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For a reversible and ergodic Markov chain {X,;, n > 0} with invariant distribution 7, we show that a valid
confidence interval for 7 (k) can be constructed whenever the asymptotic variance UI% (h) is finite and pos-
itive. We do not impose any additional condition on the convergence rate of the Markov chain. The confi-
dence interval is derived using the so-called fixed-b lag-window estimator of a%, (h). We also derive a result
that suggests that the proposed confidence interval procedure converges faster than classical confidence in-
terval procedures based on the Gaussian distribution and standard central limit theorems for Markov chains.
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1. Introduction

Confidence intervals play an important role in Monte Carlo simulation (Robert and Casella [26],
Asmussen and Glynn [1]). In Markov Chain Monte Carlo (MCMC), the existing literature re-
quires the Markov chain to be geometrically ergodic for the validity of confidence interval pro-
cedures (Jones et al. [15], Flegal and Jones [8], Atchadé [3]). The main objective of this work
is to simplify some of these assumptions. We show that for a reversible ergodic Markov chain,
a valid confidence interval can be constructed whenever the asymptotic variance itself is finite.
No additional convergence rate assumption on the Markov chain is required.

Let {X,,n > 0} be a reversible stationary Markov chain with invariant distribution 7. For
h e L?(r), the asymptotic variance of & is denoted of, (h) (see (2) below for the definition).
A remarkable result by C. Kipnis and S. R. Varadhan (Kipnis and Varadhan [19]) says that
if 0 < o3(h) < oo, then m Y (h(X;) — m(h)) converges weakly to N(0, 1) where

7w (h) def f h(z)m(dz). In order to turn this result into a confidence interval for 77 (h), an estimator
o, of op(h) is needed. A common practice consists in choosing o, as a consistent estimator
of op(h). However, consistent estimation of op(h) typically requires further assumptions on
the convergence rate of the Markov chain (typically geometric ergodicity), and on the func-
tion A. Instead of insisting on consistency, we consider the so-called fixed-b approach developed
by Kiefer, Vogelsang and Bunzel [18], Kiefer and Vogelsang [17], where the proposed estima-
tor o, is known to be inconsistent. Using this inconsistent estimator we show in Theorem 2.2

that a Studentized analog of the Kipnis—Varadhan’s theorem holds: if 0 < cr% (h) < oo, then

T, def onl\/ﬁ Yi_(h(X;) — m(h)) converges weakly to a (non-Gaussian) distribution. The theo-

rem extends to nonstationary Markov chains that satisfy a very mild ergodicity assumption. To
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a certain extent, the result is a generalization of Atchadé and Cattaneo [4] which establishes the
same limit theorem for geometrically ergodic (but not necessarily reversible) Markov chains.
The result is particularly relevant for Markov chains with sub-geometric convergence rates. For
such Markov chains, the author is not aware of any result that guarantees the asymptotic va-
lidity of confidence intervals. However, it is important to point out that the finiteness of of, (h)
carries some implications in terms of convergence rate of P, and is not always easy to check.
But the main point of this work is that the finiteness of 0123 (h) is all that is needed for consistent
confidence interval.

As we shall see, Theorem 2.2 comes from the fact that there exists a pair of random vari-
ables (N, D), say, such that the joint process (ﬁ Z?:l (h(X;) — n(h)), anz) converges weakly
to (op(h)N, 012, (h)D). As a result, op(h) cancels out in the limiting distribution of T,. This
approach to confidence intervals is closely related to the standardized time series method of
Schruben [29] (see also Glynn and Iglehart [9]), well known in operations research. Indeed in
its simplest form, the standardized time series method is the analog of the fixed-b procedure us-
ing the batch-mean estimator with a fixed number of batches. Despite this close connection, this
paper focuses only on the fixed-b confidence interval.

We also compare the fixed-b lag-window estimators with the more commonly used lag-
window estimators. We limit this comparison to the case of geometrically ergodic Markov chains.
We prove in Theorem 2.6 that the convergence rate of the fixed-b lag-window estimator is of or-
der log(n)/+/n, better than the fastest rate achievable by the more commonly used lag-window
estimator. Similar comparisons based on the convergence of T, has been reported elsewhere in
the literature. Jansson [13] studied stationary Gaussian moving average models and established
that the rate of convergence of T, is n! log(n). Sun, Phillips and Jin [30] obtained the rate n-l,
under the main assumption that the underlying process is Gaussian and stationary. It seems un-
likely that the convergence rate n~! will hold without the Gaussian assumption. However, it is
unclear whether the convergence rate log(n)//n obtained in Theorem 2.6 is tight.

We organize the paper as follows. Section 2 contains the main results, including the rate of
convergence of the fixed-b lag-window estimator in Section 2.4. We present a simulation example
to illustrate the finite sample properties of the confidence intervals in Section 2.5. All the main
proofs are postponed to Section 3 and the Appendix.

1.1. Notation

Throughout the paper (X, B) denotes a measure space with a countably generated sigma-algebra
B with a probability measure of interest 7. We denote L?(rr) the usual space of L>-integrable

functions with respect to 7, with norm || - || and associated inner product (-), and we de-
def

note L%(n) the subspace of Lz(n) of functions orthogonal to the constants: L%(n) ={f e
L%(r): [ f(x)m(dx) = 0}.
For a measurable function f:X — R, a probability measure v on (X, 55) and a Markov kernel
def = def def

Q on X, we use the notation: v(f) = [ f(x)v(dx), f = f—7(f), Qf (x) = [ f(»)Q(x,dy),
and Q7 £(x) & 010/~ F1(x), with Q° f(x) = f(x). For V : X — [0, 00), we define Ly as the

space of all measurable real-valued functions f: X — R s.t. | f|y def sup,ex | fF(X)|/V(x) < oo.
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.- def
For two probability measures vi, vz, we denotes ||[vi — v2||¢y = SUp| f|<i [vi(f) —va(f)], the

total variation distance between v; and vy, and ||[v; — v2||y def supy 7, 1y <1y 1 () —v2 ()1, its
V-norm generalization. .

For sequences {ay,, b, } of real nonnegative numbers, the notation a,, < b, means that a,, < cb,
for all n, and for some constant ¢ that does not depend on n. For a random sequence {X,}, we
write X, = Op(ay) if the sequence |X,|/a, is bounded in probability. We say that X,, = o, (a,)

if X, /a, converges in probability to zero as n — oo.

2. Monte Carlo confidence intervals for reversible
Markov chains

Throughout the paper, P denotes a Markov kernel on (X, B) that is reversible with respect to 7.
This means that for any pair f, g € L*>(), (f, Pg) = (g, Pf). We assume that P satisfies the
following.

A1l For m-almost all x € X,
Tim [[P7(x,) = ], =0, m

Remark 1. Assumption Al is very basic. For instance, if P is ¢-irreducible, and aperiodic (in
addition to being reversible with respect to 77 ), then A1 holds. If in addition P is Harris recurrent,
then (1) holds for all x € X. If P is a Metropolis—Hastings kernel, Harris recurrence typically
follows from m -irreducibility. All these statements can be found, for instance, in Tierney [31].

Throughout the section, unless stated otherwise, {X,, n > 0} is a (nonstationary) Markov chain
on (X, B) with transition kernel P and started at some arbitrary (but fixed) point x € X for
which (1) holds. The Markov kernel P induces in the usual way a self-adjoint operator (also

denoted P) on the Hilbert space L(z)(n) that maps 4 +— Ph. This operator P admits a spectral

measure £ on [—1, 1], and for & € L(z)(n) we will write wp(-) def (h, E(-)h) for the associated

nonnegative Borel measure on [—1, 1]. Assumption Al implies that uj does not charge 1 or —1,
that is up ({—1, 1}) = 0. This is Lemma 5 of Tierney [5].

2.1. Confidence interval for (k)

Leth e L(z)(rr). We define

ef (1142
o< /_ T @), @)

that we call the asymptotic variance of . The terminology comes from the fact that if the Markov
chain is assumed stationary, a calculation (see, e.g., Higgstrom and Rosenthal [11], Theorem 4)
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using the properties of the spectral measure uy gives

n 2
ngn;onE[<n‘ Zh(Xk)) } =o2(h). 3)
k=1

For nonstationary Markov chains, such as the one considered in this paper, it is unclear
whether (3) continues to hold in complete generality. The estimation of 0123 (h) is often of interest
because when (3) holds, 0123 (h)/n approximates the mean squared error of the Monte Carlo esti-
mate ! > i1 h(Xg). An estimate of ‘71% (h) is often also sought in order to exploit the Kipnis—
Varadhan theorem for confidence interval purposes. It is known (Higgstrém and Rosenthal [11],
Theorem 4) that af, (h) can also be written as

400
op()y= Y yuh), @

{=—00

where for £ > 0, yy(h) def (h, Pth). This suggests the so-called lag-window estimator of 0123 (h)

¢ n—1 )
> del
O-bn_ Z W - Vn,|£|’
bn
{=—n+1
®)
—L
def _q

where 5.0 S 07" Y (h(X)) = R () (R(X j10) = Fn ().
j=1

N

In the above display, 7, (h) = n! Zzzl h(Xx), 1 < b, <n is an integer such that b, — oo,
as n — oo, and w:R — R is an even function (w(—x) = w(x)) with support [—1, 1], that is,
w(x) #0on (—1,1) and w(x) =0 for |x| > 1. Since w has support [—1, 1], the actual range for
£ in the summation defining szn is—b,+1<l<b,—1.

The lag-window estimator ‘71;2,1 can be applied more broadly in time series and the method has
a long history. Some of the earlier work go back to the 1950s (Grenander and Rosenblatt [10],
Parzen [24]). Convergence results specific to nonstationary Markov chains have been established
recently (see, e.g., Damerdji [6], Flegal and Jones [8], Atchadé [3] and the references therein);
however, under assumptions that are much stronger than A 1. It remains an open problem whether
ofn can be shown to converge to 6}2) (h) assuming only Al. In particular, the author is not aware

of any result that establishes the consistency of szn without assuming that P is geometrically
ergodic.

However, if the goal is to construct a confidence interval for 7 (k), we will now see that it is
enough to assume Al and 012-,, (h) < oo. Consider the lag-window estimator obtained by setting
b, = n. This writes

n—1
def 4
%2 = Z w(;))/n,a- ©6)

{=—n+1
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This estimator is well known to be inconsistent for estimating 0123 (h), but has recently attracted
a lot of interest in the Econometrics literature under the name of fixed-b asymptotics (Kiefer,
Vogelsang and Bunzel [18], Kiefer and Vogelsang [17], Sun, Phillips and Jin [30], see also Neave
[22] for some pioneer work). This paper takes inspiration from this literature. However, unlike
these works, we exploit the Markov structure and we do not impose any stationary assumption.
We introduce the function v (z) def fol w( —u)du,t € [0, 1], and the kernel ¢ : [0, 1] x [0, 1] = R,
where
1

qb(s,t)=w(s—t)—v(s)—v(t)+/ v(t)dr, s, t€[0,1]. @)
0

We say that a kernel & : [0, 1] x [0, 1] — R is positive definite if for all n > 1, all ay, ..., a, €
R,and 1, ...,1, €[0, 1], Y7, Z?:l ajajk(t;, ;) > 0. We will assume that the weight function
w in (6) is such that the following holds.

A2 The function w:R — R is an even function, with support [—1, 1], and of class C? on
(—1, 1). Furthermore, the kernel ¢ defined in (7) is positive definite, and not identically zero.

Example 1. Assumption A2 holds for the function w given by w(u) = (1 — u2)1(_1, 1y(u). Indeed
in this case, a simple calculation gives that ¢ (s, t) = 2(s — 0.5) (¢ — 0.5), which (by its multiplica-
tive form) is clearly positive definite. In this particular case, solving fol ¢ (s, Hu(t)dt = au(s)
yields the unique eigenvalue @ = 2[01 (t—0.5)%dr=1/6.

A general approach to guarantee that ¢ as in (7) is positive definite is to start with a positive
definite function w, as the next lemma shows.

Lemma 2.1. Suppose that the kernel [0, 1] x [0, 1] — R defined by (s,t) — w(s —t) is contin-
uous and positive definite. Then ¢ as in (7) is also positive definite.

Proof. By Mercer’s theorem (see Theorem A.1), there exist nonnegative numbers {A;, j > 0},
orthonormal functions &; : [0, 1] — R such that fo] w(t —s)éj(s)ds =1;&;(), and

w(t —s) =Y Xj&(0E(s),

Jj=0

and the series converges uniformly and absolutely. It is easy to show that one can interchange
integral and sum and write v(¢) = fol w(t — s)ds =3 ;A& (1) fol £;(s)ds, fol v(t)dt =

/01 fol w(t —s)dsdr=3";.04; (fol £;(1)dr)?, and then we get

1 1
¢(s,r>=zx,-<s,-(r>—/0 s,-<r>dr)<s,-<s)—/0 s,-<s>ds>.

Jj=0

This expression of ¢ easily shows that it is positive definite. (]
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The usual approach for showing that the kernel (s, ) — w(s — t) is positive definite is by
showing that the weight function ¢ — w(#) is a characteristic function (or more generally the
Fourier transform of a positive measure) and applying Bochner’s theorem. This approach shows
that A2 holds for the Bartlett function w(x) = (1 — |x[|)1(—1,1)(x), the Parzen function

1—6x2+6x]?, ifjx| <3,
w(x) =1 2(1 — |x|), if 1 <|xl<1,
0, if |x| > 1,
and for a number of others weight functions (see, e.g., Hannan [12], pages 278-279 for details).
In the case of the Bartlett function, the kernel ¢ is given by
ps.)=3%—s(U—s)—t(l—1)—|s—1l.

For the Parzen function, we have

1

U(S):E-}-S/\(l—S)—2(S/\(1—S))3+(S/\(1—S))4 and /v(t)dt:é,
8 0 40

where a A b dof min(a, b).

Assumption A2 implies that ¢, considered as a linear operator on LZ[0, 1] (¢f(s) =
fol @ (s, 1) f(t)dr) is self-adjoint, compact and positive. Therefore, it has only nonnegative eigen-
values, and a countable number of positive eigenvalues. We denote {«, j € I} the set of positive
eigenvalues of ¢ (each repeated according to its multiplicity). The index set | € {1,2,...} is
either finite or | = {1, 2, ...}. We introduce the random variable T,, defined as

def Zy ., did
Ty = —— where {Zg, Z;,i €1} ~ N(O, 1).
Diel®i Zi2

Here is the main result.

Theorem 2.2. Assume A1-A2, and h € L2(r). If0 < of, (h) < o0, then as n — o0,

On

) 1 n
o} LRy oz} and T, = 2 (000 = 7)) = T,
k=1

iel
where {(Zi,i €1} " N, 1).
Proof. See Section 3.1. O

The theorem implies that the confidence interval

S

R o
n(h) £t a2 , (¥

n
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is an asymptotically valid Monte Carlo confidence interval for 7 (), where #1_q 2 is the (1 —
a/2)-quantile of the distribution of T,,. These quantiles are intractable in general but can be
easily approximated by Monte Carlo simulation (see Section 2.3).

The assumption that 01% (h) is finite can be difficult to check. When P is known to satisfy a
drift condition, one can find whole class of functions for which the asymptotic variance is finite,
as the following proposition shows. The proposition uses Markov chain concepts that have not
been defined above, and we refer the reader to Meyn and Tweedie [21] for details.

Proposition 2.3. Suppose that P is ¢-irreducible and aperiodic, with invariant distribution 7.
Suppose also that there exist measurable functions V, f : X — [1, 00), constant b < 0o, and some
petite set C € B such that

PV(x)<V(x)— f(x)+blc(x), xeX ©)]

Ifn(fV) < oo, thenforallhe Ly, 0123 (h) < 0.

Proof. This is a well-known result. We give the proof only for completeness. Without any loss
of generality, suppose that (k) = 0. We recall that 0,23 (h) = 7(h?) + ZZjZI(h, P/h). Since
|(h, PYh)| < [ |h(x)]|P/h(x)|m(dx), we obtain

> |, i) < |h|f/|h(x)| {ZHPj(x, ) - n(-)y\f}n(dx).

j=0 Jj=0

Since P is ¢-irreducible and aperiodic, and under the drift condition (9), Meyn and Tweedie [21],
Theorem 14.0.1 implies that there exists a finite constant B such that > >0 P/, )=m () =<
BV (x), x € X. We conclude that

ob(h) < 2B|h|f/\h(x)|V(x)n(dx) < 2B|h|§./f(x)V(x)n(dx) < oo. 0

Remark 2. Proposition 2.3 has a number of well-known special cases. The most common case is
when f = AV for some A € (0, 1), in which case P is geometrically ergodic and O'%, (h) < oo for
all i € Ly12. Another important special case is f = V¢, for some « € [0, 1). Such drift condition
implies that the Markov chain converges at a polynomial rate. If « > 0.5, then Proposition 2.3
implies that a?, (h) < oo forall i € Lya-0s. To see this, notice that (9) with f = V¥, and Jarner
and Roberts [14], Lemma 3.5 imply that PV1/2 < V1/2 — cve=1/2 L b 1¢. Since 7(V¥) < oo,
the claim follows from Proposition 2.3.

2.2. Example: Metropolis Adjusted Langevin Algorithm for
smooth densities

We give another example where it is possible to check that af, (h) < oo without geometric er-
godicity. Take X = R? equipped with the usual Euclidean inner product (-, -)o, norm | - |, and
the Lebesgue measure denoted dx. We consider a probability measure 7 that has a density with
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respect to the Lebesgue measure, and in a slight abuse of notation we use the same symbol to
represent 7w and its density: 7 (x) = e *®)/Z, for some function u:X — R that we assume is
differentiable, with gradient Vu.

Let g5 (x, ) denotes the density of the Gaussian distribution N(x — "72 p(X)Vu(x),o2ly),

where the term p (x) > 0 is used to modulate the drift — ”72Vu(x), and o > (s a scaling constant.
We consider the Metropolis—Hastings algorithm that generates a Markov chain {X,,, n > 0} with
invariant distribution s as follows. Given X,, = x, we propose Y ~ g, (x, -). We either “accept”
Y and set X, = Y with probability «(x, Y), or we “reject” Y and set X,,+| = x, where

a(x, y) dzefmin(l wm>
’ T de ) )

When p(x) =0, we get the Random Walk Metropolis (RWM), and when p(x) = 1, we get the
Metropolis Adjusted Langevin Algorithm (MaLa). However, we are mainly interested in the case
where
def T
P = (e Vo)

for some given constant T > 0, which corresponds to the truncated Mal.a proposed by Roberts
and Tweedie [28]. The truncated Mal.a combines the stability of the RWM and the mixing of
the MaLa. It is known to be geometrically ergodic whenever RWM is geometrically ergodic
(Atchadé [2]). However, checking in practice that the truncated MaLa is geometrically ergodic
can be difficult, as this involves checking conditions on the curvature of the log-density. We
show in the next result that if the gradient of the log-density u is Lipschitz and unbounded then
P satisfies a drift condition of the type (9), and 0}2, (h) is guaranteed to be finite for certain
functions.

x eX (10)

B1 Suppose that u is bounded from below, continuously differentiable, and Vu is Lipschitz,
and

lim sup|Vu(x)| = +00.

|x]—00

Theorem 2.4. Assume B1 and (10). Set V(x) défa + u(x), where a € R is chosen such that
V > 1. Then there exist b, r € (0, 00) such that

2
PV(x) < V(x)— %p(x)|Vu(x)’2 bl (x),  xEX. 11

In particular, iffu(x)|Vu(x)|e7”(x) dx < o0, then 012, (h) < oo forall h € Ly, where f(x) =
PO Vu(x)[*.

Proof. See Section 3.2. (]
Remark 3. This result can be useful in contexts where the log-density u is known to have a

Lipschitz gradient, but is too complicated to allow an easy verification of the geometric ergodicity
conditions.
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2.3. On the distribution of the random variable T,

It is clear that the limiting distribution T, used for constructing the confidence interval (8) de-
pends on the choice of w. More research is needed to explain how to best choose w in this regard.
But from the limited simulations done in this paper, we found that weight functions w with large
characteristic exponents lead to heavy-tailed limiting distributions T,,, and wider confidence in-
tervals. The characteristic exponent of a weight function w is the largest number r > 0 such that
lim, ¢ u|™"(1 — w(u)) € (0, 00). Overall, we recommend the use of the Bartlett weight func-
tion w(u) = (1 — |u|)1(—1,1)(u), which has characteristic exponent 1, and has behaved very well
in the simulations conducted.

Another issue is how to compute the quantiles of T,,. As defined, the distribution of T,, is
intractable in general, as it requires knowing the eigenvalues of ¢. But the next result gives a
straightforward method for approximate simulation from T,,.

Proposition 2.5. Let {Z;,1 < j < N} be i.i.d. standard normal random variables. Then

N
A
TV def 2j=1%i =T, as N — oo.
N N j — j—1
\/2521 > j=t o, 5ZiZ;

Remark 4. As pointed out by a referee, one can also approximately sample from T,, by gen-

erating X.n ik N(0, 1), and compute Ty, with h(x) = x. The approach in Proposition 2.5 is
similar, but replaces a]%, by 6]%, as defined in (17). By Lemma 3.4, the two approaches are essen-
tially equivalent.

Proof of Proposition 2.5. Let {0, «;, j € I} be the eigenvalues of ¢, with associated eigenfunc-
tions {Wo, ¥, j € I} (Yo = 1). By Mercer’s theorem (see Theorem 14 in the Appendix),

ii ( kN;l>ZiZk=NZ°‘f

Hence,

™) _ VNN, Wl = D/N)Z
w - .
VEjae (VNS Wi - /N Z0)?
It is an application of Lemma 3.3 that as N — o0, {\/LN 21N=1 \Ilo(%)Zi, ﬁ Z,N=1 \Ifj(%)Zi,

J €1} converges weakly to {Zy, Z;, j € I}. The result then follows from the continuous mapping
theorem. |

We use Proposition 2.5 to approximately simulate T,, for the function w(u) = (1 —
uz)l(_ 1,1(w), and for the Bartlett and Parzen functions. Table 1 reports the 95% and 97.5%
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Table 1. Approximations of ¢ such that P(Ty, > 1) =«/2

oa=10% a=5%
ww) =1 — u2)+ 15.49 (0.06) 31.21 (0.19)
Parzen 4.11 (0.01) 5.64
Bartlett 3.77 (0.005) 4.78 (0.01)

quantiles, computed based on 10 000 independent samples of TfUN), with N = 3000. We replicate
these estimates 50 times to evaluate the Monte Carlo errors reported in parenthesis.

As explained in Example 1, in the case w(u) = (1 — uz)l(,lyl)(u), T, = J/6T;, where T,
denotes the student’s distribution with v degree of freedom; thus, is this case we can compute
accurately the quantiles. In particular, the 95% and 97.5% quantiles are 15.465 and 31.123,
respectively.

2.4. Rate of convergence of o>

An interesting question is understanding how the lag-window estimators 0,% and sz,l compare.
On one hand, the asymptotic behavior of O'gn is better understood. In the stationary case, the

best rate of convergence of sz,, towards 0’[2,(/’1) is n=9/(1+29) (see, e.g., Parzen [24], Theo-
rem 5A-B), where g is the largest number g € (0, r] such that ijl J9yj(h) < oo, where
yi(h) = (h, P/h), and r is the characteristic exponent of w. This optimal rate is achieved by
choosing b, o n'/(1729)  Hence, the optimal rate in the case of a geometrically ergodic Markov
chain is n~"/1%2") However, it is well documented (see, e.g., Newey and West [23]) that the fi-
nite sample properties of obz” are very sensitive to the actual constant in b, o< n'/(1+29) " and some
tuning is often required in practice. On the other hand, the fixed-b framework has the advantage
that it requires no tuning, since b,, = n. Furthermore, we establish in this section that an2 has a
better convergence rate. Reversibility plays no role in this discussion. We further simplify the
analysis by assuming that P satisfies a geometric ergodicity assumption:

(G) There exists a measurable function V : X — [1, co) such that 7 (V) < 0o, and for all 8 €
0,1],

[P ) = 7Oy <Co" VP,  nz0,xeX (12)
Denote Lip; (R) the set of all bounded Lipschitz functions f :R — R such that

i & aup SO = SO
x#y |x _y|

For P, Q two probability measures on R, we define

/fdP—ffdQ'.

d(P. Q)Y sup
feLip(R)
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di (P, Q) is the Wasserstein metric between P, Q. An upper bound on d; (P,, P) gives a Berry—
Esseen-type bound on the rate of weak convergence of P, to P. In a slight abuse of notation,
if X, Y are random variables, and X ~ P and Y ~ Q, we shall also write d;(X, Y) to mean

di(P, Q).

Theorem 2.6. Suppose that A2 and (G) hold. Suppose also that | is finite. For § € [0, 1/4), let
h € Lys be such that w(h) =0, and cr%, (h)=1.Then

I
d1(o,%,X2)§ ojg/(r_:z)

where x* = Y Zl.z, {Zi,i €} arei.id. N(O, 1), and {«;, i €1} is the set of positive eigenval-

ues of ¢.

asn — oo, (13)

Proof. See Section 3.3. ]

Remark 5. The assumption that | is finite is mostly technical and it seems plausible that this
result continues to hold without that assumption. For example, | is finite for the kernel w(u) =

(1 —u®)1 1,1 ).

2.5. A simulation example

This section illustrates the finite sample behavior of the fixed-b confidence interval procedure.
We will compare the fixed-b procedure and the standard confidence interval procedure based
on oﬁn (using a Gaussian limit). As example, we consider the posterior distribution of a logistic
regression model, and use the Random Walk Metropolis algorithm (Robert and Casella [26]).

Let X = ® = R? equipped with its Borel sigma-algebra, and 7 be absolutely continuous w.r.t.
the Lebesgue measure df with density still denoted by 7. We write |6| for the Euclidean norm
of 6. Let gx denotes the density of the normal distribution N(0, ¥) on ® with covariance ma-
trix . The Random Walk Metropolis algorithm (RWMA) is a popular MCMC algorithm that
generates a Markov chain with invariant distribution 7 and transition kernel given by

P50, A) =14(0) + f 00,0+ (140 +2) —1,@)gs@dz, 0O, AcB©),
X

where 14 denotes the indicator function, and (6, ©) &ef min(1, %) is the acceptance probabil-

1ty.
We assume that 7 is the posterior distribution from a logistic regression model. More precisely,
we assume that we have binary responses y; € {0, 1}, where

yin(p(xI{Q)), i=1,...,n,

and x; € R? is a vector of covariate, and 6 € R? is the vector of parameter. B(p) denotes the
Bernoulli distribution with parameter p € (0, 1), and p(x) = @7 is the cdf of the logistic distri-

bution. Let X € R"*? denote the matrix with ith row x!. Let £(9]X) denotes the log-likelihood
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Table 2. Coverage probability and half-length for
fixed-b confidence intervals

Coverage Half-length
w) = (1—u?)y 0.945 £0.03 0.10+0.01
Parzen 0.94+0.03 0.03 +£0.002
Bartlett 0.955 £0.03 0.02 +£0.001

function of the model. We assume a Gaussian prior N(O, s2ld) for 6, with s = 20. The posterior
distribution of 8 then becomes

7(0]X) o et @0 =1/2sH10

It is known that for this target distribution the RWM is geometrically ergodic (see, e.g.,
Atchadé [3], Section 5.2). Therefore, for all polynomial functions Theorem 2.2 holds. It is also
known that with an appropriate choice of b, szn converges in probability to 0123 (h) (see, e.g.,
Atchadé [3], Theorem 4.1, and Corollary 4.1). So we will compare the fixed-b confidence inter-
vals and the classical confidence intervals based on sz,,-

We simulate a Gaussian dataset with n = 250, d = 15, and simulate the components of the
true value of 8 from a U(—10, 10). We first run the adaptive chain for 10° iterations and take the
sample posterior mean of 8 as the “true” posterior mean. We focus on the coefficient 8. Each
sampler is run for 30 000 iterations, with no burn-in period. For the RMW, we use a covariance
matrix X = cljs, where ¢ is chosen such that the acceptance probability in stationarity is about
30%, obtained from a preliminary run.

From each sampler, we compute the fixed-b 95% confidence interval, and a classical 95%
confidence interval. To explore the range of behavior of the classical procedure, we use b, =
n® for different values of 8 € (0, 1). To estimate coverage probability and half-length of these
confidence intervals, K = 200 replications are performed. The result is summarized in Table 2
for the fixed-b procedure, and in Figure 1 for the classical procedure.

We see from the results that using b, = n gives very good coverage, except for the choice
w(u) = (1 — u®),, which generates significantly wider intervals. This is somewhat expected
given the very heavy tail of the limiting distribution. The result also shows that the confidence
interval procedure based on a,fn works equally well when b,, is carefully chosen, but can perform
poorly otherwise.

We also test the conclusion of Theorem 2.6 by comparing the finite sample convergence rate of
the two confidence interval procedures. Here, we use only the Bartlett function. For the standard
procedure, we use the best choice of § (§ =~ 0.66), as given by the previous simulation. We
compute the confidence intervals after MCMC runs of length n, where n € {100, ..., 104}. Each
run is repeated 30 times to approximate the coverage probabilities and interval lengths. The result
is plotted on Figure 2, and is consistent with Theorem 2.6 that the fixed-b procedure has faster
convergence. The price to pay is a (slightly) wider interval length as seen on Figure 2.
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Figure 1. Coverage probability and confidence interval half-length for parameter 8; for different values
of § using obzn, and b, = n%. The dashed line is the 95% confidence band estimated from 200 replications.
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Figure 2. Coverage probability and confidence interval half-length for parameter 8; as function of number
of MCMC iterations. The square-line corresponds to using crnz.
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3. Proofs

3.1. Proof of Theorem 2.2

Let ¢ as in (7). Assumption A2 and Mercer’s theorem implies that the kernel ¢ has a countable
number of positive eigenvalues {«;, i € |} with associated eigenfunctions {W;, j € I} such that

Ps.=D ;W) ¥;(0). (s, €[0,1]x[0,1], (14)

Jel

where the convergence of the series is uniform on [0, 1] x [0, 1]. Since fol ¢(s,t)dr =0, 0is also
an eigenvalue of ¢ with eigenfunction Wy(x) = 1. Hence, we define | = {0} Ul, @ = {oz], jel,

with ag = 0, and £2(«) the associated Hilbert space of real numbers sequences {x;, j € 1} such

that Z/ xj < 00, equipped with the norm ||x|y = /Z a]x and the inner product (x, y)y &ef

> jajxjyj. We will need the differentiability of the eigenfunction W;. This is given by Kadota’s
theorem (Kadota [16]). Under the assumption that w is continuously twice differentiable, the
eigenfunctions W, j € | are continuously differentiable (with derivative ') and

52
ﬁqﬁ( ) = Zajlll}(s)\ll}(t), (s, 1) €[0, 1] x [0, 1], (15)
jel
where again the convergence of the series is uniform on [0, 1] x [0, 1]. The expansions (14)
and (15) easily imply that

Zaj<oo, sup Zaj|\11 (t)| <oo and

jel te[0,1] el

sup Zoz]}\ll (t)| < 0.

te[0,1] jel

(16)

It is easy to check that o> can also be written as

ZZ ( )h<X)—nn<h))(fz(X,-)—nn<ﬁ))
=%ii{w(";

i=1 j=1

]) — Un,i — Un,j +”n}}_l(Xl)ﬁ(XJ)»

where v, ; =n"1Y_, w(%), andu, =n"2%" Y7, w(=21). Notice that v, ; is a Riemann

sum approximation of v(i/n), where v(t) def fol w(t — u) du, and u,, approximates fol fol w(t —
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u)dudt = fol v(t)dr. In view of this, we introduce
def 1 o= i—j i—1 ji—1 !
v C - - - - -
3:22 2:{11)( - )—v( p )—v( - >+/O v(t)dt}h(X,-)h(Xj)

i=1 j=1
| 2
] _— - -
_>h(xi)h(xj) = Z“f < Z \pg( )h(X ))
Lel
The last equality uses the Mercer’s expansion for ¢ as given in (14). This implies that

Yol h(XD)
O'n\/”_l

A7)

_ an:Zn:(b(l —1
L "
T, =

_ L/(op(h)y/m) Yo7y Wo((i = 1)/m)h(X))
X rae(1/(p(y/m) Sy Weli — D/mh(X0) + (0 — 52) /o3 (h)

Hence, the proof of the theorem boils down to the limiting behavior of the Zz(oz)—valued pro-

{w(h)fzq’( i ’E'}

and the remainder (crn2 - &,,2). In Lemma 3.5, we show that {W Yo \Ilg(%)l_z(Xi), Lel}

converges weakly to {Zy, £ € I}, and that onz - 6,% converges in probability to zero. This is done

first in the stationary case in Lemmas 3.3-3.4, and in the nonstationary case in Lemma 3.5.
Hence, the theorem follows by applying Slutszy’s theorem and the continuous mapping theorem.
Everything rely on a refinement of the martingale approximation of Kipnis and Varadhan [19]
that we establish first in Lemma 3.2.

3.1.1. Martingale approximation for Markov chains

Throughout this section, unless stated otherwise, {X,,n > 0} denotes a stationary reversible

Markov chain with invariant distribution 7 and transition kernel P, and we fix & € L%(n). We

denote F;, def o (Xo, ..., X,). We introduce the probability measure 7 (dx, dy) = 7 (dx) P(x, dy)
def

2Z [I1f . x

on X x X, and we denote L2(7) the associated Lz-space with norm || £
m(dx)P(x,dy). For ¢ > 0, define

c L
Ug(x>“2(j)mwh(x>, Ge(x,y) E Ue(y) — PUL(x).
J=

Since P is a contraction of L(z)(rr), it is clear that U, € L%(r), and G, € L2(7). Furthermore, for
alle >0,

1Uel <e 'l and  IGell < 2] Ue]. (18)
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When 012, (h) < oo a stronger conclusion is possible, and this is the key observation made by
Kipnis and Varadhan [19], Theorem 1.3. We summarize their result as follows.

Lemma 3.1 (Kipnis and Varadhan [19]). Suppose that h € L}(r), and o3 (h) < co. Then for
any sequence {&,,n > 0} of positive numbers such that lim, &, =0,

1im_/1Us, | =0.

Furthermore, there exists G € L*(77), with f P(x,dz)G(x,z) =0 (w-a.e.) such that 6123 (h) =
IGII?, and lim,, [|G¢, — G|l = 0.

For n > 1, define the process

[nt |
B )= ——— GX',X'_ N Oftflv
””cmmm;(”“

and let {B(¢),0 <t < 1} denotes the standard Brownian motion. It is an easy consequence of
Lemma 3.1 that {G(X;, X;—1),1 <i < n} is a stationary martingale difference sequence with
finite variance. Therefore, by the weak invariance principle for stationary martingales, B, 2B
in D[0, 1] equipped with the Skorohod metric. In Corollary 1.5, [19], it is shown that the Markov
chain {X,, n > 0} inherits this weak invariance principle. For the purpose of this paper, we need

some refinements of this result. Let {a, ¢, 0 < k < n} be a sequence of real numbers. Set |a, |0 def
def «—n
SUPg<k<n |an,k|, and |a, |y = Zk;] |an,k — Adp k-1 [.
Lemma 3.2. Let h € L}(r) be such that o3 (h) < oc.
(D) If lanloo + |anlty is bounded in n, then
n n
D anih(X)) =Y ani-1G(Xi, Xi—1) + R, (19)

i=1 i=1

where n~'E(|R,|?) — 0 as n — oo. .
) If 10, 1] — R is a continuously differentiable function, then m Yo f(%)h(X,')

converges weakly to fol f()dB(t),as n — oo.

Proof. Set S, & Y, ;_1h(X;). The function U, satisfies (1 + &)U (x) — PU(x) = h(x),

m-a.e. x € X. This is used to write
an k—1h(Xi) = an k—1(eUs (Xi) + Ue(Xg) — PUs(Xy))
= ap k-168Ue(Xp) + an k-1 (Us (X)) — PUs(Xk—1))
+ (@n k-1 PU(Xk—1) — an k PUe(Xp)) + (ank — ank—1) PUc(Xy).
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It follows that

n n
Spn=¢ Zan,k—lUs(Xk) + Zan,k—lG(Xk, Xi-1)
k=1 k=1

n
+ Zan,k—l(Gs(Xk, Xi—1) — G( Xy, Xi-1)
k=1

n
+ (an,OPUa(XO) - an,nPUs(Xn)) + Z(an,k — an k—1)PU:(Xy),
k=1

which is valid for any ¢ > 0. In particular with ¢ = ¢, = 1/n, we have
n n
Sy = Zan,k—lc(xk» Xi—1) +Zan,k—l (Ge, Xk, Xk—1) — G (Xk, Xi—1)) +RV 4R 4 RO,
k=1 k=1

where

n
def def
RV =6 ani1Ue, (Xp),  RP S (an,0PUs,(X0) — ann PU, (X)) and

k=1

n
def
R = (ank — ani—1)PUs, (X).
k=1

By stationarity and the martingale property,

2
1 “ 1 &
—E[(Z an 1 (Ge(Xe. Xi—1) — G(Xs., xk_l))) } =lGe, = GIP~ > a1 0,

"L\ Py

using Lemma 3.1, and the assumption on a,. The other remainders are also easily dealt with.
L R2(ROP) <~ Z lan e — an k-1 1EV2(| PUs, (X0)|*) = v/Enl U, llanley — O,
Vn Vi

using Lemma 3.1 and the assumption on a,,. Similarly,

1
EE1/2(|R,§2)}2) < 2layloon/En|Ue, Il > 0 and

1

NG

1 n
EV2(IR"?) < el Ue, |1 - ]; k1] = 0.
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This proves part (1) of the lemma. For part (2), we use part (1) with a,; = f(i/n) to conclude
that

h(X;
O'P(h)\/_zf< >( )

= ! 3 i1 G(X;, Xi_1) 1)
= 2/ (oo xin o

1
=/0 F(@)dB,(t) +o0,(1),

where A, = 0,(1) means that A, converges in probability to zero as n — 00. To conclude the
proof, it suffices to show that fol f()dB,(t) converges weakly to fol f(t)dB(¢). This follows
from the weak convergence continuous mapping theorem by noticing that B has continuous
sample path (almost surely), and the map D[0, 1] - R, x — fol f(t)dx(t) is continuous at
all points xg € C[0, 1], where the integral fol f()dx(¢) is understood as a Riemann—Stietjes
integral. To see the continuity, take {x,} a sequence of elements in D[0, 1] that converges to x¢o €
C[0, 1] in the Skorohod metric. Since xo € C[0, 1], the sequence {x,} converges to xg in C[0, 1]

as well. By integration by part, fol f@®)dx,(t) = f(Dx, (1) — f(0)x,(0) — fol X, (¢) f(¢)de, and

1 1 1
’/0 f(t)dxn(t)—/o Sf () dxo(2) slxn—xoloo<2|f|oo+/0 |f’(t)\dt>—>0,

as n — o0. O

Lemma 3.3. Let h € L}(r) be such that o3 (h) < 0c. Define

1
(n) def def . -
Z _{ap(h)fzw( )h(X) ]el} and Z_{/O ‘l/,(t)dB(t),]el}_

Then as n — 00, Z™ converges weakly to Z in £>(ct).

Proof. We need to show that for all u € £2(«), (Z(”_), U)o Y (Z,u)q, and that {Z™} is tight.

For u € (@), (Z",u)a = == 31y fu(5HR(X:), where fu(t) = 3 atjujW;(0).
From basic results in calculus, it follows from Kadota’s theorem that f, is continuously dif-
ferentiable on [0, 1]. Hence, by Lemma 3.2, part (2), (Z™, u) —> fo fu(@®)dB(t) = (u, Z)y. To
show that {Z™} is tight, it suffices to show that

lim supE(Z(Z(”),ej)(i) =0. (20)

N—o0
n>1 =N



1826 Y.F. Atchadé

We have

IE:((ZW)’e.a Up(h)”XI:kX]: ( ) <k%l>ﬂ(hpik|h)
oP(h)n/ >3 ( )“’f(%)k"’“w(my

i=1 k=1

By Fubini’s theorem, for N > 1,

> k—1\_
(o) =g [ S e (5 (5 s
i=1 k=1 j=N

Jj=N

Let & > 0. By uniform convergence of the series ) i W;(s)W;(t), we can find Ng such that for
any N > Np and for all s, ¢ € [0, 1], | ZZzN oWy (1)We(s)| <e.Sothatforalln >1,

00 1
(n) li—J| £ 1+ _
E(Z(Z e ) ap(h)n/ DN @ = s [ =

=N i=1j=1

since ¢ > 0 is arbitrary, this proves (20). ]

Lemma 3.4. Let h € L} () be such that o3 (h) < 0. Then as n — oo, E(lo2 — G2|) = O(1/n).

Hence anz - é,% converges in probability to 0, as n — oo.

Proof. Comparing the expression of o, % and & a , we see that

257 = (u - /01 v(r)dr) (% gﬁom)2
) )

Since the sequence E[(ﬁ Yo h(Xi))?] converges to the finite limit o2(h) by assumption, it is

ey

bounded, and there exists a finite constant ¢; such that

E([oy —57])
) 1 2¢1 l/2|:< 1 n 1 2
<ci|un —/ v(r)de| + —IE n(v,” - < ))h(Xi) .
0 n l’l ] n
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def P P
Set an0 =0, dni = n(vy,; — v(=1)). We recall that v,; =n~' Y w(=h), and v(t) =

fol w(t — u) du, and write

e i—1 -1 i — 1
an,i=nZ/ |:w<l — )—w(l —u)]du
(=1 =1)/n n n n
ot re—1 ! i—1 -1 -1
:nZ/ < —u)/ w’(l — —t(u——))dtdu.
=1)/n n 0 n n n

=1

Using this expression, it is easy to show that |a,|s < |w'|0o/2. And since w is of class C2, a
mean-value theorem on w’ using the above expression shows that |ay, |y = |a,.1| + 2?22 lani —
ani—1] < (Jw'|oo + |w”|o0)/2. We are then in position to apply Lemma 3.2(1) to obtain

n 2
1 _
E[(ﬁ i§:lﬁan,ih<xi>> } —o(D).

By similar arguments as above, and since u, =n"2Y 1 > w(*=1) is a Riemann sum ap-

proximation of fol v(t) dt, we obtain that |u, — fol v()dt| = O(%). In conclusion,

1
E(|a,$—&,$|)=o<—>. (22)
" O
Lemma 3.5. Assume Al. Suppose that the Markov chain {X,,, n > 0} starts at Xo = x for x € X

such that (1) holds. Let h € L(Z)(TL’) be such that 0123 (h) < o00. Then as n — o0, onz — 6”2 converges

in probability to zero, and Z™ 2 Zine? ().

Proof. Ergodicity is equivalent to the existence of a successful coupling of the Markov chain
and its stationary copy. More precisely, we can construct a process {(X,,, X,),n > 0} such that
{X,,n > 0} is a Markov chain with initial distribution &, and transition kernel P, {f( n, >0}
is a Markov chain with initial distribution 7z and transition kernel P, and there exists a finite
(coupling) time t such that X,, = X, for all n > 7. For a proof of this result, see for instance
Lindvall [20], Theorem 14.10; see also Roberts and Rosenthal [27], Proposition 28. We use a
wide “tilde” to denote quantities computed from the stationary chain {X,,, n > 0}.

Since X, = 5(,, for all n > 7, and in view of the expression of on2 — 6n2 given in (21), it is

straightforward to check that 6> — &2 — (62 — G2) converges to zero in probability. The conver-
gence of | Z™ — Z® ||, is handled similarly.

|20 - 20

e e oo s

Lel
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1k ~ )2
=S| — S w2 (nexp) = h(ED
Z 5(\/,7/2 E(n>( k k)

Lel
T 2 d 2
< —( sup Y | We(1)] ) > (X0 —h(X0)” ),
M \rel0.1) g k=1
which converges almost surely to zero, given (16), and since 7 is finite almost surely. (]

3.2. Proof of Theorem 2.4

Since u is bounded from below, we can choose a = 1 — infyex u(x) such that V(x) oo a—+

u(x) > 1. Let g, (x, y) be the density of the proposal N(x — %z,o(x)Vu(x), 021;), and define

R(x) def {y e RP: a(x,y) < 1}. We have

PV(x) = V(x)= /a(x, NV ) = V(x))go (x. y)dy
= [ [ = V0 = VE)ar e ay 23)
R(x)
+/(V(y) — V(x))go (x,y)dy.
Since Vu is Lipschitz, with Lipschitz constant L, say, we have by Taylor expansion
L 2
V(y) = V(x) <(Vux),y —x), + Sy =xl.

Integrating both sides, and using the fact that p (x)|Vu(x)| < t, we get

2 L 4
/(V(y) —V(0))go (x, y)dy < —%p(x)wu(x)\z +5 (%p(xﬂwmf +d02>
(24)

<% Y| Vu|? + & A
_— X X — o .
=Ty AV 2\ "2

We also have

7(y) 4o (¥, X)
T(x) gs(x,y)
2 2

1 2
=exp<V(x> ~V) =5yt %p(y)wm

o
y—x-— TP(X)VM(X)

)y

+ R
202
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T(Y) 4o (. X)
7(x) qo (x,y)

If y € R(x), we necessarily have < 1, which translates to

02 2 2 2
x—y+ Tp(y)Vu(y)

V) = V(x) > — y—x—%p(x)Vu(x)

1
202 t 2

Hence, if y € R(x),

[aCe, ) =1](V) = V)

2 2

o 2
xX—y+ Tp(y)Vu(y)

o
y =X = px)Vulx)

)

< 1 1
< [ax,») — ]<—ﬁ T 552
2
=[1—a(x, y)]% <p2(y)|w(y)|2 — 20| Vu(o)|?
2
— =% p(Vu) + p(y)w(y>)>
<2 (2 + 8-
=3 T Uzy x| ).
Hence,

o°T

/R( )[Oé(x, y) = 1(V(y) = V(x))gos (x, y)dy <
We combine (23)—(25) to conclude that
o2 2
PV() = V() = =Zp(@|Vu@[ + K,

where K = %(tzf +do?) + ngtz + 5\/do? + ”zztz. Since f(x) e %zp(x)|Vu(x)|2 is contin-

uous and f(x) — 00, as ||x|| — oo by assumption, the results follow readily.

3.3. Proof Theorem 2.6

We follow Dedecker and Rio [7], Theorem 2.1. With the geometric ergodicity assumption, the
martingale approximation to ) ;_; h(X;) can be constructed more explicitly than in Lemmas 3.1
and 3.2. Define

g(x)=Zij_l(x), x eX.
Jj=0
By the geometric ergodicity assumption, g is well-defined and belongs to Lys. Then we define

Do =0, and Dy défg(Xk) — Pg(Xk—1), k > 1. Itis easy to see that { Dy, k > 0} is a martingale-
difference sequence with respect to the natural filtration of {X,,n > 0}. Using this martingale,
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we define

2
n .
_ o def 1 i—1
Op ZZO!@<—Z‘I’£< )Di> ;
Lel ﬁ i=1 n
def

and we recall that 52 = Zk'ag(% h \I/g(%)h(Xi))z. Hence,

o2 _Zal<fzw( ) >2+(03_53)+(&3_a,3).

Lel

Although the martingales are constructed differently, the argument in Lemma 3.4 carries through
and shows that E(|c7 — 02|) = O(1/n). The proof is similar to the proof of Lemma 3.4 and is
omitted. Also E(lan — 63|) = O(1/4/n). To see this, use the Cauchy—Schwarz inequalities for
sequences in £%(«) and for random variables to write

E(|o7 — 52 ])
Za@(%iq,((i;l)(h(xi)_ )( (S
-l
{Z(TH Jecoon) ||
e (g (o) ||
)

y {Zag]E|:< qu@( oo+, “

Lel
—1
) (h(X:) = D;) = W, (0) Pg(Xo) — W<”T>Pg(xn)

1 i—2
)—‘I’e( >>P8(Xi—l)-
n

)

By the martingale approximation, we have

>

+§<\I’g(i;
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The details of these calculations can be found for instance in [4], Proposition Al. It is then easy

to show that
2
) h(X;) — D )) :|

(6 sup Za@|\y@(r)| +3 sup Y o | W) >|h|w

0<t<1 tel 0<r<1 tel

ZadE[(Z%(

Lel

For the second term, notice that

Z‘I’K< ) h(X;) + D;) 22%(

Hence, with similar calculations, we obtain

ZwE[(Z% Honex, )+D))2:|

Lel

>D +Zw( ) h(X;) — D).

<2|hl3;n sup Zae|w(:)|

O=t=1 g

+6<2 sup Za5|\l—’g(z‘)| + sup Z“d‘l’e(f)\ >|h|ws

0=t=l yei 0=t=1 g

Given (16), these calculations show that IE(|&"2 — 6”2|) = O(1/4/n). We conclude that

2
1 & i—1 1
2
2Dl GrEe(F)0) vo e}
Lel ﬁ i=1 n \/ﬁ
which implies that
_ 1
di(o7, x?) Sdi(a7, x*) + T (26)

Therefore, we only need to focus on the term d; (6,,2, XZ).

On the Euclidean space R!, we define the norms ||x|2 = Zle“zx Ix)? = Ziaxiz and
the inner-products (x, y)o = Y ;¢ @ixiyi, and (x,y) =) ;. x;y;i. For a sequence (a1, a2, ...),
we use the notation a;;x = (aj,...,ax) (and a;x is the empty set if i > k). We intro-
duce new random variables {Z; ;,i € I,1 < j < n} which are ii.d. N(0, 1), and set Sg def
Ao Zyj . X5 21)T € R, so that

n 2
2 dist. ' 1 ) 1
X = Zat <ﬁ;zl,./> = Hﬁsl:n

iel
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For 1 < ¢ <k <n, and omitting the dependence on n, we set By.; as the R>**=t+D matrix
.. J . .
B(Ik(lr.])z\yi<_>v ZELZS‘]Sk
n

By the Mercer’s expansion for ¢, we have

2= (G5 l)or) = [Gpmeon

iel

2

o

For f e Lip;(R), we introduce the function f, :RIl — R, defined as f,(x) = f(||x]12). As a
matter of telescoping the sums, we have

E[£(57) = f(x*)]

1
_ZE[fan€+l<fB1€ 1D1:e— 1+7BwDe>

1 1
- — Biy_1 Dyt + —See ) |,
fa,n,€+1(ﬁ 1:0—1D1:¢ 1+\/ﬁ e.z)]

where we define

Fam () “éfE[fa (x + ise:n)} and set fon,n41(¥) = fu(X).
N

First, we claim that f; , ¢ is differentiable everywhere on R'. To prove this, it suffices to obtain
the almost everywhere differentiability of z € R' — f,, (x + z) for any x € R'. By Rademacher’s
theorem, f as a Lipschitz function is differentiable almost everywhere on R. If E is the set
of points where f is not differentiable, we conclude that f, is differentiable at all points z ¢
{zeR" ||x+ z||gt € E}. Now by Ponomarév [25], Theorem 2, the Lebesgue measure of the set
{zeR" |x + z||§ € E} is zero, which proves the claim.

As aresult, the function x — f , ¢(x) is differentiable with derivative

V fanex)-h= ZE[f (x—i—}S )<x+%&gm,h>ai|.

By writing this expectation wrt the distribution of x + ﬁ Se-n, we get

Vfane(x)-h= 2[ fa @)z, h)a eXp(— (Ix1* = 2(x, Z)))Mn,é(dz)»

n
2 —£+1)
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where ;¢ is the distribution of ﬁSg:n. This implies that f, , ¢ is infinitely differentiable with
second derivatives given by

V@ fone @) - (h1, ha)

n
=2 ——
<n—€+1>

x / fa@(z, hi)a(x =z, h2) eXP(— (Ix1* = 2(x, Z)))Mn,e(dZ)

n
2 —L£+1)

_ l L n an S@:n
_2]E[f“(x+ﬁsez"><x n e+l Jnoid h><\/n—e+1’h2ﬂ’

which implies after some easy calculations that for 4 € R/,

© . 2 n
|V fone@) - (h, )| S A <1+‘/n—e+1”x”“>' 27

Similarly for # € R!,

3) ) n 3 n
VD fane @) - b D] S [ 1A <1+,/—n_£+1nxna). (28)

Now, by Taylor expansion we have

1 1 1 1
—Bi.y—1D14—1 + —=Be¢ Dy ) — —Bi.—1D1p—1 + —=S
fa,n,z+1<ﬁ 1:e—1D1:¢ l+ﬁ 0 tz) fa,n,l+l<ﬁ 1:0—-1D1:¢ 1+ﬁ u)

1 1
=—V —Bi.y—1Diy—1 ) - Beg Dy — Sy
N f(x,n,l+l<ﬁ 1:6—1D1:¢ 1) B¢ D¢ — Se:e)
Lye ! g By D¢, B o
+ o Jane+1 7 1:e—1D1:e—1 | - [Beg Do, Be:e D) — (Seee, Sezo) ] +0,5

where, using (28),

|Q(3)|< =32 [ -1 Blz lDIZ 1
Z—I—l n—+{+1

It follows that

)(nmmnz + [1Se:el3).
o

n—1
Z (’9(3) —12\/_ —1/22 <n~ 1/zlog(n) (29)
=1

By first conditioning on Fy_1, we have

1
E[Vfa,n,(i+l <ﬁ31:4—1l)1:4—1> - (B¢ De — SK:Z):| =
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.. def
Writing K, ¢ = év(z)fa,lg(fBlg 1D1.¢—1), we have

1
VD fon sl <ﬁ31:e—1D1:Z—1) - [BeeDe, Bre D) — (Seze, Seze) ]

4 14
ZD%ZII}1<;>\I/]< ) nﬁ(l ])_Z\I]< ) ( ) nl(l ])lezjl
iJ

Therefore,

1
E<v(2)fa,n,€+l <ﬁ31:z—101:e—1) [BeeDe. BreDy) — (Sees Sz:e)]l]:e—1>

_Z\I/< ) (E)KnZJrl(l DE(DFIFe-1) — 8],

where §;; =1 if i = j and zero otherwise. We claim that the proof will be finished if we show
that foralli, jel,and 1 <¢ <n,

N

_ 30
n—~40+1 (30)

()~ K] <

To prove this claim, it suffice to use (30) to show that |n’1 ZL] W; (f)‘-IJj (f)E(Kn,gH DI
n=2log(n) for i # j, and |n=' Y j_ Wi (L)W (DEK, e41G. NDIEDEF—1) — 1D S
n~1/2 log(n) for all i, j € |. To show this, write

%nzl v, (5)\11, <£>E(Kn,e+1(i, »)
:{ijqf() (Q}E(Kn,n(i,j))

1 n—1 1 £—1 ) ¢
t ;[; Z Vi (;)‘I’j (;)i| [E(Kn.e(. j) = Knep1G. )]

k=1

By the convergence of Riemann sums, |% Zz;ll lIJ,-(ﬁ)\IJj(f)l < n~'. Combined with (27)
and (30), this implies that

< ) ( ) (Kn,e410i, j)) <_<\/_+‘/_Z ) 105(;).

For the second term, notice from the definition of D, at the beginning of the proof that
E(D?|Fi—1) — 1 = G(X¢—1) — 7(G), where G(x) = Pg?(x) — (Pg(x))?. Since h € Ly for
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8§ <1/4, G € Ly, and 26 < 1/2. Therefore, by geometric ergodicity, the solution of the Pois-
son equation for G defined as U (x) = ijo P/(G(x) — n(G)) is well-defined, U € Ly, and
we have almost surely

U(X¢—1) — PU(X¢—1) =E(D}|F—1) — 1.

Notice that, since 2§ < 1/2, for any p > 2 such that 2p§ < 1, the geometric ergodicity assump-
tion (G) implies that sup;> E(|U (X ©)|?) < oo. Now we use the usual martingale approximation
trick (see, e.g., Atchadé and Cattaneo [4], Proposition A1) to write

n—1

1 E K . .

n ;%(;)‘IJJ <;>E(Kn,£+1(l, j)[E(Dglfe_]) ~1))
(;) 1‘(;) (Kn2(i, HU(X0))

I I -
w, (1 —)\IJ,-(I _ —)E(Kn,n(z, DU K1)
n n

1 n—1 ¢ Y
-1 -1
w5 (5 ) Kt juceen |
n n

We now use the fact that W; W; is of class C! (see Theorem A.1(ii)), (27), and (30) to conclude
that

1

n
1
n

%S\L/i<£>\lﬁ (g)E(Kn,H] (i H[E(DHIFir) — 1])‘

(=1

I 2 log(n)
<_ = 1/2 . N . . <
< n+n(§:1jﬂ<: (| Kn o416, J) = Knyesai, D]7) S N

This proves the claim. It remains to establish (30). Write E; to denote the expectation operator
wrt n_l/ZSg;n. We then have for any sy, hy € R',

2Ky ¢ - (hy, h2)

1
=V fone (ﬁBl:ZlDl:Zl> - (hy, h2)

Y L
n—~0+1

1 Se- 1 Se: Sy
x [y [fé(ﬁBlzqul:z—l + %><ﬁ31;e—1D1;z—1 + % h1> <ﬂ hzﬂ
o
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n—4¢ 1 Sy
= — V(z) _B e D _ e . h ,h
(”_£+1> fa,n,ZJrl(ﬁ 1:0-1D1:¢ 1+\/ﬁ> (h1, hy)

n n o 1
n—0+1 yn)
Therefore,
2(Kn,e — Kn,e41) - (h1, ha)
1 Se
=v® ——Bisv 1D -t
fa,n,i+1(ﬁ Le—1Dre—1 + ﬁ)

?) 1 B¢D,
=V fane+1 ﬁquDl:zq + n
1

@ 1 S¢ - !
— ———— V" fans ﬁBu*thzq-ﬁ-ﬁ <(h1,h2) + n—it1 o 7

n—~0+1

1 Sy B,D, Se B, Dy
=v® — By 1Dy +t—+(1—t >.<h,h,—— )
fa,n,ul(ﬁ Le—1D1e—1 + ﬁ+( )ﬁ 1ha, —=

L oy B Doy + 22 oy + (—— o
n_tr1 a,n,0+1 7 1:e—1D1:4-1 N 1,12 P ~ )
for some ¢ € (0, 1). Using (27) and (28), (30) follows from the above.

- (h1, h2)

)‘(hl,h2)

Appendix: Mercer’s theorem

We recall Mercer’s theorem below. Part (i) is the standard Mercer’s theorem, and part (ii) is a
special case of a result due to T. Kadota (Kadota [16]).

Theorem A.1 (Mercer’s theorem). (i) Let k:[0,1] x [0,1] = R be a continuous positive
semidefinite kernel. Then there exist nonnegative numbers {};, j > 0}, and orthonormal func-
tions {¢pj, j >0}, ¢; € L2([0, 11), such that folk(x,y)qﬁj(y) dy = A;¢;(x) for all x € [0, 1],
j>0,and

lim sup =0.

=00 x yel0,1]

k(x, ) = Y hjgj () ()

j=0

Furthermore, if Lj # 0, ¢; is continuous.
(i) Let k as above. If in addition k is of class C2on [0, 1] x [0, 1], then for ; #0, ¢; is of
class C! on [0, 1] and
32
dxady

k(x,y) = > ¢ ()¢ ()| =0.

j=0

lim sup
=00 x,yel0,1]
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By setting x =y, in both expansions, it follows that

sup Zx \¢,(x)] < sup k(x,x) <00 (A.1)
0=<x<1 = 0=<x<1
and
82
sup > )¢} (x)| < S ——k(u, V) |ymr.v—x | < 0O. (A.2)
0<x<l >0 <x<lI oudv
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