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Given random samples drawn i.i.d. from a probability measure [P (defined on say, R4 ), it is well-known that
the empirical estimator is an optimal estimator of P in weak topology but not even a consistent estimator of
its density (if it exists) in the strong topology (induced by the total variation distance). On the other hand,
various popular density estimators such as kernel and wavelet density estimators are optimal in the strong
topology in the sense of achieving the minimax rate over all estimators for a Sobolev ball of densities.
Recently, it has been shown in a series of papers by Giné and Nickl that these density estimators on R that
are optimal in strong topology are also optimal in || - || = for certain choices of F such that || - || 7 metrizes the
weak topology, where ||P|| z := sup{/ f dP: f € F}. In this paper, we investigate this problem of optimal
estimation in weak and strong topologies by choosing F to be a unit ball in a reproducing kernel Hilbert
space (say Fp defined over R¥), where this choice is both of theoretical and computational interest. Under
some mild conditions on the reproducing kernel, we show that || - || 7, metrizes the weak topology and the

kernel density estimator (with L optimal bandwidth) estimates P at dimension independent optimal rate of
nYZin - Fy, along with providing a uniform central limit theorem for the kernel density estimator.

Keywords: adaptive estimation; bounded Lipschitz metric; exponential inequality; kernel density
estimator; Rademacher chaos; reproducing kernel Hilbert space; smoothed empirical processes; total
variation distance; two-sample test; uniform central limit theorem; U-processes

1. Introduction

Let X1,..., X,, be independent random variables distributed according to a Borel probability
measure [P defined on a separable metric space X with P, := %Z:le dx, being the empirical
measure induced by them. It is well known that P, is a consistent estimator of [P in weak sense as

n — oo, that is, for every bounded continuous real-valued function f on X, [ f dP, = [ fdP
as n — oo, written as P, ~» IP. In fact, if nothing is known about P, then PP, is probably the
most appropriate estimator to use as it is asymptotically efficient and minimax in the sense of
van der Vaart [37], Theorem 25.21, equation (25.22); also see Example 25.24. In addition, for
any Donsker class of functions, F, |P, — P|| 7 = Op(n~'/?), where

fdeP’n—/fdP’,

—1/2

IP, — Pll 7 := sup
feF

that is, PP, — P is asymptotically of the order of n uniformly in F and the processes
f ﬁf fd(P, —P), f € F converge in law to a Gaussian process in £°°(F), called the IP-
Brownian bridge indexed by F, where £*°(F) denotes the Banach space of bounded real-valued
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functions on F. On the other hand, if P has a density p with respect to Lebesgue measure (as-
suming X’ = R9), then P,,, which is a random atomic measure, is not appropriate to estimate p.
However, various estimators, p, have been proposed in literature to estimate p, the popular ones
being the kernel density estimator and wavelet estimator, which under suitable conditions have
been shown to be optimal with respect to the L™ loss (1 < r < 00) in the sense of achieving the
minimax rate over all estimators for densities in certain classes (Devroye and Gyorfi [8], Hardle
et al. [22], van der Vaart [37]). Therefore, depending on whether P has a density or not, there are
two different estimators (i.e., P, and p;,) that are optimal in two different performance measures,
that is, || - || 7 and L". While IP,, is not adequate to estimate p, the question arises as to whether
P? defined as P (A) := f 4 Pn(x) dx for every Borel set A C R4, estimates PP as good as PP, in

the sense that ||P* — P|| = = Op(n~'/?), that is,

=0p(n'/?), (1.1)

f FOOpn () dx — / FOOPG) dx

sup
feF

and whether the processes f > /n [ f(x)(p, — p)(x)dx, f € F converge in law to a Gaussian
process in £°°(F) for P-Donsker class, F. If p, satisfies these properties, then it is a plug-in
estimator in the sense of Bickel and Ritov [6], Definition 4.1, as it is simultaneously optimal in
two different performance measures. The question of whether (1.1) holds has been addressed for
the kernel density estimator (Yukich [41], van der Vaart [36], Giné and Nickl [15]) and wavelet
density estimator (Giné and Nickl [17]) where a uniform central limit theorem as stated above
has been proved for various P-Donsker classes, F (and also for non-Donsker but pre-Gaussian
classes in Radulovi¢ and Wegkamp [27] and Giné and Nickl [15], Section 4.2). For a P-Donsker
class F, it easy to show that (1.1) and the corresponding uniform central limit theorem (UCLT)
hold if |P* — P, || 7 = op(n~'/?), that is,

sup =op(n'/?). (1.2)

feF

Several recent works (Bickel and Ritov [6], Nickl [26], Giné and Nickl [15,17-19]) have shown
that many popular density estimators on X = R, such as maximum likelihood estimator, kernel
density estimator and wavelet estimator satisfy (1.2) if F is P-Donsker — the Donsker classes
that were considered in these works are: functions of bounded variation, {1 (— ;: € R}, Holder,
Lipschitz and Sobolev classes on R. In other words, these works show that there exists estimators
that are within a || - || 7-ball of size op(n~'/2) around P, such that they estimate P consistently
in || - || = at the rate of n~/2, that is, they have a statistical behavior similar to that of P,.

The main contribution of this paper is to generalize the above behavior of kernel density esti-
mators to any d by showing that P can be estimated optimally in || - || 7, using a kernel density
estimator, p, (with L' optimal bandwidth) on R? where under certain conditions on K, || - || Fu
with

/f(X)Pn(X)dx—/f(X)dPn(X)

Fu:={f RS Rl fll, <1: feHikek) (1.3)

metrizes the weak topology on the space of Borel probability measure on R?. Here, 7; de-
notes a reproducing kernel Hilbert space (RKHS) (Aronszajn [2]); also see Berlinet and Thomas-
Agnan [5] and Steinwart and Christmann [35], Chapter 4, for a nice introduction to RKHS and
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its applications in probability, statistics and learning theory — with k : R? x R? — R as the repro-
ducing kernel (and, therefore, positive definite) and /C is a cone of positive definite kernels. To
elaborate, the paper shows that the kernel density estimator on R? with an appropriate choice of
bandwidth is not only optimal in the strong topology (i.e., in total variation distance or L') but
also optimal in the weak topology induced by || - || 7,, (i.e., has a similar statistical behavior to
that of IP,)). On the other hand, note that P, is an optimal estimator of P only in the weak topol-
ogy and is far from optimal in the strong topology as it is not even a consistent estimator of P.
A similar result — optimality of kernel density estimator in both weak and strong topologies —
was shown by Giné and Nickl [16] for only d = 1 where F is chosen to be a unit ball of bounded
Lipschitz functions, Fgr on R, defined as

Fovi={ £ 89 Bl i sup| o) 4w LRI <o)

xeRd x#y lx — yll2

with | - ||2 being the Euclidean norm. In comparison, our work generalizes the result of Giné and
Nickl [16] to any d by working with Fp .

Before presenting our results, in Section 3, we provide a brief introduction to reproducing
kernel Hilbert spaces, discuss some relevant properties of || - || 7, and provide concrete examples
for Fp through some concrete choices of /C. We then present our first main result in Theorem 3.2
which shows that under certain conditions on C, || - || 7, metrizes the weak topology on the
space of probability measures. Since [P, is a consistent estimator of P in weak sense, we then
obtain a rate for this convergence by showing in Theorem 3.3 that | P, — P|| 7, = Oa_s_(n’l/ 2)
by bounding the expected suprema of U-processes — specifically, the homogeneous Rademacher
chaos process of degree 2 — indexed by a uniformly bounded Vapnik-Cervonenkis (VC)-subgraph
class K (see de la Pefia and Giné [7], Chapter 5 for details on U-processes). Since Theorems 3.2
and 3.3 are very general, we provide examples (see Example 2) to show that a large family of
IC satisfy the assumptions in these results and, therefore, yield a variety of probability metrics
that metrize the weak convergence while ensuring a dimension independent rate of n~!/2 for IP,
converging to IP.

In Theorem 4.1, we present our second main result which provides an exponential inequality
for the tail probabilities of ||, — P,|l 7, = P, * K, — .|l 7,,, where P, * K}, is the kernel
density estimator with bandwidth %, % represents the convolution and K, = h~¢K (-/ h) with
K :R? — R. The proof is based on an application of McDiarmid’s inequality, together with
expectation bounds on the suprema of homogeneous Rademacher chaos process of degree 2, in-
dexed over VC-subgraph classes. For sufficiently smooth reproducing kernels (see Theorem 4.1
for details), this result shows that the kernel density estimator on R4 is withina || - | Fy,-ball of size
op(n~'/2) around P, (which means Fy ensures (1.2)) and, therefore, combining Theorems 3.2
and 4.1 yields that the kernel density estimator with L' optimal bandwidth is a consistent estima-
tor of IP in weak sense with a convergence rate of n~'/2 (and hence is optimal in both strong and
weak topologies). We then provide concrete examples of X in Theorem 4.2 (also see Remark 4.3)
that guarantee this behavior for the kernel density estimator. Giné and Nickl [16] proved a similar
result for Fpr, with d = 1 which can be generalized to any d > 2 using Corollary 3.5 in Sripe-
rumbudur et al. [31]. However, for d > 2, it can only be shown that the kernel density estimator
with L' optimal bandwidth is within || - || 7, -ball of size op(n~/9) — it is op(/Togn//n) for
d =2 — around P, instead of op(n—1/%) as with || - 7y -
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Now given that (1.1) holds for F = Fpy (see Theorem 4.1 for detailed conditions and Theo-
rem 4.2 for examples), it is of interest to know whether the processes f + /n [ f d(P, * K —
P), f € Fu converge in law to a Gaussian process in £°°(Fg). While it is not easy to verify the
P-Donsker property of Fg or the conditions in Giné and Nickl ([15], Theorem 3) which ensure
this UCLT in £°°(Fp) for any general K that induces Fp, in Theorem 4.3, we present concrete
examples of KC for which Fg is P-Donsker so that the following UCLT's are obtained:

Py —P) ~po(r,) Gp and  /n(Py * Kj —P) ~ (7, Gp,

where Gp denotes the P-Brownian bridge indexed by Fp and ~ e (F,,) denotes the convergence
in law of random elements in £°°(Fp). A similar result was presented in Giné and Nickl ([16],
Theorem 1) for Fpp with d = 1 under the condition that IP satisfies fR |x |2 dP(x) < oo for
some y > 1/2, which shows that additional conditions are required on PP to obtain a UCLT while
working with Fpr in contrast to Fy where no such conditions are needed.

While the choice of Fp is abstract, there are significant computational advantages associated
with this choice (over say Fpr ), which we discuss in Section 5, where we show that for certain /C,
it is very easy to compute ||P, * K, — P, || 7, compared to ||P, * K, — P, || 7, as in the former
case, the problem reduces to a maximization problem over R in contrast to an infinite dimensional
optimization problem in Fpr. The need to compute ||P, * Kj, — P, || £ occurs while constructing
adaptive estimators that estimate [P efficiently in F and at the same time estimates the density of
P (if it exists, but without a priori assuming its existence) at the best possible convergence rate in
some relevant loss over prescribed class of densities, for example, sup-norm loss over the Holder
balls and L'-loss over Sobolev balls. The construction of these adaptive estimators involves
applying Lepski’s method (Lepski, Mammen and Spokoiny [23]) to kernel density estimators that
are within a || - || 7-ball of size smaller than n~!/? around PP,,, which in turn involves computing
P, * K, — P, || = (see Giné and Nickl [16], Theorem 1, [18], Theorem 2 and [19], Theorem 3).
Along the lines of Giné and Nickl [16], Theorem 1, in Section 5, we also discuss the optimal
adaptive estimation of IP in weak and strong topologies.

Various notation and definitions that are used throughout the paper are collected in Section 2.
The missing proofs of the results are provided in Section 6 and supplementary results are col-
lected in the Appendix.

2. Definitions and notation

Let X be a topological space. £°(X) denotes the Banach space of bounded real-valued func-
tions F' on & normed by || F|x :=sup,cy |F(x)|. C(X) denotes the space of all continuous
real-valued functions on X'. Cj(X) is the space of all bounded, continuous real-valued functions
on X. For a locally compact Hausdorff space, X, f € C(X) is said to vanish at infinity if for
every € > 0 the set {x € X': | f(x)| > €} is compact. The class of all continuous f on X which
vanish at infinity is denoted as Co(X’). The spaces Cp(X) and Co(X') are endowed with the uni-
form norm, || - || -, which we alternately denote as || - ||co- Mi (X) denotes the space of all Borel
probability measures defined on & while My (X’) denotes the space of all finite signed Borel
measures on X. L (X, u) denotes the Banach space of r-power (r > 1) u-integrable functions
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where p is a Borel measure defined on X'. We will write L" (X) for L (X, u) if w is a Lebesgue
measure on X C R?. w3 (R?) denotes the space of functions f € L' (R?) whose partial deriva-
tives up to order s € N exist and are in L' (R?). Fpr denotes the unit ball of bounded Lipschitz
functions on X = R? as shown in (1.4). A function k: X x X — C is called a positive definite
(p.d.) kernel if, for all n € N, («y,...,a,) € C"* and all (xq, ..., x,) € X", we have

n
Z a;ojk(x;, x;) >0,
ij=1

where « is the complex conjugate of o € C. Hj denotes a reproducing kernel Hilbert space
(RKHS) (see Definition 1) of functions with a positive definite k as the reproducing kernel and
(-, )21, denotes the inner product on Hy. Fy denotes the unit ball of RKHS functions indexed by
a cone of positive definite kernels, K as shown in (1.3). The convolution f * g of two measurable
functions f and g on R? is defined as (f * g)(x) := fRd f(y)g(x — y)dy, provided the integral
exists for all x € RY. Similarly, the convolution of u € My (Rd) and measurable f is defined as

(f %) (x) = /Rd S —y)du(y)
if the integral exists for all x € R4, For fe Ll(Rd ), its Fourier transform is defined as
Foy=@n? / Fle YT gy
]Rd

A sequence of probability measures, (IP(;))nen is said to converge weakly to IP (denoted as
Py ~» P) if and only if [ fdPy) — [ fdP for all f € Cp(X) as n — oo. For a Borel-
measurable real-valued function f on X and pu € Mp(X), we define puf := [ x J du. The empir-
ical process indexed by F C L?(X,P) is given by f > /n(P, —P) f =n~23""_ (f(Xi) —
Pf), where P, := % Z?:l dx; with (X i)flz being random samples drawn i.i.d. from PP and §,
represents the Dirac measure at x. JF is said to be P-Donsker if o/n(P, — P) ~ ¢ (F) Gp, where
Gp is the Brownian bridge indexed by F, that is, a centered Gaussian process with covariance
EGp(f)Gp(g) =P((f —Pf)(g — Pg)) and if Gp is sample-bounded and sample-continuous
w.r.t. the covariance metric. ~goc(F) denotes the convergence in law (or weak convergence)
of random elements in £°°(F). F is said to be universal Donsker if it is P-Donsker for all

PeML(X).
Let C be a collection of subsets of a set X'. The collection C is said to shatter an arbitrary set of
n points, {x1, ..., x,}, if for each of its 2" subsets, there exists C € C such that C N {xy, ..., x,}

yields the subset. The Vapnik-Cervonenkis (VC)-index, VC(C) of the class C is the maximal n
for which an n-point set is shattered by C. If VC(C) is finite, then C is said to be a VC-class.
A collection F of real-valued functions on X is called a VC-subgraph class if the collection of
all subgraphs of the functions in F, that is, {{(x, #): t < f(x)}: f € F} forms a VC-class of sets
in X x R. The covering number N'(F, p, €) is the minimal number of balls {g: o(f, g) < €} of
radius € needed to cover F, where p is a metric on JF.
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Given random samples (X;)7_, C R¢ drawn i.i.d. from PP, the kernel density estimator is de-
fined as

1 < x —X;
(]Pn*Kh)(-x)IWzK( h l), xERd,
i=1

where K :R? — R is the smoothing kernel that satisfies K (x) = K(—x),x € R, KelL! (Rd)
and -[Rd K (x)dx =1 with K (x) :=h~4K(x/h) and 0 < h :=h, — 0 as n — 0o. K is said to
be of order r > 0 if

d
A‘lny?iK(y)dyzO forO<|a|<r—1 and
i=1

K(y)|dy <oo  forla|=r,

d
IICE
Ry

where y = (y1,...,Yq), ¢« = (o1, ...,09), a; > 0,Vi=1,...,d and || := Z;jzl o;. We refer
the reader to Berlinet and Thomas-Agnan ([S], Chapter 3, Section 8) for details about the con-
struction of kernels of arbitrary order, 7.

We would like to mention that throughout the paper, we ignore the measurability issues that
are associated with the suprema of an empirical process (or a U-process) and therefore the prob-
abilistic statements about these objects should be considered in the outer measure.

3. Reproducing kernel Hilbert spaces and | - || 7,

In this section, we present a brief overview of RKHS along with some properties of || - || 7, with
a goal to provide an intuitive understanding of, otherwise an abstract class Fx and its associated
distance, | - || 7, . Throughout this section, we assume that X’ is a topological space.

3.1. Preliminaries

We start with the definition of an RKHS, which we quote from Berlinet and Thomas-Agnan [5].
For the purposes of this paper, we deal with real-valued RKHS though the following definition
can be extended to the complex-valued case (see Berlinet and Thomas-Agnan [5], Chapter 1,
Definition 1).

Definition 1 (Reproducing kernel Hilbert space). Let (Hy, (-,-)3,) be a Hilbert space of real-
valued functions on X. A function k: X x X — R, (x,y) — k(x,y) is called a reproducing
kernel of the Hilbert space Hy, if and only if the following hold:

(1) Yye X, k(-,y) € Hy;

(i) Vy e X, Vf € Hi, (f k(. ), = f ().

If such a k exists, then Hy is called a reproducing kernel Hilbert space.
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Using the Riesz representation theorem, the above definition can be shown to be equivalent
to defining Hj as an RKHS if for all x € X, the evaluation functional, &, : Hy — R, §,(f) :=
f(x), f € Hi is continuous (Berlinet and Thomas-Agnan [5], Chapter 1, Theorem 1). Starting
from Definition 1, it can be shown that H; = span{k(-, x): x € X'} where the closure is taken
w.r.t. the RKHS norm (see Berlinet and Thomas-Agnan [5], Chapter 1, Theorem 3), which means
the kernel function, k generates the RKHS. Since (k(-, x), k(-, ¥))y, =k(x,y),Vx,y € X, itis
easy to show that every reproducing kernel (r.k.), k is symmetric and positive definite. More
interestingly, the converse is also true, that is, the Moore—Aronszajn theorem (Aronszajn [2])
states that for every positive definite kernel, k, there exists a unique RKHS, H; with k as the
rk. Since k is a reproducing kernel if and only if it is positive definite, usually it might be
simpler to verify for the positive definiteness of k rather than explicitly constructing Hj and
verifying whether & satisfies the properties in Definition 1. An important characterization for
positive definiteness on R? (more generally on locally compact Abelian groups) is given by
Bochner’s theorem (Wendland [39], Theorem 6.6): a bounded continuous translation invariant
kernel k(x, y) = ¥ (x — y) on R is positive definite if and only if v is the Fourier transform of
a nonnegative finite Borel measure, Y, that is,

k(x,y) =¥ (x —y) =/e_*/__l(x_y)T“’dT(w), x,yeRY. (3.1)

In addition, if ¥ € L' (R?), then the corresponding RKHS is given by Wendland (see [39], The-
orem 10.12),

= 2
sz{feLZ(Rd)mc(Rd);f“;é"))' da)<oo},
w

where f and {E denote the Fourier transforms of f and i, respectively. Note that since
¥ e LY(RY), we have dY(w) = 2n)~¥ 21}@) dw. Another characterization of positive def-
initeness (which we will use later in our results) is due to Schonberg for radially symmet-
ric positive definite kernels (Wendland [39], Theorems 7.13 and 7.14): A function k(x, y) =
o(lx —y ||%), x,yeR?is positive definite if and only if ¢ is the Laplace transform of a nonneg-
ative finite Borel measure, v on [0, 00), that is,

k(x,y)=g¢(llx - ylI3) = /Oooe“"x—”% dv(r), x,yeR? (3.2)

Note that the Bochner’s characterization in (3.1) is also valid for k in (3.2) as it is also translation
invariant. Two important examples of positive definite kernels and their corresponding RKHSs
that appear throughout the paper are: Gaussian kernel, k(x,y) = exp(—o|x — y||§),x, y €
R4, o > 0, which induces the Gaussian RKHS,

Hi= {f e L*(RY) N C(RY): f|f(w)l2e”w”§/4° do < oo} 3.3)
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and the Matérn kernel, k(x,y) = %Hx — yllgfd/zﬁd/zfﬁ(llx = yl2).x,y eRY, B >d/2,

which induces the Sobolev space, H, 4 s
My =H) = {f e L*(RY) N C(RY): /(1 +llol3)’ | F@)] do < oo}. (3.4)

Here, I' is the Gamma function and K, is the modified Bessel function of the third kind of
order v, where v controls the smoothness of k. Note that LZ(R?) is not an RKHS as it does not
consist of functions.

3.2. Properties of || - || 7,

In the following, we present various properties which are not only helpful to intuitively under-
stand || - || 7,, but are also useful to derive our main results in Section 4. First, in Proposition 3.1,
we provide an alternate expression for || - || 7, to obtain a better interpretation, using which we
discuss the relation of || - || 7, to other classical distances on probabilities. This alternate repre-
sentation will be particularly helpful in studying the convergence of P, to PP in || - || 7, and also
in deriving our main result (Theorem 4.1) in Section 4. Second, we discuss the question of the
metric property of || - || 7, —itis easy to verify that || - || 7, is a pseudometric — and highlight
some of the results that we obtained in our earlier works along with some examples in Exam-
ple 1. Third, we present a new result in Theorem 3.2 about the topology induced by | - || 7,
wherein we show that under certain mild conditions on C, || - || 7, metrizes the weak topol-
ogy on probability measures. We also present some examples of IC in Example 2 that satisfy
these conditions thereby ensuring the metrization of weak topology by the corresponding metric,
Il - Il 7, - Finally, in Theorem 3.3, we present an exponential concentration inequality for the tail
probabilities of ||IP, — IP|| 7, and show that for various families of K (see Remark 3.1(i) and
Theorem 4.2), ||P, — P|| 7, = Oas.(n~/?), which when combined with Theorem 3.2 provides a
rate of convergence of n~!/? for P, converging to IP in weak sense.

Alternate representation for || - || r,,: The following result (a similar result is proved in Sripe-
rumbudur et al. [34], Theorem 1, where /C is chosen to be a singleton set but we provide a proof
in Section 6.1 for completeness) presents an alternate representation to || - || 7, . This representa-
tion is particularly useful as it shows that || - || 7, is completely determined by the kernels, k € K
and does not depend on the individual functions in the corresponding RKHSs.

Proposition 3.1. Define P :={P € M} (X): supycxc [ VE(x, x) dP(x) < oo} where every k €
K, k:X x X — R is measurable. Then for any P, Q € Py,

IP — QllF, = sup Dx (P, Q), (3.5)
kelC
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where

(P, Q) = H/k(-,x) dP(x) — /k(~,x) dQ(x) 3.6)

Hi

- \/ / / k(x, y)d(P — Q)(x) dB — Q)(y), 3.7)

with fk(-, x)dP(x) and fk(-, x)dQ(x) being defined in Bochner sense (Diestel and Uhl [9],
Definition 1).

Since +/k(x,x) = ||k(-, x)|l3,, it is easy to verify from Proposition 3.1 that for any P, Q €
P, IP—=Qll 7, < oo.Italso follows from (3.5) and (3.6) that |P — Q|| 7, can be interpreted as
the supremum distance between the embeddings P — f k(-,x)dP(x) and Q f k(-,x)dQ(x),
indexed by k € KC. Choosing k(-, x) as

LR 1 PO 1 P

- —[l-—x)3/4 d
(2n)d/ze , (4n)d/ze 217 x e RY, 3.8)

the embedding ®: M_}_(X ) > Hi, P> f k(-, x)dP(x) reduces to the characteristic function,
moment generating function (if it exists) and Weierstrass transform of PP, respectively. In this
sense, ® can be seen as a generalization of these notions (which are all defined on Rd) to an
arbitrary topological space X (in fact, it holds for any arbitrary measurable space).

When is || - | 7, a metric on Zc? While || - || 7, is a pseudo-metric on Pk, it is in general
not a metric as |P — Q|| 7, = 0 #= P = Q as shown by the choice K = {k} where k(x,y) =
(x, )2, x,y € R4, For this choice, it is easy to check that ||IP — Q]| 7,, is the Euclidean distance
between the means of P and Q and, therefore, is not a metric on {P € M 41_ (RY): f x| dP(x) <
oo} (and hence on Mi(Rd)). The question of when is ©; a metric on M JF(X ) is addressed
in Fukumizu et al. [13,14], Gretton et al. [21] and Sriperumbudur et al. [34]. By defining any
kernel for which Dy is a metric as the characteristic kernel, it is easy to see that if any k € C is
characteristic, then || - || 7, is a metric on &k Sriperumbudur et al. ([34], Theorem 7) showed
that k is characteristic if and only if

/ f kG y) dp() du() >0 Y€ My(X)\ {0} with s (X) =0. (3.9)

Combining this with the Bochner characterization for positive definiteness (see (3.1)), Sriperum-
budur et al. ([34], Corollary 4) showed that

Dk, Q = llgp — doll 2ma vy, P.QeML(RY),

using which k is shown to be characteristic if and only if supp(Y) = R? (Sriperumbudur ez
al. [34], Theorem 9) — Fukumizu et al. [14] generalized this result to locally compact Abelian
groups, compact non-Abelian groups and the semigroup Rﬁ. Here, ¢p and ¢q represent the
characteristic functions of P and Q, respectively. Another interesting characterization for the
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characteristic property of k is obtained by Fukumizu et al. [13,14] and Gretton et al. [21], which
relates it to the richness of #; in the sense of approximating certain classes of functions by
functions in Hy. We refer the reader to Sriperumbudur, Fukumizu and Lanckriet [33] for more
details on the relation between the characteristic property of k£ and the richness of H.

Example 1. The following are some examples of K for which || - || 7,, is a metric on M}r (RY):

1. Gaussian: K = {e_"”x_y”%,x, yE RY: 5 e (0,0)};
2. Laplacian: K = {e7°I*=VI x y e R?: o € (0, 00)};
3. Matérn:

B {2(c/2)ﬂ—d/2
| rB—-d/2)

where K, is the modified Bessel function of the third kind of order v;
4. Inverse multiquadrics: K = {(1+ [==2]3)7#,x, y e RY, B > 0: c € (0, 00)};
5. Splines:

—d/2 d
llx —y||§ / Rapp-plellx = yl2), x,y eRY, B> 5icCE€ (0, OO)},

d
lxj — y;l .
j=1 /

6. Radial basis functions:
K= {/ e 7B dA (o), x, y e RY: A € ML((O, oo))}.
(0,00)

In all these examples, it is easy to check that every k& € K is bounded and characteristic (as
supp(Y) = R or in turn satisfies (3.9)) and, therefore, || - || Fyy 1s ametric on M Jlr (RY).

Topology induced by || - || 7, : Sriperumbudur et al. [34] showed that for any bounded kernel k,

Dk (P, Q) < sup vk(x, x) TV(P, Q),

xeX

where TV is the total variation distance. This means there can be two distinct P and Q which need
not be distinguished by Dy but are distinguished in total variation, that is, ®y induces a topology
that is weaker (or coarser) than the strong topology on M}r()( ). Therefore, it is of interest to
understand the topology induced by || - || 7, . The following result shows that under additional
conditions on /C, || - || 7,, metrizes the weak-topology on M. Jlr (X). A special case of this result is
already proved in Sriperumbudur et al. ([34], Theorem 23), for ©; when X" is compact.

Theorem 3.2. Let X be a Polish space that is locally compact Hausdorff. Suppose (IP(;))neny C

ML(X) and P e ML(X).
(a) If there exists a k € K such that k(-, x) € Co(X) for all x € X and

/ / kG y) dp()du(n) >0 Vi€ My(X)\ {0). (3.10)
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Then
IPwy —Plr, >0 = Pup~P  asn— oo.

(b) If K is uniformly bounded, that is, supycxc v x k(x, x) < 00 and satisfies the following prop-
erty (P):

Vx € X, Ve > 0,3 open Uy« C X such that |[k(-,x) — k(. y) ||Hk <e,VkeK,VyeU,..

Then

Puy~P = |Pu —Plr, -0 as n — oo.

Proof. (a) Define H, to be the RKHS associated with the reproducing kernel k.. Suppose
ks € K satisfies k. (-, x) € Co(X),Vx € X. By Steinwart and Christmann [35], Lemma 4.28
(see Sriperumbudur, Fukumizu and Lanckriet [32], Theorem 5), it follows that the inclusion
id: Hy — Co(X) is well-defined and continuous. In addition, since k, € K satisfies (3.10), it
follows from Sriperumbudur, Fukumizu and Lanckriet ([33], Proposition 4), that . is dense
in Co(X) w.r.t. the uniform norm. We would like to mention that this denseness result simply
follows from the Hahn—Banach theorem (Rudin [28], Theorem 3.5 and the remark following
Theorem 3.5), which says that H, is dense in Co(X) if and only if

HE = {Me Mp(X): /fdu:O,er’H*} ={0}.
It is easy to check that ;- = {0} if and only if

W /k(',x)dM(X), n € Mp(X)

is injective, which is then equivalent to (3.10). Since H is dense in Co(X) in the uniform norm,
forany f € Co(X) and every € > 0, there exists a g € H, such that || f — g|loc < €. Therefore,

Py f —Pf =[Poy(f — &) +P(g — f) + Pwyg —Pg)|
<Puwlf —gl+Plf —gl+ Pmg — Pgl
<2+ |Pmg —Pgl
< 2e + 12113, Dk, Py, P) < 2€ + lIgll#, 1Py — PllF,-

Since € > 0 is arbitrary, ||g|l3, < oo and [P,y — Pl 7, — 0 asn — oo, we have P, f — Pf
for all f € Co(X) as n — oo, which means P,y converges to P vaguely. Since vague conver-
gence and weak convergence are equivalent on the set of Radon probability measures (Berg,
Christensen and Ressel [4], page 51), which is same as M i (X) since X is Polish, the result
follows.

(b) Since K is uniformly bounded, it is easy to see that

sup  |f()|= sup sup \(f,k(.,x))Hk|: sup  k(x,x) < oo,

feFy,xeX kel,xeX | fllny, <1 kelC,xeX
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which means F is uniformly bounded. Now, for a given x € X and € > 0, pick some y € Uy ¢
such that [|k(-, x) — k(-, y)|l%, < € for all k € K. This means, for any f € Fpy,

£ = FD = W f g o200 = kG4, <€

which implies Fy is equicontinuous on X". The result therefore follows from Dudley [11], Corol-
lary 11.3.4, which shows that if P,y ~ IP then IP(,) converges to P in || - || 7, as n — oo. O

Comparing (3.9) and (3.10), it is clear that one requires a stronger condition for weak con-
vergence than for || - || 7, being just a metric. However, these conditions can be shown to be
equivalent for bounded continuous translation invariant kernels on R¢, that is, kernels of the type
in (3.1). This is because if k satisfies (3.1), then

f f K6, ) () dpe(y) = 1212 2z

and, therefore, (3.10) holds if and only if supp(Y) = R4, which is indeed the characterization
for k being characteristic. Here, & represents the Fourier transform of w defined as t(w) =
i eV—Tolx du(x), w € RY. Therefore, for K in Example 1, convergence in || - || Fy implies weak
convergence on M_%_ (R%). However, for the converse to hold, K has to satisfy (P) in Theorem 3.2,
which is captured in the following example.

Example 2. The following families of kernels satisfy the conditions (3.10), (P) and the uniform
boundedness condition of Theorem 3.2 so that | - || 7, metrizes the weak topology on M _}_ (RY).

K=1{e 3 5 yeR: o € (0,a],a < oo):
K= {e"’”x’y”l,x,y eR?: 5 € (0,al,a < oo};

2(c/2)P—2 —d/2
K = (352 Ik = 15~ Rappplellx = yllo), x, y R, B> 4: ¢ € (0,al,a < o0};

K={0+1=219)*,x,yeRY, B> 0: c€[a, 00),a > 0};

K= {1, 0 + Ix’:%‘z)*l,x,y eRY: ¢; € aj, 00),a; >0 ¥i=1,....d);
K in Theorem 4.2(b3 and (¢).

A e

Rate of convergence of P, to Pin || - || 7, : The following result, which is proved in Section 6.2,
presents an exponential inequality for the tail probability of || IP, — P|| 7,,, which in combination
with Theorem 3.2 provides a convergence rate for the weak convergence of PP, to P.

Theorem 3.3. Let X1, ..., X, be random samples drawn i.i.d. from P defined on a measurable
space X . Assume there exists v > 0 such that supycic yex k(x, x) < v. Then for every T > 0, with
probability at least 1 — 2e™" over the choice of (X;);_; ~ P",

3V20 (V24 J7)

7 . (31D

4 2v
B, — Pl £, < 4\/5\/inf{a + _e/ log2 N (K, p, e)de} +
a>0 n Jo
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where for any ki, ky € IC,

2 n
pki, k) = ﬁZ(kl(Xisz)_kZ(Xisz))2~ (3.12)

i<j

In particular, if there exists finite positive constants A and B (that are not dependent on n) such
that

2 B
1ogN(/c,p,e)5A<—”> . 0<e<2v (.13)
€

5

then there exists constants (D;);_, (dependent only on A, B, v, T and not on n) such that

P'({(X1,.... X») € X" I[Py — Pllr, > AMA,B,v,T)}) <277, (3.14)
where
D1 0<B<l
—_—, < <1,
vn
logn D3
AMA,B,v,T) < § Dy | ——— + —2, =1, (3.15)
n Jn
Dy Ds !
m‘i‘ﬁ, ,3> .

Remark 3.1. (i) If IC is a VC-subgraph, by van der Vaart and Wellner ([38], Theorem 2.6.7),
there exists finite constants B and « (that are not dependent on n) such that (K, p, €) <
B(2v/e)*,0 < € < 2v, which implies there exists A and 0 < 8 < 1 such that (3.13) holds. By
Theorem 3.3, this implies [|P, — P|| 7, = Op(n~1/?), and hence by the Borell-Cantelli lemma,

1P, —Pll 7, S 0asn — oo. Therefore, it is clear that if /C is a uniformly bounded VC-subgraph,
then

P, ~ P a.s. as n — 0o Q

with a rate of convergence of n~'/2. Ying and Campbell ([40], Lemma 2) — also see Proposi-
tion 6.1 — showed that the Gaussian kernel family in Example 1 is a VC-subgraph (in fact, using
the proof idea in Lemma 2 of Ying and Campbell [40] it can be easily shown that Laplacian
and inverse multiquadric families are also VC-subgraphs) and, therefore, these kernel classes
ensure (3.1) with a convergence rate of n~!/2. Instead of directly showing the radial basis func-
tion (RBF) class in Example 1 to be a VC-subgraph, Ying and Campbell ([40], see the proof of
Corollary 1), bounded the expected suprema of the Rademacher chaos process of degree 2, that
is,

n
Zsiejk(X,-, Xj)

i<j

Un(IC; (Xi)flzl) =, sup
ke

(3.16)




1852 B. Sriperumbudur

indexed by the RBF class, /C, by that of the Gaussian class (see (6.13) in the proof of Theo-
rem 4.2(a)) and since the Gaussian class is a VC-subgraph, we obtain U, (K; (X;);_,) = Op(n)
for the RBF class. We also show in Theorem 4.2(d) that U, (KC; (X;)7_,) = Op(n) for the Matérn
kernel family in Example 1. Using these bounds in (6.4) and following through the proof of
Theorem 3.3 yields that (3.1) holds with a convergence rate of n~!/2. Note that this rate of con-
vergence is faster than the rate of n=14 4 > 3 that is obtained with || - || Fr (Sriperumbudur et
al. [31], Corollary 3.5). Here, (¢; le denote i.i.d. Rademacher random variables.

(i) We would like to mention that Theorem 3.3 is a variation on Theorem 7 in Sriperumbudur
et al. [30] where U, (K; (X;)}_,) is bounded by the entropy integral in de la Pefia and Giné
([7], Corollary 5.1.8), with the lower limit of the integral being zero unlike in Theorem 3.3. This
generalization (see Mendelson [25], Srebro, Sridharan and Tewari [29] for a similar result to
bound the expected suprema of empirical processes) allows to handle the polynomial growth of
entropy number for 8 > 1 compared to Sriperumbudur et al. ([30], Theorem 7). Also, compared
to Sriperumbudur et al. ([30], Theorem 7), we provide explicit constants in Theorem 3.3.

4. Main results

In this section, we present our main results of demonstrating the optimality of the kernel density
estimator in || - || 7, through an exponential concentration inequality in Section 4.1 and a uniform
central limit theorem in Section 4.2.

4.1. An exponential concentration inequality for |P, % K, — P|| =,

In this section, we present an exponential inequality for the weak convergence of kernel density
estimator on R? using which we show the optimality of the kernel density estimator in both
strong and weak topologies. This is carried out using the ideas in Section 3, in particular through
bounding the tail probability of ||IP, * Kj — P|| 7, , where P, * K}, is the kernel density estimator.
Since ||P, * Ky, — Pl 7, < Py * K — Pyl 7, + 1Py — Pl 7,, the result follows from Theo-
rem 3.3 and bounding the tail probability of ||P, * K, — IP, || 7, , again through an application of
McDiarmid’s inequality, which is captured in Theorem 4.1.

Theorem 4.1. Let P have a density p € W (X), s € N with (X;)?_, being samples drawn i.i.d.
from P defined on an open subset X of R. Assume K satisfies the following:

(1) Every k € K is translation invariant, that is, k(x,y) =¥ (x — y),x,y € X, where ¥ is a
positive definite function on X
(ii) Foreveryk € KC, 0%%k : X x X — R exists and is continuous for all multi-indexes a € Ng
with |a| <m, m € N, where %% := 3?1 --~8§”8fljrd e 82‘15;
(iii) Fv > 0 such that supy i cx k(x,x) <v < 00;
@(iv) For |a| =m A r, vy > 0 such that Supk’eICa,xeXk/(x’x) < vy < 00 where Ky =
{0%%k: k € K},
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where 1 <r <m + s, r € N is the order of the smoothing kernel K. Then for every T > 0, with
probability at least 1 —2e™" over the choice of (X;)}_,, there exists finite constants (Ai),-zzl and

(B,')l.2:1 (dependent only onm, r, s, p, K, t, v, vy and not on n) such that

mAr

Arh
1Kn # By =Pyl <420 " O@)VT (Kas pus Vo) + 7

+ A)h”

la|l=mAr
and

1K+ Py = Pllz, <4207 3" O@)yT (Kas pus va) +4V2JT (K, p,v)

la|=mAr
B hm/\r B
+ = N 71 + Ash",

where m A r :=min(m, r),
de [2Ve
T Ky, pa, V) = inf{8+—/ logZN(ICa,,oa,e)de},
>0 n Js
d o
4|
O) = /I_L;A]K(t)‘dt,
[Tiz it

o is defined as in (3.12) and for any k1, ky € Kq,

2 n
patkik) = | 53 (ki (Xi. X)) —ka(Xi. X)) .

i<j

A.1)

4.2)

In addition, suppose there exists finite constants Cy, Cic, wy and wyc (that are not dependent

on n) such that

2 Oa
log./\/(/Ca,Pa,e)SCa<—va> , 0 <€ <2vy, forlaj=mAr
€

and
20\ K
logN(IC,p,e)fclg(—> , 0<e<2v.
€

Define w, :=max{wy: || =m Ar}. If

N (logn)]l(w*=”n((w*w)_l)/aw*)hmAr — 0, Jnh" — 0ash— 0,n — oo,

Py % Kpn — Pl 7, = 0as.(n7"/?)

then

(4.3)

4.4)

4.5)

(4.6)
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and, therefore,

Iy % Kp — Pl 5, = Oas. (v (logn)Hex =1~ (@xAD/Gok)) (4.7)

Remark 4.1. (i) Theorem 4.1 shows that the kernel density estimator with bandwidth, & con-
verging to zero sufficiently fast as given by conditions in (4.5) is within || - || 7, -ball of size
oa_s_(n_l/ 2) around [P, and behaves like [P, in the sense that it converges to P in || - || 7, at a
dimension independent rate of n~!/? (see Theorem 3.3) as long as K is not too big, which is
captured by wyc < 1 in (4.4). In addition, if X satisfies the conditions in Theorem 3.2, then the
kernel density estimator converges weakly to P a.s. at the rate of n~!/2. Since we are interested in
the optimality of P, * K}, in both strong and weak topologies, it is interest to understand whether
the asymptotic behavior in (4.6) holds for h* ~ n~1/25+d) where h* is the optimal bandwidth
(of the kernel density estimator) for the estimation of p in L' norm. It is easy to verify that if

L Cstde.-1 d

4.8
2w, 2 (4.8)

d
— d
r>s—i—2 an

then h* satisfies (4.5) and, therefore, ||Kp+ * P, — Pyl 7, = 0us.(n~Y2) so that |Kp+ x P, —
P|l 7, = Oas. (n=12) if K is not too big. This means for an appropriate choice of IC (i.e., wx < 1),
the kernel density estimator Kj, * P, with h = h* is optimal in both weak (induced by || - || ;)
and strong topologies unlike [P, which is only an optimal estimator of P in the weak topology.
In Theorem 4.2, we present examples of K for which the kernel density estimator is optimal in
both strong and weak topologies (induced by || - || 7, ). Under the conditions in (4.8), it can be
shown that h** ~ (n/logn)~ /T4 which is the optimal bandwidth for the estimation of p in
sup-norm, also satisfies (4.5) and, therefore, (4.6) and (4.7) hold for h = h**.

(ii) The condition on r in (4.8) coincides with the one obtained for {1(_o ;): t € R} in Bickel
and Ritov [6] and bounded variation and Lipschitz classes with d = 1 in Giné and Nickl [15], see
Remarks 7 and 8. This condition shows that for the kernel density estimator with bandwidth #*
to be optimal in the weak topology (assuming w, < 1, wx < 1 and K satisfying the conditions
in Theorem 3.2), the order of the kernel has to be chosen higher by % than the usual (the usual
being estimating p using the kernel density estimator in L'-norm). An interesting aspect of the
second condition in (4.8) is that the smoothness of kernels in /C should increase with either d
or the size of K, for P, % K, with & =h* or h = h** to lie in || - || 7, -ball of size Oas (n712%)
around P,. If K, is large, that is, w, > 1, then the choice of m depends on the smoothness s of
p and therefore s has to be known a priori to pick k appropriately. Also, since the smoothness
of kernels in IC should grow with d for (4.6) to hold, it implies that the rate in (4.7) holds under
weaker metrics on the space of probabilities. On the other hand, it is interesting to note that as
long [ satisfies the conditions in Theorem 3.2, each of these weaker metrics metrize the weak
topology.

(iii) If K is singleton, then it is easy to verify that the first terms in (4.1) and (4.2) are of order
WA /i — use the idea in Remark 6.1(ii) for (4.18) — and the second term in (4.2) is of order
n~1/2 (see (6.5)). Therefore, the claims of Theorem 4.1 hold as if w, <1 and wx < 1.
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Proof. Note that
IKn % Pp — Pall 7y < | Kn % Bn —P) — (B — P) ||;H +[|Kp P =Pl 7. (4.9)

(a) Bounding | Ky (B, — P) — (B, — P)|| 7,
By defining By := | Kp, * (P, —P) — (P, —P)| 7,,, we have

B = sup f £ d(Kp % (By — BY) (x) — / F)dBa —P)(x)
€S H
= sup /(f*Kh—f)d(lP’n—lP’)’=IIJP’n—lP’Ilg,
feFu

where G :=(f * K, — f: f € Fu}. We now obtain a bound on ||P, —P||g through an application
of McDiarmid’s inequality. To this end, consider

lglloo < IIf * Kn — flloo = sup /(f(x +ht) — f(0))K (1) dr|. (4.10)

xeX

Since every k € K is m-times differentiable, by Steinwart and Christmann [35], Corollary 4.36,
every f € Fy is m-times continuously differentiable and for any k € IC, f € Hx,

0% FO] < 1 fllge /0% %k(x, x), xeX .11

fora € Ng with |a| < m. Therefore, Taylor series expansion of f(x + th) around x gives

fa+thy—fo = Y A0 f(x)
O<|a|<(mAr)—1

(4.12)
HR Y Aa()3 f (x + hDgt),

|a|=mAr

where

d o
Hi:l ti

d 9
[Ti) !

Dy =diag(6y,...,64) and0 < 6; < 1foralli =1,...,d. Using (4.12) in (4.10) along with the
regularity of K, we have

Ay(t) :=

> /Ao,(z)K(z)a“f(x + hDgt) dt

la|=mAr

lglloo < IIf % K — flloo < h™"" sup
xeX

(4.13)
Shm/\r sup Z /Aa(|t|)|[((t)”8af(x+hD9l)}dl,

XEXloz\

=mAr
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where |t|; :=|t;],Vi =1, ...,d. Using (4.11) in (4.13), for any g € G, we get

lglloo < II.f * Kn — flloo

i s Y [ ARV RDyr -+ hDur) o

kelC,xeX lot|=mAr

( 4.14)
i)
< B Z sup Bﬂ‘v“k(x,x)/Aa(|t|)|K(t)|dt
la|=mAr kelC,xeX
— Lm’rhmAr’
where
Ly, = Z Ve ®(a) < 00.
la|=mAr
Now, let us consider
* 2 - 2 -
E|IP, —Pllg < ~Esup|Y eig(Xi)|==E sup |y &i(f xKn— )(X))|,  (415)
L o reFulig

where we have invoked the symmetrization inequality (van der Vaart and Wellner [38],
Lemma 2.3.1) in (x) with (g;)7_, being the Rademacher random variables. By McDiarmid’s

inequality, for any t > 0, with probability at least 1 —e™F,

2T
1Py —Plig < ElIP, —Pllg + lgllocy/ .

Y el f xKn— f)(X0)

i=1

(4.16)

2t
L hm/\r =,
+ m,r n

2
< -E sup
N fery

where (4.14) and (4.15) are used in (4.16). Define

R, (Fp):=E; sup
feFu

’

1 n
=D Eilf =Ky = X))

i=1

where [, denotes the expectation w.r.t. (¢;)7_; conditioned on (X;)_,. Applying McDiarmid’s

inequality to R, (Fg), we have for any t > 0, with probability at least 1 —e™7,

1 n
=D &l #Kn— X0
i=1

12
=< Rn(]:H) + Lm,rhmAr ‘ .
n

4.17)
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Bounding R, (Fp) yields

Ry (Fu)
=E, sup Z / F(Xi+1th) — f(X))K (1) dt
feFu|m 5
hm/\r
“.12) Ee sup | /A (t)K(t)Zsjf)D‘f(X + hDgt)dt
n feFu la|=mAr j=1
hm/\r
o
- E, 312_) > /A OKDO| f Zeja k(-.Xj+hDgt)) dt
feFH jal=mnr Hy
hm
< E. sup Z / (It)) |K(t)| 0%k(-, X +hDgr)| dt
n
|Ol| mAr Hi
hm/\r

Eesup » / (It1)| K )] Ze,e,awk(x + hDgt, X j + hDyt) dt.

kEKlal =mAr i,j=1

Since k is translation invariant, we have

mAr n
Ry(Fr) = Ecsup > O(@) | Y &e;0%k(X;, X)) (4.18)
kek la|l=mAr i,j=1
2hm/\r hm/\rL
< V2 Y ©() |Eesup Zs,g,awk(x,,X) + —
la|=mAr kek i<j ﬁ
2hmAr rL
= V2 Z O(a) |E; sup Zs,sjk(X,,X) +—=" (4.19)
n l|=mAr k'elCq i<j ﬁ
() 3Ly h™
=2V Y OV T K parv) + (4.20)

l|=mAr

where we used Lemma A.2 in (}) with 6 = %. Combining (4.16), (4.17) and (4.20), we have that
for any t > 0, with probability at least 1 — 2e™F,

Bo <4v2h™ 3" 0@@)y/T(Ka. pa- va) +

la|=mAr

]hm/\r

7

4.21)

where A1 := (64 vV 187)L, ,.
(b) Bounding || K * P —P| £,,:
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Defining By := ||IP * K; — P|| 7,,, we have

B = sup / )P K (x) — / £ () dP(x)
feFu

= sup //f( )K( )dIP(y)dx—/f(x)dIP’(x)
fEJ:H

= sup /(/(f(x—i—th) - f) dIF’(x))K(t)dt

feFu

(4.22)

= sup /((f* p)(ht) — (f % p)(0))K (1) dt|,
feFu

where f(x) = f(—x). Since p € L'(R?) and 8% f is bounded for all || < m, by Folland [12],
Proposition 8.10, we have a%(f * p) = (0% f) * p for |a| < m. In addition, since 9% f is con-
tinuous for all || < m and 3% p € L'(RY) for || < s, by extension of Giné and Nickl [15],
Lemma 5(b), to R¢, we have 8%TA (fx p) = 0P (3% f) % p) = (3% f) % (8# p) for |a| < m, || < s,
which means for all f € Fg, f % p is m + s-differentiable. Therefore, using the Taylor series
expansion of ( f % p)(ht) around zero (as in (4.12)) along with the regularity of K in (4.22), we
have

By = sup
fEJ:H

Z / AatpOK @) (3% f % 3P p)(hDgt) dt

|+ Bl=r

<h" sup / atp(It))|[K ][ (8% f % 8 p) (hDgt)| dt
FeFH a|+1Bl=r

<h" sup / ats(It)|[K@)|(|8% f| % |8P p|) (W Dgt) dt. (4.23)
FEPH jal+1l=r

Since

(|% f| * [8? p|)(hDgt) = /]a“f(x—hbgr)“aﬁp(x)|dx

4.11)
< /\/8"‘v“k(x — hDgt, x — hDg1)|3F p(x)| dx

@ 187 p| sup 9%k (x, x) (4.24)

using (4.24) in (4.23), we obtain

By < Aoh”, (4.25)
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where Ay := Z\a|+\ﬁ\=r ®(a+ﬂ)4/va||85p||L1(Rd) and (@ +8)i =a;+p;,Vi=1,...,d.Using
(4.21) and (4.25) in (4.9), we obtain the result in (4.1). Since

IKn % Pp = Pllr, < |Kp*Pn —Pull 7y + 1Pn — Pl 7y, (4.26)

the result in (4.2) follows from Theorem 3.3 and (4.1). Under the entropy number conditions
in (4.3), it is easy to check (see (3.15)) that

Y O@T (Kas pus va) = O(y/ (log nyLios=nnp = (@ D/ o))

la|=mAr

and, therefore, (4.6) holds if & satisfies (4.5). Using (4.6) and (3.14) in (4.26), the result in (4.7)
follows under the assumption that /C satisfies (4.4). (I

Remark 4.2. Since every k € K is translation invariant, an alternate proof can be provided by
using the representation for Dy (following (3.9)) in Proposition 3.1: ||IP — Q|| 7, = sup~ [|¢p —
#QllL2(rd ), Where the supremum is taken over all finite nonnegative Borel measures on RY.
In this case, conditions on the derivatives of k € K translate into moment requirements for Y.
However, the current proof is more transparent as it clearly shows why the translation invariance
of k is needed; see (4.14) and (4.18).

In the following result (proved in Section 6.3), we present some families of K that ensure the
claims of Theorems 3.3 and 4.1.

Theorem 4.2. Suppose the assumptions on P and K in Theorem 4.1 hold and let 0 < a < oo.
Then for the following classes of kernels,

(a)

K={k(x,y) =v¥o(x —y),x,yeR": 6 € T},

where Yo () =~V and 2 1= (0.al

K={k(x,y)=f Yo (x —y)dA(0), x,y € RY: AGMA},
0
where
My = {AGM}F((O,OO)): /ooardA(J)SA<oo}
0

for some fixed A > 0;
()

K= {k(x, ¥) =/ e~ (VAN GA(A), x,y e RY: A € QA},
(O,OO)‘I
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where A :=diag(oy, ..., 04),

d
Qq = {AeMi((o,oo)d)’Az(g)Ai: A eMA,.,i=1,...,d}
i=1

and
o0
My, = {A,- € M_L((O, oo)): sup / oc% dAi(0) < A; < oo}
jefl,...,d} JO
for some fixed constant A = (Ay, ..., Aq) € (0,00)? with Z;’Zlai =r and a; > 0,Vi =
1,...,d;
(d)
p—d/2
llx — yl d
K= {k(x, y) = Acd/Tzﬂﬁd/g_ﬂ(cllx — y||2),x, y € RY, B>m+ 5: ceXy,
0d/2+1-p

where A := TE=a and m € N,

Py — Pl 7, = Ous.(n™"/?), 1Py % K — Pyl = 0as.(n™"/?) and Py * Ky — Pllr, =
O,.s.(n~'2) for any h satisfying /nh" — 0 as h — 0 and n — 0o, which is particularly satisfied
byh=h*and h=h™" ifr >s+ %, where h* and h** are defined in Remark 4.1(1).

Remark 4.3. (i) The Gaussian RKHS in (3.3) has the property that H, C H; if 0 <o < T < 00,
where H, is the Gaussian RKHS induced by . This follows since for any f € H,,

£ 115, = (4m)d/2/|f(w)|26nw||§/<4r) dw
(4.27)

d/2
o~ 2 T
_ (47”)01/2f|f(w)|Zenwné/«w)e||w||2<1/(4r)—1/(4a>> doo < <;> 1713, .

which implies for any k € IC, Hy C H,, where the definition of || - ||%_[T for any 7 > 0 in the first
line of (4.27) is obtained from Wendland [39], Theorem 10.12. From (4.27), it follows that

d/4
{”f”?—ta < <%)  feHs 0€ (O,a]} c{feMa 1 fln, <1} CFu
and

d/4
Fac {fe"Ha: ||f||%s<§) }=Ha, (4.28)

0e(0,a]

where Fp :={ll flln, <1: f €Hs,0 €(0,al}.
(i1) The kernel classes in (b) and (c) above are generalizations of the Gaussian family in (a).
This can be seen by choosing M4 = {8,: 0 € £} in (b) where A =a”" and My, = {6, : 0 € X}
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in (c) with A; =a” foralli =1,...,d. By choosing

28
MA—{dA(o)—Fﬂ)aﬁ le=oc? do, B> 0: c €[a, ), a>0}

in (b), the inverse multiquadrics kernel family,

—y |2\ P
icz{k(x,y):<1+Hx J ) ,x,yeRd,ﬂ>O:ce[a,oo),a>O} (4.29)
N )
mentioned in Example 2 is obtained, where A = a %" 1’(%2)& with T" being the Gamma function.

Similarly, choosing
My, ={dAi(0) = c,-ze_"ci2 do : ¢; € [aj, 00), a; > 0}

yields the family

d 2]
IC:{H(1+|X, 2y,|> xyeR: €la;j,00),a; >0,Vi=1,. d}
¢

i=1

in Example 2 where A; =supc(; 4y @; !ai_zaj. It is easy to verify that these classes of kernels
metrize the weak topology on M}L RY).

(iii) Suppose there exists B > 0 and § > 0 such thatinfyc a1, fooo e=9" dA (o) > B (similarly,
there exists B; > 0 and &; > 0 such that infx, e 1, I e =50° 4A;(0) > B;,i =1,...,d), where

My and (Mg, )d | are defined in (b) and (c) of Theorem 4.2. Then it is easy to show (see Sec-
tion 6.4 for a proof) that || - || 7, metrizes the weak topology on MJr(Rd), which when combined
with the result in Theorem 4.2 yields that for K in (a)—(c),

P,~P and P,*Kj~P a.s.
at the rate of n—1/2.

(@iv) It is clear from (3.4) that any k in the Matérn family in Example 1 — the family in Theo-
rem 4.2(d) is a special case of this — induces an RKHS which is a Sobolev space,

H.:=H* {f e L2(RY) N C(RY): /(c2 +llol3)’ | F@)] do < oo},

where § > d/2 and ¢ > 0. Similar to the Gaussian kernel family, it can be shown that H. C H,
for 0 < ¢ <@ < oo since for any f € H,,

||f||Ha m/ o +||a)||2) ‘f(a))| da)<( > ||f||HC
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where the definition of || - || , follows from Wendland [39], Theorems 6.13 and 10.12. Therefore,
we have

d/2
{IIfIIHC < (2) . feH.ce (o,a]} c{feHa I flly, <1} CFu
and

dj2
Fu C U {feHa: I flla, < (%) }zHa, (4.30)

c€(0,a]
where Fg :={l|fllg, <1: f € Hc,c € (0,a]}. Unlike in Example 1, K in Theorem 4.2(d) re-

quires B > m + %’. This is to ensure that every k € K is m-times continuously differentiable as
required in Theorem 4.1, which is guaranteed by the Sobolev embedding theorem (Folland [12],
Theorem 9.17) if B > m + %. Also, since K metrizes the weak topology (holds for the Gaussian

family as well) on Ml+ (RY) (see Example 2), we obtain that
P, ~P and P, *Kp~~P a.s.

at the rate of n=1/2.

4.2. Uniform central limit theorem

So far, we have presented exponential concentration inequalities for [P, — Pl 7, and ||P, *
Ky — P|| £, in Theorems 3.3 and 4.1, respectively, and showed that /n||P, — P|| 7, = Oas.(1)
and /n||P, % K, — P|| 7, = Oq,.(1) for families of XC in Theorem 4.2. It is therefore easy to
note that if F is P-Donsker, then \/n (P, — P) ~~ oo 7,y Gp and so \/n(P, * Ky —P) ~= oo (Fy)
Gp (as /n||P, * K, — Pyl 7, = 0as.(1)) for any A satisfying J/nh" — 0ash— 0and n —
0o. Here, Gp denotes the P-Brownian bridge indexed by Fy. However, unlike Theorems 3.3
and 4.1 which hold for a general Fp, it is not easy to verify the P-Donsker property of Fy
for any general . In particular, it is not easy to check whether there exists a pseudometric on
Fn such that Fpg is totally bounded (w.r.t. that pseudometric) and Fp satisfies the asymptotic
equicontinuity condition (see Dudley [10], Theorem 3.7.2) or Fx satisfies the uniform entropy
condition (see van der Vaart and Wellner [38], Theorem 2.5.2) as obtaining estimates on the
L*(P,,) covering number of Fy does not appear to be straightforward. On the other hand, in the
following result (which is proved in Section 6.5), we show that Fy is P-Donsker for the classes
considered in Theorem 4.2 (with a slight restriction to the parameter space) and, therefore, UCLT
in £>°(Fg) holds. A similar result holds for any general KC (other than the ones in Theorem 4.2),
if K is singleton consisting of a bounded continuous kernel.

Theorem 4.3. Suppose the assumptions on P and K in Theorem 4.1 hold and let 0 < a < b < o0.
Define X :=[a, b]. Then for the following classes of kernels,

(a)

K= {k(x,y) —e ol x yeR: g e T}
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(b)
PN
K:{k(x,y):(l—i-Hx Y ) ,x,yeRd,ﬂ>O:ceZ};
c 2
©
B—d/2
lx —yll5 d d
IC:{k(x,y):Acd/Tﬁd/z_ﬂ(cllx—y||2),x,ye]R ,,8>m+§. ceX,
where A 1= % and m € N;

(d) K={k} where k satisfies the conditions in Theorem 4.1,
(B, —P) ~ oo £,y Gp and for any h satisfying /nh" — 0 as h — 0 and n — 0o, we have

NPy % Ky —P) ~ o075,y Gp,

which particularly holds for h* and h** if r > s + %, where h* and h** are defined in Re-
mark 4.1(1).

Theorem 7 in Giné and Nickl [15] shows the above result for Matérn kernels (i.e., K in (¢) with
c=1and d = 1), but here we generalize it to a wide class of kernels. Theorem 4.3(d) shows that
all the kernels (with the parameter fixed a priori, for example, ¢ in the Gaussian kernel) we have
encountered so far — such as in Examples 1 and 2 — satisfy the conditions in Theorem 4.3 and,
therefore, yield a UCLT. Note that the kernel classes, K in Theorem 4.3 are slightly constrained
compared to those in Theorem 4.2 and Remark 4.3(ii). This restriction in the kernel class is
required as the proof of Fp being P-Donsker (which in combination with Slutsky’s lemma and
Theorem 4.2 yields the desired result in Theorem 4.3) critically hinges on the inclusion result
shown in (4.28) and (4.30); also see (6.19) for such an inclusion result for X in Theorem 4.3(b).
However, this technique is not feasible for the kernel classes, (b) and (c) in Theorem 4.2 to be
shown as P-Donsker, while we reiterate that for any general K, it is usually difficult to check for
the Donsker property of Fx.

Combining Theorems 3.2, 4.2 and 4.3, we obtain that the kernel density estimator with band-
width A* is an optimal estimator of p in both strong and weak topologies unlike P,, which
estimates P optimally only in the weak topology. While this optimality result holds in d = 1
when using || - || 7, as the loss to measure the optimality of P, * K}, in the weak sense, the result
does not hold for d > 2 as discussed before. In addition, for d = 1, the UCLT for /n(P, — P)
and /n(P, * K, — P) in £°°(FgL) holds only under a certain moment condition on P, that is,
f |x|'17 dP(x) < oo for some ¥ > 0 (see Giné and Zinn [20], Theorem 2) while no such condi-
tion on [P’ is required to obtain the UCLT for the above processes in £>°(Fy) though both | - || 7,
and || - || 7, metrize the weak topology on M_lF (Rd ).

5. Discussion

So far we have shown that the kernel density estimator on R? with an appropriate choice of
bandwidth is an optimal estimator of IP in || - || 7, that is, in weak topology, similar to P,;. In
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Section 5.1, we present a similar result for an alternate metric || - [|x,, (defined below) that is
topologically equivalent to || - || 7,,, that is, metrizes the weak topology on M_1~_ (X) where X is a
topological space and Ky C Fx, showing that Fp is not the only class that guarantees the opti-
mality of kernel density estimator in weak and strong topologies. While a result similar to these
is shown in || - || /5, for d =1 in Giné and Nickl [16], there is a significant computational ad-
vantage associated with Fg over Iy and FpL in the context of constructing adaptive estimators
that are optimal in both strong and weak topologies, which we discuss in Section 5.2.

5.1. Optimality in || - |Ixc,

In this section, we consider an alternate metric, || - |k, , which we show in Proposition 5.1
(proved in Section 6.6) to be topologically equivalent to || - || 7, if K is uniformly bounded,
where

Ky :={k(- x): ke K,x e X}

and X is a topological space. Note that Cy C Fp if k(x,x) <1,Vx € X, k € K, which means a
reduced subset of Fp is sufficient to metrize the weak topology on M}F(X ).

Proposition 5.1. Suppose v :=sup;cxc ey k(x,x) < 00. Then for any P, Q € M (X)

V2P - Qlic, < IP—Qllr, < /2IP — Qlicy. (5.1)

where

IP—Qlix, = sup
kelC

‘/ummmm—/me@m

o]

In addition if K satisfies the assumptions in Theorem 3.2, then for any sequence (P))nen C
ML(X) and P e ML(X),

IPey =Pl >0 <= |IPuw—Plr, >0 < Pu~P asn—o00. (5.2)
From (5.1), it simply follows that
VP, = Plic, = Oas.(1), VlPy s K = Pallcx = 0as.(1)

and

VnlPy % Ky —Plicy, = Oas.(1)

for any K in Theorem 4.1 with w, < 1 and wx < 1 (and, therefore, for any C in Theorem 4.2)
with h satisfying /nh” — 0 as h — 0 and n — co. Therefore, if Ky is P-Donsker, then for any
h satisfying these conditions, we obtain

VP, % Ky —P) ~pooic ) Gp.
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The following result (proved in Section 6.7) shows that ICy is a universal Donsker class (i.e.,
PP-Donsker for all probability measures P on R?) for K considered in Theorem 4.2 and therefore
we obtain UCLT for /n(P, — P) and «/n(P, * K;, — P) in £°(Ky).

Theorem 5.2. Suppose the assumptions on P and K in Theorem 4.1 hold. Define Ky =
{k(-,x): ke K,x € X}. Then for K in Theorem 4.2, KCx is a universal Donsker class and

Py —P) ~poicy Gp o and  /n(Py * Kp — P) ~ ook 5y Gp,

for h satisfying /nh" — 0 as h — 0 and n — oo, which particularly holds for h* and h** if
r>s+ %, where h* and h™* are defined in Remark 4.1().

Combining Theorem 3.2 and Proposition 5.1, along with Theorems 4.2 and 5.2, it is clear that
the kernel density estimator with bandwidth 4* is an optimal estimator of p in both strong and
weak topologies (induced by || - ||, ). While this result matches with the one obtained for || - || 7, ,
by comparing Theorems 4.3 and 5.2, we note that the convergence in £°°(ICx') does not require
the restriction in the parameter space as imposed in kernel classes for convergence in £ (Fp)
in Theorem 4.3. However, we show in the following section that || - || 7,, is computationally easy
to deal with than || - ||, -

5.2. Adaptive estimation and computation

Let us return to the fact that there exists estimators that are op(n~'/?) from P, in || - || 7 (for
suitable choice of F) and behave statistically similar to P,,. While we showed this fact through
Theorems 4.1 and 4.2 for the kernel density estimator with 7 = Fy (and Proposition 5.1 for
F = Kx), Giné and Nickl [15,16,18] showed the same result with F being functions of bounded
variation, {1(_o,;): t € R}, Holder, Lipschitz and Sobolev classes on R. Similar result is shown
for wavelet density estimators and spline projection estimators in F = {1(_o ¢]: * € R} (Giné and
Nickl [17,19]) and maximum likelihood estimators in g, (Nickl [26]). While P, is simple and
elegant to use in practice, these other estimators that are op(n~1/%) from [P, have been shown to
improve upon it in the following aspect: without any assumption on P, it is possible to construct
adaptive estimators that estimate P efficiently in F and at the same time estimate the density of
P (if it exists without a priori assuming its existence) at the best possible convergence rate in
some relevant loss over prescribed class of densities. Concretely, Giné and Nickl [18,19] proved
the above behavior for kernel density estimator, wavelet density estimator and spline projection
estimator on R for F = {1(_oo,: * € R} and sup-norm loss over the Holder balls. By choosing
F = FpL (with d = 1), Giné and Nickl [16] showed that the kernel density estimator adaptively
estimates P in weak topology and at the same time estimates the density of IP in strong topology
at the best possible convergence rate over Sobolev balls.

The construction of these adaptive estimators involves applying Lepski’s method (Lepski,
Mammen and Spokoiny [23]) to kernel density estimators (in fact to any of the other estima-
tors we discussed above) that are within a || - || z-ball of size smaller than n~!/? around P, and
then using the exponential inequality of the type in Theorem 4.1 to control the probability of the
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event that \/n||P, x K, — P, || £ is “too large” (see Giné and Nickl [16], Theorem 1, [18], Theo-
rem 2, and [19], Theorem 3, for the optimality of the adaptive estimator in both || - || = and some
relevant loss over prescribed class of densities). Using Theorem 4.1, it is quite straightforward
in principle to construct an adaptive estimator that is optimal in both strong and weak topologies
along the lines of Giné and Nickl ([16], Theorem 1), by incorporating two minor changes in the
proof of Theorem 1 in [16]: the first change is to apply Theorem 4.1 in the place of Lemma 1
and extend Lemma 2 in Giné and Nickl [16] from R to R¢. Informally, the procedure involves
computing the bandwidth &, as

fon =max{heﬂ{: [B s (i — K|, < [~ Vg < h.g €€
ng

—1/2
and |[P, * K), — Pyl F < — }
logn

(5.3)

where H := {h; = ,o_k: k e NU {0}, ,o_k > (logn)z/n} and p > 1 is arbitrary. Here, A depends
on some moment conditions on [P € P(y, L), specifically through y and L, where

Py, L) = {IP e ML(RY): /(1 +lIx113)" dP(x) < L}

for some L < oo and y > % Along the lines of Theorem 1 in Giné and Nickl [16], the following
result can be obtained (we state here without a proof) that shows the kernel density estimator

with a purely data-driven bandwidth, %,, to be optimal in both strong and weak topologies.

Theorem 5.3. Let (X;)7_, be random samples drawn i.i.d. from a probability measure P €
P(y, L) for some L < oo andy > % Suppose K is of order r satisfyingr > T + %, T e NU {0}
such that fRd(l + IIxII%)VKz(x) dx < 00 where p € Wf(Rd) for some 0 <s <T.If Fy is P-
Donsker (satisfied by IC in Theorem 4.3), then

P, % Kj; —Pllr, = Op(n™'?) and /n(P, * Kj —P) ~ o5y Gp.
Similarly, for IC in Theorem 4.2, we have
Py % Kj —Plicy, =0p(n~"?) and /n(®, % Kj; —P) ~ (k) Gp.
In addition, for any 0 <s <T,
Py 5 K — plipi = Op(n—*/®+).
We now discuss some computational aspects of the estimator in (5.4), which requires comput-
ing [P, * K — P, * Kg|l;1 and ||IP, * Kj — P, || 7. While computing ||P, * Ky — P, * Kgll;1 is

usually not straightforward, the computation of ||P, * K; — P, ||z can be simple depending on
the choice of F. In the following, we show that 7 = Fp yields a simple maximization problem
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over a subset of (0, oo) depending on the choice of K and K, in contrast to an infinite dimen-
sional optimization problem that would arise if F = Fgr. and optimization over R¢ x (0, 00) if
F = Ky therefore demonstrating the computational advantage of working with Fp over Fpr
and Cy.

Consider [|P, * K, — P, || 7,,, which from (3.6) and (3.7) yields

1Py % K — Ppll 7y

1< 1<
;;/Kh(Xi — x)k(-, x)dx — ;gk(.,xi)

= sup
kelC

Hi

1 n
= p sup Z AXi, Xj) +k(X;, X)) — 2/ Kp(x)k(X; —x, X;)dx,
ke i j=1

which in turn reduces to

1 n
Py Kn —Pallry = | —gsup > (KnxKpx¥ +9 2K, x9)(Xi —X;)  (5.4)
n

kel j=1

when £ is translation invariant, that is, k(x, y) =¥ (x — y),x,y € R4, where
AXi, Xj) = / / Kpn(x)Kp(Wk(X; —x, X; —y)dxdy.

While computing (5.4) is not easy in general, in the following we present two examples
where (5.4) is easily computable for appropriate choices of X and K. Let K be as in Theo-

rem 4.2(a) (ie., ¥ (x) := Yo (x) =e 1513 x e R?, o € £) and K = n~9/2y,. Then

1
1Py % Kp — Pull 7y, = = [sup Ay (o), (5.5)
ny\ oex

where
Ay (o) = i Vo eom+yXi = X)) 25 @p24) (Xi — X)) (X — X )
V= L\ Cemdonr + D2 T amyPent+ 1ydr P T A )
i,j=1
Also choosing K to be as in Remark 4.3, that is,
d Ol2
P (x) ::%(x):l_[ﬁ’ xeRy aele,00),¢>0,
i=1 47T

which is a special case of K in Theorem 4.2(c) and K = 1 4¢; in (5.4) yields

1
1Py % Kp — Pullry = = sup Ay (@),
Y aele,00)
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where

Agla) =Y (%Hh(xi — X)) 2¢an(Xi — X))

B Xi— X))
O[_dzd(()l +2h)d 2d/2a—d(a +h)d + ¢o (X j))

i,j=1

In both these examples (where || - || 7, metrizes the weak topology on M Jlr (R%)), it is clear that
one can compute | P, * K, — Pyl 7, easily by solving a maximization problem over a subset of
(0, 00), which can be carried out using standard gradient ascent methods. For the choice of K
in both these examples, it is easy to see that K is of order 2 and therefore Theorem 4.2 holds if
§s<2-— %.

On the other hand, note that

D (Knx f— (X))

i=1

1
”Pl‘l * Kh - IE‘Drl”]:BL = — Ssup
" feFsL

is not easily computable in practice. Also for F = K x, we have

1
n

1

1Py * Kp _Pn”ICX = Ssup
kelC,yeX

)

n 1 n
[ Kt = ok ar - 5 Y ko X0
=1 i=1

which reduces to

(1P, * Kp _Pn”ICX = sup
kelC,yeX

1 n
=D (K9 =)y = X0)

i=1

when k(x, y) = ¥ (x — y). For the choice of K and /C as above (i.e., ¥, and ¢,), it is easy to
verify that the computation of ||IP, * K — P, ||k, involves solving an optimization problem over
R4 x (0, 00) which is more involved than solving the one in (5.5) that is obtained by working
with Fp.

In addition to the above application of adaptive estimation, there are various statistical applica-
tions where the choice of Fg can be computationally useful (over g1, and K ), the examples of
which include the two-sample and independence testing. As an example, in two-sample testing,
P, % Ky —Qp * K|l 7, can be used as a statistic to test for P = Q vs. P # QQ based on n and m
numbers of random samples drawn i.i.d. from P and Q respectively, assuming these distributions
to have densities w.r.t. the Lebesgue measure. Based on the above discussion, it is easy to verify
that [|P, * K, — Qp % Kg|| 7 is simpler to compute when F = Fp compared to the other choices
of F such as Ky and Fgr. Similarly, computationally efficient test statistics can be obtained for
nonparametric independence tests through || - || 7,,.

6. Proofs

In this section, we present the missing proofs of results in Sections 3 and 4.
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6.1. Proof of Proposition 3.1

For any f € Hj and P € P, we have

/f(X)dP(X)=/(f,k(',X))Hk dP(X)=<f,/k(~,X)dP(X)> ;

Hi

where the last equality follows from the assumption that k is Bochner-integrable, that is,

/||k(.,x)||Hk dP(x) =/,/k(x,x)dlp>(x) < 00.

Therefore, for any P, Q € P,

sup sup <f,/k(-,x)d(P—Q)(x)>

/f(X) dP-Q)| =

sup  sup
kel 1 flip, =1 kel fllpy <1 Hy
= sup ‘/k(wx)d(ﬂb— Q| .
kel Hi

SkCx) dP-Q) (x)

TP Q Wi, Because of the Bochner-

where the inner supremum is attained at f =

integrability of k,

< / k(. x) dP(x), / k<~,y>d@<y>> _ f / k(x, ) dP(x) dQ(y)
Hi

and (3.7) follows.

6.2. Proof of Theorem 3.3

Since supy i rex k(x, x) <vand P,, P € P, by Proposition 3.1, we have

IPn —PllF, = sup

‘/k( x)d®, —P)(x)

Hy

It is easy to check that sup; || f k(-,x)d(P, —P)(x)]l%, satisfies the bounded difference prop-

erty and therefore, by McDiarmid’s inequality, for every T > 0, with probability at least 1 —e™ 7,

WE
\/7

/ k(. x)d(Fn — P)(x)

< E sup
Hk keIC

/k( x)d(P, —]P’)(x)

Zelk( X)

sup
kelC

()
< 2EE; sup
kekC
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where (&;)7_, represent i.i.d. Rademacher variables, [E, represents the expectation w.r.t. (&;);"_,
conditioned on (X;)?_,, and (%) is obtained by symmetrizing Esup;cx D (P,,P) (see van
der Vaart and Wellner [38], Lemma 2.3.1). Since E, sup;cx ||% Yoy eik(-, Xi)llgy, satisfies the
bounded difference property, another application of McDiarmid’s inequality yields that, for every
T > 0, with probability at least 1 —e™7,

EE, sup gik(-, Xp)
- nXl: l k 6.2)
2
<F, sup Zslk( x|+
kel Hy n

and, therefore, combining (6.1) and (6.2) yields that for every t > 0, with probability at least
1—2e77,

fk(n x)d(®, —P)(x)

sup
kek H
© ‘ 6.3)
< 2[E; sup Zs k(-, X;) 18ve
B kek l Hy no
Note that
1
E; sup Zs,k( Xi) < - & Sup Z sigjk(Xi, Xj)
kelC H, n kelClj 1
«/— \/_ (6.4)
v
U, (K; (X; ,
0 (i) + 7
where
Un (K (Xi),) :=TEe sup Zas,k(xl, X))
kel i<j

is the expected suprema of the Rademacher chaos process of degree 2, indexed by /C. The proof
until this point already appeared in Sriperumbudur et al. ([30], see the proof of Theorem 7), but
we have presented here for completeness.

The result in (3.11) therefore follows by using (6.4) in (6.3) and bounding U, (K; (X;)7_,)
through Lemma A.2 with 6 = %. Using (3.13) in (3.11) and solving for « yields (3.14) and (3.15).

Remark 6.1. (i) Note that instead of using McDiarmid’s inequality in the above proof, one can
directly obtain a version of (6.3) by applying Talagrand’s inequality through Theorem 2.1 in
Bartlett, Bousquet and Mendelson [3], albeit with worse constants and similar dependency on 7.
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(ii) If KC is singleton, that is, K = {k}, then L.h.s. of (6.4) can be bounded as

1 < 1 “
Eesup|~ 3 eik(, Xp)| <~ |Ee ) eieik(Xi, X))
kel || ™ izt Hy i.j=1

1 - v
<- EeZSiSjk(Xi,Xj)-i-—,

"N i v

and, therefore,
1 n
Eosup| - Y eke x| < Y2 (6.5)
kekc| i=1 H, \/ﬁ

6.3. Proof of Theorem 4.2

The proof involves showing that the kernels in (a)—(d) satisfy the conditions (i)—(iv) in Theo-
rem 4.1, thereby ensuring that (4.1) and (4.2) hold. However, instead of bounding 7 through
bounds on the covering numbers of K, we directly bound the expected suprema of the
Rademacher chaos process indexed by K and Ky, that is, U, (K, (X;)}_;) and U, (Ky, (Xi)7_))
which are defined in (3.16) — note that the terms involving 7 in (4.1) and (4.2) are in fact
bounds on U, (K, (X;)!_,) and U, (Ky, (X;)i_,) — and show that U, (K, (X;)7_,) = Op(n) and
U,(Kg, (Xi)7:1) = Op(n). Using these results in (6.4) and (4.19) and following the proofs of
Theorems 3.3 and 4.1, we have ||, — P|| £, = Oa5.(n~1/%),

r

1
IKp Py =Pyl 7, < NG + Axh"
and
1Ky %Py —Plly, < T 4 a4 22
* - - = >
h n Fuy = \/ﬁ 2 \/ﬁ

where E| and (F,‘)izz1 are constants that do not depend on n (we do not provide the explicit
constants here but can be easily worked out by following the proofs of Theorems 3.3 and 4.1).
Therefore, the result follows.

In the following, we show that for /C in (a)—(d), (iv) in Theorem 4.1 holds (note that (i)—(iii) in
Theorem 4.1 hold trivially because of the choice of K) along with U, (KC, (X;)7_,) = Op(n) and
Un(Kg, (Xi)!_;) = Op(n). In order to obtain bounds on U, (K, (X;)7_,) and U, (K, (Xi)i_,),
we need an intermediate result (see Proposition 6.1 below) — also of independent interest — which
is based on the notion of pseudo-dimension (Anthony and Bartlett [1], Definition 11.1) of a
function class F. It has to be noted that the pseudo-dimension of F matches with the VC-index
of a VC-subgraph class, 7 (Anthony and Bartlett [1], Chapter 11, page 153).
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Definition 2 (Pseudo-dimension). Let F be a set of real valued functions on X and suppose that
S={z1,...,22} C X.Then S is pseudo-shattered by F if there are real numbersry, ..., r, such
that for any b € {—1, 1}" there is a function f, € F with sign(fy(z;) —ri) =bj fori=1,...,n
The pseudo-dimension or VC-index of F, VC(F) is the maximum cardinality of S that is pseudo-
shattered by F.

Proposition 6.1. Let
d 2
fo(x,y)= l—[a(x,—y) 8 =0 (xi—i) ,x,yeRd:UE(O,oo)},

where x 1= (xl,...,xd)eRd,y:z (y1,...,yd)€Rd,920and8i >0 foranyie{l,...,d}.
Then VC(F) <2.If0 =61 =---=684 =0, then VC(F) = 1.

Proof. Suppose VC(F) > 2. Then there exists a set S = {(x;, y;) € R? x R4: i € {1, 2, 3}} which
is pseudo-shattered by F, where x; = (x;1,...,Xiq) € R9 and yi = (Vi1 .-, Yid) € R4, This
implies there exists (r, r,73) € R3 such that for any b € {—1, 1}3 there is a function f, € F
with sign( fo (x;, yi) —ri) = b; fori = 1, 2, 3. Without loss of generality, let us assume the points
in S satisfy

Iz — y2ll2 < llxr — yill2 < lIx3 — y3ll2. (P213)

We now consider two cases.
Case 1: ||x2 — y2ll2 < llx1 — yill2 < llx3 — y3ll2: Let b= (b1, b2, b3) = (=1, 1, 1). Then there
exists o1 € (0, 0o) such that the following hold:

Jor (X1, 31) <11, Joi (X2, y2) > 12, Jor (X3, y3) > 3.
Similarly, for b = (1, —1, —1), there exists o7 € (0, 0o0) such that the following hold:
Jor (X1, 1) = 11, for (X2, ¥2) <712, Jor (X3, 3) <r3.
This implies fo, (X1, Y1) > fo, (X1, Y1) for (X2, Y2) > fo, (X2, ¥2), fo, (X3, ¥3) > f5,(x3, 3), that

is,

d d
0+> .6 P v lI2 0+> .68 - v 12
o, Z, i | |(x]i _y]i)25,e oallx1—y1ll3 - O,l Zz i | |(x1i —yli)%le o1 llx1 )1”2’
i=1 i=1

d d
0+, 5; ool 12 0+, 5 ol 12
0, 2ib | |(X25 — ypi)Bigo2la—yall <o, Lidi | |()C2i — yyi) gt mnl;,
i=1 i=1

d d
0+> .5 - — a2 0+> .8 - a2
o, D6 | |(x3i _y3i)25,e o2llx3—y3ll3 <o, 2 | |(x3i —y3,')2816 o1 llx3 y3”2'
i=1 i=1
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It is clear that xj; — y;; #0 for any i € {1,...,d} and all j € {1, 2, 3} (otherwise leads to a
contradiction). This implies

9+Zi §i
e—(@1-onlxa-yl (2 ) = e—1-olxi-n}
9
o

9+Zi S
ool =yl "2) = e—1-olxi-y
o

and, therefore,

(01 —02)(Ilx2 — y213 — lIlx1 — y1113) <0 (6.6)

and

(01 —02) (I3 — y3lI3 — llx1 — yi113) <0,

which by our assumption ||x2 — y2|l2 < [[x1 — y1ll2 < ||x3 — y3||2 implies o1 > 07 and 01 < 02
leading to a contradiction. Therefore, no 3-point set S satisfying [[x2 — y2ll2 < [[x1 — y1ll2 <
[lx3 — y3]2 is pseudo-shattered by F.

Case 2: At least one equality in (P213) holds: Suppose ||x2 — y2ll2 = llx1 — yill2 < llx3 — y3ll2.
Then (6.6) yields a contradiction. Similarly, a contradiction arises if ||x3 — y2|l2 < |[[x1 — y1ll2 =
llx3 = y3ll2 or [[x2 — y2ll2 = llx1 = yill2 = lIx3 = y3ll2.

Since every 3-point set S satisfies (P213), from cases 1 and 2, it follows that no 3-point set S is
pseudo-shattered by F, which implies VC(F) < 2.

If0 =8 =0forallie{l,...,d}, then F = {f,(x,y) =e " I3; 5 € (0, 00)}. Using the
same technique as above (also see the proof of Lemma 2 in Ying and Campbell [40]), it can be
shown that no two-point is shattered by F and, therefore, VC(F) = 1. O

Proof of Theorem 4.2. (a) Consider ICy := {0%%Y, (- — -): 0 € X} for |a| =r. It can be shown
that

d

. . 2

8‘1,“1#0 ()C - )’) = l—[(_l)alaal HZC{[ («/E(Xi — yi))e o (xi—yi) ,
i=1

where x = (x1,...,xq) € R4, y=01,...,Yd) € R? and H; denotes the Hermite polynomial of
degree [. By expanding Hp,; we obtain

d «a; .
0 Yo (x —y) = 0" [ [ D mij(o (i = yi)?) e

i=1j=0

aj ag d
= Z Z l_[nl,j_o_oti+ji (x;j — yl,)2jie—<7(xi—yi)2
1 £

J1=0  ja=0i=1

)2

6.7)
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where 7;;, are finite constants and n;o > 0 forall i =1, ..., d. Therefore,

o d
sup 9" (x —y) < supo” (Z [ T1ni |j,~”‘e‘f")

oeX,x,yeRd oex =0i=1 68
o d ) ' ’
— (STt s) <o
j=0i=1
which implies (iv) in Theorem 4.1 is satisfied, where 3 %_, := Z(;ll:o"'z iy=0- Defining By :=
Un(Ky; (X)), we have
By = E, sup Zs,s k(X,,X)
kel i<j
n
= E; sup Ze,,sqa“’“w(,(x,,,xq)
oED p<q
(6.7) . - o i i 2
=’ E, sup nggq Z Z l_lmjl_aai‘Hi (X pi — qu.)2jie—0(Xpi—Xqi)
o€X|p<gq =0  j;=0i=1
= E,. sup Z(Hw) Y et ]_[0 (X i — Xgi) e Xpi=Xai)®
o€X] 0 \i=1 p<q i=1
= Z(nlw )E sup Zepeql_lac"wx — Xgi) 2o XX
=0 \i=1 Xlp<q i=1
o] 7 d
= Z Z<H|UZJ’|>E su Zé‘pé‘q Ji- ]d(X[hX ) (69)
j1=0  jg=0\i=1 kj,.. ,delcl Y p<q
where
K= {kjr»-jd(x, v =[]o% i x = yi)*ie e x yeR: o € E}-
i=1
Since

d
d . i
=4 g i
sup kj..j,(x,y) <ad'e Lizt | |]i’ =Ly < 00,

J1-Ja il
o ig €K x yeRE i=l
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by Lemma A.2, we have

E, su

J “Jd
kj .. ,deIC

Z €peqkiji...jy(Xp, Xg)
p<q

(6.10)

- Civoia \ | Mo
<2*T(Kid, pj.i ,
= h T( o Pjr-ja 2 + \/i
where T and pj,...j, (same as p, but defined on IC({;] i ) are defined in the statement of Theo-
rem 4.1. Since every element of /CJ} /¢ is nonnegative and bounded above by ¢; 1 ja» WE Obtain
the diameter of '/ to be bounded above by ¢j;...j, and, therefore, we used ¢j,...;,/2 as an
argument for 7 in (6.10). Proposition 6.1 shows that ICJ 1 g g VC- subgraph with VC-index,

V= VC(KCL "y <2 forany0 < ji <a;,i = 1,...,d, which by Theorem 2.6.7 in van der Vaart
and Wellner [38] implies that

N, pjjgr €)

(6.11)
Cija \2U TP
gc’V(lﬁe)V<M> . O0<e<gjij,
€
for some universal constant, C’ and, therefore,
o L c’ .
T(lCél""", Pjijus g";’”’) < (6.12)
i n

where C;’l___jd is a constant that depends on C’, V and ¢},...;,. Combining (6.10) and (6.12) in
(6.9), we obtain

Un(’sz; (Xi),r'lzl)

<o 33 (Tt (2 252

J1=0  ja=0\i=1

= Op(n).

Also, since K is a VC-subgraph with VC(K) = 1, from (6.11) we obtain A (C, p, €) is a constant
independent of €. Following the analysis as above, it is easy to show that U, (K; (X;)}_,) =
Op(n).

(b) Since 3% [ Yy (x — y)dA(0) = [ 8% Yy (x — y)dA(0) holds by Theorem 2.27(b)
in Folland [12], define

o
Ky = {/ Ba’alﬂg(x—y)dA(U),x,yeRd: AEMA}.
0
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Therefore,
o0
sup  k'(x,y) = sup / 3" Yo (x — y)dA(o)
kK eKy,x,yeRd AeMy,x,yeRd JO
(68) . ©
Z]‘[m,,u, ™) sup / 0" dA(0)
j=0i=1 AeMy /0

a d ) ‘
= A(ZH|Uij,~|jiie_J") <00,

j=0i=1

and so /C satisfies (iv) in Theorem 4.1. Now consider

Un (K5 (X)1_;) =E¢ sup Ze,,sq/ wg(X,,—Xq)dA(U)'
AeMy P<q
(6.13)
<E; sup Zspsqx/fg(x - Xg)|-
o€(0,00) p<q

By Proposition 6.1, since {{/s(x — y): o € (0, 00)} is a VC-subgraph, carrying out the analysis
(following (6.11)) in (a), we obtain U, (K; (X;)?_,) = Op(n). Also,

Un(Ka: (X)]—y) :==E¢ sup

Zepsqk (X, Xg)

KeKa|p<q
o

=E, sup Zspeq/ Yy (X, — X,) dA(0)

AeMu|p<q 0
< E. sup / Zepeq “o (Xp — Xg)|dA(0)

AeMy p<q
< AE. sup Zepsq TINYy (X p — Xg)| =1 AU, (L5 (XDT_)),

0€(0,00) p<q

where
L:={c70% Ys(x —y),x,y€ R?: o € (0, 00)}.

Replicating the analysis in (6.9) for U, (L; (X; )” 1) in conjunction with Proposition 6.1, it is
easy to show that U, (L; (X;)!_,) = Op(n) and, therefore, U, (Ky; (X;)7_,) = Op(n).
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(c) It is easy to check that any k € K is of the form
d oo ,
ke =[] [ dson).
i=170
Therefore,

d o
Ko = {1‘[/ 0% g, (xi — yi) dAi(07), X,y €RY: Aj € My, i = 1,...,d}
i=170

and

d o0
sup K, y) =] sup / 9% g, (x; — yi) dA(07)

K ekqy,x,yeRd i1 A€My, xi,yi€eRVO
d o
= l_[Ai Z mijlj’e™! < oo,
i=1l  j=0
which implies /C satisfies (iv) in Theorem 4.1. Now consider

Un(’C; (Xi):‘lzl) = E¢ sup

n
D epey [ oMK A X0 gn (o)
AeQy

p<q

n
E Epeqe
P<q

=< ]Es sup 7(X]77XQ)TA(X]7*X¢;)

diag(A)e(0,00)4

= U, (7: (X)),

where
T d 2
J = {k(x, y)=e 7Y AG—y) — He*“"(x"fyi) ,X,V € R? s diag(A) € (0, oo)d}.
i=1
Define
Ji={k (x,y) — e oii? o yi €R: 0j € (0, 00)}.

It is easy to check that for any 121, 122 eJ, ,0(121, 122) < \/c_z'Zf.l:l ,o(lzi , l%), where k! , 12’2 € J; and
N(T,p, €)= H?ZIN(ﬂ, p.d3/%€). By Proposition 6.1, since J; is a VC-subgraph for any
i=1,...,d, from the analysis in (a), we obtain N'(J;, p, €) = O(1) and, therefore,

Un (K (X)7_y) < Un(T: (XD)1_,) = Op(n).
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Similarly,

Un(lca; (Xi),r';])

=E, sup Zspeqk (Xp, Xy)
kK eky p<q
=E, sup Zé‘pz‘,‘ql—[f 9% “’%, (sz - qz)dA (o)
AieMy; ield] p<q
d d
_E, / f 3 e [ 18 Ui s — Xg) [ | a0
A; EMA Jield] p<q i=1 i=1

n d

d
(1_[ )Es sup Y epeq [ Jor 0% i, (X pi — Xgi)
-1 diag(A)€(0,00) | p<g4 i=l
d
{

.,d} and

IA

where [d] :=

T {léoc, ) =[Tor 0, (i = 3.

x,yeR?: (o1,...,04) € (0, 00)¢

We now proceed as above to obtain a bound on U, (Z; (X i)?: 1) through N(Z, p, €) by defining
Ti = {k (x,y) = 0, 0%y, (x; — yi), i, yi € R: 07 € (0,00)}

and noting that for any 121, 122 € 7, we have p(lél, 122) < Bd3/2,o(l;‘i , I%) where k' , 12’2 el;, B:=
max;e(1...d) Zj Lolmijli‘e™) and N(Z, p,€) = ]—[:-JZIN(Ii,p,B’ld’3/2e). Proceeding with

the covering number analysis in (a), it can be shown that Z; is a VC-subgraph with VC(Z;) <2
forany i =1,...,d and, therefore, N'(Z, p, €) = 0(5’2), which means

Un(Ko: (X)) < (HA) (T: (X))

= Op(n).

(d) First we derive an alternate form for k € IC which will be useful to prove the result. To this
end, by Theorem 6.13 in Wendland [39], any k € C can be written as the Fourier transform of
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2B—d .
%(c2 + ||a)||%)_’3, that is, for any ¢ > 0,

e — ylI5 =472
k(x,y) = Awﬁd/z—ﬁ(cllx —yll2)
acrarg) (6.14)

s VIR & _
= Gt o T wl) o

By the Schonberg representation for radial kernels (see (3.2)), it follows from Wendland [39],
Theorem 7.15, that

(@4 lol2) = - /Ooe—"'w”%zﬁ—le—fz’ dt. (6.15)
g re) Jo
Combining (6.14) and (6.15), we have

28—d
Ky = =27 VT / ol 1o gy g,

Qm)/221=F Jga 0

which after applying Fubini’s theorem yields

26—d
k(x,y) = Aci /°° e_J—_l(x—):)Twe—t||w||% dwtﬂ_le_czl dr
’ Qn)d/221-8 Jo  Jpa
28—d oo (6.16)
__¢ —(lx—yI2)/@41) B—1—d /2 .—c2t
=Tz g e 72 t e dr.
rB—-ds2) Jo
Note that
28—d o)
sup k(x, y) < sup C— tﬁ—l—d/Ze—czt dr=1,
kelC,x,yeX ce(0,a] F(/S — d/2) 0

implying that C satisfies (iii) in Theorem 4.1. Using (6.16) in U, (K; (X;)7_,), we have

Un(IC, (Xi);?:l)

n
Zsl‘é‘jk(xi, X;)

=E, sup
kel
CZﬁ—d n 0 ) )
=E; sup ———— Zsiej/ e~ UIXi=Xj12)/ (4D p=1=d/2e ="t 4
ce©.a1 T(B—d/2) oy 0
n ) C2/3—d 00 )
<E. sup Zsisje_(”X"_XfHZ)/(‘") sup ————— f P=1=d2e=c" 4y
1€(0,00) | ce0.a) V(B —4d/2) | Jo
" 2
=E; sup Zsisje_"”X"_XfHZ ,
o€(0,00) i<j
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and, therefore, it follows (see Remark 3.1(1)) that U, (KC; (X;)7_,) = Op(n). Now for |a| =m AT,
let us consider

c2B—d 00 ) )
k/(x, y) = 8a,ak(x’ y) = - (8a,ae—(|\x—yHz)/(4l))tﬁ—1—a’/26—c tdr
(B—=d/2) Jo
_ c2B—d OO((4t)m/\raa,ﬂle—(ﬂx—y\|%)/(4t))tﬂ—l—d/2(4t)—(m/\r)e—c2t dr
LB —d/2) Jo
c2B—d

T T(B—d/am / T (g D) Bo1-d -t gy (6,17)
- 0

where the equality in the first line follows from Folland [12], Theorem 2.27(b). The above implies

_ _ 2mAr)
sup K (x,y) < sup U_(m/\r)aa’“e_””x_y”%‘ rg—d2—mn r)f mAr
kKeKqy,x,yeX 0€(0,00),x,yeX (B —d/2)4mnr

< 00,

therefore satisfying (iv) in Theorem 4.1. Using (6.17) we now obtain a bound on B3 :=
Un(Ky; (Xi)7_,) as follows by defining B :=T"(8 — %)4’"”.

n
B3 =E, sup Zsisjk’(Xi,Xj)
kK elky i<j
e2B—d| 00 ) )
=E, sup > e, f ((4eym g e (IXi= X 1)/@n) f=1=d/2mAr) gt gy
ce(0,a] i<j 0
n
<E, sup Z8i8j(4t)m/\raa,oze—(\|X,-—XjH%)/(4t)
1€(0.00)|;=;
28—d o0
X sup ¢ / tﬂ—l—d/Z—(m/\r)e—cztdt
ce(0,a] 0

_TLB—d/2—mnrra*""

n
— _ X2
E :SiSjU (mAr) 9% %ea ollXi—Xjl5

< E. sup ,
(B —d/2)4m " oet0.00|
j
and so U,,(Ky; (X i)?: 1) = Op(n), which follows from the proof of Theorem 4.2(ii). U

Remark 6.2. Note that instead of following the indirect route — showing X' "¢ to be a VC-
subgraph and then bounding U, (ICy; (X i);’: 1) — of showing the result in Theorem 4.1 for the
Gaussian kernel family as presented in (a), one can directly get the result by obtaining a bound on
N (Kq, oo, €) as presented in Proposition B.1, under the assumption that X’ = (ay, bo)¢ for some
—00 < ap < by < 0o. The advantage with the analysis in (a) is that the result holds for X = R4
rather than a bounded subset of R. Also the proof technique in (a) is useful and interesting as it
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avoids the difficult problem of bounding the covering numbers of K and /C, for kernel classes in
(b)—(d) while allowing to handle these classes easily through (a).

6.4. Proof of the claim in Remark 4.3(iii)

We show that /C in (a)—(c) satisfy the conditions in Theorem 3.2 and, therefore, metrize the weak
topology on M Jlr (R9). Note that the families in (a)—(c) are uniformly bounded and every k € K
is such that k(-, x) € Co(RY) for all x € RY. It therefore remains to check (3.10) and (P) in
Theorem 3.2. By Proposition 5 in Sriperumbudur, Fukumizu and Lanckriet [33] (see (17) in its
proof), it is clear that (3.10) is satisfied for X in (a) and (b). For (c),

B— / / k(e y) dp (o) di(y)
R4 JR4

-[./ I [ e an ot du)
R R Jo

-/ ﬁ/ o [T 4 ) () duy)
R JRY 51 J0 (@no)d/2 Jg T

=/ / e_ﬁw%_”ﬁ/ T e 4 0) do (0 au ()
R4 JRA JRA =1 0 (47[0')(1/2 J

d
~ > 1 o/ (4o
z/n;d|“(”)|2<l_[/() Gro)R° 5/‘“dAj<<f>>dw, 6.18)
j=1

where we have invoked Fubini’s theorem in the last two lines of (6.18) and 1t denotes the Fourier
transform of w. Since supp(A ;) # {0} for all j =1, ..., d, the inner integrals in (6.18) are posi-
tive for every w; € R and so (3.10) holds.
We now show that (P) in Theorem 3.2 is satisfied by K in (a)—(c). Consider K in (b). Fix
x € R? and € > 0. Define Ure=1{ye RZ: |lx — y|l2 < (48log %)1/4}, where § and B are as
mentioned in the statement of Theorem 4.2. Then for any k € KC and y € Uy ,
o0
0

JkCox) = k)2, =22 / eI 4A (o)

. o § 2 . 2 S 2
<2-2{ inf / e %7 dA(o) ( inf e Clx—yll3gd0 )
AeMa Jo o€(0,00)

<2 —2Be K—VI3/@9) _ 2,
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d g
For K in (c), define Uy :=={y € RZ: ||x — y]loo < (4min; §; log 21_2["_;6‘23’)1/4} for some fixed

x € R? and € > 0. Then as above, it is easy to show that for any k € C and y € U, ,

4 roo
lke.0) =kl =2=2] [~ e dnsco)
i=1

d o0 2 2 2
52—2]‘[( inf / edio dAi(a))( inf oGy ehio )
i1 A,-e./\/lAi 0 o €(0,00)

d d
<2-— 21—[ Bie~ i /@8 <9 _ 21—[ Bie—K—Vl%/Gmini ) _ 2.

i=1 i=1

thereby proving the result.

6.5. Proof of Theorem 4.3

In the following, we prove that the class Fg induced by the family X in (a)—(d) are Donsker and,
therefore, the result simply follows from Theorem 4.2. To this end, we first prove that I in (d) is
Donsker which will be helpful to prove the claim for the kernel classes in (a)—(c).

(d) Since k is continuous and bounded and X is separable, by Steinwart and Christmann [35],
Lemma 4.33, the RKHS H; induced by k is separable and every f € Hj is also continuous
and bounded. In addition, the inclusion id:H; — Cp(X) is linear and continuous (Steinwart
and Christmann [35], Lemma 4.28). Therefore, by Marcus ([24], Theorem 1.1), Fg = {f €
Hi: || fllag, < 1} is P-Donsker, that is, /n(P, — P) ~o(x,) Gp. Also, /n(P, * K, —P) =
Vn(Py % Ky —Py) + /n(P, —P) ~(7,) Gp by Slutsky’s lemma and Theorem 4.1.

(a)—(c) From (4.28), we have

b\ /4 b\ /4
Fuc |J {feHh: IIfIIHb§<;) }={feHb: ||f||7-tb§(a) }::B.

o€la,b]

Using the argument as in (d), it is easy to verify that H,, is separable and id: H; +> Cp(X) is
linear and continuous and, therefore, B is P-Donsker, which implies Fy is Donsker by van der
Vaart and Wellner [38], Theorem 2.10.1. The result therefore follows using Slutsky’s lemma and
Theorem 4.2. The proof of (c) is similar to that of in (a) but we use (4.30) instead of (4.28).
For (b), the result hinges on a relation similar to those in (4.28) and (4.30), which we derive
below. Let KC be the kernel family as shown in (4.29). Then for k € I, let H, be the induced
RKHS. From Wendland [39], Theorems 6.13 and 10.12, it follows that for any f € H,,
1713 =@/lf<w)|2 c do
He ™ pl-p (cllwl2)f=42Rap—plcllwl)
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By Wendland [39], Corollary 5.12, since for every v € R, x > x"£&_,(x) is nonincreasing on
(0, 00), we have that for any 0 < 7 < ¢ < 00,

dJ2
nfwnfs<§) 1 £ 11,

and so H, C H.. Therefore, we have

c\4/2
Fac U {feHa: ||f||7-ta5<;) }:Ha.

c€la,o00)

For the choice of K in Theorem 4.3(b), we have

c\4/2 b\ 42
Fu C LJ{feHmehg§<;) }={f€Hmehg§<;) } (6.19)

c€la,b]

and the rest follows.

6.6. Proof of Proposition 5.1

By definition,

IP—Qlixy = sup ‘/k(x,y)d(P—Q)(y)‘

ke, xeX

= sup ‘/(k(-,x),k(~,y))md(IP—Q)(y)’.

kel,xeX

Since K is uniformly bounded, (-, x) is Bochner-integrable for all k € K and x € X, that is,

f”k(-,x)”Hk dP(x) = / Vi@, x)dP(x) <V  VkeK,xeX,

and, therefore,

IP—Qllxy = sup Vk(y,X)d(]P’—Q)(y)'
kelC,xeX

= sup ‘<k(-,x),fk(~,y)d(P—Q)(y)>

ke, xeX Hi

< sup Hk(-,X)HHk@k(lP’, Q) < VVIP-Qllry.
kelC,xeX
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which proves the lower bound on ||P — Q|| 7, in (5.1). To prove the upper bound, consider

1P~ 01, = sup [ [renar-omar-ao

IA

:u}é/‘fk(x, W d(E - @)(y)’ dIP - Q|(x)

< 2sup sup
keKxeX

fk(x, y)dP - Q)(y)‘ =2[IP - Qllcx-

thereby proving the result in (5.1). Equation (5.2) simply follows from Theorem 3.2 and (5.1).

6.7. Proof of Theorem 5.2

In order to prove Theorem 5.2, we need a lemma (see Lemma 6.2 below) which is based on the
notion of fat-shattering dimension (see Anthony and Bartlett [1], Definition 11.10), defined as
follows.

Definition 3 (Fat-shattering dimension). Let F be a set of real-valued functions defined on X .
For every € > 0, a set S ={z1,...,zn} C X is said to be e-shattered by F if there exists real
numbers ry, ..., ry such that for each b € {0, 1}" there is a function f, € F with fp(zi) >ri + €
ifb; =1and fp(z;) <ri —e€ifb; =0, for 1 <i <n. The fat-shattering dimension of F is defined
as

fat. (F) = sup{|S||S Cc X, S is e-shattered by .7-'}.

Lemma 6.2. Define
G:= {e_“('_x)z: o€ (0,00),x € R}.

Then fat.(G) < 1 + |e~'|. In addition, there exists a universal constant ¢’ such that for every
empirical measure Py, and every 0 < e <1,

log N (G, L*(Ba). €) < c’(l T §> 1og2<% ; g)
€ € €

Proof. Since ffooo |§—‘§ |dy =2 < oo for all g € G then G C BV(R) where BV (R) is the space of
functions of bounded variation on R. Therefore, by Anthony and Bartlett [1], Theorem 11.12,
we obtain fat.(G) <1+ |_6_1J and Mendelson [25], Theorem 3.2, ensures that there exists a
universal constant ¢’ such that for every empirical measure P, and every € > 0,

logN(g, L2(IP’n), 6) < c/fate/g(g) logz(m%/g(g)> < C/<1 + g) 10g2<§ + 1—3)
€

thereby yielding the result. ]
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Proof of Theorem 5.2. (a) Define
Fi = {67”"('”")2: o; € (0, oo),x,-eR}, i=1,...,d.
By Lemma 6.2, it is easy to see that there exists N; (¢) := N (F;, L*>(P,), €) functions
{e_""v'('_x'?‘)z, o e_a’?Nf(G)('—x’V’Vi‘f))z} C Fi
such that for any € > 0 and f € F;, there exists t € {1, ..., Nj(¢)} such that
|r- emoum” ”LZ(IP’n) ze

Now pick /; € {1,..., Ni(€)},i =1,...,d. Then for k(-, x) = e~ I"*I”_ we have

d

d
l_[e—o(-—x,-)2 _ l_[e_a“i (‘—xi,l,-)z
i=1

i=1

2 d 2
el _ Temom =)
i=1

L2(Py) L2(Py)

=

d
Z’e—a(-—xl-)z _ e Ol (-—M,z,-)2|
i=1 L2 ®,)

d
< 3 et e T L o <ed.
i=1 !
This implies N (K x, L2(P,), ed) = ]_[;1=1 N; (¢€) and, therefore,

d
log N (K, L*(B,), ed) = ) " log Ni (e),
i=1
which by Lemma 6.2 yields
8d 2d  16d>
supsuplog N (K.x, L*(P,), €) < c’d(l + —) 10g2<— + —2>, 0<e<l.
n P, € € €

It is easy to verify that fooo sup,, supp, log N (Kx, L2(P,), €) < 0o. Therefore, K y is a universal
Donsker class and the UCLTs follow. s
(b) Following the setting in (a) above, for k(-, x) = fooo e I l2dA(0), A € My, we have

d . d
k(- x) — l_[e—m,/,- (=xig)? _ / (e—a I-—x13 _ He—m.l,«(_xtpl,-)z) dA (o)

i=1 0 i=1
and so

d
X Y
k(,’ x) _ He_gl.li (‘_xt.li)

i=1

dA(o) <ed,

d
e—oll-=xl3 _ l_[e—af,l,- (=xi)?
i=1 L2(P,)

o
S/
0

L2(Py)
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and the claim as in (a) follows.
(¢) The idea is similar to that of in (b) where for k(-, x) = [—[fl=1 OOO e—o(—x)? dA;(o), A; €
My, , we have

d d | o
2 2 e 2
k(,x)— He—a;,li( Xi1;) < Z / o0 (—xi) dA; (o) —e i1, (-—xi1;)
i=1 2@,y =110 L2(P,)
- o 2 2
< Z / e X7 g, (o) — e (i)
i—1 1J0 L2(P,)

d © 2 2
o e T e
i=1

<ed,

and the claim as in (a) follows.
(d) From (6.16), we have

B (C2/4)ﬂ—d/2 oo

— e~ Ix=YI3 5d/2=B=1=¢/(4o) 4y
LB —=d/2) Jo

k(x,y)

which is of the form in (b) where dA (¢) = %am—ﬂ—le—cz/ (49) 4o and the result fol-

lows from (b). O

Appendix A: Supplementary results

In the following, we present supplementary results that are used in the proofs of Theorems 3.3
and 4.1. Before we present a result to bound U, (IC; (X l-);’ 1)» we need the following lemma. We
refer the reader to de la Pefia and Giné ([7], Proposition 4.3.1 and equation 5.1.9) for generalized

versions of this result. However, here, we provide a bound with explicit constants.

Lemma A.1. Let A be a finite subset of R{C1/2 and (ezi)ﬁ:1 be independent Rademacher vari-
ables. For any a € A, define a := (a;j)1<i<j<n. Suppose sup,c 4 lall2 < R < oo, then for any
0<6 <1,

l

E SiEjaij

i<j

R A

E
o o F1-0

acA

(A.1)

and, therefore,

1
Zeigjaij <eR(1 +\/10g|.A|)2. (A.2)

i<j

E sup
acA
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Proof. For A > 0, consider

[ ! !
e EsUPaca | Xic; ijdij| < et SWPacal Licjitidijl — | gup el 2i<) &i8i]

acA
o C
I A gigia
< Y BT Y EY IZ,<, i€l
acA acA =0

By the hypercontractivity of homogeneous Rademacher chaos of degree 2 (de la Pefia and

Giné [7], Theorem 3.2.2), we have

i c 2\ ¢/2 1 c/2

E|Y eiejaij s(c—l)C<IE ) 5(c—1)0<2a?j) )
i<j

i<j
2\ 172 1 1/2
i<j

C
AEsupaEAlzKJ siejaijl < Z Z Afce ||Cl||2

acAc=0

1
Zsisja,-j

i<j

and

I
E EiSjaij

i<j

1
E ZS,’Sjaij

i<j

which implies

Using ¢¢/c! < e and choosing A = % for some 0 < 6 < 1, we obtain the desired result in (A.1).
Using —log(1—0) <6/(1—0) for0 <6 < 1in(A.1) and taking infimum over 6 € (0, 1) (where
the infimum is obtained at 6 = \/log|A|/(1 + \/log|.A])) yields (A.2). [l

The following result is based on the standard chaining argument to obtain a bound on the
expected suprema of the Rademacher chaos process of degree 2. While the reader can to refer
to de la Pefia and Giné [7], Corollary 5.18, for a general result to bound the expected suprema
of the Rademacher chaos process of degree m, we present a bound with explicit constants and
with the lower limit of the entropy integral away from zero. This allows one to handle classes
whose entropy number grows polynomially (for 8 > 1 in Theorem 3.3) in contrast to the entropy
integral bound in de la Pefia and Giné [7], Equation 5.1.22, where the integral diverges to infinity.
Similar modification to the Dudley entropy integral bound on the expected suprema of empirical
processes is carried out in Mendelson [25].

Lemma A.2. Suppose G is a class of real-valued functions on X x X and (¢;)}_, be a indepen-
dent Rademacher variables. Define  := sup,, ,.cg p(81,82). Then, for any (x;);_, C X and
0<06 <1,

281818()61,)(])

i<j

E sup
Y

3¢ (P11 0 NG p, €)
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where for any g1, 82 € G, p(g1.82) = \/n% >oioi(g1(xi, xj) — g2(xi, x;))* and therefore

n
3 B
E sup Zsisjg(xi,xj) <2«/§n2<inf{a+—e/ (1+\/log./\/(g,p,e))2de}>
g€ oy a>0 n Jo
+ = sup p(s.0)
—=Sup p(g,Y).
\/Egeg

Proof. Let §y:= SUP,, 0reG p(g1,82) and forany/ € N, let §; := 27!8,. Foreachl e NU {0}, let

g = {gll, e glN(g’p‘Bl)} be a p-cover of G at scale §;. For any M, any g € G can be expressed

as

M
g=(g—gm+ Y _(&—g-1)+ .
=1

where g; € G; and Go := G. Note that p(g, g1-1) < p(8, &) + (g, &-1) < & + 8i—1 = 34;.
Consider

n
Z€i8jg(xi,xj)

E sup
8€0li<)
n n
<Esup Zgiej(g(xi»xj) —gm(xi,xj))|+E Z8i8jgo(x,',xj')
8€9]i<; i<j
M n
+) E  sup Zeie,-(gl(xi,x,»—gzl(x,-,x,-))‘. (A3)
=1 &€<G.8-1€G-1|;;
p(81,81-1)=38
Note that
n n n 2
Esup| Y eiej(g(xi.x;) — gn(xinxp))| SEY efsup | D (g(xi. %)) — gur(xi. x)))
seG|i=] =1 8<9\i<)
(A4)
n? ( )< n25M
= —=Supp(g,8m) = )
geg \/2
n n 2\ 1)2
E|Y eigjgoxi, xj)| < (E > sigjgo(xi, x)) )
i<j i<j
(A5)

. ZE

i<j g€g
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and by Lemma A.1,

E sup 2818] gi(xi,xj) — g l(xlvx]))
21€91.81-1€G1-1|;

p(8r1,81-1)<38;
- 3651n1 NG, p, DN (G, p,8i-1)
T ov2 1-6
6es , 0,8
- eznlogN(g 0. 81) (A6)
6+/2 V-6
for any 0 < 6 < 1. Using (A.4)—(A.6) in (A.3), we have
n
Esup Zeisjg(xi,xj)
8€Y|j<j
n*y | n N(g NG, p,8)
< +—supp(g,0)+— Sl
\/E \/Egeg Z J1—-0
(A7)
n?sy  n N(G.p,8)
+ —=sup p(g, )+— (8 — 8141 log ———
V2 «/—geg 9\/— Z J1-0
25M n 12en (% NG, p,€)
1 de

sup p(g,0) + —= 0g — ———
\/— «/—geg 02 Js Sm+1 -0

For any o > 0, pick M := sup{l: §; > 2«}. This means d)7+1 < 2« and, therefore, )y = 26p4+1 <
4a. On the other hand, §j/41 > o since §y > 2. Using these bounds in (A.7), we obtain

n
63/ 2en [SUPs1.52e6 P81:82)  A[(G, p, €
Esup| eiejg(xi,x))| < 2v2na + V2 n/ o log G0 4

s<fli<j o J N

(A.8)
+ —=sup p(g, 0).
\/_ 2 geg

Since « is arbitrary, taking infimum over « > 0 yields the result. O

Appendix B: Bound on N (/Cy, py, €) in Theorem 4.2(a)
The following result presents a bound on N (K, g, €) when
K= {ef"”xfy”%,x, y € (ap, bo)?, —0o <ag < by <o00:0 € (0, a]},

using which it is easy to check that @, < 1 in Theorem 4.1 and, therefore, the claims shown in
Theorem 4.2 follow.
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Proposition B.1. Define ¥ := (0, a] and Ky = {39V, (x — y), x, y € (a9, bp)?, —00 < ag <
byg <o0:0 € X}, where Yy (x) = e~ =I5 apd || =r. Then

N (Ko, pa, €) = %
where py is defined in Theorem 4.1 and C is a constant that depends on a, ay, b, d and r.
Proof. Let N (2, || - |1, T) be the T-covering number of X and it is easy to verify that
N@ = N(S. - ht) ==

Let X(7) := {01,...,0Nn()} be the L' cover of ¥. Define Ky = {09%Ys(x — ¥),x,y €
(ap, bo)?, —00 < ag < by <o00:0 € (1)) Using the expression for %%, in (6.7), we have

|a(x,awa _ a(x,awal |(x _ y)

Ry X JigmolvyIE _ i —ailx—yIB
< Ajyjy|o’TEi=tlie Yo — g Tei=t gmorle=ylly |
J1Jd 1
=0 ja=0

. d 2ji 2 d .
where A/l"'./d = l_[i:l |T],'jl. [(xi — yi)*i < (bo — ag)™ Hi:l |77i./i| =: B./l"'jd' Note that
. d
Co— |Gr+z;‘;1 Jie=ollx=yl3 _ Glr+2i=. Ji g=onllx=yl3 |
can be bounded as

d .
C< |Gr+Z§’=1j,~ _ O,;‘-I—Zi:l]i} +ar+2,‘-’=1ji |e*<r||xfy||% _ efal||x—y||%|
d
d . d . a2
< (r +2 - l)a’+2f=l o — oy +a" 2= o — oy [lx — y[3e 12
i=1

2
< @r —Da” Yo —ail +d(bo — ap)’a” |0 — oy} 070" < pr,

where u is a constant that depends on a, ag, by, d and r. Therefore,

o] g
Pa (09 W 0 i) < 0% Yo — 0% | ( ST Yo Y B

=0 ja=0

which yields the result. U
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