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Often the regression function is specified by a system of ordinary differential equations (ODEs) involving
some unknown parameters. Typically analytical solution of the ODEs is not available, and hence likeli-
hood evaluation at many parameter values by numerical solution of equations may be computationally
prohibitive. Bhaumik and Ghosal (Electron. J. Stat. 9 (2015) 3124-3154) considered a Bayesian two-step
approach by embedding the model in a larger nonparametric regression model, where a prior is put through
a random series based on B-spline basis functions. A posterior on the parameter is induced from the re-
gression function by minimizing an integrated weighted squared distance between the derivative of the
regression function and the derivative suggested by the ODEs. Although this approach is computationally
fast, the Bayes estimator is not asymptotically efficient. In this paper, we suggest a modification of the
two-step method by directly considering the distance between the function in the nonparametric model and
that obtained from a four stage Runge—Kutta (RK4) method. We also study the asymptotic behavior of the
posterior distribution of # based on an approximate likelihood obtained from an RK4 numerical solution
of the ODEs. We establish a Bernstein—von Mises theorem for both methods which assures that Bayesian
uncertainty quantification matches with the frequentist one and the Bayes estimator is asymptotically effi-
cient.

Keywords: approximate likelihood; Bayesian inference; Bernstein—von Mises theorem; ordinary
differential equation; Runge—Kutta method; spline smoothing

1. Introduction

Differential equations are encountered in various branches of science such as in genetics [6],
viral dynamics of infectious diseases [1,19], pharmacokinetics and pharmacodynamics (PKPD)
[8]. In many cases these equations do not lead to any explicit solution. A popular example is
the Lotka—Volterra equations, also known as predator-prey equations. The rates of change of the
prey and predator populations are given by the equations

d
f;*t(’) =01 fi0(1) — 02 f10(2) fan (1),
d
fizot(t) =—03/20(1) +6af19(1) f20(1),  1€[0,1],
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where 0 = (01, 62, 63,64)7 and fig(¢) and fo9(t) denote the prey and predator populations at
time ¢, respectively. These models can be put in a regression model Y =fy(¢) +€,0 € ® CR?,
where fy (-) satisfies the ODE

df[‘;t(t) —F(1.f(1).0), rel0,1]; (1.1

here F is a known appropriately smooth vector valued function and 6 is a parameter vector
controlling the regression function.

The nonlinear least squares (NLS) is the usual way to estimate the unknown parameters pro-
vided that the analytical solution of the ODE is available, which is not the case in most real
applications. The 4-stage Runge—Kutta algorithm (RK4) ([13], page 134 and [18], page 53) can
solve (1.1) numerically. The parameters can be estimated by applying NLS in the next step. Xue,
Miao and Wu [28] studied the asymptotic properties of the estimator. They used differential evo-
Iution method [24], scatter search method and sequential quadratic programming [22] method
for the NLS part and established the strong consistency, ,/n-consistency and asymptotic normal-
ity of the estimator. The estimator turns out to be asymptotically efficient, but this approach is
computationally intensive.

In the generalized profiling procedure [21], a linear combination of basis functions is used to
obtain an approximate solution. A penalized optimization is used to estimate the coefficients of
the basis functions. The estimated  is defined as the maximizer of a data dependent fitting crite-
rion involving the estimated coefficients. The statistical properties of the estimator obtained from
this approach were explored in the works of [20]. This method is also asymptotically efficient,
but has a high computational cost.

Varah [26] used a two-step procedure where the state variables are approximated by cubic
spline in the first step. In the second step, the parameters are estimated by minimizing the sum
of squares of difference between the non-parametrically estimated derivative and the derivatives
suggested by the ODE:s at the design points. Thus, the ODE model is embedded in the nonpara-
metric regression model. This method is very fast and independent of the initial or boundary
conditions. Brunel [3] did a modification by replacing the sum of squares by a weighted in-
tegral and obtained the asymptotic normality of the estimator. Gugushvili and Klaassen [12]
followed the approach of [3], but used kernel smoothing instead of spline and established +/7-
consistency of the estimator. Wu, Xue and Kumar [27] used penalized smoothing spline in the
first step and numerical derivatives of the nonparametrically estimated functions. Brunel, Clairon
and d’ Alché-Buc [4] used nonparametric smoothing and a set of orthogonality conditions to es-
timate the parameters. But the major drawback of the two-step estimation methods is that these
are not asymptotically efficient.

ODE models in Bayesian framework was considered in the works of [9,23] and [11]. They
obtained an approximate likelihood by solving the ODEs numerically. Using the prior assigned
on #, MCMC technique was used to generate samples from the posterior. This method also has
high computational complexity. Campbell and Steele [S] proposed the smooth functional temper-
ing approach which utilizes the generalized profiling approach [21] and the parallel tempering
algorithm. Jaeger [15] also used the generalized profiling in Bayesian framework. Bhaumik and
Ghosal [2] considered the Bayesian analog of the two-step method suggested by [3], putting prior
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on the coefficients of the B-spline basis functions and induced a posterior on ®. They established
a Bernstein—von Mises theorem for the posterior distribution of @ with n~!/2 contraction rate.

In this paper we propose two separate approaches. We use Gaussian distribution as the work-
ing model for error, although the true distribution may be different. The first approach in-
volves assigning a direct prior on @ and then constructing the posterior of @ using an approx-
imate likelihood function constructed using the approximate solution fp , (-) obtained from RK4.
Here r is the number of grid points used. When r is sufficiently large, the approximate likeli-
hood is expected to behave like the actual likelihood. We call this method Runge—Kutta sieve
Bayesian (RKSB) method. In the second approach we define 6 as argminycg fo] [| ﬂTN(-) -
£, ||2w(t) dt for an appropriate weight function w(-) on [0, 1], where the posterior distribu-
tion of B is obtained in the nonparametric spline model and N(-) is the B-spline basis vector. We
call this approach Runge—Kutta two-step Bayesian (RKTB) method. Thus, this approach is sim-
ilar in spirit to [2]. Similar to [2], prior is assigned on the coefficients of the B-spline basis and
the posterior of @ is induced from the posterior of the coefficients. But the main difference lies in
the way of extending the definition of parameter. Instead of using deviation from the ODE, we
consider the distance between function in the nonparametric model and RK4 approximation of
the model. Ghosh and Goyal [10] considered Euler’s approximation to construct the approximate
likelihood and then drew posterior samples. In the same paper they also provided a non-Bayesian
method by estimating # by minimizing the sum of squares of the difference between the spline
fitting and the Euler approximation at the grid points. However they did not explore the theo-
retical aspects of those methods. We shall show both RKSB and RKTB lead to Bernstein—von
Mises Theorem with dispersion matrix inverse of Fisher information and hence both the proposed
Bayesian methods are asymptotically efficient. This was not the case for the two step-Bayesian
approach [2]. Bernstein—von Mises Theorem implies that credible intervals have asymptotically
correct frequentist coverage. The computational cost of the two-step Bayesian method [2] is the
least, RKTB is more computationally involved and RKSB is the most computationally expensive.

The paper is organized as follows. Section 2 contains the description of the notations and some
preliminaries of Runge—Kutta method. The model assumptions and prior specifications are given
in Section 3. The main results are given in Section 4. In Section 5 we carry out a simulation study.
Proofs of the main results are given in Section 6. Section 7 contains the proofs of the technical
lemmas. The Appendix is provided in the last section.

2. Notations and preliminaries

We describe a set of notations to be used in this paper. Boldfaced letters are used to denote vectors
and matrices. The identity matrix of order p is denoted by I),. We use the symbols maxeig(A) and
mineig(A) to denote the maximum and minimum eigenvalues of the matrix A, respectively. The
L, norm of a vector x € R” is given by ||x|| = (Zle x?)l/z. The notation f)(-) stands for the

rth order derivative of a function f(-), thatis, f () = j—[r, f (). For the function 8 — fy(x),
the notation fg (x) implies % fo(x). Similarly, we denote fo x) = % fo(x). A vector valued
function is represented by the boldfaced symbol f(-). We use the notation f(x) to denote the
vector (f(x1),..., f(xp))T for a real-valued function f : [0, 1] — R and a vector x € R”. Let
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us define |/f]|, = (fol 1) 12g(2) dt)'/2 for £: [0, 1]+ RP and g : [0, 1]+ [0, 00). The weighted
inner product with the corresponding weight function g(-) is denoted by (-, -),. For numerical
sequences a, and by, both a, = o(b,) and a, < b, mean a, /b, — 0 as n — oco. Similarly, we
define a, > b,. The notation a, = O (b,) is used to indicate that a, /b, is bounded. The notation
an =< b, stands for both a, = O(b,) and b, = O(a,), while a, < b,, means a, = O (b,). The
symbol op(1) stands for a sequence of random vectors converging in P-probability to zero,
whereas Op (1) stands for a stochastically bounded sequence of random vectors. Given a sample
{X;:i=1,...,n} and a measurable function ¥ (-), we define P,y = n~1 Z;’zl ¥ (X;). The
symbols E(-) and Var(-) stand for the mean and variance respectively of a random variable, or
the mean vector and the variance-covariance matrix of a random vector. We use the notation
Gnr to denote /n(P,y — E). For a measure P, the notation P implies the joint measure
of a random sample X1, ..., X,, coming from the distribution P. Similarly, we define p and p®™
for the corresponding densities. The total variation distance between the probability measures P
and Q defined on R? is given by [|P — Q|ltv = supgcgr |P(B) — Q(B)|, R? being the Borel
o-field on R?”. Given an open set E, the symbol C (E) stands for the class of functions defined
on E having first m continuous partial derivatives with respect to its arguments. For a set A,
the notation 1{A} stands for the indicator function for belonging to A. The symbol := means
equality by definition. For two real numbers a and b, we use the notation a A b to denote the
minimum of @ and b. Similarly, we denote a V b to be the maximum of a and b.

Given r equispaced grid points a; = 0, as, ..., a, with common difference # and an ini-
tial condition fy(0) = yo, Euler’s method ([14], page 9) computes the approximate solution
as fp (ar+1) =fo (ar) + hF(ak,f9 r(ax),0) for k =1,2,...,r — 1. The RK4 method ([14],
page 68) is an improvement over Euler’s method. Let us denote

F(ay. fg - (ax). 0),

F(ax +h/2,89 (ax) + h/2k,,0),
(
(

F(ax +h/2,89 (ax) + h/2ks,0),

ky
k;
k3
k4 = F(a +h, £y . (ax) + k3, 0).

Then we obtain fy , (ax4+1) from £y - (ar) as fp  (aky1) =To r(ax) + h/6(k; + 2ky + 2ks + Kky4).
By the proof of Theorem 3.3 of [14], page 124, we have

sup ||fa(t) — 5. ()] = O(r™?), sup [fat) — o, )| =0("). @D
te[0,1] t€[0,1]

3. Model assumptions and prior specifications

Now we formally describe the model. For the sake of simplicity, we assume the response to be
one dimensional. The extension to the multidimensional case is straight forward. The proposed
model is given by

Yi = fo(Xi) + i, i=1,...,n, 3.1
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where § C ©, which is a compact subset of R”. The function fp(-) satisfies the ODE given by

dfe® _
dr

(1. f5(1).0), t €0, 1]. (3.2)

Let for a fixed 8, F € C"™~1((0, 1), R) for some integer m > 1. Then, by successive differen-
tiation we have fp € C"((0, 1)). By the implied uniform continuity, the function and its sev-
eral derivatives can be uniquely extended to continuous functions on [0, 1]. We also assume
that @ — fp(x) is continuous in #. The true regression function fo(-) does not necessarily lie
in {fg : 0 € ®}. We assume that fy € C" ([0, 1]). Let &; are identically and independently dis-
tributed with mean zero and finite moment generating function fori =1, ..., n. Let the common
variance be 002. We use N(0,c2) as the working model for the error, which may be different
from the true distribution. We treat o' as an unknown parameter and assign an inverse gamma

prior on o2 with shape and scale parameters a and b, respectively. Additionally it is assumed

that X; s G with density g. The approximate solution to (1.1) is given by fp ., where r =r,, is

the number of grid points, which is chosen so that
rn > n'/8, 3.3)

Let us denote Y = (Y1, ..., Y,)T and X = (X1, ..., X,)T. The true joint distribution of (X;, &;)
is denoted by Py. Now we describe the two different approaches of inference on # used in this

paper.

3.1. Runge—Kutta sieve Bayesian method (RKSB)

For RKSB, we denote y = (, ). The approximate likelihood of the sample {(X;, Y;):i=
1,...,n}is givenby L%(y) =[]/, py.n(Xi, Vi), where

Pya(Xi, ¥) = (V2m0)  exp{—(207) 7 |Yi = fa.r, (X0)| "} (X, (34)
We also denote
py(Xi, Yi) = (V27m0) " Lexp{—(202) | ¥i — fo(X0) [} (X0). (3.5)
The true parameter y := (0o, 0*2) is defined as
Yo =arg rn;lx Pylog py,
which takes into account the situation when fp, is the true regression function, 6y being the

true parameter. We denote by £, and ¢, , the log-likelihoods with respect to (3.5) and (3.4),
respectively. We make the following assumptions.

(A1) The parameter vector y, is the unique maximizer of the right-hand side above.
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(A2) The sub-matrix of the Hessian matrix of — Py log p, at y =y given by

L7, . 3, .
/ (f(,{) ) fon(0) = =5 (O (o) = fo, )] )g(r) dt (3.6)
0 0=0¢

is positive definite.

(A3) The prior measure on ® has a Lebesgue-density continuous and positive on a neighbor-
hood of 0.

(A4) The prior distribution of  is independent of that of o2.

By (A1) we get

1 .
/0 Soy O (fot) — fa, (1)) g(t) dt =0,
3.7)

1
o2 = o2+ /0 | fol) — fou ) g (@) dt.

The joint prior measure of p is denoted by IT with corresponding density 7. We obtain the
posterior of y using the approximate likelihood given by (3.4).

Remark 3.1. In the RKSB method, the space of densities induced by the RK4 numerical solution
of the ODEs approaches the space of actual densities as the sample size n goes to infinity. This
justifies the use of the term “sieve” in “RKSB.”

Remark 3.2. The assumptions (Al) and (A2) are necessary to prove the convergence of the
Bayes estimator of y to the true value y,. These are usually satisfied in most practical situations
for example the Lotka—Volterra equations considered in the simulation study. When the true re-

gression function is the solution of the ODE, the Hessian matrix becomes fol foTo (1) fgo (t)g(t)dt

which is positive definite unless the components of fof) as is the case in our simulation study.

3.2. Runge—Kutta two-step Bayesian method (RKTB)

In the RKTB approach, the proposed model is embedded in nonparametric regression model
Y=X,8+e¢, (3.8)

where X, = (N (Xi))1<i<n,1<j<k,+m—1, {N; (')}];’flm_l being the B-spline basis functions of
order m with k, — 1 interior knots 0 < &1 <& < --- <&, _1 < 1 chosen to satisfy the pseudo-

uniformity criteria:

max g — 26 + &1l = olky ),

1<i<kn,—

max [§; _§i71|/1 min |§ —& 1| <M

1<i<k,—1 <i<k,—1

3.9)
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for some constant M > 0. Here &j and &, are defined as O and 1, respectively. The criteria (3.9) is
required to apply the asymptotic results obtained in [29] where they mention the similar criteria
in equation (3) of that paper. We assume for a given o2

B~ Niytm—1(0,0°n%k, Iy om—1). (3.10)

Simple calculation yields the conditional posterior distribution for 8 given o> as

k -1 k -1
qu«ﬁ&+ﬁmmq)th{ﬁ&+ﬁmmq)).6u>

By model (3.8), the expected response at a point 7 € [0, 1] is given by BT N(r), where N(-) =
(N1(), ..oy Nigytm—1 ()T Let us denote for a given parameter 3

1 s 172
Ryn(n) = {/(; |f @) = frn @) g(t)dt} )

1 5 1/2
Ry (n) = {/o | o) — f,@)| g(l)dt} ,

where f(t) =8 TN(t). Now we define § = argmingee R, () and induce posterior distribution
on © through the posterior of B given by (3.11). Also let us define 6o = argmin,ece R 1, (n). Note
that this definition of 6 takes into account the case when fj, is the true regression function with
corresponding true parameter #y. We use the following standard assumptions.

(AS) Forall e >0,
inf Rz > Rp(00). (3.12)
n:lln—0oll=e€
(A6) The matrix

1
0

1 .. . .
Jo, =—/O foo(t)(fo(t)—feo(t))g(t)dt-l-/ (foo(l))T(foo(t))g(t)dt
is nonsingular.

Remark 3.3. The assumption (A5) implies that @ is a well-separated point of minima of R 7, (-)
which is needed to prove the convergence of the posterior distribution of  to the true value 6.
A similar looking assumption appears in the argmax theorem used to show consistency of M-
estimators and is a stronger version of the condition of uniqueness of the location of minimum.

Remark 3.4. The matrix Jg,, is usually non-singular specially in the case when the true regression

function satisfies the ODE since then the expression of Jg, becomes fol fof) (1) fgo (t)g(t) dt which
is usually positive definite.
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4. Main results
Our main results are given by Theorems 4.1 and 4.2.

Theorem 4.1. Let the posterior probability measure related to RKSB be denoted by I1,. Then
posterior of y contracts at y at the rate n=Y2 and

M (VA = 70) € 1X.¥) = N(&u - 02V52) |y = 01, (1.

-2
o, Vo,

where Vy, = ( 0 079;/2) with

Lr. . d .
Vo, = /0 <f0T0 (0 foo ) = 25 (fg O (fo®) = fo, ) ]0200>g(r) dt

_l M
and Ay y, = V},0 Gnﬁyogn.

Since 0 is a sub-vector of y, we get Bernstein—von Mises theorem for the posterior distribu-
tion of \/n(# — 6), the mean and dispersion matrix of the limiting Gaussian distribution being
the corresponding sub-vector and sub-matrix of A, ,, and a*zV;O1 respectively. We also get the
following important corollary.

Corollary 1. When the regression model (3.1) is correctly specified and also the error is Gaus-
sian, the Bayes estimator based on T1,, is asymptotically efficient.

Let us denote C(¢) = J‘,—Ol( fo,(t))T and HI = fol C(t)NT (t)g(r)dt. Note that C(¢) is a p-
component vector. Also, we denote the posterior probability measure of RKTB by IT. Now we
have the following result.

Theorem 4.2. Let
1
-1
p, = /nHy (XIX,) X0 Y — /n fo C() fo(t)g(t)dt,
n

3, =nH! (XIX,)'H,

and B = (((Cx (), Cor (D) eDkk'=1....p- If B is non-singular, then for m > 2 and n'/*™ < k, <
1/2
n b

[T (V6 — 80) € 1Y) = N (. 05 Z) || oy = 0 (D). (4.1)
Remark 4.1. 1t will be proved later in Lemma 10 that both u,, and X, are stochastically bounded.

Hence, with high true probability the posterior distribution of (§ — ) contracts at 0 at n~'/2
rate.
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Remark 4.2. The previous theorem indicates that second order smoothness of the true mean
function is sufficient to ensure the contraction rate n~!/2. The issue of Bayesian adaptation does
not arise in this case. For m = 2, the required condition becomes n'/* « k, < n'/?. Since the
knots are chosen deterministically, we do not need to assign a prior on the number of terms of
the random series used.

We also get the following important corollary.

Corollary 2. When the regression model (3.1) is correctly specified and the true distribution of
error is Gaussian, the Bayes estimator based on IT}; is asymptotically efficient.

Remark 4.3. The Bayesian two-step approach [2] considers the distance between the derivative
of the function in the nonparametric model and the derivative given by the ODE. On the other
hand, RKTB approach deals directly with the distance between the function in the nonparametric
model and the parametric nonlinear regression model through the RK4 approximate solution of
the ODE. Direct distance in the latter approach produces the efficient linearization giving rise
to efficient concentration of the posterior distribution which can be traced back to efficiency
properties of minimum distance estimation methods depending on the nature of the distance.

Remark 4.4. RKSB is the Bayesian analog of estimating 6 as
n

n ) 5

0= arg;rg({)l Z;(Yi — for)”-
i=

Similarly, RKTB is the Bayesian analog of § = arg mingee fol (f(t) — f,,,r”)zg(t) dt, where f(~)
stands for the nonparametric estimate of f based on B-splines. Arguments similar to ours should
be able to establish analogous convergence results for these estimators.

5. Simulation study

We consider the Lotka—Volterra equations to study the posterior distribution of #. We consider
two cases. In case 1, the true regression function belongs to the solution set and in case 2 it does
not. Thus, we have p =4, d = 2 and the ODE’s are given by

Fi(r,£9(1),0) =01 fig(1) — 02 f10(t) f29 (1),

Fy(1,£9(1),0) = =63 f20(t) + 64 f19(t) f29(1), 1 €[0,1],

with initial condition f19(0) =1, f29(0) = 0.5. The above system is not analytically solvable.

Case 1 (well-specified case): The true regression function is fo(t) = (f1e,(t), f29, )T where
0o = (10, 10, 10, 10)7.
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Table 1. Coverages and average lengths of the Bayesian credible intervals for the three methods in case of
well-specified regression model

RKSB RKTB TS
Coverage Length Coverage Length Coverage Length
n (se) (se) (se) (se) (se) (se)
100 01 100.0 2.25 100.0 2.17 100.0 6.93
(0.00) (0.29) (0.00) (0.65) (0.00) (4.95)
2 100.0 2.57 100.0 2.48 100.0 6.67
(0.00) (0.33) (0.00) (0.74) (0.00) (4.90)
03 99.9 2.50 100.0 2.44 100.0 7.12
(0.00) (0.34) (0.00) (1.44) (0.00) (4.92)
04 100.0 227 100.0 2.20 100.0 6.59
(0.00) (0.32) (0.00) (1.19) (0.00) (4.77)
500 01 100.0 0.75 99.4 0.56 99.2 1.09
(0.00) (0.06) (0.00) (0.02) (0.00) (0.05)
() 100.0 0.85 99.4 0.64 98.8 1.02
(0.00) (0.07) (0.00) (0.02) (0.00) (0.05)
03 100.0 0.82 99.3 0.61 99.0 1.16
(0.00) (0.07) (0.00) (0.02) (0.00) (0.05)
04 99.9 0.74 99.3 0.56 99.0 1.04
(0.00) (0.06) (0.00) (0.02) (0.00) (0.05)
241—c)

Case 2 (misspecified case): The true regression function is fo(r) = (fi7,(1) + —¢—,
Jazo () + IZHT_”)T where 7o = (10, 10, 10, 10)” and ¢; and ¢, are chosen so that

1 1
/Oflro(t)(12+t—01)=/0 freg@) (1 +1 = c2) =0,

For a sample of size n, the X;’s are drawn from Uniform(0, 1) distribution for i =1, ..., n.
Samples of sizes 100 and 500 are considered. We simulate 900 replications for each case. The
output are displayed in Tables 1 and 2, respectively. Under each replication, a sample of size
1000 is drawn from the posterior distribution of # using RKSB, RKTB and Bayesian two-step [2]
methods and then 95% equal tailed credible intervals are obtained. For case 2, we do not consider
the Bayesian two-step method since there is no existing result on asymptotic efficiency under
misspecification of the regression function and hence it is not comparable with the numerical
solution based methods. The Bayesian two-step method is abbreviated as TS in Table 1. We
calculate the coverage and the average length of the corresponding credible intervals over these
900 replications. The estimated standard errors of the interval length and coverage are given
inside the parentheses in the tables.

The true distribution of error is taken N (0, (0.1)2). We put an inverse gamma prior on o
with shape and scale parameters being 30 and 5, respectively. For RKSB, the prior for each 6; is
chosen as independent Gaussian distribution with mean 6 and variance 16 for j =1,...,4. We
take n grid points to obtain the numerical solution of the ODE by RK4 for a sample of size n.

2
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Table 2. Coverages and average lengths of the Bayesian credible intervals for RKSB and RKTB in case of
misspecified regression model

RKSB RKTB
Coverage Length Coverage Length
n (se) (se) (se) (se)
100 01 99.4 2.32 100.0 221
(0.01) (0.31) (0.00) (0.83)
() 99.1 2.64 100.0 2.46
(0.01) (0.36) (0.00) (0.79)
03 99.4 2.78 100.0 2.7
(0.01) (0.46) (0.00) (1.73)
N 99.3 2.5 100.0 2.38
(0.01) (0.43) (0.00) (1.43)
500 01 98.8 0.89 99.3 0.56
(0.00) (0.07) (0.00) (0.02)
0> 98.9 1 99.5 0.62
(0.00) (0.13) (0.00) (0.02)
03 99.0 1.05 99.2 0.66
(0.00) (0.09) (0.00) (0.03)
04 99.2 0.94 99.1 0.59
(0.00) (0.08) (0.00) (0.02)

According to the requirements of Theorem 4.2 of this paper and Theorem 1 of [2], we take m =3
and m =5 for RKTB and Bayesian two- step method respectively In both cases, we choose k,, —
1 equispaced interior knots k , k2 e k
uniformity criteria (3.9) with ‘M =1. Lookmg at the order of k, suggested by Theorem 4.2, k,
is chosen in the order of n!/3 giving the values of k, as 13 and 18 for n = 100 and n = 500
respectively in RKTB. In Bayesian two-step method, the values of &, are 17 and 20 for n = 100
and n = 500, respectively by choosing k, in the order of n!'/% following the suggestion given
in Theorem 1 of [2]. In all the cases, the constant multiplier to the chosen asymptotic order is
selected through cross-validation.

We separately analyze the output given in Table 1 since it deals with asymptotic efficiency.
Not surprisingly the first two methods perform much better compared to the third one because
of asymptotic efficiency obtained from Corollaries 1 and 2, respectively. For RKSB, a single
replication took about one hour and four hours for samples of sizes 100 and 500, respectively.
For RKTB, these times are around one hour and two and half hours, respectively. In Bayesian
two-step method, each replication took about one and two minutes for n = 100 and 500, respec-
tively. Thus from the computational point of view Bayesian two-step method is preferable than
the numerical solution based approaches. We also show the trace plots of RKSB in Figures 1
and 2. We used 50 000 MCMC iterations with 2000 burn in and thinning of lag 48. It seems that
the mixing is reasonable and it should be possible to improve by running a longer chain at the
expense of more computing time.
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Figure 1. Trace plots of 61, 6>, 63 and 64 in RKSB for n = 100.

We also consider another study for the well-specified case for true parameter 8o = (5, 5, 5, 5)7.
The output are given in Table 3 which shows that the coverages are robust with respect to the
choice of the true parameter vector.

6. Proofs

We use the operators Eg(-) and Varg(-) to denote expectation and variance with respect to Py.

Proof of Theorem 4.1. From Lemma 1 below, we know that there exists a compact subset

U of (0, 00) such that IT,(c? € UX,Y) 59 1. Let Iy, (-|1X,Y) be the posterior distribution
conditioned on o> € U. By Theorem 2.1 of [17] if we can ensure that there exist stochastically
bounded random variables A, ,, and a positive definite matrix V,, such that for every compact
set K C RPHL,

p(n)
sup |log %ﬁﬁn

1
X, Y)—h"Vy Ay + EhTV),Oh -0, (6.1)
heK p}’o’"
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Figure 2. Trace plots of 61, 6,, 63 and 6, in RKSB for n = 500.

in (outer) Pé") probability and that for every sequence of constants M,, — oo, we have
P Ty (Vally = yoll > M X, ¥) =0, (6.2)

then
| Mun (Vi@ = vo) € 1X.Y) = N(Ap yo. Vo) |1y = 02y (D).

We show that the conditions (6.1) and (6.2) hold in Lemmas 1 to 5. Lemma 2 gives that V,, =
-2
(G" OVHO 6;91 /2) with
1
. . J , .
Vo, = /0 (foﬂ(r)faoa) =39 d O(fo) = f%(f)))\o , )gm dt
=0t

and A, = V;;G,,éyo,n. Since ||TT, — My Ty = 0p, (1), we get

[T (Vi = v0) € 1%, ¥) = N(Any, Vi) |y = 080D

Hence, we get the desired result. O
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Table 3. Coverages and average lengths of the Bayesian credible intervals for the three methods in case of
well-specified regression model with 8o = (5, 5, 5, 5T

RKSB RKTB TS
Coverage Length Coverage Length Coverage Length
n (se) (se) (se) (se) (se) (se)
100 01 100.0 1.16 100.0 1.01 100.0 6.24
(0.00) 0.1) (0.00) (0.14) (0.00) (5.44)
() 100.0 1.35 100.0 1.18 100.0 5.25
(0.00) (0.12) (0.00) (0.16) (0.00) (4.64)
03 100.0 1.96 100.0 1.82 100.0 4.98
(0.00) (0.22) (0.00) (0.66) (0.00) (4.35)
04 100.0 1.58 100.0 1.45 100.0 4.55
(0.00) (0.17) (0.00) (0.45) (0.00) (4.07)
500 01 100.0 0.36 99.0 0.26 99.8 0.77
(0.00) (0.02) (0.00) (0.01) (0.00) (0.04)
() 100.0 0.42 99.2 0.31 99.6 0.64
(0.00) (0.02) (0.00) (0.01) (0.00) (0.03)
03 100.0 0.6 99.2 0.44 99.4 0.64
(0.00) (0.04) (0.00) (0.02) (0.00) (0.03)
04 100.0 0.48 99.0 0.36 99.4 0.57
(0.00) (0.03) (0.00) (0.02) (0.00) (0.02)

Proof of Corollary 1. The log-likelihood of the correctly specified model with Gaussian error
is given by

1 2
ly,(X,Y)=—logog — F|Y — fo,(X)|” +logg(X).
%
Thus, 555y, (X V) = 05> (fa CON (Y = foo (X)) and 505y, (X, ¥) = =555 + 541 —
Jo,(X) |>. Hence, the Fisher information is given by
2 ] -T .
I()’O) — <)) /0 foo(t)foo(t)g(t) dt 0
0 a5 t/2
Looking at the form of V) in Theorem 4.1, we get V;Ol = (I(yo))_1 if the regression function

is correctly specified and the true error distribution is N (0, 002). ]

Proof of Theorem 4.2. We have for f(-) = BTN(-)

1
3o 1) = [ CoB™Nwsw di =M. (63)
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where H,{ = fol C(t)NT (t)g(t) dt which is a matrix of order p x (k, +m — 1). Consequently,
the asymptotic variance of the conditional posterior distribution of H! 8 is o?H! (XI'X,, +
fl—’;I)_lHn. By Lemma 9 and the posterior consistency of the o> given by Lemma 11, it suf-
fices to show that for any neighborhood N of 002,

sup || IT%(v/nHL B — ﬁJ;OIF(fO) € X, Y, 0%) = N(1y, 02 Z0) | oy = 0p, (1) (64)

oleN

Note that TT(N|X,Y) = o0p,(1). It is straightforward to verify that the Kullback-Leibler diver-
gence between N ((XI'X,)"'XTY, 02(XTX,,)~!) and the distribution given by (3.11) converges
in Py-probability to zero uniformly over 6> € N and hence, so is the total variation distance. By
linear transformation, (6.4) follows. Note that

sup |T1(v/n(8 —0o) € BIX.Y) — ®(B; p,,. 03 Ty )|
BeRP

5/ sup |I1(v/n(0 — o) € BIX,Y,0%) — &(B; p,,, 0%, | dT1(c X, Y)
BeRP

+/ sup |®(B: p,,0°%,) — ®(B; p,. 05Ty )| dT1(0* X, Y)
BeRP

< sup sup |TI(v/n(@ —0p) € B|X,Y,02) — ®(B; ;Ln,ozZn)|
o2eN BERP

+  sup  |®(Bip,,0°%,) — ®(B; . 03 Es)| + 2I(NX,Y).
o2eN,BERP

Using the fact that X, is stochastically bounded given by Lemma 10, the total variation dis-
tance between the two normal distributions appearing in the second term of the above display
is bounded by a constant multiple of |o> — 002|, and hence can be made arbitrarily small by
choosing N accordingly. The first term converges in probability to zero by (6.4). The third term
converges in probability to zero by the posterior consistency. O

Proof of Corollary 2. The log-likelihood of the correctly specified model is given by

1 2
g, (X,Y) = —logop — p}Y — fo,(X)|” +logg(X).
0

Thus éao(X, Y) = — O_z(fgo(X))T(Y — fo,(X)) and the Fisher information is given by
1(0y) = a(;z fol(fgo(X))TfoO (t)g(t)dt. In the proof of Lemma 10 we obtained that ogEn ﬁ))

agJ 0_01 fol ( foo Nt fgo (t)g() dtJ;OI. This limit is equal to (I(8o)) ! under the correct specifica-
tion of the regression function as well as the likelihood. (]
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7. Proofs of technical lemmas

The first five lemmas in this section are related to RKSB. The rest are for RKTB. The first lemma
shows that the posterior of o2 lies inside a compact set with high probability.

Lemma 1. There exists a compact set U independent of @ and n such that T1,(c? € U|X,
Py
Y) - 1.

Proof. Given 6, the conditional posterior of 2 is an inverse gamma distribution with shape and
scale parameters /2 +a and 27! Yo Yi—fo (Xi)%+b, respectively. Clearly E@?X,Y,0) =
n~! Z?:l i — fo (X))2 4 o(1) a.s. Hence, it is easy to show using the weak law of large num-
bers that the mean of the conditional posterior of o' converges in Py-probability to (792 = 002 +
fol (fo(t) — fa(1))*g(t) dt. Then it follows that for any € > 0, I1, (0% € [0 — €, 05 +€]X. Y, 0)
converges in Py-probability to 1. Since ® is compact and 002 is continuous in @, there exists a
compact set U such that U D [002 —€, 002 + €] forall 9. Now I1,,(c2 ¢ U|X,Y) is bounded above
by

/ (| — 07| > €IX, Y, 0)dI1,(01X,Y)
®

< e_2f ((E(c*1X, Y, 8) — o(})2 + Var(o?X,Y, 8)) dI1,(01X, Y).
(€]

It suffices to prove that

sup|E(02|X,Y,0)—002}=0p0(1) and supVar(02|X,Y,0)=0p0(1).
0c® 0c®

Using the facts that @ — fp(x) is Lipschitz continuous and other smoothness criteria of fp(x)
and fy(x) and applying Theorem 19.4 and Example 19.7 of [25], it follows that {(Y — fp(X))?:
0 € ®} is Py-Glivenko—Cantelli and hence

sup |[E(0?|X, Y, 8) — Eo(E(c?X. Y, 0))| = op, (D).
0c®

Also, it can be easily shown that the quantity supg.q |Eo (E(c%X,Y,0)) — 002| —0asn— o0
since

1
Eo(E(c?X, Y. 0)) = of + /O (fod) — o)) g(t)dt
26— D@+ i) — i) g0dn b
n+2a-—2 n+2a-—2

and the parameter space ® is compact and the mapping 6 — fy(-) is continuous. This gives the
first assertion. To see the second assertion, observe that Var(o'2|X, Y, 0)=0n"") as. by the
previous assertion and the fact that the conditional posterior of o2 given 8 is inverse gamma. [
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In view of the previous lemma, we choose the parameter space for y to be ® x U from now
onwards. We show that the condition (6.1) holds by the following lemma.

Lemma 2. For the model induced by Runge—Kutta method as described in Section 3, we have

n
sup |log Hics Pyysty X0 Y0

1
—h'v, A —h"V, h| -0,
hek [T Pyon(Xi, Yi) roBmp ¥ "

2

in (outer) Po(n)-pmbability for every compact set K C RPT! where

—v-! j
Ayy, = VY Gulyyn

0'72V9 0 .
and Vy, =( * 0 0 0;4/2) with

Le o J , .
V%=A(ﬁﬁmmn—QUﬂMmm—ﬁwmh%ﬁmm.

Proof. Let G be an open neighborhood containing y. For y, ¥, € G, we have

[log(py, (X1, Y1)/ Py, (X1, YD)| <m (X1, YDly1 — 12ll,
where m (X1, Y1) is

{|Y1 — fo(XD)|
supl ——————

_ 2
5 ¥ — fo(X1)) 1(&¥kG}

Hfb‘(Xl)” + 2()_—44-?2

which is square integrable. Therefore, by Lemma 19.31 of [25], for any sequence {h,} bounded
in Py-probability,

G (Vs — Lry) — by 2y,) = op, (1).
Using the laws of large numbers and (2.1), we find that

Gy, (\/E(gyo-&-(hn/\/ﬁ) —ly) —h&y) -G, (\/ﬁ(zyw(hn/«/ﬁ),n — o) —hydyon)
is Op, (ﬁr{“) which is op, (1) by the condition (3.3) on r,,. Hence,
Gn (\/’;(Ey(ﬁ(hn/\/ﬁ),n —Lygn) — h”yoﬁ) =op,(1).
We note that
—Polog(py.n/pPyg.n)

1 1
=logo —logo + 252 |:002 +f |fo(t) — fo.r, (t)|2g(t) dti|
o 0
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1

1
20_3 |:O'02-|—/(\) \fO(t)—fao,r,,(l)|2g(t)dt]

(7.1)
1 1 !
=logo —logoy + <20—2 — E) |:002 +/0 |f()(l‘) — foyrn(t)|2g([) df:|

1 1
t3.2 [2/0 (o) = foo.r, ) (fog.r, (1) — fo.r, (1)) g (1) dt

1
2
+ / | fo0.r (©) = fo.5, ()] g(t)dt].
0
Using (3.7), the last term inside the third bracket in (7.1) can be expanded as

(0 —00)" Vo, (0 —00) + O(r, 110 — 8oll) +o(116 — ol1%),

where Vg, = o (£ (1) fo, (1) — Z(fT (Ofo(t) = foy())lo=p,)8 () dr. Also, writing 02 =
of + /0‘ | fo(t) — fa,(t)|>g(t) dt and using (3.7), the first term in (7.1) is given by

L ”—*2—1+1 +l 0—*2—1 +0(r, Yy —voll) +o(lly — oll?)
) g 0_2 ) 02 n y Yo Y Yo
_ (@ —a))?

404

*

+0(r, Yy —voll) +o(lly — voll?).
Hence,

1
Pylog Lrotm/vmn —hIV, h, =o(n"). (7.2)
Pyo.n 2n

We have already shown that

p . p
l’l]P)n log M — Gnh;{e}'o,n — nPO log M

=op,(1). (7.3)
Dyg.n Pyy.n

Substituting (7.2) in (7.3), we get the desired result. O

Now our objective is to prove (6.2). We define the measure Q) (A) = Po(py/py,14) and the
corresponding density g, = popy/py, as given in [17]. Also, we define a measure Q,, , by
Qy.n(A) = Po(py.n/Pyynla) with gy » = popy.n/Py,.n- The misspecified Kullback—Leibler
neighborhood of y is defined as

2
B(e,yqo, Po) = {y e®xU: —P010g< Py.n ) < 62, Po<log< Py.n )) < 62}.

Pyo.n Pyy.n
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By Theorem 3.1 of [17], condition (6.2) is satisfied if we can ensure that for every € > 0, there
exists a sequence of tests {¢,} such that

P ¢, — 0, sup QU (1 = ) — 0. (7.4)
{y:lly—voll=¢}

The above condition is ensured by the next lemma.

Lemma 3. Assume that y is a unique point of minimum of y + —Polog p,,. Then there exist
tests ¢, satisfying (7.4).

Proof. For given y; # y( consider the tests ¢, ,, = 1{P;log(po/gy,n) < 0}. Note that
()

Py 10g(po/dy,.n) = Palog(po/ay,) + Opy(ry*) = Polog(po/qy,) and Polog(po/ay,) =
Polog(py,/py,) > 0 for y; # y by the definition of y. Hence, PO(")qb,,,yl — 0 as n — oo.
By Markov’s inequality we have that

0y (1= dn.y)) = ") (exp{snPylog(po/ay, n)} > 1)
< Q%) exp{snP, log(po/qy, )}
= (Q}’,n(pO/q}’l,n)S)n = (,0(}’17 y,s)+ 0(’,’1—4))'1’

\%

for p(y,v,5) = fpgq;fqy du. By [16] the function s = p (¥, ¥, s) converges to Po(qy,
0) = Po(py, > 0) as s 1 1 and has left derivative Py log(%‘)]l{qyl >0} = Py log(%)]l{pyl >
0

0} at s = 1. Then either Py(py, > 0) < 1 or Py(py, > 0) =1 and Polog(ﬁ—:l)n{pyl >0} =
0

Pylog( %) < 0 or both. In either case it follows that there exists s, < 1 arbitrarily close to 1
0

such that p(¥, ¥, sy,) < 1. Itis easy to show that the map y = p(y,y,sy,) is continuous
at y; by the dominated convergence theorem. Therefore, for every p, there exists an open
neighborhood G, such that

u)’l = Ssup Io(yla )’»Syl) <L

7€Gy,

Theset {y e @ x U : ||y —yoll > €} is compact and hence can be covered with finitely many sets
of the type G, fori =1, ..., k. Let us define ¢, = max;{¢n,y, :i =1, ..., k}. This test satisfies

P(g")q&,, < Zle Po(")qb,,,y,_ — 0, and

,,,,,,,,,,

uniformly in y € Uf-‘zl Gy, . Therefore, the tests ¢, meet (7.4). [l

The proof of Theorem 3.1 of [17] also uses the results of the next two lemmas.
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Lemma 4. Suppose that P()éyoé;() is invertible. Then for every sequence {M,} such that M, —
o0, there exists a sequence of tests {w,} such that for some constant D > 0, € > 0 and large
enough n,

P 0, O i) =PRI
forally € © x U such that |y — yoll = M, //n.

Proof. Let {M,} be given. We construct two sequences of tests. The first sequence is used to test
Py versus {Qy 1y €(O x U)1} with (@ x U)1 ={y e ®xU: M,/ /n<|y —yoll <€} and
the second to test Py versus {Qy , : ¥ € (O xU)} with (@ xU)y ={y € ®Ox U :|ly —pll > €}.
These two sequences are combined to test Py versus {Qy , : |y — yoll = M, //n}.

To construct the first sequence, a constant L > 0 is chosen to truncate the score-function, that

is 43 =0if ||iiy0 || > L and E}IZO = 17,,0 otherwise. Similarly we define il}joyn. We define

Y0
w1 =1{| s — Po)(yOn||>\/Mn/n}.
- T

Since the function é)'o is square-integrable, we observe that the matrices POéyo,neyo,n’

Polyo n(l 0. DT and Poeyo n(lL)y , can be made sulfficiently close to each other for suffi-
ciently large choices of L and n. We ﬁx such an L. Now,

PP w1, =P (|VA®, — Pty | > M)

Yo.n ”
< P (|/n(®, — Po)lyO |* > M,/4)

+ P (| V@ — Po) (i, — 1y, > Ma/4).

The right-hand side of the above inequality converges to zero since both sequences inside the
brackets are stochastically bounded. The rest of the proof follows from the proof of Theorem 3.3

of [17] and Lemma 2. As far as Q;,",)n(l — w1 ) for y € (® x U); is concerned, for all y
09 (| ®s = Py, , || <+/Mu/n)
= 0 (supv! @y — Bk, = /M /)

< 0P @ POE, = T,

where S is the unit sphere in R?*!. Choosing v = (y — Y0)/1l¥ — »oll, the right-hand side of the
previous display can be bounded by

0 ((r =¥ B — Po)y, , < Mu/nlly — yoll)
= Q%(()’o - }’)T(Pn - Qy,n)é;L,O,n >(y - }’O)T(Qy,n - Qyo,n)é;eo,n

— My /nlly = yol).
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where Q,,,,l =0y ! Qy ., and also note that Py = Qy,n = Qyo,n. It should be noted that
@~ 70T By — Opo)ly,
— (Po(py.n/Pyo))” & = ¥ (Po((Pyn/ Pyon — D, )
+(1- Po(py,n/Pyo,n))Poé,L,o,n).
By Lemma 3.4 of [17],

(Po(py ./ Pyon — D) = O0(lly — vol?)

as y — p¢. Using the differentiability of y > log(py n/py,.n) and Lemma 3.4 of [17], we see
that

p R . - L
POH( - —1—(y—ro)Tey0,n)eW
p}’oﬁn

(p”*” —1—log p"’”)iﬁ \
Pyg.n Pygy.n o

Py, i -L
(log L —(y - yo>Tey0,n)em,n

Yo,n

<Pk

(7.5)

+ Py

’

which is o([|ly — y¢ll). Also note that forall y € (® x U);,

—lly = volv/Mu/n = —lly — yoll>(M,)~V/2.

Then we observe that for every § > 0, there exist € > 0, L > 0 and N > 1 such that foralln > N
andall y € (® x U);,

~ ~ .L
¥ =v0) (Qyn— Opy)y, s = VMa/nlly =yl

> —v0) Po(lyynty, ) ¥ —vo) —8lly — vol*.

Denoting A(y) = (y — yO)TPo(@VO’n@}{O’n)(y — ¥o) and using the positive definiteness of
Py (@VO, n@;{)’ ,) for sufficiently large n, there exists a positive constant ¢ such that —§||y —y, 1% >

—38/cA(y). Also, there exists a constant r(§) which depends only on Py (Zyo,,,é;()’n) and has the
property that r(§) — 1 if § — 0. We can choose such an r(§) to satisfy

~ . L
09, (1= w1,) <OV (o — ) Pu— Oy )y, , = r(OAW)),

for sufficiently small €, sufficiently large L and n, making the type-II error bounded above by

the unnormalized tail probability Q;,",L(W,, >r(§)A(y)) where W; = (y — )’o)T(éio,n(Xi’ Y —
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Q;,,,,é}L,O,n), (1 <i <n). We note that Qy,nWi =0 and W; are independent. Also,

Wil <1y = 7oll (10 X0 Y0 | 4| @yt o |) < 2LV + Ty =yl
Then we have
VarQM Wi
=@ = v [Oyully,, (€5 )7) = Oyl ,0yu(iL ) 1 — o)
<=0  Oyal(lt (5 ) -0
= (Po(py.n/Prom) " @ = ¥0) Po((Byn/ Pyon — DAL 1 (8 )T )@ = 7o)
+ (Po(pyn/Pyom) " @ = o) Poly, u(ly, )" )@ = ¥0).

The first term on the right-hand side above is o(||y — y0||2) by similar argument as in (7.5). Then
it follows that Var Oy W; < s(8)A(y) for small enough € and large enough L, where s(6) — 1

as§ — O0fori=1,...,n. We apply Bernstein’s inequality to obtain
Q;",Lu —o10) = [Qyul" QU (Wi + -+ Wy = nr(§)A®»))
1 r2($)nA(y)
< 1Qyal" exp( )
- 250) + LSLYp + Ly — yolir(s)

We can make the factor ¢(8) = r2(8)(s(8) + 1.5L/p + 1|y — yo||r(<3))’1 arbitrarily close to 1
for sufficiently small § and €. By Lemma 3.4 of [17], we have

E >2—|—0(||y —yol?)

Yo.n

p 1 p
10y nll = 14 Pylog =X~ +—Po<10g z
Yo.n 2

p 1 . .T
<1+ Pylog py =+ 20 =70 Polbyonty, ) ¥ —vo) +o(ly = vol?)
Yo.n

1 1
< 1= 20 =70 Vi, = v0) U ®AP),

for some constant u(8) such that u(8) — 1 as § — 0 for large n. Using the inequality 1 4+ x < e*
for all x € R, we have, for sufficiently small ||y — pqll,

Q§">(1—w1n><exp<——<y 7o) Vyo (v —v0) + 5 (u<s>—t<8>)A(y>>

Clearly, u(8) —t(6) — 0 as 6 — 0 and A(y) is bounded above by a multiple of ||y — )’0”2-
Utilizing the positive definiteness of V), , we conclude that there exists a constant C > 0 such
that for sufficiently large L and n and sufficiently small € > 0,

0 (1 — w1.) < exp(=Cnlly — yol).
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By the assumption of the theorem, there exists a consistent sequence of tests for Py versus Qy
for ||y — y¢ll > €. Now by Lemma 3.3 of [17], there exists a sequence of tests {w3 ,}such that

P\ (@2,0) < exp (—nCy), sup QW) (1 — wa.n) < exp(—nCa).
ly—voll=e

We define a sequence {{,} as ¥, = w1,V wy,, forall n > 1, in which case Pé")lpn < Pén)a)l,n +
Pé")a)z,n — 0 and

sup OV)(1—y)= sup QW (I—v)Vv sup QW1 —n)
ye®xU ye(OxU); ye(©®xU),

< sup OV (—wi)V sup OV (1—wn).
y€(©xU); ye(©xU);

Combining the previous bounds, we get the desired result for a suitable choice of D > 0. (]

Lemma 5. There exists a constant K > 0 such that the prior mass of the Kullback—Leibler
neighborhoods B(ey, y . Po) satisfies I1(B(en, . Po)) > Ke,l;, where €, > n=1/2,

Proof. From the proof of Lemma 2, we get

—Polog(py.n/Pyen) = O(Ily = ¥oll>) + O(lly = volir, ) < cilly — voll* + c2lly — vollen

for sufficiently large n and positive constants ¢ and ¢;. Again, Py (log(p},,,,/p},o,n))2 <clly —

yo||2 for some constant ¢3 > 0. Let ¢ = min((2¢;)~V/2, (2cz)’],c3_1/2). Then {y € ® x U :
ly — voll <cen} C B(en, ¥, Po). Since the Lebesgue-density 7 of the prior is continuous and
strictly positive in y, we see that there exists a 8’ > O such thatforall0 <§ <8, [I(y e @ x U :
ly —voll <6) > %Vn(yo)ép“ > 0, V being the Lebesgue-volume of the (p + 1)-dimensional
ball of unit radius. Hence, for sufficiently large n, ce,, < 8’ and we obtain the desired result. [

The next lemma is used to estimate the bias of the Bayes estimator in RKTB.
Lemma 6. For m > 2 and n'/®™ « k, < n'/?,

SlltlJp1J|E(f(t)|X’ Y.0%) = fo)|* = Op, (2 /n) + Oy (k2"
telo,

Proof. By (3.11),

T _ -1
E(f(0DIX,Y,02) = (N®)" (XIX, 4+ knn M pm—1)  XLY. (7.6)
By Lemma 12 in the Appendix, we have uniformly over ¢ € [0, 1],

_ kn
(N@)" (XIX,) " 'N@) = 2 (1 + 0y (1)) (7.7)

n
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Since fy € C™, there exists a B ([7], Theorem XI1.4, page 178) such that

sup |f0(l)—(N(t)) B*| = 0(k;™). (7.8)

telo,

We can bound sup, [0 11 [E(f ()X, Y, 02) —fo (t)|2 up to a constant multiple by

up E(f ()X, Y,02) — (N®) (XIX,) ' XTY[?
te

+ sup [(NO)(X]X0) "X (Y = fo0w)
tel0,
(7.9)

+ sup |(N@)" (XTX,) 7'XT (fox) — X, 8%) [
te(0,1]

+ sup [fo() — (N)" B*[.
tel0,1]

Using the Binomial Inverse theorem, the Cauchy—Schwarz inequality and (7.7), the first term of
(7.9) can be shown to be Op, (k,? / n8). The second term can be bounded up to a constant multiple

by

max |(N(s0)" (XIX,.) "' X e

1<k<n
, B 5 (7.10)
+ sup (N =N() (XIX,) X]el|”,
t,t"|t—t'|<n—1
where sy = k/n for k =1, ..., n. Applying the mean value theorem to the second term of the

above sum, we can bound the expression by a constant multiple of

max |(N(sk))T(XZX,1)71XZ | + sup —|(N(])(t)) (X;X,1)71X£e|2.
1<k<n tef0,11 7

By the spectral decomposition, we can write X, (X! Xn)_IXZ =PTDP, where P is an orthogonal
matrix and D is a diagonal matrix with k,, +m — 1 ones and n — k,, —m + 1 zeros in the diagonal.
Now using the Cauchy—Schwarz inequality, we get

max |(N(si)” (XIX,,) " X e|?

1<k<n

< max {(NGs0)" (X7X,) " N(si) }e"PTDPe.
1<k<n
Note that Varo(Pe) Eo(Var(Pe|X)) + Varg(E(Pe|X)) = Ik +m—1. Hence, we get
Eo(eTPTDPe) = o 2(k, +m — 1). In view of Lemma 12, we can conclude that the first term
of (7.10) is Op, (k,zl/ n). Again applying the Cauchy—Schwarz inequality, the second term of
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(7.10) is bounded by
sp {5 (NO0)T (K7%) N0 e,
tefo,11L 7

which is Op, (n(ks/n3)) = Op, (kS/nz), using Lemma 12. Thus, the second term of (7.9) is
Op, (k,% /n). Using the Cauchy—Schwarz inequality, (7.7) and (7.8), the third term of (7.9) is
Op, (k,i_zm). The fourth term of (7.9) is of the order of k,; 2m a5 a result of (7.8). O

The following lemma controls posterior variability in RKTB.

Lemma 7. Ifm >2 and nt/@m « k, < nl/?, then for all € > 0,

n:( sup | £(1) = fo(t)| > e|X,Y,02) = op,(1).
t€[0,1]

Proof. By Markov’s inequality and the fact that |a + b|? < 2(la|* + |b|?) for two real numbers
a and b, we can bound I} (sup, ¢ 17 | f (1) — fo(®)| > €|X, Y, o?) by

22| sup [E(FOIX. Y. 0%) = fon)|?
1€[0,1] (7.11)

—i—E[ sup | £(1) —E(f@0)IX, Y, 02)PIX, Y, 02]}.
1€[0,1]

By Lemma 6, the first term inside the bracket above is Op,(k2/n) + Op,(k}=2™). For &* :=

XI Xy A kT )8 — (XIXy + kT em-)"XLY, we have %X, Y, 02 ~
N(0, 02Ty, +m—1). Writing

sup | (1) ~E[f X Y. 02]| = sup [(N))" (XIX, + kun g, 1)~ e
tel0,1] tel0,1]

and using the Cauchy—Schwarz inequality and Lemma 12, the second term inside the bracket in
(7.11) is seen to be Op, (k,% /n). By the assumed conditions on m and k;,, the lemma follows. [J

The next lemma proves the posterior consistency of @ using the results of Lemmas 6 and 7.

Lemma 8. Ifm > 2 and n'/®™ « k, < n'/?, then for all € > 0, IT: (|0 — 0ol > €IX,Y, 0?) =
op,(1).

Proof. By the triangle inequality,

[Rrn(m) = Ry < [ fO) = O, + [ for, ) = 1O,

<c} sup [£(0) — fo)| +chrt,
te[0,1]
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for appropriately chosen constants ¢} and ¢}. For a sequence 7, — 0, define

T, = [f: sup | f(t) — fo()| < rn}.

tel0,1]

By Lemma 7, we can choose T, to satisfy IT(7,{|X, Y, 0?) = op,(1). Hence for f € T,,

sup|Rf’,,(n) — Rfo(n)| < c;rn + c’zrn_4 =o(1).
ne®

Therefore, for any § > 0, IT;; (sup,ce |Rr.n (1) — R ()] > 81X, Y, o) = op,(1). By assumption
(3.12), for ||@ — 0¢|| > € there exists a § > 0 such that

8§ <Ry (0) — Ry (00)
<Rz (0) — Rpu(0) + Rrn(00) — Ry, (00)

<2sup|Rs,(n) — Ry ().
neove

since Ry, (0) < Ry,,(8p). Consequently,

I (16 — 0ol > €IX, Y, 0?)
<1 (sup|Rf,n(n) — Ry ()| > 6/21X. Y, 02)
new

=op,(1). m

In the following lemma, we approximate /7(6 — 0¢) by a linear functional of f which is later
used in Theorem 4.2 to obtain the limiting posterior distribution of /7(8 — 0).

Lemma 9. Let m be an integer greater than or equal to 2 and n'/ ™ « k, <« n'/?. Then there
exists E, € C™((0, 1)) x ®@ with IT(ES|X, Y, 0?) = op,(1), such that uniformly for (f,0) € E,,

[Vr® —60) — 3! V(L) = T(fo)| S /nry?, (7.12)
where T(2) = [ (fo, ()T 2(1)g(t) dt.
Proof. By definitions of § and 6,

l .
/0 (fora ) (£ (1) = for,(0))g(0)d1 =0, (7.13)

1
/0 (fa®)" (fo®) = foo () g () dt = 0. (7.14)
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We can rewrite (7.13) as
1 1
/0 (fao @) (£ = fo))g()dt + fo (fo) = fay ) (F(0) = fo())g(@)dt
1
+ /0 (o @) — f50)" (f(0) = fo())g(0) dt

1
0

+ / (fo.r, (f))T(fo(f) — fo.n,(1))g®)dt =0.

Subtracting (7.14) from the above equation, we get
/O l(feo ®)" (f() — fo)g@)dr — /0 1(feo ®)" (fot) = foo())g()dt
+ /O l(f'e(t) — fn @) (f () = fo))g ) dr
+ fo 1(f9.rn 0 = fo)" (f() — fo0)g(0)dt

1 .
+f0 (fora @) (o) = fo.r, () g(0) dr = 0.

Replacing the difference between the values of a function at two different values of an argument
by the integral of the corresponding partial derivative, we get

M(f, 0)(8 — 89)
1
= /0 (Fao ) (F) = fo))g)d1
1
+ /0 (fo.rn @ — fo) (f () — fo@))g () dt

1
+ /0 (Fo.rn @) (fo0) = fo.r, (0)g(@)dt,

where M(f, 6) is given by

1 el
/0 fo (foo )" foptri0-00) (1) drg(t)dt
1ol
—/0 /0 Jo0+20-00) ) (fo (1) — fo, (1)) dAg (1) dt

1 1
- /0 fo Tog+10-80) (1) (fo, (1) — fo(1)) drg(r)dt
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1 1 .
_/o /0 Joo+2.0-00) (O (f @) — fo(t)) drg(t) dt

1 pl
_/o /0 (fo(r) — feo(f))Tf60+A(0—oo)(f)d)»g(t)dﬁ
For a sequence € — 0, define

Ev={(£.0): sup |f() = fo)| < en. 10~ B0l <& }.
tel0,1]

By Lemmas 7 and 8, we can choose ¢, so that IT!(E-|X,Y, 02) = op,(1). Then, M(f,9) is
invertible and the eigenvalues of [M(f, #)]~! are bounded away from 0 and oo for sufficiently
large n and ||(M(f, )1 — J;OI Il =o(l) for (f,0) € E,. Using (2.1), on E,

Vn(0 —0o)
1
=(J + o(l))(ﬁ /0 (fa®)" (£ = fo®)g®)dr + O(ﬁrn“)).

Note that /nJg, (T (f) — T (fo)) = /nHI B — \/r_zJ(joll"(fo). It was shown in the proof of The-
orem 4.2 that for a given o2, the total variation distance between the posterior distribution of
JnHI g — \/ﬁJgol T'(fo) and N (p,,, 0>%,,) converges in Py-probability to 0. By Lemma 10, both

I, and X, are stochastically bounded. Thus the posterior distribution of J 0_01 (@ (f) =T (fo)
assigns most of its mass inside a large compact set with high true probability. |

The next lemma describes the asymptotic behavior of the mean and variance of the limiting
normal distribution given by Theorem 4.2.

Lemma 10. The mean and variance of the limiting normal approximation given by Theorem 4.2
are stochastically bounded.

Proof. First, we study the asymptotic behavior of the matrix Var(w,|X) = X, = nH! x
(XI'X,))"'H,. If Cx(-) € C™" (0, 1) for some 1 < m* < m, then by equation (2) of [7], page 167,
we have forallk=1,..., p,

sup{|Cr(t) — Cx ()| : 1 € 10,11} = O (k; 1),

n

where Ci(-) = ot,{N(-) and OtkT = (Cr(t]), ..., Ck(t,j‘ner_l)) with appropriately chosen ¢}, ...,

* : TxTx \—1
Yy tm—1- We can write H,, (X, X,,)” " H,, as

(Hn - I:In)T(X;Xn)il (Hn - ﬁn) + I:I,{ (X;Xn)ilﬁn

+ (Hn - ﬁn)T(X;Xn)ilﬁn +I:I,7;(X,7;Xn)7] (Hn - ﬁn)a
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where the kth row of I:I,{ is given by fol ék(t)(N(t))Tg(t) dt for k=1,..., p. Let us denote
A= (ay,...,ap). Then

H; (X)X,)"'H,

1 XTX -1 1
:n_lAT</ N(t)NT(t)g(t)dt> ("T"> <f N(t)NT(t)g(t)dt)A.
0 0

We show that
1 XTX -1 1
AT (/ N(t)NT(t)g(t)dt) <”T”) </ N(t)NT(t)g(t)dt)A
0 0
1
—AT(/ N(t)NT(t)g(t)dt)A
0

converges in Pp-probability to the null matrix of order p. Foral e R?, let ¢ = ( fol N@NT (1) x
g(t)dt)Al Then we can write

T T( ! T sz’l - ! T
I’A / N(HN (t)g(t)dt) (T) (/ N(HN (t)g(t)dt)Al
0 0

T
as cT(@)_lc. Let us denote by O, the empirical distribution function of X1, ..., X,. Note

that
T 1
e (@)c —cr </ NONT (1H)g (1) dt)c
0

< sup |Qn(1) = G()c"e sup [N
t€l0,1] t€[0,1]

=0p(n"*)ce
1
= 0py(n"%ky)e” (/ NONT (H)g(r) dt)c,
0
the third step following from Donsker’s theorem and the fact that
2
sup ”N(t) || <l1.
1€[0,1]

In the last step we used the fact that the eigenvalues of the matrix fol NN (1)g(t)dt are
O (k; 1) as proved in Lemma 6.1 of [29]. In that same lemma, it was also proved that the eigenval-

ues of the matrix (X,{ X, /n) are Op,(k,; 1), Both these results are applied in the fourth step of the
next calculation. Using the fact that IR™Y =S~ < ISTYIIR = S|IIIS™Y| for two nonsingular
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matrices R and S of the same order, we get

T -1 1 -1
J(%) c—cT</ N(r)NTu)g(r)dr) c
0

XX, \ !
=0p0(n_1/2kn)cT("—"> c

n

1 T -1
= Opy(n™ "k )ITAT (f NN (1)g(1) dt) (%)
0

1
x ( / N(ONT (1)g (1) dt)Al
0
= Op, (0" kn )k, 1T AT Al = 0 (1).

Now note that the (i, j)th element of the p x p matrix AT(fO1 NN (1)g(t) dt)A is given by
Ji C:()C;(1)g(1) dt, which converges to [ C;(1)C;(1)g(t)dt, the (i, j)th element of the matrix
Jo €COCT (1)g(t)dr which is Iy [ (fo, ()7 fo,(1)g(t) dr (Jg)T . Let us denote by 1, +m1

the (k, +m — 1)-c0mponept vector with all elemqnts 1. Thenfork=1,..., p, the kth diagonal
entry of the matrix (H, — H,,)” (X! X,)~!(H, — H,) is given by
1 1
/0 (Cet) — Co(0) (NO) g1y dr (XIX,) ™" /0 (CLt) — Co(0) (N)) g (1) di
1! - _
= ;fo (Ck(t) — ck(r))(N(t))Tg(t)dz(x,{xn/n) !
1
x /0 (Ck(1) = Ce)N(g (1) dt
kn ! = T
< 7/0 (Cr(t) = Ck(@)) (N()) " g(1) dt

1
x /0 (Cr(r) — CL()N(g (1) dr

1

nky,

the last step following by the application of the Cauchy—Schwarz inequality and the facts that
sup{|Cx(t) — Ce()| :t €[0,1]} = O(kn_l) and fol IN(®)||>dt < 1. Thus, the eigenvalues of
H, —H,)" (XI'X,)~'(H, — H,) are of the order (nk,)~" or less. Hence,

1
nH] (XIX,)"'H, 2 I /O (fo,0)" fo, (g0 dt ()"
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Thus, the eigenvalues of X, are stochastically bounded. Now note that
E(,1X) = vaH] (X]X,)) 7' X] fo(X) = v/nJg ' T (f0)
= VaH} (X0 X,) T X] (fo(X) — X, 87)
+ «/Z/O] COH(NT)B* = fo(t))g(t)dt.
Using the Cauchy—Schwarz inequality and (7.8), we get

|E(u, X0 | S o/ maxeig(HI (XIX,) " H,) /2 /nk,™ + /nk;™
= Op,(Vnk,™) = o, (1).

Thus, Z, := ||E([L,1|X)||2 + maxeig(Var(u,,|X)) is stochastically bounded. Given M > 0, there

exists L > 0 such that sup, Po(Z, > L) < M~2. Hence for all n, Po(llpm, || > M) is bounded

above by M~2Eo[E(||i,,||*|X)1{Z, < L}] + Py(Z, > L) which is less than or equal to (L +

1)/M?. Hence, ,, is stochastically bounded. O
In the next lemma, we establish the posterior consistency of 2.

Lemma 11. For all € > 0, we have l'[:;(|a2 — 002| > €|X,Y) =o0p(1).

Proof. The joint density of Y, 8 and o2 is proportional to

1
o" exp{—ﬁw —X,B)7 (Y - Xnm}

e 1 b e
N kn +lexp{_7ﬂTﬂ}eXp(_p>(o_2) 1’

2n2k; o2

which implies that the posterior distribution of o2 is inverse gamma with shape parameter n/2 +a
and scale parameter

IYTY =YX, (XI X,y + kon 2Ty me1) XL Y} +b.

N =

Hence, the posterior mean of o2 is given by

SOVTY = YTX, (XX, + kX 1 —1) "' XD Y} + b

B(e*X,Y) = n/24+a—1

3

which behaves like the n= (Y'Y — YT X,,(XTX,, + kyn2Ig, +m—1) "' XTY) asymptotically.
The later can be written as

n (YT (I = P )Y + YT (Px, — X (XI Xy + iy 2Hi 1 1) X0)Y),
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P
where Px, = X, (X2'X,,)~'X. We will show that n='Y” (I, — Px,)Y = o and n~'Y" (Px, —

X, (XX, +kyn 2T, 4m—1) "' XT)Y = 0p, (1) and hence E(o2|X, Y) hil of. UsingY = fo(X)+
&, we note that

Y1, —Px,)Y =T (I, — Px,)e + foX)T (I, — Px,) fo(X)
+2e7 (1, —Px,) foX).

We show that &7 (I, — Px,)e/n ki ol n~ ! foX)T @, — Px,) foX) =op,(1) and n~LeT (I, —
Px,) fo(X) =o0p,(1). Now, Eo(eT (X, — Px, )e/n) — O'g as n — 00. Also,

Varg(e” (I, — Px,)e/n) = n~*(Eo Var(e” (I, — Px,)e|X)
+ VargE(e” (I, — Px,)e|X)).

Now
Var(e” (I, — Px,)e[X) = (ua — 03 ) (n — ky —m + 1)
E(e’ (I, — Px,)elX) = of(n —ky —m + 1),
14 being the fourth order central moment of ¢; fori =1, ..., n. Hence,

Varo(eT(I,, —Pxn)e/n) —0 as n — oQ.
P
Thus, e (I, — Px,)e/n =2 og. We can write for B* satisfying (7.8)

AT @y = Px,) foX) = (foX) — X, %) 4y = Px,) (foX) — X, %)

S/ n k;Zm ,
since (I, — Px, )X, = 0. Using the Cauchy—Schwarz inequality, we get

[nteT (1, — Px,) foX)| = [n e (X, — Px,) (foX) — X, 8%)|

< \/€T€/”k;m =opy(D).

By the Binomial Inverse theorem,

_ —1 _ -1
PXn - X, (ngn + kyn 2Ik,,+m—l) XZ; =kyn 2Xn (Xz;xn)
T -1 kn -
X Ik,,+m—1 + (Xn Xn) )

x (X1X,) "X
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whose eigenvalues are of the order k,n 2nk;'k2n=? = k2n—3. Hence, the random vari-
able Y/ (Px, — X,,(XIX,, + k,n Xy, +m—1)"'XT)Y/n converges in Py-probability to 0 and

E(02X, Y) 22 62. Also,
Var(o?|X, Y) = (E(0?1X, Y))’/(n/2 +a —2) = op, (1).

By using the Markov’s inequality, we finally get 1'[;,‘(|62 — 002| > €]|X,Y) = op,(1) for all
€>0. ([l

Appendix
The following result was used to prove Lemmas 6, 7and 10.

Lemma 12. For any 0 <r <m — 2, there exist constants Lmax > Lmin > 0 such that uniformly

int €[0,1],
Lo 2k2r+l _ L 2k2r+1
m“‘“n " (14o0p,(1) < (N? 1)) (XIX,)'NO (1) < maxaf"(l +opy(1)).

The proof is implicit in Lemma 5.4 of [30].
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