Bernoulli 22(3), 2016, 15721597
DOL: 10.3150/15-BEJ704

Approximation of a stochastic wave equation
in dimension three, with application to

a support theorem in Holder norm:

The non-stationary case

FRANCISCO J. DELGADO-VENCES! and MARTA SANZ-SOLE?

stituto Nazionale di Geofisica e Vulcanologia, Pisa, Italy. E-mail: delgadovences @ gmail.com
2Facultat de Matematiques, Universitat de Barcelona, Gran Via de les Corts Catalanes, 585, E-08007
Barcelona, Spain. E-mail: marta.sanz@ub.edu

This paper is a continuation of (Bernoulli 20 (2014) 2169-2216) where we prove a characterization of the
support in Holder norm of the law of the solution to a stochastic wave equation with three-dimensional
space variable and null initial conditions. Here, we allow for non-null initial conditions and, therefore, the
solution does not possess a stationary property in space. As in (Bernoulli 20 (2014) 2169-2216), the support
theorem is a consequence of an approximation result, in the convergence of probability, of a sequence of
evolution equations driven by a family of regularizations of the driving noise. However, the method of the
proof differs from (Bernoulli 20 (2014) 2169-2216) since arguments based on the stationarity property of
the solution cannot be used.
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1. Introduction

This paper is a continuation of [7], where we prove a characterization of the topological support
in Holder norm for the law of the solution of a stochastic wave equation with vanishing initial
conditions. Consider the stochastic partial differential equation (SPDE)

2
<% - A)M(n x) = o (ut, x))M(t, x) +b(u(t, x)),

5 (1.1
u(0, x) = vo(x), 5u(0,x)=ﬁo(x),

where A denotes the Laplacian on R3, T > 0is fixed, t € 0,T]and x € R3. The nonlinear terms
and the initial conditions are defined by functions o, b: R — R and v, 7p: R? — R, respectively.
The notation M (t, x) refers to the formal derivative of a Gaussian random field M white in
the time variable and with a correlation in the space variable given by a Riesz kernel. More
specifically,

E(M(t,x)M(s,y)) = 8o(t — s)|x — y| ¥, (1.2)

where &g denotes the delta Dirac measure and S € (0, 2).
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We consider a random field solution to the SPDE (1.1), which means a real-valued adapted

(with respect to the natural filtration generated by the Gaussian process M) stochastic process
{u(t, x), (t,x) € (0, T] x R3} satisfying

t
u(t,x) = Xo(t,x) +/ / G({t—s,x— y)a(u(s, y))M(ds, dy)
0 JR3

) (1.3)
+/ [G(t —5,) *b(u(s, ~))](x) ds.
0
Here,
0 . d
X, x)=[G@) * o] (x) + EG(I)*UO (x), (1.4)

G (¢) is the fundamental solution to the wave equation in dimension three, G (¢, dx) = ﬁa, (dx),
where o, (x) denotes the uniform surface measure on the sphere of radius ¢ with total mass 47¢>
(see, e.g., [8]), and the symbol “x” denotes the convolution in the spatial argument.

The stochastic integral (also termed stochastic convolution) in (1.3) is defined as a stochastic
integral with respect to a sequence of independent standard Brownian motions {W;(s)} jen, as
follows. Let H be the Hilbert space defined by the completion of S(R?), the space of rapidly

decreasing functions on R3, endowed with the semi-inner product

(. ¥)u= /R3 n(d&) FoE)F (),

where F denotes the Fourier transform operator and p(d&) = F~1(|g|7# d&) = |£|P —3d&. Then

t
f/ G(t —s,x —y)o(u(s, y))M(ds,dy)
0 JR3
t (1.5)
::Z/O <G(l—S,X—*)O'(M(S,*))’ej>,HWj(ds)’

jeN

where (¢;) jey C S (R} isa complete orthonormal basis of H.

Assume that ¢ € H is a signed measure with finite total variation. Then, by applying [10],
Theorem 5.2 (see also [11], Lemma 12.12, for the case of probability measures with compact
support) and a polarization argument on the positive and negative parts of ¢, we obtain

IIwII%i=CfRa/R3<p(dX)<p(dy)lx—yl‘ﬂ. (1.6)

Forte[0,T], K C R3 compact and p € (0, 1), we denote by C”([tp, T] x K) the space of
real functions g such that ||g||, ;,xk < 00, where

lg(t,x) — g, X)|
Igllp.o.k == sup  |g(t, )|+ sup = —
(t,x)€lto. TIxK (tx).(F.5)eln.TIxk (=1 +[x —x])

(t.x)£({.%)
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LetO< p’ <pand & p/([to, T1] x K) be the space of Holder continuous functions g of degree
o’ such that

t, — s .
0,6):= sup ASLVZSEIL o yes g (1.7)

lt—s|+lx—y|<s (It = s+ |x — y]P

The space £ p/([to, T] x K) endowed with the norm || - || 4, is a Polish space and the embed-
ding C*([t0, T]1 x K) C £ ([to, T] x K) is compact.

Assume that the functions o and b are Lipschitz continuous and the initial conditions vy,
vo satisfy the assumption (h2) of Theorem 1.1 below. Theorem 4.11 in [5] along with [4],
Proposition 2.6, give the existence of a random field solution to (1.3) with sample paths in
CP([0, T1 x K), with p € (0, y1 A y2 A 5.

Foranyr e (0, T], let H, = L2([0, t]; H). Fix h € H, and consider the deterministic evolution
equation

" (t,x) = X0t x) + (Gt — . x — 05 (D" (. %), h),,
' (1.8)

t
+/ ds[G(t —5,) % (" (s, )] ().
0

The main objective in [7] is to prove that, in the particular case vg = Vg = 0, the topological
support of the law of the solution to (1.3) in the space £°([tg, T] x K) with p € (0, #) is the
closure in the Holder norm of the set {d>h, h € Hr}, for any f9 > O (see [7], Theorem 3.1).

The aim of this paper is to prove a partial extension of this result allowing non-null initial
conditions vg, Ug, but restricting to affine coefficients o. In particular, this will apply to the
hyperbolic Anderson model (o (x) = Ax, A 7% 0). The theorem is as follows.

Theorem 1.1. Assume that

(hl) the function o is affine and b is Lipschitz continuous;
(h2) vo, ¥p:R> — R are bounded, vy € C*(R3), Vv is bounded, vy € C(R>), Avg and T are
Holder continuous functions of degree y1, y», respectively.

Fix tg > 0 and a compact set K C R3. Then the topological support of the law of the solution
to (1.3) in the space EP ([ty, T] x K) with p € (0, y1 A y2 A (#)) is the closure in the Holder
norm || - || p,1,k Of the set (D", h € Hr), where " is given in (1.8).

After the seminal paper [17], an extensive literature on support theorems for stochastic differ-
ential equations appeared (see, e.g., [1,9,13], and references herein). The analysis of the unique-
ness of invariant measures is one of the motivations for the characterization of the support of
stochastic evolution equations (see [7], Section 1, for more details).

As in [7], Theorem 1.1 will be a corollary of a general result on approximations of equa-
tion (1.3) by a sequence of SPDEs obtained by smoothing the noise M. The precise statement,
given in Theorem 2.1, provides a Wong—Zakai-type theorem in Holder norm. It is of interest by
its own. The method relies on [1], further developed and used in [2,9,12—14]. We refer the reader
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to [7], Section 1, for a detailed description of the method for the proof of support theorems based
on approximations.

In contrast with the situation considered in [7], the solution to (1.3) with non-null initial con-
ditions does not possess the spatial stationary property termed S property in [3]. This property is
crucial in the proof of the analogue of Theorem 2.2 and more precisely, in establishing the upper
bound of L? norms of increments in space when the initial conditions are null. The new approach
to the proof of a similar upper bound when the initial conditions do not vanish uses fractional
Sobolev norms and the classical Sobolev’s embeddings (see Proposition 2.5). To some extend,
some of the results of this paper are a refinement and an extension of results of [5]. Compare,
for example, Lemma 2.6 with [5], Proposition 3.5, and Proposition 2.5 with [5], Theorem 4.6.
Others, like Proposition 2.7, are crucial results to establish the approximations. The proof of
Proposition 2.7 requires the validity of the inequality [|B(f) — B(g)lly,p,0 < CIlf —glly.p.0
for B:R — R and functions f, g belonging to the fractional Sobolev space W"-?(O) (see (2.8),
(2.9) for the definition of these spaces). This holds when B is affine and not only Lipschitz,
which explains the hypothesis on o in Theorem 1.1. The use of fractional norms seems to be at
the origin of this restriction, as was noticed for example in [15].

The paper is organized in the following way. In Section 2, we prove Theorem 2.1 — a general
result on approximations of SPDEs in the convergence of probability and in the Hélder norm —
which in turn follow from Theorems 2.2 and 2.3. As a particular case, the characterization of the
support stated in Threorem 1.1 is established. Section 3 gathers some technical results used in
the proofs.

2. Approximations of the wave equation

As in the companion paper [7], we consider smooth approximations of W defined as follows.
For any n € N, we define the partition of [0, T'] consisting of the points 5&, i =0, 1,...,2".

Denote by A; the interval [’2—5, ('JE#) and by |A;] its length. We write W; (A;) for the increment

Wj((i'g,ll)T) — Wj("z—f), i=0,...,2"—1, j € N. Then we define W" as the sequence whose terms
are

Wi =f W1 (s)ds, jeN,
0

where for j > n, W}“ =0,andfor 1 < j <n,

2n—2
ey = Y2 TTWi(ADIA, (), ifte[27T. T,
J i=0
0, ifr e[0,27"7].
Set
w'(t,x) =Y Wit)e;(x). 2.1)

jeN
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It can be easily checked that, for any p € [2, 00),

Jw"| Lr(@Hp) = Cnl/22"2, (2.2)

Hence, w" belongs to Hr a.s.
We consider the integral equations

t
X(t,x)= Xo(t,x) +/ / G(it—s,x—y)(A+ B)(X(s, y))M(ds, dy)
0K 2.3)

+{G@t =, x =#)D(X (-, %)), h)y, + /OI[G(I — s, ) xb(X(s,)](x)ds,
X,(t,x) = X%, x) + /Ot/RS Gt —s5,x — Y)A(Xa(s, y))M(ds, dy)
+{G(t =, x =) B(Xn(-, %)), w")% +{G@t — -, x =) D(X,(, %)), h)% (2.4)
+ /(:[G(t — 5, ) *xb(Xu(s,))](x)ds,
where h € Hr, w" defined as in (2.1), A, B, D,b:R — R, and X°:[0, T] x R? — R is the

deterministic function defined in (1.4).
Foreacht €[0, T], lett, =max{t, —27"T, 0}, with

1, =max{k2™"T, k=0,...,2" — 1: k27T <1}. 2.5)

By means of the following expressions, we define stochastic processes close to X (#,,x) and
Xu(ty,x), (t,x) €[0,T] x R3, respectively:

In
X(t, 1y, x) = X', x) +/ /3 Git—s,x—y)(A+ B)(X(s, y))M(ds, dy)
0 JR-
+{G@t —,x —x)D(X(, *))1[0J,l](-),h)% (2.6)
In
+/ [G(t —5,) *b(X(s, -))](x) ds,
0

In
Xn_(t,x)zXO(t,x)—l—// G(t—s,x—y)A(Xn(s,y))M(ds,dy)
0 Jr3

F(G@ = x =) B(Xn( ) 10,41 (), w")y

(2.7)
+(G@ =, x =) D(X (-, 9)) 110,41 (), by,

In
+/ [G(t —5,) *b(Xn(s, '))](x) ds.
0

We will consider the following set of assumptions.
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Hypothesis (H).

(H1) The functions A, B, D, b:R +— R are globally Lipschitz continuous.
(H2) vo, 90:R3> — R are bounded, vy € C*(R?), Vvg is bounded, 7y € C(R3), Avg and ¥y
are Holder continuous functions of degree y1, y2, respectively.

Let O be a bounded or unbounded open subset of R?, p € [1,00), y € (0, 1). We define

lg(x) — gIP\ "7
lelhpo=( [ar [y S2=82E) 28)

Then we denote by WP (O) the Banach space consisting of functions g :R> — R such that

1
Igllwrro) = (181750 + 1212, )7 < 00. 2.9)

From [5], Lemmas 4.2 and 4.4 and [4], Lemma 4.2, it follows that (H2) implies the following.
(H2.1) For any t € [0, T] and any bounded domam O C R3, for any p € [2,00) such that
2853 andforany y € 0.y1 Aya A B2 = 2)),

”Xo(t)| < 00.

’WVJ’(O)

(H2.2) (t,x)+— X°, x) is continuous and SUP(; x)e[0, T] xR 1XO(t, x)| < o0.

The existence and uniqueness of a random field solution to the equations (2.3), (2.4) is estab-
lished as in [7], Theorem 5.1. It is proved using the convergence of a Picard iteration scheme.
For (2.3), the Picard approximations converge in L”(€2), uniformly in (¢,x) € [0, T] X R3.
For (2.4), the convergence of the Picard approximations holds in probability. It is obtained using
a localization in €2. Notice that equation (2.4) is more general than (2.3).

The aim of this section is to prove the following theorem, which is the analogue of [7], Theo-
rem 2.2, in the context of this article.

Theorem 2.1. We assume Hypothesis (H) and in addition that the function B is affine. Fix ty > 0
and a compact set K C R3. Then for any p € (0, y1 A ys A Z_Tﬂ) and A > 0,

nlingoP(lan — Xllp.t0.6 > *) =0. (2.10)

With a particular choice of the functions A, B and D in equations (2.3), (2.4), this theorem
yields the characterization of the support stated in Theorem 1.1 (see the proof of Theorem 3.1
in [7]).

The proof of Theorem 2.1 entails several steps. As in the stationary case considered in [7], the
main ingredients are local L? estimates of increments of X, and X, in time and in space, and a
local L? convergence of the sequence X, (¢, x) to X (¢, x). Here, in contrast with [7], local L?
estimates of increments of X, and X in space are obtained via Sobolev’s embeddings.
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We remind the localization procedure introduced in [14] and also used in [7]. For any integer
n>1andt €[0, T], define

L,(t) = { sup sup | WA §an1/22_"/2}, @2.11)

1<j=no<i<mT-1-1]*

with > (2In2)!/2. The mapping t — L, (¢) is decreasing and lim,,_, oo P(L,, (¢)€) = 0 (see [14],
Lemma 2.1). It is easy to check that

Jw" @ 01L, 0 |5, < Cn¥22"2, 2.12)

and also

2 §Cn3/22”/2|t/—t|1/2, 0<t<t <T.
T

“ WL, @)l

In particular, if [z, t'] C A; for some i =0, ...,2" — 1, then

<cn. (2.13)

“ W, e Hy

As has been said in the Introduction, the proof of Theorem 2.1 will follow from Theorems 2.2
and 2.3 below. These are the analogues of [7], Theorems 2.3 and 2.4, in the context of this article.
We denote by || - ||, the L?(£2) norm, and for any compact set K C R3, we define

K(t):{xeR3: d(x,K)gT—t}, tel0,T], (2.14)
where d denotes the Euclidean distance. Notice that r — K (¢) is a decreasing mapping.

Theorem 2.2. We assume Hypothesis (H) and also that the function B is affine. Fix ty > 0 and
tip<t<t<T,x,x¢€ R3. Then, for any p € [1,00) and p € (0,1 A y2 A 2_7‘3), there exists a
positive constant C such that

sup|| [ X, (1, %) = X, . D)1, |, = C(17 — 1]+ 1% — x1)”. (2.15)

n>1
Theorem 2.3. Assume Hypothesis (H). Fix a compact set K C R3. Then, for any p € [1, o0),

lim up_ | (Xut,x) = X (1. 0)) 11,0, =0 (2.16)

n—=00 110,

xeK(t)

The proof of Theorem 2.2 consists of two parts. First, we shall consider ¢ = 7 and obtain (2.15),
uniformly in 7 € [0, T']. This is the difficult and novel part, and where the additional assumption
on B being affine is needed. Then, using this result, we consider x = x and following the proof
of [7], Proposition 2.9, we can establish (2.15), uniformly in x over compact sets. The details of
the proof of the estimates of L? increments in time are omitted, since they can be reconstructed
from [7], Proposition 2.9, with minor changes.
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Remark 2.4. Assume that Hypothesis (H) holds and, moreover,

sup sup [[Xn(t. x) — Xu(t, )11, ) ||p <C|x —x|?,
n>1t€[0,T]

with p as in Theorem 2.2. Then, with the same proof of [7], Proposition 2.9, one has

Suﬂ’” [Xa(t.x) = Xu@. )11, 0], = ClT =117,
nz

forany g <r <t <T,ty > 0, uniformly over x on a compact set of R3.

The proof of Theorem 2.3 is very similar to [7], Theorem 2.4, and will also be omitted. Notice
that the initial condition X°(z, x) cancels in the difference X, (¢, x) — X (¢, x), and also that in
the proof of [7], Theorem 2.4, the stationarity property is never used.

The rest of the section is devoted to establish L? estimates of increments in space. They will
be derived from Proposition 2.5 below.

Proposition 2.5. We assume Hypothesis (H) and that the function B is affine. Fix a compact set
KCcR3and p e (%4/3—/‘3)]’ 00). Then, forany t € [0, T]and y € (0, y1 A y2 A (# — %)),

Sljpt:[l(';pT]E([”Xn(t)||€V%P(K(t)) + ”Xn_(t)”fv%p([((t))]an(t)) <+oo. (2.17)

Assume this has been proved. By the Sobolev embedding theorem (see, for instance, [16],
Theorem E.12, page 257), for any bounded or unbounded domain O C Re, WP-P(O) C CP(O),
foreach p < p — % Since Proposition 2.5 holds for any p large enough, (2.17) yields

sup sup [[(Xn(t,x) — Xu(t, )11, () ||p <Clx —x|°, (2.18)
n>0t€[0,T]

forany p € (0, y1 Ay2 A #).

The next Lemma 2.6 and Proposition 2.7 are important ingredients in the proof of Proposi-
tion 2.5. Roughly speaking, Lemma 2.6 is an abstract result about upper bounds of L? moments
of fractional norms of indefinite stochastic integral, taking into account the size of the domain
of integration in time. In Proposition 2.7, it is used to establish the discrepancy in the fractional
norm, and in terms of n, between the Picard’s iterations of X, (¢, x) and X, (z,x) (see (2.4),
(2.7), resp.).

For a function f: R3 > R, we set

Df(u,x) = fu+x)— fQ),
D fu,x) = f(u—x)=2f @)+ f(u+x).
Given a bounded set O € R? and & > 0, we denote by O¢ the open set

Of = {x e R*: 3z € O such that [x — z| < e}. (2.19)



1580 F.J. Delgado-Vences and M. Sanz-Solé

Lemma 2.6. Fix p € (2 B 0), Y € (O =8 _ —) t € (0, T and a bounded domain © C R3.
Let Z={Z(s,x),(s,x)e[0,T] x R3} be a stochastlc process such that
! p
/O GSE(|Z6)]yr00)) < 00 (2.20)
Then
E(I[G(.x —%) = G(,y —0IZ(¢ %)%, )
/ dx/ dy .
lx — yPtre
. (2.21)
2—1 P
=2 [ OB (|26 i)
with n = 1nf( b 3— 2y — > — B) € (1,2). Consequently,
p 2—-1
B(1[6C.0=926 0], 12,00 =0 [[GB(Z0 o) @22
Proof. Throughout the proof, 8 € (0, 2) is fixed and we denote by f(x) the Riesz kernel |x|_’6
Remember that the symbols “-”, “x” denote the relevant variables for the H; norm, and “e” the
argument for the fractional norm || Iy, p,0-

Fix x, y € R3. By applying the triangular inequality, we have

GG, x —=%)Z(, %) |y — [|GCy—9)Z(, %)
lG¢.x Iy, — GGy s | .
<|[GC.x =% =Gy =n]Z(. 9|,

Hence, (2.22) is a trivial consequence of (2.21).
Set

T / / E(IG(,x —#) = GC,y = 0IZ(¢ ;)
t - .

lx — y3+re

By (1.6), we write

[[GCx =9 =GCy=0]Z¢. 9|y,

'
=C(/// Z(s,u)f(u—v)Z(s,v) (2.24)
0 JR3JR3

172
X [G(s, x—du) —G(s,y — du)][G(s, x—dv) —G(s,y — dv)]) .

Fix p € (2 B ,00), ¥y € (0 i —) and O C R3, and let p = y+ 3 . By (2.24) and using the
method of the proof of [5], Proposrtron 3.5, increments of G are transferred to increments of the
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factors f and Z. We obtain (see [5], pages 19-20),

FHERIIE
7}<CZE(f / = ) (2.25)

where
t
J{(x,y):/ dsf G(s,du)/ G@s,dv)f(y —x+v—u)
0 R3 R3
X [Z(s,x —u)—Z2(s,y —u)][Z(s,x —v)—Z(s,y — v)],
t
Jé(x,y):/ ds/ G(s,du)/ G(s,dv)Df (v —u,x —y)Z(s,x —u)
0 R3 R3
X [Z(s,x—v)—Z(s,y—v)],
t
Jé(x,y):/ ds/ G(s,du)/ G(s,dv)Df(u —v,x —y)
0 R3 R3
><Z(s,x—v)[Z(s,x—u)—Z(s,y—u)],

t
Ji(x, y) = /0 ds /l‘@ G(s,du) /]R3 G(s,dv)sz(v —u,x —Y)Z(s,x —u)Z(s,x —v).

Let
t
w1, x,y) ::/ ds/ G(s, du)/ GG, dv)f(y —x+v—u). (2.26)
0 R3 R3
The following properties hold:

i, x,y) <P, (2.27)

sup / G(s,du)/ G, dv)f(y—x+v—u)<C (2.28)

s€[0,T]JR3 R3

(see, e.g., [6], Lemma 5.1). Thus, by Holder’s inequality and (2.27) we obtain

|7 Cx, y)l”/2
(o o)
< G-/ ”/ ds/ G(s, du)/ G(s.dv) f(y —x +v=wE(|Z®)] , 00)-

By (2.28), this yields

1 /2 !
</ / PHEROIE )SC[Q—,S)(p/Z—I)/ as(| 267, 00). (2.29)
A P

lx — y|°P
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By symmetry, the contributions of the terms J2’ (x,y) and J3’ (x, y) are the same. Hence, we
will focus on J3 (x, y). Set

t
,uz(t,x,y):/ ds/ G(s,du)/ G(s,dv)|Df(v—u,x—y)|. (2.30)
0 R3 R3

The following properties hold:
pa(t,x,y) < Clx —y[“r*~ @D 231)

sup / G(s,du)/ G(s,dv)|Df (v —u,x —y)| < Clx — y|*, (2.32)
s€[0,T]JR3 R3

for any o € (0, (2 — B) A 1) (see [6], Lemma 5.4, and a slight modification of [5], Lemma 6.1,
resp.). By applying Holder’s and Schwarz’ inequalities and (2.31), we can write

(/M/ memw>
|x — ylPP
:E(/dx/(h( 3. y)] )Wj
o Jo Ix — y|¥|x — y|?P—
p/2—1 pt
/ dx/ (“20 i y)> / ds/ G (s, du)
lx — y|* 0 R3

_ _ oy _ p/2
Xf G(s,dv)lDf(v u,x y)IE<|Z(S’x_u)|p/2<|Z(s,x v) 2Z_(s,y v)l) )
R3 |x — yl|* |x — y|=P—¢

< 3@ tp)lp/2-1)

: B _ 12
x/ ds[/ dx/ dy/ G(s,du)f G(s,dv)'Df(v il y)|E(’Z(s,x—u)|p):|
0 o Jo " Jr R3 lx — y|*
X |:f dx/ dyf G(s,du)
(@] O R3

X/ G(s,dv)'Df(v_”’r_}’)|E<|Z(S,X—v)—Z(s,y_v)|)pi|l/2.
R3 — yle

[x r =y

By applying (2.32), we conclude

|2 Cx, P72
(/ / |x — y|PP )

< =P 812600 260301

(2.33)
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Choose @ = y + 3 Remember that y < ﬂ - % Hence « € (0, ﬂ) This implies ae0,2—-
B) A1), as requ1red Notice also that 2p — @ — % =y,and 3 — (¢ + B) > 28 - 1. Therefore,

|30 1P
(f / |2x—y|p1’ )<Ct<<4 B)/2)(p/2~ 1)/ E(| 2|5 (234

Set

t
na(t,x,y) :/ ds/ G(s,du)/ G(s,dv)|D2f(v —u,x — y)}.
0 R3 R3
The following properties hold:

pa(t, x,y) < Clx — y|*?~@tH  (2.35)

sup f G(s, du)/ G(s, dv)sz(v —u,x —y) <Clx —y|%, (2.36)
s€[0,T]JR3 R3

with « € (0, 2 — B). The former is proved in [6], Lemma 5.5, and the latter is a slight modification
of [5], Lemma 6.2.

Choose oo = 2p. By applying Holder’s and Schwarz’s inequalities, we obtain

| L (e, w)|P?
(/ / lx — y|PP )
f /d E('W y)|>"/2
|x — yl

< Ct [3—(a+B)]lp/2—1]

t 2 _ _
x/ dx/ dy/ ds/ G(s,du)/ Gs, dpy 2/ W Z X = Y|
o o " Jo R3 R3 |x — y|*

E(|1Z(s,x —w)|"|Z(s,x — v)|"?)

< CB—@+Plip/2-1]

t 2 — —
x (/ dx/ dy/ ds/ G(s,du)/ Gs.doy 2Tt y)|1[<:(;2(s,x—u)\”)>.
o Jo Jo Jm R3 lx —y|*

The estimate (2.36) yields

|5 (x, )P/ e o
(/ / T )§Ct(3 (26+B)(p/2 1)/0 SE(|1ZO |70 o)

— Ci-27=6/p=)p/2D) / s HZ(s)HLp(@ )

(2.37)

Fory<#—%,wehaveﬁ::3—2y—;—,3>1 and for g € (0,2),3 — ,3> . Hence,

from the results proved so far, we see that (2.21) follows from (2.29), (2.34) and (2. 37) ([l
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For the proof of Proposition 2.5, it is convenient to consider localizations of the pro-
cesses X,, X, in the space variable defined by {X,(t,x)1g)(x),(, x) € [0,T] x R3},
(X, (@, ) gpn(x), (t,x)€[0,T] x R3}, respectively, with K () given in (2.14).

Let x,y € R3 be such that x € K(¢) and |x — y| = ¢ — s. This choice is motivated by the
fact that the Green function G(# — s, x — *) has support on the sphere centered at x and with
radius ¢ — s. By the triangular inequality, d(y, K) <d(y,x)+d(x, K) <T —s. Thus, y € K(s).

Consequently, { X, (#, x)1g ) (x), (z,x) € [0, T] x R3} satisfies the following localized evolution
equation:

X (1, X)L g (1 (x) = XO(1, ) 1 g 1) (%)

t
+ lm)(x)/o /1;@ Gt —s5,x — ) A(Xn(s, ) k() ()M (ds, dy)
+ 1k ()Gt — -, x = %) B(X, (-, %)) 1k () (%), w”)% (2.38)
+1x ()G — -, x = %) D(Xn(, %) Lk () (%), h)H[

t
+ 1K(,)(x)f0 [G(t —s5,%) % b(Xn(s, %)) 1 k() (%) ] (x) ds.

A similar equation also holds for {X, (¢, x)1g)(x), (t,x) € [0,T] x R3}, with the obvious
changes.
Along with (2.38), we will also consider the Picard’s iterations defined by
X (t, ) g1y () = X0, X)L g1y (%),
X7 (2, ) ke () = XO(, ) Lk (1 (x)
t
+ lx(t)(X)[O /R3 G(t —s5,x — YA(XP (5, 9)) Lk () ()M (ds, dy)
+ g (Gt = x =) B(X) (L 0) gy (), w”)Hr (2.39)

+ g @[GE = x = DX 0) k() (), h)yy
t

+ g (x) / (Gt —s. 0% b(X7 7 (s, 0)) k() (D] () ds,  m>1.
0

For these Picard’s iterations, and similarly as in (2.7), we define

X, 0, ) Lk (x) = X0, x) L1y (x),
X, " () gy (x)

= Xo(t, X))k (x)

th
+ k() /0 /R Gl s x = DA ) ke MUs,dy) (240)
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+1g ()G — - x — *)B(Xf71(~, ) 1k () () 10,1,1 (), w">Ht

+ 1k (Gt — -, x —#)D(XC0)) Lk () () 10,41 (), h)y,,

n
+1K(,)(x)/ [G(t —s5,%) xb(XI (s, %)) Lg (5) ()] (x) ds, m>1.
0

In the next proposition, we consider the stochastic processes { X' (¢, x), (t,x) € [0, T] x ]R3},
(X" (1, %), (t,x) € [0, T] x R3} given in (2.39), (2.40), respectively.

Proposition 2.7. Let p >
B is affine. Fix m > 1 and assume that

%4;’3)] and y be as in Lemma 2.6. We also assume that the function

tes[ng]E([H Xy ||€VV-P(K(1)) +| X, " @) st,p([((z))]an(t)) =C, (24D

for some constant C independent of n, m.
Then there exists 11 € (1, 00) independent of n, m but depending on p, and C > 0, such that

sup E(||X2(1) — X, " (1) ||;”p’ ko L) < c27"irl?, (2.42)
1€[0,T]
Proof. Fix p > %, y € (0, # — %), m > 1, t € (0, T]. Remember that if x € K(¢) and

|x —y| =1t —s, then y € K(s). Hence, from (2.39), (2.40), we have

5
E([ X7 @) = X" O], ko 12a6) <C Y Vim @, (2.43)
i=1
where
t p
an’m(t) = E(‘ / / G({t—s5,0— y)A(Xf_l(s, y))M(ds, dy) an(t)>,
ty JR3 v.p, K@)

Vi@ =E({G(t =+ 0 =0 B(X, ™ o) g Oy w” )y, |17 ) 1eao)-
Vi) =E(|(Gt = 0 —0)[B(X, ™' (.%) — B(X ' (-, »)]
X 11,1105 wn)Ht ||5,p,K(t)1L"([))’

Vl’im(t) = E(||<G(t e *)D(XZ"_I(’ *))l[fn’t](.)’ h)’H, ”)Ij,p,K(l)an(t))’

P
1Ln<r))~
v,p.K(t)

Vns,m(t) - E(‘

t
/[G(t—s,*)*b(X,’l"_l(s,*))](o)ds
In
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Setp=y+ %. By writing explicitly the norm || - ||/, ». k (+), and then applying Fubini’s theorem
and Burkholder’s inequality, we obtain

vi (ty<cC dx
' K(1)

/ . E(IIGt =, x =% = Gt — - 2= HIAX " o), 0O 1L,0lly,)
X = .
K@) ¢ |x —z|PP

Set Z(s,y) := A(Xf’1 (t —s,y))1L,@—s). With the change of variable s — ¢ — s, the preceding
inequality implies

QT2 ")At A

E ds(I[G(s,x — %) — G(s,z2 —#)]Z(-, %) ||5,)P
V,}ma)sc/ dxf i 2o (MG (s, x = %) = Gls.2 = 91 Z(. 3"
’ ko Jxw I — 2P

The right-hand side of the preceding expression coincides up to a constant with the left-hand side
of 2.21) with t := 2T2™) At and O := K(¢).

We are assuming sup,¢(o 1) E(I X" () ||€Vy’,,(K(t)) 11,@)) < oo. Hence, using the linear
growth of A and Lemma 3.3 [see (3.9)], we have

Sup E(}|A(X:T71(t ~ ) 1L, -5) ||€vy-p((1<(¢))s))

sel0.1]
< sup C(E(JAX 't —9)) 11,4 ||IL7P((K(Z))S))
s€[0,t]
+E(AX =)L, )
<Ci+Ca sup E(JAXT )Ll k)
sel0.1]

<Ci+C zl[t)pt]]E(” Xp ) L, 15 5 k)

N

<C.
By Lemma 2.6, we conclude
V() < camle/2m, (2.44)

. P/
with n :mf(Tﬂ, 3-2y — % - B).

The term Vnz’ (1) 1s also a stochastic integral with respect to M. Indeed, for a given function
f:10,T] x R3— Randr €[0, T, let 7, be the operator defined by

(s, x)=f((s+27") A1, x). (2.45)
Let &, be the closed subspace of Hr generated by the orthonormal system

2T M, () ®ej (%), i=0,...,2"—1,j=1,...,n,
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and denote by 7, the orthogonal projection operator on &,. Notice that m, o 7, is a bounded
operator on H, uniformly in n.

The random vector X,, ’m_l(s, *) is Fy,-measurable. Then, using the definition of w”, it is
easy to check that

(Gt = 0 =0)B(X, " (. 0) 10 (), w")y,

t
= / / (my 0 r,,)(G(t — ., 0 — *)B(Xn_’m_l(~, *)))(s, )M (ds, dy).
t, JR3

Therefore, Vnz’m(t) can be studied in a similar way than Vn]’ (D), with Z(s, y) := B( X;,mfl (t—
s, Y 1L, @—s). We obtain

V2, (1) < camr/2n, (2.46)

with 5 =inf(*52,3 -2y — 8 — ),
Using Schwarz’s inequality and (2.12), we have

Vi () < PP RE(|| G — -, 0 = #)[B(X, ™ (%) — B(X2(, )]

X 11O, 1.0 1k )-
Let
Z(s,y) = [B(X,;™ (¢t —5,9)) = B(XI 't — 5, )11, 00—9)- (2.47)

With the change of variable s — t — s, we see that

Vam(® = Cot P2 ER(|G ¢ 0 =026 0 ko)

We are assuming (2.41). Hence, as in the analysis of an,m(t), using Lemma 3.3 we can prove
that the assumptions of Lemma 2.6 are satisfied for O := K (#). Consequently,

QT2~")At
Vi) = Oty me = [ (260 ) 249)
0

with Z given in (2.47) and n = inf(#, 3-2y — % - B).
From (2.19), it follows that for 0 <s <t < T, K(¢)* = K(t — s). Therefore,

E(|[B(X; "t —5.9) = B = 5. D) Lo |F o)
< C/ dyE(|X, "t —s5.9) = X0t —5.9)|" 1L,0-9)
K(t—s)
<C sup  E(|X," ') = X0 60 L)
(5,)€l0,T1xR3

< Cn3PI2y-10G=P)2,

where we have applied Lemma 3.2.
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Since B is affine, we have

1B ) =BG )Ll k0

=[x =X Lol , ke s€0.T]
Applying these estimates to (2.48) yields

(1) < Cn3P/29np/2p—nn(p/2=1)

}1 m

oo [ T (6 - ) )|
0 n }/PK(Y)

(2.49)
< Cyn3P2~ /D (1+2=p=2n/p)

212"
+ Con3P/2p— (/D (n=1-21/p) ( )Md E(HX—,m—l( ) — X" I )” )
2 0 SR My.p.k o)

Schwarz’ inequality implies

Vi @) < CE(|||G(. 0 — %) Z(-, %) ||H(m . 15 k)

with Z(s,y) 1= D(X,’{”l(t — 5, y)11,(—s). Therefore, similarly as in the study of the term
an’m (t) we obtain

Vi (1) < c2mp/dm (2.50)

w1thr]—1r1f(4 b ,3—2y — % - B).
To study V. n, o (t), we first apply Minkowski’s inequality and then the linear growth of b and
Lemma 3.3. We obtain (the details are left to the reader),

V() <C27P. (2.51)
With (2.43), (2.44), (2.46), (2.49), (2.50), (2.51), we have

E(] x5 (1) = X" (1) ||)I/),p,K(t))
< 012—(1111/2)?7 + czn3p2—(np/2)(n+2—ﬂ—2n/p)

QT2 M)At

+ eandP/20 /D (-1-20/p) / GE(| X, 5) = X2 O )
0
with n = mf( ,3=2y—=2—-pB8)e(1,2) (see Lemma 2.6).
In Lemma 3.4, we prove that for any p > 2 — ’3), n1:=n—1—2=L > 0. This implies n +2 —

p—2>1.
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Set £, (1) =E(I X () — X”’"(t)||5’p7K(l)), and n :=inf(n,n+2—- B — 27"). We have proved
that

2T27" At
fy:n(t) §¢iz+¢n/0 dsf,:”(s),

with ¢, := (c1 Vv )2~ P/ Dm Yy = c3n3P/2p—npm n1 > 0, np > 1. Then, Gronwall’s lemma
yields
S @) = @u(1 +exp(T¥n)).
Clearly, sup, ¥, < oo. Thus,
'O =Cpp,  nzl,
and this yields (2.42). O

Proof of Proposition 2.5. Fix p and y as in the assertion. Using induction on m > 0, we will
first establish a result analogue to (2.17) for the Picard’s iterations defined in (2.39) and (2.40).
More precisely, we will prove

tes[ng]E([”X ) “ wrr (K@) T | X, @) ||§/V,p(1<(z))]1Ln(t)) =C, (2:52)

for some constant C independent of n, m. By Fatou’s lemma, and the convergence in the L?” norm
of X7'(t,x)1r, ), and X;’m(t,x)an<,) to X, (¢t,x)1p, ), and X, (t,x)11, (), respectively, for
any (¢,x) €[0,T] x R3 [see (3.5)], this will imply (2.17).

For m =0, (2.52) is just the property (H2.1), which is a consequence of hypothesis (H2).

Let m > 1 and assume that (2.52) holds for any Picard iterative of order less or equal than
m — 1. We recall that if x € K(¢) and |x — y| =¢ — s, then y € K (s). Thus, from (2.39) we see
that

E(| X} ®) Hﬁ/r-p(l((;))an(t)) =C Z Ri,m(t)
with

=[x

p
Ry, (1) =IE( 1L,,(t)>,
WP (K (1))

m®=E([(G@t —- 0 *)B(Xni’mil (%), w >7—{, I wr. P(K(t))]Ln(t))’
E(H(G(t e *)[B(X:ln71 (" *)) - B(X;’m71 (.’ *))]’ wﬂ)'H, ||€V%P(K([))1Ln(t))’

m (1) = E(”( e *)D(XIT_I(" *))’ h)?—[, ||€Vy.p(K(;))1Ln(t))’

P
1Ln(t)) ?
WP (K (1))

() ” Wy (K (1))’

. G(t —s, 0 — YA(X] (s, y))M(ds, dy)

m@® = H [G(t —s5,%) xb(XT (s, %))](e) ds
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[T LINT]
s

where the symbols +” denote the time and space variables, respectively, that are relevant
for the H; norm, while the symbol “e” denotes the argument corresponding to functions in the
space WY-P (K (t)).

As has been pointed out before, the assumption (H2) implies

R, (1) <C. (2.53)

By the induction hypotheses and (3.8), (3.9) applied to the function g := A and Z(¢, x) :=
X Zl’l (t,x)1p, ), we see that the assumptions of [5], Theorem 3.1, hold. Therefore, we have

t
R ® =€ [ asBUANE ) oo 1120

From this inequality, the definition (2.9), the Lipschitz continuity of the function A and
Lemma 3.3, it follows that

t
R, (1) <Ci+Cy / dSE(| X5 ) v x5y 1) < C- (2.54)
0
As has been mentioned in the analysis of the term Vn% (1) in Proposition 2.7, the following
identity holds:

(Gt —- 0 =0B(X, "' (, %), w"),,

’
= /0 /R3 (0 0 T) (G (t — -, 0 — ) B(X;7 ™71 (-, %)) (5, y) M(ds, dy).

Consequently, R (1) < C[RZ:,I,,(t) + R;;,zn(t)], with

n,m

Ry (1)

n,m

-+

Ry (1)

)4
=E<‘ 1Ln<z>>-
v, K(t)

By developing the L? (K (¢)) norm, and using Fubini’s theorem, Burkholder’s inequality and
the boundedness of the operator r,, o t,, we have

t
/0 /R’ (tp 0 tn)(G(t — e — *)B(Xn_’m_l G *)))(s, y)M(ds, dy)

p
1Ln(z>)7
LP(K (1))

t
[ [ om0 (G = o =BG ) M s dy)

RIL(1) < CE((/K( ) dx||(G(t — - x — %) B(X,, ") (., *))H;’{t)an(t)). (2.55)
t

Now we apply the usual estimates on the H; norm along with the property (3.8) and the induction
assumption to conclude that Rﬁ j,l,l (r =<cC.
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Using the definition of the fractional norm (see (2.8)), Fubini’s theorem, along with
Burkholder’s inequality and the boundedness of the operator 7, o 7, yields,

1
R32 (1) = [ dx [ dg——
nm K@) K@ |x—z]3tre

t
// (7TnOtn)([G(t_"x_*)_G(t_HZ_*)]
0 JR3

P
1Ln<r)>

x B(X; "1, %)) (s, )M (ds, dy)

1
§C/ dxf dz————
K@) K@ |lx—z]Ptre

xE(|[Gt = x =% -Gt —-,z—%)]

x B(X;7 "1, %)) ”g-l, 1L,0))-

(2.56)

Consider the stochastic processes {B(X,f’"ﬁ1 &, x)N1p, @), @, x)€[0,T] x R3}. First, we ap-
ply Lemma 3.3 to g := B, Z(¢t,x) := X,,*’mfl(t, x)11, - Then, by the induction hypothesis we
see that the assumptions of Lemma 2.6 are satisfied. This yields jo,z,,(t) < C. Hence, we have
proved

R, (1) <C. (2.57)

To study the term RZ (1), we first apply Cauchy—Schwarz inequality to obtain

Ry (@) < IRy, B([[GG = - 0 =0 D(X;1 " C0) [0, Iyvn (k.6 L 200)

<C(RYLO+RYE®)),

n,m n,m

with

Ry @) =E([|G(t = 0 =) D(X3 ™ C.0) 34, 170 k1) 1at0):

Ry =E([|G( = 0 =0 DX 0) 3,17 g 1a0)-

Notice that R,S,j,ln(t) is similar to the right-hand side of (2.55), with B(X,, ’m_l) replaced by
D(X,’f_l). Then, by analogue arguments as for R,Slj,ln(t), we obtain R,Szj,ln () <C.

Using the triangular inequality, we see that jo%l(t) is similar to the last term in (2.56), with
B(X, ’m_l)(t, x) in the latter expression replaced by D(X ,’?’I)(t, x) in the former. Therefore,
R,fj,z,,(t) < C, and consequently,

Ry, (1) =<C. (2.58)
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By writing explicitly the convolution operator and then using Minkowski’s inequality, we have

t p
Rs’m(l‘) < CE<‘/O ds /R3 G(t — S,dy)”b(X,’I”*l(s, o — y))||WV~P(K(t))1Lﬂ(5)> .

Next, we apply Holder’s inequality with respect to the finite measure on [0, T'] x R? given by
dsG(t — s, dy) along with (3.8), (3.10) with g :=b and Z(z, x) := X,’{”l (t,x)1y,(t). We obtain

t
RS (1) < C) +c2/0 ds/RSG(t—s,dy)]E(”X’T*l(s,o)||§/m(K(S))1Ln(S)).

Since sup; (o7 Jg3 G(s,dy) < oo, this yields

t
RY (1) < C1 + szo ASE([ X5 ) [y i 57y L wto) < €. (2.59)

We now study the contribution of Rﬁ’m(t). As we did for RS (1), first we apply Cauchy—
Schwarz inequality along with (2.12) to obtain

R, (1)
< cn’ri?m/? (2.60)

x E(” ”G(t e *)[B(inil G, *)) - B(Xr?mi1 G, *))] “7—[, ”a/%p(l{(t))an(t))'
There are two contributions coming from the right-hand side of (2.60) — the L” norm and the frac-

tional norm. They will be studied separately (see the terms below denoted by R,ﬁj ,1,, ), Rf,j,%l 1),
resp.).

We start with the contribution of the L” norm. From Fubini’s theorem and the Lipschitz con-
tinuity of B, it follows that
Ry) (1) := CnP/22p/2

X E((/K( )dxHG(r — o x = H[BXI ) - B(X, *))]“i,)hnm)
t

Cn3p/22np/2

t
x/ de((/ ds||G(t—s,x—*)
K(1) 0

p/2
<[ 5.0) B s )I) )

CHrPIR s E(X 60 = X600 ).
(t,x)€[0,T]xR3

IA

IA
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By Lemma 3.2, sup,,, sup, (0.7 RiL ) < cn3p2-10l2=P)/2] Since B € (0,2), this implies

sup sup R*1 (1) <c. (2.61)
nm¢e[0,T]

Next, we study the contribution of the fractional norm of the right-hand side of (2.60):
R}Y2 (1) := Cn3P/22mP/2
xE([|G@—- 0~ "‘)[B(X:Tf1 (%) = B(an'm*1 ()] HH, ||§,p,K(t))1Ln(t))'
Set

Z (s, y) = [B(X27 (s, ) = BX, ™ (5, )] 1)

For any 0 <s <t, we have

SES;)PT]E(|| Z,'(s) H€VV-P(K(S)’*S)) < 00.

Indeed, this holds for Z"(s) replaced by B(X,’:”1 (s, N1, (s) and B(Xn_’m_l(s, )L, (s), sepa-
rately by the following arguments. We rely on the induction assumption, and for the contribution
of the L? norm, we use (3.8). For the contribution of the fractional norm, we apply (3.9).

Thus, (2.22) implies

E(” ”G(t —ne— *)[B(X:ln_l(.’ %)) — B(Xn_’m_l(" %))] ”H, H]I/),p,K(t)) 1L,)

t
=C /0 dsE(|[B (X5~ ) = BOG " O) iy ko LLnto) (2.62)

t
= [ oD 6 = X O e 1)

where in the last equality we have used that B is affine.
By the definition (2.9), we see that

t
/0 dsE(| X' (s) — x;»m—l(s)|\fv’w_,,(,<(s))1 Ln(s))

t
< C”O dsE(]| x5 (s) — Xn_"”‘l(S)||5,,7,K(s)1Ln<s)) (2.63)

+  sup E(|X,r,"l(f,x)—Xn’ml(t’x)|p)}'
(t,x)€[0, T1xR3

Using Proposition 2.7 and Lemma 3.2, the right-hand side of this inequality is bounded by g, :=
C(27P/2 4 p3p/2)=npB=F)/2) with 7 > 1. Notice that

supnP/22"/2g, < C,
n
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With all these results, we conclude sup,, ,, Sup, 0.7 R;‘ji () < C. Along with (2.61), this yields

sup sup R* (1) <CcC. (2.64)
nmef0,T]

Bringing together (2.53), (2.54), (2.57), (2.58), (2.59), (2.64), we obtain
p
E([| X2 O3k 0y 1 nt) = C- (2.65)
By the same arguments, and using that ¢, <, we also have

E(]| X, ™ @) ”€VV,1’(K(t))1Ln(f)) =C. (2.66)

From (2.65), (2.66), we obtain (2.52). O

3. Auxiliary results
This section gathers some technical results that are used throughout the paper.

Lemma 3.1. Consider the Picard iterations defined in (2.39), (2.40), respectively. Let p €
[1,00). Foranyn>1,m >0,

sup — E([|x3 @, 0"+ [X, " 0| 1,0) < €, G.D
(t,x)€[0,T1xR3

where the constant C does not depend on n, m.

Consequently,
sup  sup  E([|Xa(t,0)|" + | X, (¢, 0| |1L,0) < 00, (3.2)
n>1 (t,x)e[0,T]1xR3
Sup sup sup ]E([”in(t) HL”(K(!)) + HXn_’m(t)HLIJ(K(I))]ILn(t)) < 00, (33)
neNmeNr€[0,T]
sup  sup E([”X"(t) ”LP(K(t)) + ||Xn_(t)||LP(K(t))] an(t)) < 00. 34
neNtel[0,T]

Proof. To establish (3.1), we follow the arguments of the proof of (4.9) in [7] with X,, (¢, x),
X,, (¢, x) in this reference replaced by X' (¢, x), X, (¢, x), respectively, and we use induction
on m.

For the proof of (3.2), we use the convergences

lim sup sup IE(|X,’l"(t,x) — Xn(t,x)|p1Ln(,)) =0,

M= n>1 (1,x)€[0, T]xR3

lim sup  sup  E(|X,"(,x) = X, (t,0)]"1L,0)) =0,

M=% n>1 (t,x)e0,T1xR3

(3.5)

along with Fatou’s lemma.
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Property (3.3) follows easily from (3.1), and (3.4) is proved by applying (3.3), (3.5) and Fatou’s
lemma. ]

Lemma 3.2. Let p €[1,00). Foranyn > 1, m >0,

sup  E(|X2(t,x) = X, " (t, )| 11,0 < Cn®PI227PC=P/2 (3.6)
(t,x)€[0,T1xR3

where the constant C does not depend neither on n nor on m. Consequently,

sup E(|Xu(t,x) — X, (t,0)) " 11,)) < CnP/227m0B=P)2, (3.7)
(t,x)€[0,T1xR3

Proof. To establish (3.6), we follow the arguments of the proof of (4.10) in [7] with X, (¢, x),
X, (t, x) in this reference replaced by X" (z, x), X, """ (¢, x), respectively, and we use induction
on m. Then we obtain (3.7) by applying (3.5) and Fatou’s lemma. ]

In the next lemma, we establish some results that have been shown in the proof of [5], Theo-
rem 4.6, in a particular context.

Lemma 3.3. Let p € [1,00), y € (0,1). Consider a measurable stochastic process Z =
{(Z(t,x), (t,x) € [0, T] x R3} such that

sup E(|z(t x)|") < oo.
(t,%)€l0,T]xR3

Let g be a real-valued Lipschitz continuous function, and K C R a compact set. The following
propetrties are satisfied:

®

14 14
tes{gg}E(”g(Z(t)) S E C(l + tes;;%}E(“Z(I)HL,)(K))). (3.8)

(i) Forany0<s <t <T,

E(|g(z() ”ip,K(z)H) = C]E(||Z(S)||§,p,1<(s))- (3.9)
(i) Forany0<s<t<T,|y|<t—s,
E(”g(Z(s, - J’)) ”)I:,p,K(t)) = CE(”Z(S) ”i,p,K(S))' (3.10)

Proof. The assertion (i) follows by using the linear growth of the function g.
Fix 0 <s <t <T. Since K(+)'™* C K(s), we have

1g(Z(s,x)) — g(Z(s, y)IP
ez, ko) :E( [ af o )

o= K@y |x — y>tre

Z b} - Z 3 p
SCE(/ dx/ FMEACIE)) 3(s V)l ) G.11)
Koy Jrws |x — y|>trp
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= C]E(”Z(S)”f/],p,lf(l)r’s)

P
= CE(” Z(S) || y,p,K(s))’
which proves (ii).
LetO<s <t <T and |y| <t —s. By definition,

. g(Z(s,x —y) — g(Z(s,z— y)I?

_ p _
IE(Hg(Z(s,o y))Hy,p‘K(l)) E(/;{(I)dx K(t)d |x_Z|3+yp )

Consider the change of variables x = x —y and Z+> z — y. Since x,z € K(¢) and |y| <t — s,
then x, z € K(s). Thus,

_ _1g(Z(s, x)) — g(Z(s, 2)|P
E(ls(Z(s.0 =) ”’Ij””K(’)) = E</K<s)dx K(s) « |x —z]3trp >
= E(Hg(z(s))”;l/),p,K(s))
= CE(”Z(S)”;'/,,[),K(s))’ O

Lemma 3.4, Let n = inf(#, 3-2y — % — pB), with y € (0, # — %). Let p > 2(2{_;). Then

2n

—, 3.12
. (3.12)

P>

n—1

equivalently ny := 5= — - > 0.

Sl

2n 2(4-p)

Proof. Consider first the case n = #. Then G=1 = 2=p and the conclusion is obvious.

Next, we suppose that n =3 — 2y — % — B. Then WZT"I = %
f:[0, 0c0) — R defined by

. Fix y. The function

is increasing and f(x) <lim,_, o f(x) =2. Choose p > 2. Then

2n
p>2=sup f(x) > —.
x>0 77_1

Notice that 2(2%? > 2. Hence, (3.12) holds. O
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