..., d—1,

An(0)pj () = [1+4&; ()12 (x)] pj (x)

(N(P ), pjCONL A+ tn ()i (O]
(N(Py(x)). N(x))

N(x). (4.35)
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Using (4.35), we have

[N(Pu()]" Au0)pj )
=[1+4«; (X)ln(X)K (Pa(x)), pj(x)) — <ﬁ(Pn(x))’pj(x)>[l+tn(x)’(j(x)] =0,

which simply means that A, (x) as a J ac/o\bian matrix converts any vector in the tangent space T, (M)
to a vector in the tangent space Tp,(x)(M) (recall that {p;(x), ..., Pd—1} is an orthonormal basis that
spans Ty (M) and N(Pn (x)) is normal to Tpn(x)(./(/l\)).

Now using (4.35), forany 1 <i, j <d — 1, we have

(An(X)pi(x), Ay(X)pj(x))
= [L 4k (12 (0] [T+ ()1 ()]
(N (P, (x)), pi ()) (N (P, (x)), Pj (x))
(N(Py(x)), N(x))?

x [(pi(x), pj(x)) + (4.36)

Let f(x) = diag(x1(x), ..., kq—1(x)). Notice that {p; (x), p;(x)) = §;;, which is the Kronecker delta.
Then the matrix form of (4.36) is given by

[An () P)]" [An () P(0)]

[N (P,(x)) P)) [N (P, (X))P(X)]}
(N(Py(x)), N (x))2

x [Ta—1 + ta (VK (1)]. (4.37)

=[l4-1 + tn(x)f(x)] {Id 1+

Hence,

det{ [A WPW]" [Ax)P )]}

—

=TT 1+ 600k (x)]zdet{ld_l +

[N(P, (x))F<x>]T[ﬁ(Pn(x>>F(x)]}
(N(Py(x)), N(x))2

Qu -~
||
_ =

=11+ (x)K‘(x)]z{l + IN P, P }
1 (N(Py(x)), N(x))?

i

d—1

: [+ i (0], (438)
1

T (N(P.()). N0))2

i=

where we have used Sylvester’s determinant identity and the fact that

d—1
SN (Pa@)). pi(0) + (N (Pa(0)), N@))* = 1.

i=1

Plugging (4.38) into (4.26), we then get (2.12). O

Proof of Lemma 2.3. Due to (4.12), M\HS - I(280) for le] < 50 when /3 < S1 A 20 Recall > 0
given in (4.13). Similar to (4.9), when further ﬂ < 8 and ,8 < QO we have for x € M and
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t€[0,r],

o~ 1
1F(@®) - f)] = —sot——Qor > Jeot. (4.39)

Then similar to (4.10), for |g] < §g A 150r1 s
— 4
dg(Me, Meye) < glsl < nolel. (4.40)

Hence with r, =g A ((2 — ﬁ)rl/no), we have

sup  dig(Me, Meie) <2 —V2)r1,

e€[—ra,r2]

which by Theorem 1 in [16] implies that M and MCJH; are normal compatible for all |¢| < r,. There-
fore |7;(x)| < dH(/\/lC,./\/lC_H;) <nole| for all x € f (c) and |¢| < ry. Using Taylor expansion, we
have

cte=f(Px) =c+ L@ (NW®), Vi) +8:(x)
=+ L)V + 80, (4.41)

where 8. (x) = %?g(x)z[ﬁ(x)]TV2f(Ex (sl))ﬁ(x) for some s; between 0 and 7, (x). Note that when

> < 100, we have 8. (x)| < Qonge? forall x € ' (c). Also we can Writet:(x) = V)|~ e -
8¢(x)) by (4.41). Plugging this into the expression of §.(x), when /3(1) 28 and ,3(2) %Qo we
obtain

~ _ 1 ~ 3
IVF[ 8.0 = 28V N[5 7y + 16 ).

where

80Q%nt 40%n¢ 4¢?

ne(0)] < =00 e + =80 4 — (282 + || V2S£ (& (s) = V2| )
80 &y 80
(8Q%ng +403ngr2) v (4d)
s (IeP + 282 + ey (molel)).
0

Then immediately we get (2.18). U

To prove Theorem 2.5, we need the following proposition, where we denote P (x) = x + sﬁ(x).

Proposition 4.1. Let g : Z(250) — R be an integrable function. Under the assumption (F), when
max(ﬂ(o) (1) ,52)) < Co and &, € (0,71 A 2], where Cy and ry are given in Lemma 2.1, and 1
is given in Lemma 2.3, we have

)\(2)(]0 g) = 5o /8” )\(ﬁ (g o Pg*) x det(I4 + 8§)) de. (4.43)
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Proof of Proposition 4.1. By Lemma 2.3, the map P; is a diffeomorphism between /\//\lc and ﬁ/l\cﬂ
for ¢ € [—r2, r2]. Then following a similar proof of Theorem 2.3, we have for ¢ € [—r2, 2],

rese(Fg) = /A g(Pe () [T/ 11 + £ ()% ()]
M, (N (P (x)), N(x))

dit (x), (4.44)

and therefore (4.42) follows by using (2.15).

The set ﬁ/l\c @ e, is tubg\of radius &,, around /t\he submanifold M\C. Then E(x, g) = Zx (¢) defines a
diffeomorphism between M, x [—&,, &,] and M, @ ¢, for &, € (0, r1]. The Weyl’s volume element in
the tube given in [62] (also see [27]) is det(I; + 8§(x)) ded 77 (x), where §(x) is the shape operator
on M\ as defined in (2.3). Therefore,

1 En ~ ~
)\g?(f, Q) = . /A / g(x +eN(x))det(I4+eS(x)) de d A (x). (4.45)
n cJ—en
This is (4.43). O
Proof of Theorem 2.5. Below we discuss the cases of j =1 and j =2 for X(J ) , respectively.

Case of A(l) We continue to use the notation given in the proof of Lemma 2.1. First we will use

the followmg elementary results under the assumption (F). When max(8, (0) ,(Ll), ﬂ,gz)) < Cy, for all
X € /\/lc and |e| < rp, using (2.2) and Taylor expansion we have

|G|, =vd—T,
[onl, = Y2
ING) = N(P) | < M’
Vs = IVs(E)| "] < Qo:olal,
HG(x)—G(Pg(x))HFfZ‘/_#;mM7
IVN @) = VN (Pe) | < wi?%m) el + dfw}%om), (4.46)
IIVFe |~ = v rel™ 2ﬂ“)
NG~ v
Gt -Gl = ‘6:;“) and
[VNG) = VNG|, < wﬂm j—fﬂﬁm-
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Note that using Taylor expansion and Lemma 2.3, for x € M and le] < rp we have that

1—(N(P:(x)), N(x))

IN(P:(x)) = N

2

= N —

1
/ VN ((1 = 5)x + 5Py (x)) ds [ Ps (x) — x]
0

1 PN N )
=3 /0 [VN((I —85)x +sP£(x)) - VN(x)] ds [Pg(x) —x}
1 PN N 2 )
= 5 /0 [VN((I —s5)x +sP€(x)) — VN(x)] ds FHPs(x) _XH
2 2
< % {zwﬂ}gl) + @1322) + 3\/3307705 + dﬁW}2) (77()|<9|):| 77(%82 = a,.
%0 £0 €0 €0

Here we further restrict |¢| <7, for some 7, > 0 such that «,, < 1, which then implies
= =~ -1
1< <N(Pg(x)), N(x)> <14 o. 4.47)
Using (2.18) and Taylor expansion,

g(P.(x))
= g(x) + () (Vg(x), N(x))

1
+ %?s(xﬁ/ [N@)] V2 ((1 = )x + 5 P.(x)) N (x) ds
0
~ _ —~ 1 ~ o
=8 +¢| VS| (Ve N@) + 27 [V I | [N )52y

1 ~ 3~ —~
— 3 IVF @I [N O[3 7 (Ve N @) + 801 ), (4.48)

where for all x € M\C and |e| < rp, |8¢,1(x)| is bounded from above by

4Qomdlel | 20%nis’ d

2 07 Ul

J1c3(|e|3+82ﬂ,§2>+82w}>(no|e|))+( S )J2+§n%82¢§2)(n0|8|),
0 0

with C3 > 0 given in Lemma 2.3. Recall that I/-I\(x) = Zflz_ll ki (x). Denote /Q\(x) = % D> i) Ki(x) X
kj(x) when d > 3, and set /Q\(x) = 0 when d = 2. Notice that

38 +/d)* Qo
- T = — A,
&0

_max (G| < [VN@| 6@ <
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Hence |H(x)| = [t VN ()G )]l < VAIVN@) I FIG@)IIF < v/dAg and [0(x)] < LH®)? <
%dzA%. Using (2.18) again, we have

d—1

[T +%@c @] =1+L@H® + @] 2 0@) + 8e.2(x),

i=1
where [8:.2(x)| < A3nd|e2d2(1 + Aonole))? =: u(e) for all M, and |¢| < rp. Hence,
d—1

[T +E@ki@] =1+ VW] He + )|V F)] 0w

i=1

1 ~ _a~ _
— 3 IVF@[ T H® [N @[z ) + 8050, (4.49)
where
2 3 2.4 4
803(0] = VAASCs (1P + 282 + 2P oleD) + s a3 (L LMY 1)
2 280 4e £
Combining (4.47), (4.48), and (4.49), we get
d—1 ~ =
8P (x)lnizl L +At£ (ki ()] =g(x)+ 8nn1)(x) + 829(1)()6) + 8¢.4(x),
(N(P.(x)), N(x))
where
V@) = ||V (Ve), N) + gV i)~ Hw),
60 () = ||V PH®)(Ve), N))
1 ~ e~
+5[IVFO N[5z (4.50)

—[IVFOI TIN50 75 (Ve @), N@)))]

—~ o~ 1 ~ 2~ —~
+5) | [VF@[ 0w — S|V SH(X)HN(X)HZWJ?(XJ,

and |8, 4(x)| < A1¢y.¢ for some constant A; > O forall x € ./\//\lc and |¢| < min(ry, r2, 72) =: r3. There-
fore from (4.44) we have that when ¢, <r3,

A(f. )= / / [g(0) +eniV (x) + &2 (x) + 8p.a(x)] d.H (x) de
=1(f.9) + e + pft.

where ,u = 1)\(f 0, 1)) and |p,(ll)| < Ai1¢ns,, whichis (2.19) for j =1.
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Case of Ag). Next, we derive an approximation to )\g) ( f , 8). By Taylor expansion,
— — 1, —~ 1 — —
g(x + 8N(x)) =gx)+ 8<N(x), Vg(x)> + 582 [N(x)] T / Vzg (x + ssN(x)) dsN (x)
0

~ 1 M-S 2
=g(X)+8<N(X),Vg(X)>+§S [N )92 () T e.5(1),

where 18, 5(x)| < 4y (le)e? for x € M, and |e| < r3. Also det(Iy + eS(x)) = 1 + eH(x) +
£20(x) + 8e.6(x), where [8,.6(x)| < |ePd?(1 + Agle|)?. Hence, g(x + eN(x))det(I + £5(x)) =
g(x) + 8n§,2) (x) + 829,52)()6) + 8¢,7(x), where [8¢7(x)| < A2¢, . for some constant Ay > 0 for all
X € M\C and |e| <r3 and

1@ @) = (N(x), Vgx)) + g() H (x),

—~ —~ 1, ~ —~
07 () = H@) (N (). Ve () + 3|V @) |24 + 8 Q). 451)
From (4.45), we have that when ¢, < r3, Ag)(f, g) = ﬁ f’;n )»(]?, g—l—enf,z) +829,§2) +38¢,7) de, which
yields (2.19) for j = 2. O

Proof of Corollary 2.1. We can write kjn (f, pn) — A(f, p) = Dn1 + Dp2+ Dy 3, where Dy, =
Ay (f, Pn — P)s Dpo =27 (f, p) — A(ﬁ p), and D, 3 = A(f, p) — A(f, p). It follows from the
calculation in the proof of Theorems 2.5 and 2.1 that under the assumption of this corollary we
can find a constant Cs > 0 such that [D, 1| < Csnpn, |Dp2| < C5(1p}(,0)((770 Vv Dey) + €,), and
1Dp 3l < s 0By + B + (BV)?). Then we get (2.20), and (2.21) is a consequence of
Lemma4.1. O

Proof of Theorem 2.1. We assume that max(ﬂ,(LO), ,(,1), ,3,52)) < Cp and 0 < g, < r3, where Cy is given

in Lemma 2.1 and r3 is given in Theorem 2.5. First, we consider the case A;“n = ). Using Theorem 2.3,
we can write X(f, g) —A(f, g) =1, +1I, + 1II,, where

I = /M g(Pu()) — g(0)] dA (), (452)
d—1 .
I, = / gl {HEt DD (L 5, 4.53)
M (N(Py(x)), N(x))
TS + 1 (0K (0]
HIn:/ g(Py(x)) —gx) = —1¢pdA2(x). (4.54)
M[ ( ) ]{ (N (Py(x)), N(x)) }

We first study I,,. Since by definition P,(x) — x = £, (x) N (x), using Taylor expansion and Lemma 2.2
we have that

I, = /M {1V [f@) = FO]N@ T Vex)} dA (%) + La, (4.55)

where for some 0 < s < 1 with §, given in (2.10),

Ly =/ {5n(x)N(x)Tvg(x) + %l‘g(x)N(X)Tvzg(x +sN(x)t,,(x))N(x)} dA(x).
M
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We apply Lemmas 2.1 and 2.2 to the integrand of L, and then obtain

L) < Cia(f, DA (OB + (B)) + %k(f, D03 (BY)?, (4.56)

where C; is given in Lemma 2.2.

Next we focus on II,,. We will keep using the elementary results given in (4.46) at the beginning of
the proof of Theorem 2.5. Notice that for x € M both N (x) and (ﬁ(P,, (x)) are vectors with unit norm
and hence (N (P, (x)), N(x)) = 1 — L|[N(P,(x)) — N(x)||%. Observe that

N(Py(x)) = N(x) = [N@x) = N@)] + 8,1 (x), (4.57)

where &, 1 (x) = {[N(Py(x)) = N(Py(x))] = [N(x) = N ()]} + [N (P, (x)) — N(x)]. Denote Uy (x) =
N (x) — N(x). Then using Taylor expansion, we get

1
On1(x) = / [VU,, (aPn(x) + (1 - a)x) + VN(aPn(x) + (1 - a)x)] da [Pn(x) — x],
0

and therefore by using Lemma 2.1 we get for x € M

w proy (4.58)

[801 (0| =

We denote V,(x) = Vf(x) — Vf(x) and Vn(j)(x) = ||Vf(x)||j — ||Vf(x)||j for j € Z. Notice that
Vn(z) (x) =2(V £ (x), Vu(x)) + ||V (x)||?. Furthermore, using Taylor expansion,

Vi@ = Vi@l T+ V@) TP @) T -1y

1 _
=3IV @7 VP ) + 8,

where 8, ,(x) = 2(1 +s() "2 [V £ @) 7S [VA2 ()12, for some [s(x)] < |V £@)|72|V,? (x)]. Note

a
that |s(x)| < 557"0 < % when ,8,(,1) < %8(), which is also what we assume for the rest of the proof.

Therefore, we can write
VD) = ||V £ TV, Vi) + 8,30, (4.59)

where 8, 3(x) = =2V I3 V() 1? + 8u2(x). We have [8,3(x)| < Z—;‘(ﬁ,ﬁ”)z. Recall that
Gx)=1,;— N(x)N(x)T. Using (4.59), we have ’
N@) = N@ =V Va) + VP @V £ + VD @)V, (x)
= [V Vo) = [V (T £ @), Va))IV £ () + 85,0 (x)
=G|V £ Vi) + 8.4(0), (4.60)
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where 8, 4(x) = 8,3(x)V.f(x) + V" (x)V, (x). We have [|8, 4(x) || < Z—?(ﬁ;ﬁ“)z due to (4.59). Using
(4.57), (4.58), and (4.60), we have ’

(N(Py(x)), N(x))

1.~
=1- 2N @ = N@)] + 801 @]
1 —
= 1= 3GV L Vi) + 1.406) + na (0

=1- %HVf(x)H‘Z[\/n(x)]TG(x) [V ()] + 8,500), 4.61)
where
|60,5(0)| < % (24 +3vd) Qoo 652 (BY)” + %(24 +3vVd)(19 + Vd) Qonoey 2 B BV
+76(3 +2Vd)ey > (BV) = a1

Also note that L[V £ [I72([Va ()17 GOVa()Il < ¥4(B")2 =: @, 5. By further requiring

- 28(2)
max(,B,EO), ,(,1), ﬁ,(lz)) < 50 for some 0 < 50 < %0 such that o, 1 + a2 < %, and using Taylor ex-
pansion and Lemma 4.1 we have

—~ _ 1 _
(N(Pa) . N@)) ™ =14 2|V [a@)] G0 [Valo)] +8us). (462)

where [8,,6(x)| <2(ap,1 +ap 102 + (an,2)2) =: oty 3. Also note that by Lemma 2.2,

d—1

[T+ 6] =14V Ho £ ) = F0] +8n70), (4.63)

i=1

where H (x) is the mean curvature of M at x, and

dﬁ d4 2 2( r(ZO))2 d d
\sm(x)!ST@)CI(ﬁ,§°>ﬂ,§‘>+(/3§P>)2)+ QO”E"Zﬁ <1+ i%wﬁ”) = ana.
0

Denote M (x) = 3g(x)|V f(x)[~2G(x) and
I, = /M (Vi) = VW] M) [V @) = V)] dAa ). (4.64)
Then using (4.62) and (4.63), we get
1, = /M gO||[VF@| T H@[f () = )] dA () + Ty + 85,52, (4.65)

where [8,.5(x)] < Ao[(B\™)2 + BV BV + (B3] for some constant Ag > 0.
Next, we study III,,. Lemma 2.1 leads to

sup |g(P(x)) —g(0)| = sup ||[Vg@)|| sup |ta(x)] < o1 B, (4.66)
xeM x€Z(280) xeM
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It follows from (4.61), (4.63), Lemmas 2.2 and 4.1 that

T+ 1,(0)k; ()]

S = - 1’ <aus5+toy6+ o506, (4.67)
xeMl (N(Py(x)), N(x))
where o, 5 = (,8(1))2 +ay,3 and oy 6 = ({%‘350) + oy 4. By (4.66) and (4.67) we have
0

L, | <A 1) sup |8 (Pa(x)) — g(x)| sup

’H T+ 1 (0 (x0)] 3
xeM

(N (P, (). N ()
<A ((B) + 8 (B)). (4.68)

for some constant A1 > 0. Now collecting the results for I,, in (4.55), II,, in (4.65) and III,, in (4.68)
we then get

MFL8) = Mf @) =A(frwg X (f — F)) + T + 11, (4.69)

where |1,.1| < Ag(ﬂno)ﬂ(l) + (/3,50))2 + (ﬂ,(zl))3) for some constant A, > 0. Clearly,

VdJor(f, 1)

Tl =210 s [ M0 (357)7 =SS0 410)?

Also from Theorem 2.5, we have |A€n)(f g)— A(f g < A38 for j =1, 2, for some constant A3 > 0.
Therefore, we can write

WE(F.8) = Mf ) =A(fowg x (f = ) + 12 (4.70)

for A* =A, k(l) or A(z) where |1, 2| < A4((,6(0) + ,8,(,1))2 + 8,21) for some constant A4 > 0. Using (4.4)
we have

M fowg x (fF —Ef)) =h"ua — A(f. wern), 471
where
1 { ®v ! ®v
Mo =—— / YUK (y) dy} V' f(x)wg (x) d A (x). (4.72)
Ve JMURE

Here |u2| < oo and by using (4.5),
2" v ()
|A(fy wern)| < =A(f, 1) sup |wg(X)|IIK [I1A vy (h).
vl xeM

We denote 7, = A(f, wg x (Bf — f)). Since A(f, wg x (f — ) =A(fowg x (f —Ef)) + my, from
(4.70) we can write

2 (F.8) = M(f.8) =T + N3, (4.73)

where |1, 3] < A5((,B(O) + ,6(1))2 + e + hY) for some constant A5 > 0. Let ,8(0) = SUD, cRd |f(x)
Ef(x)] and B = sup,czsy) IVF(x) — EV f(x)||. Then using Lemma 4.1, 1,3 < As((B}” +
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,B(l))2 + 8 + h") for some constant Ag > 0. Recall that so far we require max(,B(O) (1) ,§2)) <

Co A Co. Denote this event by &. Note that for any constant C > 2Ag and any & > 0,
P{|35 (f.9) —a(fi9)| <eVvC(2+h"+ (ri)?)}
=P{[|21,(F.9) — 1(f.9)| eV Cler +1" + (v,1)")] N €
zPHmI < %e} mf} +P{[|nn,3| < %s v %C((sﬁ+h” +y)? )} m(g’} —P(&)
> #{im < o} + P{BP+ )" < (55 - ) v g, 040}
+P(&) — 2. “4.74)

Using Theorem 2.4 we get foralln > 1, h € (0, ho] and € € [0, 10],
1 C
IP(|71,,| < §s> >1— 2exp(—72nh52). (4.75)
By Lemma 4.1, we have P(&) > 1 — A7 exp(—nh?t*/A7) and

~ (1)) 2
P{(BO +B")* < As(tv (v 1))} = 1 — Agexp(—nh®*21/ Ao) (4.76)
for some constants A7, Ag, A9 > 0Owhent € [0, h], “;l‘;gﬂ € (0, ho] and & € (0, h3] for some constants
hy,hy, hs > 0. Using t = As (2A6 C)e with C > (24¢)(Ag V 1) in (4.76), from (4.74) we get the
desired result in this theorem. O

Proof of Theorem 2.2. With u, given in (4.72) and wu; given in (4.87) below, we will derive the
following result. Under the assumption (H) and when ¢, — 0,

~ PPN 1
A (fr8) = M(fr @) =A(frwg x (Bf = f)) + hd+2ﬂ1+hvuz+82 pt)
v 1 1 2
+017 h +W+ﬁ+8n . (477)

By Theorem 2.4, we have vnhA(f, wg X (Ef— f)) LA N(0,0?), where 02 = cA(f, wﬁRK). Then
the assertions in parts (i)—(iv) immediately follow from (4.77). Notice that

sup [ (x) — we(x)| = 0, (Vrlez) +op (hv_z) =o0p(1)
x€Z(280)

by Lemma 4.1. Using Corollary 2.1, we get |872n — o2 = 0p(1) and hence the assertion in part (v)

follows. In order to show (4.77), noticing A (£, g) — A(f. ) = MY (F. g) = A(F. )1 + [A(f. g) —
A(f, g)], and by using (4.69), (4.71) and Lemma 4.1, it suffices to show that

M)(fo9) = MF 9 =6 () +op(D). j=1.2, (4.78)
1

1
Iy= nhd+2 (Ml + 0p(1)> + 0p< ) + 0<h2v_2)' (4.79)

3
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for I';, given in (4.64). First we show (4.78). Recall (9,5]‘) and uf,j) for j = 1,2, given in Theorem 2.5.
Let

. 1 .
u) = g,\(f’gm), ji=1,2, (4.80)

where with Q(x) =5 3737 ki (x)k; (x) when d > 3 and Q(x) =0 when d =2,

6D (@) = ||V || PH®(Ve), N@))

1 _ _
+ S IVF@I N [Rag = IV SO [N @2y (V8@ N 0))]

+e||vr@| |~

1 2
R e e I

1
0% (x) = H@) (N (), V() + 3 [N @320, + 80 Q).

glx
It is known by Weyl’s inequality that eigenvalues are Lipschitz continuous as functions of symmetric
matrices. Hence we get (4.78) by using Corollary 2.1 and Lemma 4.1.

For the rest of the proof, we will show (4.79). We can write [';, = 1",(11) + F,(lz) + F,(,3), where

i — /M IV 76 = BV F ) |20y 4000, (“81)

r® = 2/ (VF@) —EVF(x), BV f(x) = V) 47 (), (4.82)
M

re = /M |EVf(x) =V fx) wa) dA(x). (4.83)

Next, we focus on F,(ll). Denote VK, (-) = VK (-/h) and
.
Ly (x)=[VKnp(x — X;) —EVKp(x — X)]" M(x)[VKp(x — X;) —EVKj(x — X1)].

Notice that L;l’j(x) = L;;’i(x). Also if i # j, then E[L;l’j(x)] = 0. Then we can write F,(,l) =
oz Sor1 it M, L) We first study Er\" and can write

1 - . 1 1
Er() — WEZAU’ Liy = WE/\(J‘, Ly = e [0} — 0], (4.84)
i=1
where
o) = IE/M VKR = X)) 47 @), (4.85)

o = /M [EV K — X)|[30, 4 (). (4.86)
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Then using change of variable z = (x — y)/h and Taylor expansion for f(x — hz) we have

0} = / /R VKRG =3 [3g00) f 0)dyd A (x)

—p /M L IVK @I 5 = hadz d ) = s + o)

where

2
= VK dzd s (x).
H1 C/M/RdH @ |3y dzd A )

Similarly, using change of variable and Taylor expansion for V f(x — hz) we have

<2> /H/ VKp(x —y)f(y)dy

2
dt(x)
M (x)

hzd/ H/ VK(z)f(x—hz)dz dA(x)

M(x)
2

=h2d+2/ H/ K@)V f(x —hz)dz d7t(x)
MIIJRE

M (x)
=2+ /M [V £ [3g ) 47 () + 0 (h272).

Therefore from (4.84), we get

Erd =

1
o (1 Fo(D).
Next, we compute the variance of F,(ll). We have
Var(T{") = E[(TM)?] = [ETP] = AL + AP + AP,
where
2 2 2(n—=1) 2\12
Aill):WEZZ[A(ﬁLZJ)] ZWEWJP’LILZ)] ;
i#]
1 2
AD = 4h4d+4EZ (f, LD = B (£ L)) and
AP = g B S (AL (L)) - B
i#]

nn—1) 2 1 2
- 1| [Erg) = [ErT

By (4.88), obviously A(3) O (ma +4) To find the rates of Agl) and A(Z) notice that

B L) =50 - 250+ ()2

W. Qiao

(4.87)

(4.88)

(4.89)

(4.90)

4.91)

(4.92)

(4.93)
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B (1 L) = si0 - asi - 3(0f) +20{0 0 + 457, 454
where Q;ll) and Q;lz) are given in (4.85) and (4.86), and
1 [ 2 2
SV=E /MHVKh(x =10 djf(x)} ,

- 2
S;P:E/ <v1<h(x—Xl),VKh(x—X2)>M(X)d%”(x)} ,
L/ M

- 2
Sff)zE/ <v1<h(x—X),]EVKh(x—X)>M(x)d%(x)} ,
-J M

sy = E{ {/MHVKh(x [ df”f(x)}

x UMWKh(x —X),EVK),(x — X))M(x) d%(x)} }

Next we calculate the rates of the above quantities. For S(l), using change of variable u = (x —z)/h
and following a similar argument for (4.21), we have

) _ 2 )
Spo = /Rd UMUVKh(x —z)HM(X)d%(x)} {/MHVKh(y —Z)HM(y)djf(y)}f(z)dz
= h /M /M Ad|!VK<u>\|L<X)I\VKh<y—x+hu>!|fv,(y)f<x—hu)dud%(y)d%(x)

_ 2
_ I/M/X(M) RdHVK(u)HIZWX)HVK(v—i—u)HM(x)dud%(v)d%(x)

+o(n21).

Similarly, using change of variable u = (x — z)/h and v = (x — w)/h we get

2
= Ad /Rd {/M<VKh(x —2), VK (x — w)>M(x) d%”(x)}
X {/M<VK;,()’ —2),VKp(y — w)>M(y) d%ﬂ(y)} F(2) f (w)dzdw

—p /M /M /Rd /Rd<VKh(y—x+hu),VKh(y—x+hv)>M(y)
x (VK (u), VK(U)>M(x)f(x — hu) f(y — hv)dudvd . (y) d# (x)

:2/13‘1*‘// // VK (u), VK
¢ o S Rd< ), VK®)) 1)

X <VK(w +u), VK(w + v)>M(x) dudvd it (w)dst (x) + 0(/13‘1*1)_
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Using change of variable z = (x — v)/h, we get
2
s = /R 1 /M /R (VKRG =10, VKR = 0) i F )0 d A 0| 0
2
=, UM (TR =10, VK@) g0 5 = b dzd# 0| f )
2
_ i+ /Rd [/M Rd<VKh(x —uw), Vf(x=h2))y, K@ dzdif(x)} fu)du
2
_ j2d+2 /Rd {/M<th(x —u), Vf(x) +0(1)>M(x) de%”(x)} f(u)du

=ch4d+1/ / / VK ),V f(x) VK (u+v),Vf(x)
L Do e

dud A (v)d A (x) +o(h*F1).
Similarly,

(4) 3d 2
S,V =ch / / VK (u) VK@ +v),Vfx) dud s (v)dH(x)
h Mo ]RdH HM(x)< >M(x)

+o(h?).

Plugging the rates of S(l), S,(lz), S}(f), and S,(,4) into (4.93) and (4.94), and noticing (4.90) and (4.91), we

have

1 1
) 2 _
An _0< 2pd 5), and An —0< 3724 5),

and hence it follows from (4.88) and (4.89) that with w1 given in (4.87),

1
r = — (11 +0p(D)). (4.95)

Next, we study F,(qz). Notice that we can write F,(,z) = nw%ﬂ S (Y; —EY;), where Y; = f/\/l (VKj(x —
X)), EV f(x) = V.f (X)) p(x) d.H (x). Obviously, E(T'\>) = 0. For its variance,
Var(r®)

< s B(Y)

4 .
= p2d+2 /Rd {/M<VKh(x — D, EV () = V(X)) 47 ()

x { /M<VKh<y ~ DBV = VO gy, d%ﬂ(y)} f@)dz

4 N
= W/M /M /Rd<VK(u),]EVf(x) AT
X <VKh(y —x+ hu),EVf(y) — Vf(y))M(y)f(x — hu)du ds€(y)d 7 (x)
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4c ~
Z%/M /wa) /Rd<VK(u),]EVf(x)—Vf(x))M(x)

x (VK (v+u), EV f(x 4+ hv) — V f(x + hv))M(x) dud ' (v)ds (x)(1+o0(1))

1
- 0<nh5_2” )’

where we have used (4.2) and a similar argument for (4.21). This then implies that F,(qz) =

Op(«/ﬁ) = o,,(«/%l_h). For F,(?), we use (4.2) again and have F,(l3) = 0(h2”_2). Combining the rates

for F,(lz) and F,(,3) with (4.95), we get (4.79) and hence (4.77). The proof is completed. O
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