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In this paper, we establish a large deviation principle for two-dimensional stochastic Navier–Stokes equa-
tions driven by multiplicative Lévy noises. The weak convergence method introduced by Budhiraja, Dupuis
and Maroulas [Ann. Inst. Henri Poincaré Probab. Stat. 47 (2011) 725–747] plays a key role.
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1. Introduction

Let D be a bounded open domain in R2 with smooth boundary ∂D. Denote by u and p the veloc-
ity and the pressure fields. The Navier–Stokes equation, an important model in fluid dynamics,
is given as follows:

∂tu − ν�u + u · ∇u + ∇p = h in D × [0, T ], (1.1)

with the conditions {∇ · u = 0 in D × [0, T ],
u = 0 in ∂D × [0, T ],
u(0) = x ∈ L2(D),

(1.2)

where ν > 0 is the viscosity, h stands for the external force.
To formulate the Navier–Stokes equations, we introduce the following standard spaces. Let V

be the space of infinitely differentiable two-dimensional vector fields g(·) on D with compact
support, satisfying div(g(·)) = 0. Denote by Vα the closure of V in [Hα(D)]2, for α ≥ 0, where
[Hα(D)]2 stands for the Sobolev space of order α. Set in particular

H = V0, V = V1.

We denote by ‖ · ‖H and 〈·, ·〉H the norm and inner product in H . Identifying H with its dual
space H ′, and denoted by V ′

α the dual space of Vα , we consider equation (1.1) in the framework
of Gelfrand triples: V ⊂ H ∼= H ′ ⊂ V ′.
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Define the Stokes operator A in H by

Au = −PH �u, ∀u ∈ D(A) = [H 2(D)
]2 ∩ V,

where the linear operator PH (Helmhotz–Hodge projection) is the projection operator from
[L2(D)]2 into H . Since V coincides with D(A1/2), we can endow V with the norm ‖u‖V =
‖A1/2u‖H . Because the operator A is positive self adjoint with compact resolvent, there is a com-
plete orthonormal system {e1, e2, . . .} in H made of eigenvectors of A, with corresponding eigen-
values 0 < λ1 ≤ λ2 ≤ · · · → ∞ (Aei = λiei ). We will use fractional powers of the operator A,
denoted by Aα , as well as their domains D(Aα) for α ∈R. Note that D(Aα) = {u =∑∞

i=1 ui ·ei :∑∞
i=1 λ2α

i u2
i < ∞}. We may endow D(Aα) with the inner product 〈u,v〉D(Aα) = 〈Aαu,Aαv〉H .

So D(Aα) is a Hilbert space with the inner product 〈·, ·〉D(Aα) and {ei/λ
α
i }i∈N is a complete

orthonormal system of D(Aα). By Riesz representation theorem, D(A−α) is the dual space of
D(Aα).

Let B(u, v) :V × V → (V ∩ [L2(D)]2) be the bilinear operator defined as (cf. Lions [22])〈
B(u, v), z

〉= ∫
D

z(x) · (u(x) · ∇)v(x)dx

for all z ∈ V ∩ [L2(D)]2. Set B(u, v, z) = 〈B(u, v), z〉, and for u = v, we write B(u) = B(u,u).
By the incompressibility condition,〈

B(u, v), v
〉= 0,

〈
B(u, v), z

〉= −〈B(u, z), v
〉
. (1.3)

By Višik and Fursikov [35], B can be expanded to a continuous operator

B :H × H → D
(
A−�

)
(1.4)

for some � > 1. And we have∣∣B(u, v,w)
∣∣≤ 2‖u‖1/2

V · ‖u‖1/2
H · ‖v‖1/2

V · ‖v‖1/2
H · ‖w‖V . (1.5)

We also need the following inequalities(cf. e.g., Brzeźniak, Liu and Zhu [5], Temam [33])∣∣〈B(u) − B(v),u − v
〉
V ′,V

∣∣
= ∣∣〈B(u − v), v

〉
V ′,V

∣∣ (1.6)

≤ ν

2
‖u − v‖2

V + 32

ν3
‖v‖4

L4(D;R2)
‖u − v‖2

H , u, v ∈ V,

and

‖v‖4
L4(D;R2)

≤ 2‖v‖2
H ‖v‖2

V , v ∈ V. (1.7)

By applying the operator PH to each term of the above Navier–Stokes equation (NSE) (1.1),
we can rewrite the NSE in the following abstract form:

du(t) + νAu(t)dt + B
(
u(t)

)
dt = f in L2([0, T ];V ′), (1.8)
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with the initial condition

u(0) = x in H. (1.9)

In this paper, we consider stochastic Navier–Stokes equations (SNSE) driven by the multi-
plicative Lévy noise, that is, the following random perturbations of Navier–Stokes equation:⎧⎪⎨⎪⎩

duε(t) = −νA
(
uε(t)

)
dt − B

(
uε(t)

)
dt + √

εσ
(
t, uε(t)

)
dβ(t)

+ ε

∫
X

G
(
t, uε(t−), v

)
Ñε−1

(dt dv);
uε(0) = x ∈ H.

(1.10)

Here X is a locally compact Polish space. {β(t), t ≥ 0} is a H -cylindrical Brownian motion
admitting the following representation:

β(t) =
∞∑

k=1

βk(t)ek,

where βk(t), k ≥ 1 are independent standard Brownian motions. Nε−1
is a Poisson random mea-

sure on [0, T ] × X with a σ -finite intensity measure ε−1λT ⊗ ϑ , λT is the Lebesgue measure
on [0, T ] and ϑ is a σ -finite measure on X. Ñε−1

([0, t] × O) = Nε−1
([0, t] × O) − ε−1tϑ(O),

∀O ∈ B(X) with ϑ(O) < ∞, is the compensated Poisson random measure. σ,G are measurable
mappings specified later.

Stochastic Navier–Stokes equations have been intensively studied since the work of Bensous-
san and Temam [2]. A good reference for stochastic Navier–Stokes equations driven by additive
Gaussian noise is the book Da Prato and Zabczyk [15] and the references therein. The existence
and uniqueness of solutions for the two dimensional stochastic Navier–Stokes equations with
multiplicative Gaussian noise were obtained in Flandoli and Gatarek [18], Mikulevicius and Ro-
zovskii [25], Sritharan and Sundar [31]. The ergodic properties and invariant measures of the 2-D
stochastic Navier–Stokes equations were studied in Flandoli [17] and Hairer and Mattingly [19].

The purpose of this paper is to establish a large deviation principle (LDP) for SNSEs driven
by multiplicative Lévy noises, that is, a LDP for the solution of (1.10) as ε → 0 on D([0, T ];H),
the space of H -valued right continuous functions with left limits on [0, T ].

Large deviations for stochastic evolution equations and stochastic partial differential equa-
tions driven by Gaussian processes have been investigated in many papers, see, for example,
Chow [13], Sowers [30], Chenal and Millet [12], Cardon-Weber [10], Zhang [39], Cerrai and
Röckner [11], Bessaih and Millet [3], Budhiraja, Dupuis and Maroulas [8], Duan and Millet
[16], Manna, Sritharan and Sundar [24], Wang and Duan [36], Liu [23], Röckner, Zhang and
Zhang [29], Zhang [40], and references therein. The situations for stochastic evolution equations
and stochastic partial differential equations driven by Lévy noise are drastically different because
of the appearance of the jumps. There is not much study on this topic so far. The first paper on
large deviations of SPDEs of jump type is Röckner and Zhang [28] where the additive noise
is considered. The case of multiplicative Lévy noise was studied in Świȩch and Zabczyk [32]
and Budhiraja, Chen and Dupuis [6] where the large deviation was obtained on a larger space
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(hence, with a weaker topology) than the actual state space of the solution. Recently, Yang, Zhai
and Zhang [38] obtained the large deviation principles on the actual state space of stochastic
evolution equations with regular coefficients driven by multiplicative Lévy noise.

Large deviation principles for the two-dimensional stochastic Navier–Stokes equations driven
by Gaussian noise have been established in Sritharan and Sundar [31], Chueshov and Millet [14].
Regarding LDP for the 2-D stochastic Navier–Stokes equation driven by Lévy noise, to the best
of our knowledge, Xu and Zhang [37] is the first paper on this topic, where additive Lévy noise
is considered. Our main concern in this paper is SNSEs driven by multiplicative Lévy noises.

To obtain the large deviation principle, we will use the weak convergence approach/criterions
introduced by Budhiraja, Dupuis and Maroulas [9] for the case of Poisson random measures (see
Section 2 for details) and by Budhiraja, Dupuis and Maroulas [8] for the case of Gaussian noises
(and also in the earlier work Budhiraja and Dupuis [7]). This approach is now a powerful tool
which has been applied by many people to prove large deviation principles for various dynam-
ical systems driven by Gaussian noises, see, for example, Budhiraja and Dupuis [7], Ren and
Zhang [27], Ren and Zhang [26], Sritharan and Sundar [31], Zhang [40], Budhiraja, Dupuis and
Maroulas [8], Bessaih and Millet [3], Duan and Millet [16], Manna, Sritharan and Sundar [24],
Wang and Duan [36], Röckner, Zhang and Zhang [29], Liu [23], Chueshov and Millet [14]. The
weak convergence method was first used in Budhiraja, Chen and Dupuis [6] to obtain large de-
viation principles for SPDEs on co-nuclear spaces driven by Lévy noises and in Yang, Zhai and
Zhang [38] for SPDEs on Hilbert spaces with regular coefficients.

For the two-dimensional stochastic Navier–Stokes equations driven by multiplicative Lévy
noise, in addition to the difficulties caused by the jumps, much of the problem is to deal with
the nonlinear term B(u,u). To obtain the LDP, similarly as in Budhiraja, Chen and Dupuis [6],
among other things we need to study the weak convergence of the solutions of random perturba-
tions (in certain directions) of the equation (1.10). This is highly nontrivial. We first establish the
tightness of the solutions of the perturbed SNS equations in a larger space D([0, T ];D(A−�))

and then via the Skorohod representation theorem we are able to show that the weak convergence
actually takes place in the space D([0, T ];H).

The organization of this paper is as follows. In Section 2, we will recall the general criteria
for a large deviation principle obtained in Budhiraja, Dupuis and Maroulas [9]. In Section 3, we
prove a preliminary result on two-dimensional deterministic Navier–Stokes equation, which will
play an important role in the rest of the paper. The entire Section 4 is devoted to establishing the
large deviation principle for the stochastic Navier–Stokes equation.

We end this section with some notations. Denote by N,R,R+,Rd the set of positive integers,
real numbers, positive real numbers and d-dimensional real vectors respectively. For a topolog-
ical space E , denote the corresponding Borel σ -field by B(E). For a metric space Y, denote
by Mb(Y), Cb(Y) the space of real valued bounded B(Y)/B(R)-measurable maps and real val-
ued bounded continuous functions respectively. For p > 0, a measure μ on Y, and a Hilbert
space H, denote by Lp(Y,μ;H) the space of measurable functions f from Y to H such that∫
Y

‖f (v)‖p

H
μ(dv) < ∞, where ‖ · ‖H is the norm of H. We say a collection {Xε} of Y-valued

random variables is tight if the probability distributions of Xε are tight in P(Y) (the space of
probability measures on Y). We will use the symbol “�⇒” to denote convergence in distribution.
For a Polish space X, denote by C([0, T ],X), D([0, T ],X) the space of continuous functions and
right continuous functions with left limits from [0,T] into X, respectively.
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2. Preliminaries

In this section, we will recall the general criteria for a large deviation principle given in Budhiraja,
Dupuis and Maroulas [9]. To this end, we closely follow the framework and the notations in
Budhiraja, Chen and Dupuis [6] and Budhiraja, Dupuis and Maroulas [9].

2.1. Large deviation principle

Let {Xε, ε > 0} be a family of random variables defined on a probability space (�,F ,P) and
taking values in a Polish space E . Denote expectation with respect to P by E. The large devia-
tion principle is concerned with exponential decay of P(Xε ∈ O) as ε → 0. Now we recall the
definition.

Definition 2.1 (Rate function). A function I :E → [0,∞] is called a rate function on E , if for
each M < ∞ the level set {x ∈ E : I (x) ≤ M} is a compact subset of E . For O ∈ B(E), we define
I (O)

.= infx∈O I (x).

Definition 2.2 (Large deviation principle). Let I be a rate function on E . The sequence {Xε}
is said to satisfy the large deviation principle on E with rate function I if the following two
conditions hold.

(a) Large deviation upper bound. For each closed subset F of E ,

lim sup
ε→0

ε logP
(
Xε ∈ F

)≤ −I (F ).

(b) Large deviation lower bound. For each open subset G of E ,

lim sup
ε→0

ε logP
(
Xε ∈ G

)≥ −I (G).

2.2. Controlled Poisson random measure

The following notations will be used. Let X be a locally compact Polish space. Denote by
MFC(X) the space of all measures ϑ on (X,B(X)) such that ϑ(K) < ∞ for every com-
pact K in X, and set Cc(X) be the space of continuous functions with compact supports.
Endow MFC(X) with the weakest topology such that for every f ∈ Cc(X), the function
ϑ → 〈f,ϑ〉 = ∫

X
f (u)dϑ(u),ϑ ∈ MFC(X) is continuous. This topology can be metrized such

that MFC(X) is a Polish space (see, e.g., Budhiraja, Dupuis and Maroulas [9]). Fix T ∈ (0,∞)

and let XT = [0, T ] × X. Fix a measure ϑ ∈ MFC(X), and let ϑT = λT ⊗ ϑ , where λT is
Lebesgue measure on [0, T ].

We recall that a Poisson random measure n on XT with intensity measure ϑT is a MFC(XT )

valued random variable such that for each B ∈ B(XT ) with ϑT (B) < ∞, n(B) is Poisson dis-
tributed with mean ϑT (B) and for disjoint B1, . . . ,Bk ∈ B(XT ), n(B1), . . . ,n(Bk) are mutually
independent random variables (cf. Ikeda and Watanabe [20]). Denote by P the measure induced
by n on (MFC(XT ),B(MFC(XT ))). Then letting M = MFC(XT ), P is the unique probability
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measure on (M,B(M)) under which the canonical map, N :M → M,N(m)
.= m, is a Poisson

random measure with intensity measure ϑT . With applications to large deviations in mind, we
also consider, for θ > 0, probability measures Pθ on (M,B(M)) under which N is a Poissson
random measure with intensity θϑT . The corresponding expectation operators will be denoted
by E and Eθ , respectively.

Set Y = X × [0,∞) and YT = [0, T ] × Y. Similarly, let M̄ = MFC(YT ) and let P̄ be the
unique probability measure on (M̄,B(M̄)) under which the canonical map, N̄ :M̄→ M̄, N̄(m)

.=
m, is a Poisson random measure with intensity measure ϑ̄T = λT ⊗ ϑ ⊗ λ∞, with λ∞ being
Lebesgue measure on [0,∞). The corresponding expectation operator will be denoted by Ē. Let

Ft
.= σ {N̄((0, s] × O) : 0 ≤ s ≤ t,O ∈ B(Y)}, and denote by F̄t the completion under P̄. Set P̄

be the predictable σ -field on [0, T ] × M̄ with the filtration {F̄t : 0 ≤ t ≤ T } on (M̄,B(M̄)). Let
Ā be the class of all (P̄ ⊗ B(X))/B[0,∞)-measurable maps ϕ :XT × M̄ → [0,∞). For ϕ ∈ Ā,
define a counting process Nϕ on XT by

Nϕ
(
(0, t] × U

)= ∫
(0,t]×U

∫
(0,∞)

1[0,ϕ(s,x)](r)N̄(ds dx dr), t ∈ [0, T ],U ∈ B(X). (2.1)

Nϕ is the controlled random measure, with ϕ selecting the intensity for the points at location x

and time s, in a possibly random but nonanticipating way. When ϕ(s, x, m̄) ≡ θ ∈ (0,∞), we
write Nϕ = Nθ . Note that Nθ has the same distribution with respect to P̄ as N has with respect
to Pθ .

2.3. PRM and BM

Set W = C([0, T ],R∞), V = W × M and V̄ = W × M̄. Then let the mapping NV :V → M

be defined by NV(w,m) = m for (w,m) ∈ V, and let βV = (βV

i )∞i=1 by βV

i (w,m) = wi for

(w,m) ∈ V. The maps N̄ V̄ : V̄ → M̄ and βV̄ = (βV̄

i )∞i=1 are defined analogously. Define the σ -
filtration GV

t := σ {NV((0, s] × O),βV

i (s) : 0 ≤ s ≤ t,O ∈ B(X), i ≥ 1}. For every θ > 0, PV
θ

denotes the unique probability measure on (V,B(V)) such that:

1. (βV

i )∞i=1 is an i.i.d. family of standard Brownian motions,
2. NV is a PRM with intensity measure θϑT .

Analogously, we define (P̄V̄
θ , ḠV̄

t ) and denote P̄V̄

θ=1 by P̄V̄. We denote by {F̄ V̄
t } the P̄V̄-completion

of {ḠV̄
t } and P̄ V̄ the predictable σ -field on [0, T ] × V̄ with the filtration {F̄ V̄

t } on (V̄,B(V̄)). Let

Ā be the class of all (P̄ V̄ ⊗ B(X))/B[0,∞)-measurable maps ϕ :XT × V̄ → [0,∞). Define
l : [0,∞) → [0,∞) by

l(r) = r log r − r + 1, r ∈ [0,∞).

For any ϕ ∈ Ā the quantity

LT (ϕ) =
∫
XT

l
(
ϕ(t, x,ω)

)
ϑT (dt dx) (2.2)
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is well defined as a [0,∞]-valued random variable.
Denote by I2 the Hilbert space of real sequences x = (xi) satisfying ‖x‖2 =∑∞

i=1 x2
i < ∞,

with the usual inner product. Define

L2 :=
{
ψ : ψ is P̄ V̄ \B(R∞) measurable and

∫ T

0

∥∥ψ(s)
∥∥2 ds < ∞, a.s.-P̄V̄

}
. (2.3)

Set U = L2 × Ā. Define L̃T (ψ) := 1
2

∫ T

0 ‖ψ(s)‖2 ds for ψ ∈ L2, and L̄T (u) := L̃T (ψ) +
LT (ϕ) for u = (ψ,ϕ) ∈ U .

2.4. A general criteria

In this subsection, we recall a general criteria for a large deviation principle established in Budhi-
raja, Dupuis and Maroulas [9]. Let {Gε}ε>0 be a family of measurable maps from V̄ to U, where V̄
is introduced in Section 2.3 and U is some Polish space. We present below a sufficient condition
for large deviation principle (LDP in abbreviation) to hold for the family Zε = Gε(

√
εβ, εNε−1

),
as ε → 0.

Define

Sϒ = {g :XT → [0,∞) : LT (g) ≤ ϒ
}

and

S̃ϒ = {f :L2([0, T ],I2
) : L̃T (f ) ≤ ϒ

}
.

A function g ∈ Sϒ can be identified with a measure ϑ
g
T ∈ M, defined by

ϑ
g
T (O) =

∫
O

g(s, x)ϑT (ds dx), O ∈ B(XT ).

This identification induces a topology on Sϒ under which Sϒ is a compact space, see the
Appendix of Budhiraja, Chen and Dupuis [6]. Throughout we use this topology on Sϒ . Set
S̄ϒ = S̃ϒ × Sϒ . Define S =⋃ϒ≥1 S̄ϒ , and let

Uϒ = {u = (ψ,ϕ) ∈ U : u(ω) ∈ S̄ϒ , P̄V̄ a.e. ω
}
,

where U is introduced in Section 2.3.
The following condition will be sufficient for establishing a LDP for a family {Zε}ε>0 defined

by Zε = Gε(
√

εβ, εNε−1
).

Condition 2.1. There exists a measurable map G0 : V̄ → U such that the following hold.

(a) For ∀ϒ ∈N, let (fn, gn), (f, g) ∈ S̄ϒ be such that (fn, gn) → (f, g) as n → ∞. Then

G0
(∫ ·

0
fn(s)ds,ϑ

gn

T

)
→ G0

(∫ ·

0
f (s)ds,ϑ

g
T

)
in U.
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(b) For ∀ϒ ∈N, let uε = (ψε,ϕε), u = (ψ,ϕ) ∈ Uϒ be such that uε converges in distribution
to u as ε → 0. Then

Gε

(√
εβ +

∫ ·

0
ψε(s)ds, εNε−1ϕε

)
⇒ G0

(∫ ·

0
ψ(s)ds,ϑ

ϕ
T

)
.

For φ ∈ U, define Sφ = {(f, g) ∈ S : φ = G0(
∫ ·

0 f (s)ds,ϑ
g
T )}. Let I :U → [0,∞] be defined

by

I (φ) = inf
q=(f,g)∈Sφ

{
L̄T (q)

}
, φ ∈ U. (2.4)

By convention, I (φ) = ∞ if Sφ =∅.
The following criteria was established in Budhiraja, Dupuis and Maroulas [9].

Theorem 2.1. For ε > 0, let Zε be defined by Zε = Gε(
√

εβ, εNε−1
), and suppose that Condi-

tion 2.1 holds. Then I defined as in (2.4) is a rate function on U and the family {Zε}ε>0 satisfies
a large deviation principle with rate function I .

For applications, the following strengthened form of Theorem 2.1 is useful. Let {Kn ⊂X, n =
1,2, . . .} be an increasing sequence of compact sets such that

⋃∞
n=1 Kn =X. For each n let

Āb,n
.= {ϕ ∈ Ā : for all (t,ω) ∈ [0, T ] × M̄,

n ≥ ϕ(t, x,ω) ≥ 1/n if x ∈ Kn and ϕ(t, x,ω) = 1 if x ∈ Kc
n

}
,

and let Āb =⋃∞
n=1 Āb,n. Define Ũϒ = Uϒ ∩ {(ψ,φ) : φ ∈ Āb}.

Theorem 2.2. Suppose Condition 2.1 holds with Uϒ replaced by Ũϒ . Then the conclusions of
Theorem 2.1 continue to hold.

3. Hypotheses

In this section, we will state the precise assumptions on the coefficients and collect some prelim-
inary results from Budhiraja, Chen and Dupuis [6] and Yang, Zhai and Zhang [38], which will
be used in the following sections.

Denote by L2(H) the space of all Hilbert–Schmidt operators from H to H . Let σ : [0, T ] ×
H → L2(H), G : [0, T ] × H × X → H be given measurable maps. Introduce the following
conditions:

Condition 3.1. There exists K(·) ∈ L1([0, T ],R+) such that

(1) (Growth) For all t ∈ [0, T ], and u ∈ H ,∥∥σ(t, u)
∥∥2

L2(H)
+
∫
X

∥∥G(t,u, v)
∥∥2

H
ϑ(dv) ≤ K(t)

(
1 + ‖u‖2

H

);
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(2) (Lipschitz) For all t ∈ [0, T ], and u1, u2 ∈ H ,

∥∥σ(t, u1) − σ(t, u2)
∥∥2

L2(H)
+
∫
X

∥∥G(t,u1, v) − G(t,u2, v)
∥∥2

H
ϑ(dv) ≤ K(t)‖u1 − u2‖2

H .

Let∥∥G(t, v)
∥∥

0,H
= sup

u∈H

‖G(t,u, v)‖H

1 + ‖u‖H

, (t, v) ∈ [0, T ] ×X.

∥∥G(t, v)
∥∥

1,H
= sup

u1,u2∈H,u1 �=u2

‖G(t,u1, v) − G(t,u2, v)‖H

‖u1 − u2‖H

, (t, v) ∈ [0, T ] ×X.

Condition 3.2 (Exponential integrability). For i = 0,1, there exists δi
1 > 0 such that for all

E ∈ B([0, T ] ×X) satisfying ϑT (E) < ∞, the following holds∫
E

eδi
1‖G(s,v)‖2

i,H ϑ(dv)ds < ∞.

Remark 3.1. Condition 3.2 implies that, for every δi
2 > 0 and for all E ∈ B([0, T ]×X) satisfying

ϑT (E) < ∞, ∫
E

eδi
2‖G(s,v)‖i,H ϑ(dv)ds < ∞.

The first part of the following lemma was proved in Budhiraja, Chen and Dupuis [6]. For the
second part of this lemma, the case i = 0 can be found in Remark 2 of Yang, Zhai and Zhang
[38], and the case i = 1 can be proved similarly. We omit its proof.

Lemma 3.1. Under Conditions 3.1 and 3.2,

(i) For i = 0,1 and every ϒ ∈N,

Cϒ
i,2 := sup

g∈Sϒ

∫
XT

∥∥G(s, v)
∥∥2

i,H

(
g(s, v) + 1

)
ϑ(dv)ds < ∞, (3.1)

Cϒ
i,1 := sup

g∈Sϒ

∫
XT

∥∥G(s, v)
∥∥

i,H

∣∣g(s, v) − 1
∣∣ϑ(dv)ds < ∞. (3.2)

(ii) For ever η > 0, there exists δ > 0 such that for any A ⊂ [0, T ] satisfying λT (A) < δ

sup
g∈Sϒ

∫
A

∫
X

∥∥G(s, v)
∥∥

i,H

∣∣g(s, v) − 1
∣∣ϑ(dv)ds ≤ η. (3.3)

The proof of the following lemma is almost identical to the proof of Lemma 3.3 in Yang, Zhai
and Zhang [38], and so is omitted.
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Lemma 3.2. (a) If supt∈[0,T ] ‖Y(t)‖H < ∞, for any q = (f, g) ∈ S, then

σ
(·, Y (·))f (·) ∈ L1([0, T ],H ),∫

X

G
(·, Y (·), v)(g(·, v) − 1

)
ϑ(dv) ∈ L1([0, T ],H );

(b) If the family of mappings {Yn : [0, T ] → H,n ≥ 1} satisfies C = supn sups∈[0,T ] ‖Yn(s)‖H <

∞, then

C̃ϒ := sup
q=(f,q)∈S̄ϒ

sup
n

[∫ T

0

∥∥∥∥∫
X

G
(
s, Yn(s), v

)(
g(s, v) − 1

)
ϑ(dv)

∥∥∥∥
H

ds

+
∫ T

0

∥∥σ (s, Yn(s)
)
f (s)

∥∥
H

ds

]
< ∞.

We also need the following lemma, the proof of which can be found in Budhiraja, Chen and
Dupuis [6].

Lemma 3.3. Let h : [0, T ] ×X → R be a measurable function such that∫
XT

∣∣h(s, v)
∣∣2ϑ(dv)ds < ∞,

and for all δ ∈ (0,∞) and E ∈ B([0, T ] ×X) satisfying ϑT (E) < ∞,∫
E

exp
(
δ
∣∣h(s, v)

∣∣)ϑ(dv)ds < ∞.

(a) Fix ϒ ∈ N, and let gn, g ∈ Sϒ be such that gn → g as n → ∞. Then

lim
n→∞

∫
XT

h(s, v)
(
gn(s, v) − 1

)
ϑ(dv)ds =

∫
XT

h(s, v)
(
g(s, v) − 1

)
ϑ(dv)ds.

(b) Fix ϒ ∈ N. Given ε > 0, there exists a compact set Kε ⊂ X, such that

sup
g∈Sϒ

∫
[0,T ]

∫
Kc

ε

∣∣h(s, v)
∣∣∣∣g(s, v) − 1

∣∣ϑ(dv)ds ≤ ε.

(c) For every compact K ⊂X,

lim
M→∞ sup

g∈Sϒ

∫
[0,T ]

∫
K

∣∣h(s, v)
∣∣1{h≥M}g(s, v)ϑ(dv)ds = 0.
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Let H be a separable Hilbert space. Given p > 1, α ∈ (0,1), let Wα,p([0, T ];H) be the
Sobolev space of all u ∈ Lp([0, T ];H) such that∫ T

0

∫ T

0

‖u(t) − u(s)‖p

H

|t − s|1+αp
dt ds < ∞

endowed with the norm

‖u‖p

Wα,p([0,T ];H)
=
∫ T

0

∥∥u(t)
∥∥p

H
dt +

∫ T

0

∫ T

0

‖u(t) − u(s)‖p

H

|t − s|1+αp
dt ds.

The following result represents a variant of the criteria for compactness proved in Lions [22],
Section 5, Chapter I, and Temam [34], Section 13.3.

Lemma 3.4. Let H0 ⊂H ⊂H1 be Banach spaces, H0 and H1 reflexive, with compact embedding
of H0 in H. Let p ∈ (1,∞) and α ∈ (0,1) be given. Let � be the space

� = Lp
([0, T ];H0

)∩ Wα,p
([0, T ];H1

)
endowed with the natural norm. Then the embedding of � in Lp([0, T ];H) is compact.

4. Large deviation principle

First, we introduce the following definition.

Definition 4.1. Let (V̄,B(V̄), P̄V̄, {F̄t
V̄}) be the filtered probability space described in Sec-

tion 2.2. Suppose that X0 is a F̄0-measurable H -valued random variable such that Ē‖X0‖2
H <

∞. A stochastic process {Xε(t)}t∈[0,T ] defined on V̄ is said to be a H -valued solution to (1.10)
with initial value X0, if

(a) Xε(t) is a H -valued F̄ V̄
t -measurable random variable, for all t ∈ [0, T ];

(b) Xε ∈ D([0, T ],H) ∩ L2([0, T ],V ) a.s.;
(c) For all t ∈ [0, T ],

Xε(t) = X0 − ν

∫ t

0
AXε(s)ds −

∫ t

0
B
(
Xε(s)

)
ds

+ √
ε

∫ t

0
σ
(
s,Xε(s)

)
dβ(s) (4.1)

+ ε

∫ t

0

∫
X

G
(
s,Xε(s−), v

)
Ñε−1

(ds,dv) in L2([0, T ];V ′) a.s.

Definition 4.2 (Pathwise uniqueness). We say that the stochastic evolution equation (1.10) ad-
mits the pathwise uniqueness if any two H -valued solutions X and X′ defined on the same filtered
probability space with respect to the same Poisson random measure and Brownian motion start-
ing from the same initial condition X0 coincide almost surely.
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Assume X0 is deterministic. Let Xε be the H -valued solution to (1.10) with initial value X0.
In this section, we will establish an LDP for {Xε} as ε → 0.

4.1. Skeleton equations

We begin by introducing the map G0 that will be used to define the rate function and also used for
verification of Condition 2.1. Recall that S =⋃ϒ≥1 S̄ϒ , where S̄ϒ is defined in last section. As
a first step we show that under the conditions below, for every q = (f, g) ∈ S, the deterministic
integral equation

X̃q(t) = X0 − ν

∫ t

0
AX̃q(s)ds −

∫ t

0
B
(
X̃q(s)

)
ds

+
∫ t

0
σ
(
s, X̃q(s)

)
f (s)ds (4.2)

+
∫ t

0

∫
X

G
(
s, X̃q(s), v

)(
g(s, v) − 1

)
ϑ(dv)ds

has a unique continuous solution.

Theorem 4.1. Fix X0 = x ∈ H and q = (f, g) ∈ S. Suppose Conditions 3.1 and 3.2 hold. Then
there exists a unique X̃q ∈ C([0, T ],H) ∩ L2([0, T ],V ) such that,

X̃q(t) = x −
∫ t

0
νAX̃q(s)ds −

∫ t

0
B
(
X̃q(s)

)
ds

+
∫ t

0
σ
(
s, X̃q(s)

)
f (s)ds (4.3)

+
∫ t

0

∫
X

G
(
s, X̃q(s), v

)(
g(s, v) − 1

)
ϑ(dv)ds in L2([0, T ];V ′).

Moreover, for fixed ϒ ∈ N, there exists Cϒ > 0 such that

sup
q∈Sϒ

(
sup

s∈[0,T ]

∥∥X̃q(s)
∥∥2

H
+
∫ T

0

∥∥X̃q(s)
∥∥2

V
ds

)
≤ Cϒ. (4.4)

Proof. Existence. First, let �n :R → [0,1] be a smooth function such that �n(t) = 1 if |t | ≤ n,
�n(t) = 0 if |t | > n + 1. Set Xn(u) = �n(‖u‖H ),u ∈ H . Let Pn be the projection operator from
H to H defined as

Pnu =
n∑

i=1

〈u, ei〉H ei, u ∈ H,

and

Bn(u,u) =Xn(u)B(u,u), u ∈ PnH.
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Consider the following Faedo–Galerkin approximations: Xn(t) ∈ PnH denotes the solution of

dXn(t) = −νAXn(t)dt − PnBn

(
Xn(t),Xn(t)

)
dt + Pnσ

(
t,Xn(t)

)
f (t)dt

(4.5)

+ Pn

∫
X

G
(
t,Xn(t), v

)(
g(t, v) − 1

)
ϑ(dv)dt,

with initial condition Xn(0) = Pnx.
Since Bn is a Lipschitz operator from PnH into PnH , the solution of equation (4.5) can be

obtained through an iteration argument as follows.
Let Y0(t) = Pnx, t ∈ [0, T ]. Suppose that Ym−1 has been defined. Define Ym ∈ C([0, T ];

PnH) ∩ L2([0, T ];PnV ) as the unique solution of the equation

dYm(t) = −νAYm(t)dt − PnBn

(
Ym(t), Ym(t)

)
dt + Pnσ

(
t, Ym−1(t)

)
f (t)dt

(4.6)

+ Pn

∫
X

G
(
t, Ym−1(t), v

)(
g(t, v) − 1

)
ϑ(dv)dt

and Ym(0) = Pnx. Using similar arguments as in the proof of Theorem 3.1 of Yang, Zhai and
Zhang [38], we can show that the limit Xn of Ym, as m → ∞, is the unique strong solution
Xn ∈ C([0, T ];PnH) ∩ L2([0, T ];PnV ) of (4.5).

The next thing is to show that

sup
n≥1

(
sup

t∈[0,T ]
∥∥Xn(t)

∥∥2
H

+
∫ T

0

∥∥Xn(s)
∥∥2

V
ds

)
≤ C, (4.7)

and for α ∈ (0,1/2), there exists Cα > 0 such that

sup
n≥1

‖Xn‖2
Wα,2([0,T ],V ′) ≤ Cα. (4.8)

Notice that 〈
PnBn(u,u),u

〉
V ′,V = 〈Xn(u)B(u,u),u

〉
V ′,V = 0, ∀u ∈ PnH.

We have ∥∥Xn(t)
∥∥2

H
+ 2ν

∫ t

0

∥∥Xn(s)
∥∥2

V
ds

= ∥∥Xn(0)
∥∥2

H
+ 2
∫ t

0

〈
Pnσ

(
s,Xn(s)

)
f (s),Xn(s)

〉
H

ds

+ 2
∫ t

0

〈
Pn

∫
X

G
(
s,Xn(s), v

)(
g(s, v) − 1

)
ϑ(dv),Xn(s)

〉
H

ds (4.9)

≤ ‖x‖2
H + 2

∫ t

0

∥∥σ (s,Xn(s)
)∥∥

L2(H)

∥∥f (s)
∥∥

H

∥∥Xn(s)
∥∥

H
ds

+ 2
∫ t

0

∫
X

∥∥G(s,Xn(s), v
)∥∥

H

∣∣(g(s, v) − 1
)∣∣∥∥Xn(s)

∥∥
H

ϑ(dv)ds.
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According to Condition 3.1, it follows that

2
∫ t

0

∥∥σ (s,Xn(s)
)∥∥

L2(H)

∥∥f (s)
∥∥

H

∥∥Xn(s)
∥∥

H
ds

≤ 2
∫ t

0

√
K(s)

√
1 + ∥∥Xn(s)

∥∥2
H

∥∥f (s)
∥∥

H

∥∥Xn(s)
∥∥

H
ds

(4.10)

≤ 2
∫ t

0

√
K(s)

(
1 + 2

∥∥Xn(s)
∥∥2

H

)∥∥f (s)
∥∥

H
ds

≤
∫ t

0
K(s)ds +

∫ t

0

∥∥f (s)
∥∥2

H
ds + 2

∫ t

0

∥∥Xn(s)
∥∥2

H

[
K(s) + ∥∥f (s)

∥∥2
H

]
ds

and

2
∫ t

0

∫
X

∥∥G(s,Xn(s), v
)∥∥

H

∣∣(g(s, v) − 1
)∣∣∥∥Xn(s)

∥∥
H

ϑ(dv)ds

≤ 2
∫ t

0

∫
X

‖G(s,Xn(s), v)‖H

1 + ‖Xn(s)‖H

(
1 + ∥∥Xn(s)

∥∥
H

)∣∣(g(s, v) − 1
)∣∣∥∥Xn(s)

∥∥
H

ϑ(dv)ds

≤ 2
∫ t

0

∫
X

∥∥G(s, v)
∥∥

0,H

∣∣(g(s, v) − 1
)∣∣(1 + 2

∥∥Xn(s)
∥∥2

H

)
ϑ(dv)ds (4.11)

≤ 2
∫ t

0

∫
X

∥∥G(s, v)
∥∥

0,H

∣∣(g(s, v) − 1
)∣∣ϑ(dv)ds

+ 4
∫ t

0

∥∥Xn(s)
∥∥2

H

∫
X

∥∥G(s, v)
∥∥

0,H

∣∣(g(s, v) − 1
)∣∣ϑ(dv)ds.

Hence by (4.9), (4.10) and (4.11), we have

∥∥Xn(t)
∥∥2

H
+ 2ν

∫ t

0

∥∥Xn(s)
∥∥2

V
ds

≤ ‖x‖2
H +

∫ t

0
K(s)ds +

∫ t

0

∥∥f (s)
∥∥2

H
ds

+ 2
∫ t

0

∫
X

∥∥G(s, v)
∥∥

0,H

∣∣(g(s, v) − 1
)∣∣ϑ(dv)ds (4.12)

+
∫ t

0

∥∥Xn(s)
∥∥2

H

[
2K(s) + 2

∥∥f (s)
∥∥2

H

+ 4
∫
X

∥∥G(s, v)
∥∥

0,H

∣∣(g(s, v) − 1
)∣∣ϑ(dv)

]
ds.
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By Gronwall’ inequality,

sup
t∈[0,T ]

∥∥Xn(t)
∥∥2

H

≤
[
‖x‖2

H +
∫ T

0
K(s)ds +

∫ T

0

∥∥f (s)
∥∥2

H
ds

+ 2
∫ T

0

∫
X

∥∥G(s, v)
∥∥

0,H

∣∣(g(s, v) − 1
)∣∣ϑ(dv)ds

]
(4.13)

× exp

[∫ T

0
2K(s) + 2

∥∥f (s)
∥∥2

H

+ 4
∫
X

∥∥G(s, v)
∥∥

0,H

∣∣(g(s, v) − 1
)∣∣ϑ(dv)ds

]
.

Combining (4.12) and (4.13), we have (4.7).
Now we prove (4.8). Write Xn as

Xn(t) = Pnx − ν

∫ t

0
AXn(s)ds −

∫ t

0
PnBn

(
Xn(s),Xn(s)

)
ds

+
∫ t

0
Pnσ

(
s,Xn(s)

)
f (s)ds

(4.14)

+
∫ t

0
Pn

∫
X

G
(
s,Xn(s), v

)(
g(s, v) − 1

)
ϑ(dv)ds

= J 1
n + J 2

n (t) + J 3
n (t) + J 4

n (t) + J 5
n (t).

Using the same arguments as in the proof of Theorem 3.1 in Flandoli and Gatarek [18], we
have ∥∥J 1

n

∥∥2
H

≤ L1,∥∥J 2
n

∥∥2
W 1,2([0,T ];V ′) ≤ L2, (4.15)∥∥J 3

n

∥∥2
W 1,2([0,T ];V ′) ≤ L3.

Since for t > s,

∥∥J 4
n (t) − J 4

n (s)
∥∥2

H
=
∥∥∥∥∫ t

s

Pnσ
(
l,Xn(l)

)
f (l)dl

∥∥∥∥2

H

≤
(∫ t

s

∥∥Pnσ
(
l,Xn(l)

)
f (l)

∥∥
H

dl

)2

≤
(∫ t

s

∥∥Pnσ
(
l,Xn(l)

)∥∥
L2(H)

∥∥f (l)
∥∥

H
dl

)2
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≤
(∫ t

s

√
K(l)

√
1 + ∥∥Xn(l)

∥∥2
H

∥∥f (l)
∥∥

H
dl

)2

≤
(

1 + sup
l∈[0,T ]

∥∥Xn(l)
∥∥2

H

)∫ t

s

K(l)dl

∫ t

s

∥∥f (l)
∥∥2

H
dl,

we have ∫ T

0

∥∥J 4
n (t)

∥∥2
H

dt ≤ T
(

1 + sup
l∈[0,T ]

∥∥Xn(l)
∥∥2

H

)∫ T

0
K(l)dl

∫ T

0

∥∥f (l)
∥∥2

H
dl (4.16)

and ∫ T

0

∫ T

0

‖J 4
n (t) − J 4

n (s)‖2
H

|t − s|1+2α
dt ds

(4.17)

≤
(

1 + sup
l∈[0,T ]

∥∥Xn(l)
∥∥2

H

)∫ T

0
K(l)dl

∫ T

0

∫ T

0

∫ t

s

‖f (l)‖2
H

|t − s|1+2α
dl dt ds.

Note the fact that by elementary application of Fubini theorem, there exists L1
4 > 0 such that∫ T

0

∫ T

0

∫ t

s

‖f (l)‖2
H

|t − s|1+2α
dl dt ds ≤ L1

4

∫ T

0

∥∥f (l)
∥∥2

H
dl. (4.18)

Combining (4.16), (4.17) and (4.18), we have∥∥J 4
n

∥∥2
Wα,2([0,T ];H)

≤ L4. (4.19)

Now for J 5
n , we have

∥∥J 5
n (t) − J 5

n (s)
∥∥2

H
=
∥∥∥∥∫ t

s

Pn

∫
X

G
(
l,Xn(l), v

)(
g(l, v) − 1

)
ϑ(dv)dl

∥∥∥∥2

H

≤
(∫ t

s

∫
X

∥∥G(l,Xn(l), v
)∥∥

H

∣∣g(l, v) − 1
∣∣ϑ(dv)dl

)2

≤
(∫ t

s

∫
X

∥∥G(l, v)
∥∥

0,H

∣∣g(l, v) − 1
∣∣(1 + ∥∥Xn(l)

∥∥
H

)
ϑ(dv)dl

)2

≤
(

1 + sup
i∈[0,T ]

∥∥Xn(l)
∥∥

H

)2
(∫ t

s

∫
X

∥∥G(l, v)
∥∥

0,H

∣∣g(l, v) − 1
∣∣ϑ(dv)dl

)2

≤
(

1 + sup
i∈[0,T ]

∥∥Xn(l)
∥∥

H

)2
∫ T

0

∫
X

∥∥G(l, v)
∥∥

0,H

∣∣g(l, v) − 1
∣∣ϑ(dv)dl

×
∫ t

s

∫
X

∥∥G(l, v)
∥∥

0,H

∣∣g(l, v) − 1
∣∣ϑ(dv)dl.
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Using similar arguments as J 4
n and by Lemma 3.1, we have

∥∥J 5
n

∥∥2
Wα,2([0,T ];H)

≤ L5. (4.20)

By (4.79), (4.77) and (4.82), we obtain (4.8).
The estimates (4.7) and (4.8) enable us to assert the existence of an element X ∈ L2([0, T ];

V ) ∩ L∞([0, T ];H) and a sub-sequence Xm′ such that, as m′ → ∞
1. Xm′ → X weakly in L2([0, T ];V ),
2. Xm′ → X in the weak-star topology of L∞([0, T ];H),
3. Xm′ → X strongly in L2([0, T ];H).

Finally, we show that X is the unique solution of (4.3).
We will use the similar arguments as in the proof of Theorem 3.1 in Temam [33], Section 3,

Chapter III.
Let ψ be a continuously differentiable function on [0, T ] with ψ(T ) = 0. We multiply (4.5)

by ψ(t)ej , and then integrate by parts. This leads to the equation

−
∫ T

0

〈
Xn(t),ψ

′(t)ej

〉
H,H

dt + ν

∫ T

0

〈
Xn(t),ψ(t)ej

〉
V,V

dt

= 〈Xn(0),ψ(0)ej

〉
H,H

−
∫ T

0

〈
PnBn

(
Xn(t),Xn(t)

)
,ψ(t)ej

〉
V ′,V dt

+
∫ T

0

〈
Pnσ

(
t,Xn(t)

)
f (t),ψ(t)ej

〉
H,H

dt

+
∫ T

0

〈
Pn

∫
X

G
(
t,Xn(t), v

)(
g(t, v) − 1

)
ϑ(dv),ψ(t)ej

〉
H,H

dt.

Recall the definition of Bn and (4.7), for every n > supm∈N supt∈[0,T ] ‖Xm(t)‖2
H ∨ j , we have

−
∫ T

0

〈
Xn(t),ψ

′(t)ej

〉
H,H

dt + ν

∫ T

0

〈
Xn(t),ψ(t)ej

〉
V,V

dt

= 〈Xn(0),ψ(0)ej

〉
H,H

−
∫ T

0

〈
B
(
Xn(t),Xn(t)

)
,ψ(t)ej

〉
V ′,V dt

(4.21)

+
∫ T

0

〈
σ
(
t,Xn(t)

)
f (t),ψ(t)ej

〉
H,H

dt

+
∫ T

0

〈∫
X

G
(
t,Xn(t), v

)(
g(t, v) − 1

)
ϑ(dv),ψ(t)ej

〉
H,H

dt.
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Next, let n → ∞ to show that

−
∫ T

0

〈
X(t),ψ ′(t)ej

〉
H,H

dt + ν

∫ T

0

〈
X(t),ψ(t)ej

〉
V,V

dt

= 〈x,ψ(0)ej

〉
H,H

−
∫ T

0

〈
B
(
X(t),X(t)

)
,ψ(t)ej

〉
V ′,V dt

(4.22)

+
∫ T

0

〈
σ
(
t,X(t)

)
f (t),ψ(t)ej

〉
H,H

dt

+
∫ T

0

〈∫
X

G
(
t,X(t), v

)(
g(t, v) − 1

)
ϑ(dv),ψ(t)ej

〉
H,H

dt.

First, using the similar argument as in the proof of Theorem 3.1 in Temam [33], Chapter III,
and passing to the limit with the sequence m′, we see that

lim
m′→∞

[
−
∫ T

0

〈
Xm′(t),ψ ′(t)ej

〉
H,H

dt + ν

∫ T

0

〈
Xm′(t),ψ(t)ej

〉
V,V

dt

− 〈Xm′(0),ψ(0)ej

〉
H,H

+
∫ T

0

〈
B
(
Xm′(t),Xm′(t)

)
,ψ(t)ej

〉
V ′,V dt

]
= −

∫ T

0

〈
X(t),ψ ′(t)ej

〉
H,H

dt (4.23)

+ ν

∫ T

0

〈
X(t),ψ(t)ej

〉
V,V

dt − 〈x,ψ(0)ej

〉
H,H

+
∫ T

0

〈
B
(
X(t),X(t)

)
,ψ(t)ej

〉
V ′,V dt.

Next, we prove that

lim
m′→∞

∫ T

0

∥∥σ (t,Xm′(t)
)
f (t) − σ

(
t,X(t)

)
f (t)

∥∥
H

dt = 0 (4.24)

and

lim
m′→∞

∫ T

0

∫
X

∥∥G(t,Xm′(t), v
)(

g(t, v) − 1
)

(4.25)
− G

(
t,X(t), v

)(
g(t, v) − 1

)∥∥
H

ϑ(dv)dt = 0.

For every ε > 0, let Am′,ε = {t ∈ [0, T ] : ‖Xm′(t) − X(t)‖H > ε}, then we have

lim
m′→∞

λT (Am′,ε) ≤ lim
m′→∞

∫ T

0 ‖Xm′(t) − X(t)‖2
H dt

ε2
= 0. (4.26)
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Set M = supi∈N supt∈[0,T ] ‖Xi(t)‖H ∨ supt∈[0,T ] ‖X(t)‖H < ∞. We have∫ T

0

∥∥σ (t,Xm′(t)
)
f (t) − σ

(
t,X(t)

)
f (t)

∥∥
H

dt

≤
∫ T

0

∥∥σ (t,Xm′(t)
)− σ

(
t,X(t)

)∥∥
L2(H)

∥∥f (t)
∥∥

H
dt

≤
∫ T

0

√
K(t)

∥∥Xm′(t) − X(t)
∥∥

H

∥∥f (t)
∥∥

H
dt

(4.27)

≤ 2M

∫
Am′,ε

√
K(t)

∥∥f (t)
∥∥

H
dt + ε

∫
Ac

m′,ε

√
K(t)

∥∥f (t)
∥∥

H
dt

≤ 2M

∫
Am′,ε

√
K(t)

∥∥f (t)
∥∥

H
dt + ε

∫
Ac

m′,ε

√
K(t)

∥∥f (t)
∥∥

H
dt

≤ 2M

√∫
Am′,ε

K(t)dt

√∫ T

0

∥∥f (t)
∥∥2

H
dt + ε

[∫ T

0
K(t)dt +

∫ T

0

∥∥f (t)
∥∥2

H
dt

]
.

By (4.26) and K(·) ∈ L1([0, T ];R+), we have

lim
m′→∞

∫
Am′,ε

K(t)dt = 0. (4.28)

Combining (4.27) and (4.28), we arrive at (4.24).
Since∫ T

0

∫
X

∥∥G(t,Xm′(t), v
)(

g(t, v) − 1
)− G

(
t,X(t), v

)(
g(t, v) − 1

)∥∥
H

ϑ(dv)dt

=
∫ T

0

∫
X

‖G(t,Xm′(t), v) − G(t,X(t), v)‖H

‖Xm′(t) − X(t)‖H

∥∥Xm′(t) − X(t)
∥∥

H

∣∣g(t, v) − 1
∣∣ϑ(dv)dt

≤
∫ T

0

∫
X

∥∥G(t, v)
∥∥

1,H

∥∥Xm′(t) − X(t)
∥∥

H

∣∣g(t, v) − 1
∣∣ϑ(dv)dt (4.29)

≤ 2M

∫
Am′,ε

∫
X

∥∥G(t, v)
∥∥

1,H

∣∣g(t, v) − 1
∣∣ϑ(dv)dt

+ ε

∫
Ac

m′,ε

∫
X

∥∥G(t, v)
∥∥

1,H

∣∣g(t, v) − 1
∣∣ϑ(dv)dt,

together with Lemma 3.1, we obtain (4.25).
From here, using similar arguments as in the proof of Theorem 3.1 in Temam [33], Section 3,

Chpter III, we can conclude that X is the solution desired.
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Equation (4.4) can be proved similarly as (4.7). By Lemma 3.2 and using the same arguments
as in the proof of Theorem 3.2 in Temam [33], Section 3, Chapter III, we also have

dX

dt
∈ L2([0, T ],V ′)+ L1([0, T ];H ).

This implies X ∈ C([0, T ];H) by Lemma 1.2, (1.84) and (1.85) in Temam [33], Chapter III.
Uniqueness: Let us assume that X and Y are two solutions of (4.3), and let Z = X − Y . We

have

d‖Z(s)‖2
H

ds
+ 2ν

∥∥Z(s)
∥∥2

V

= −2
〈
B
(
X(s)

)− B
(
Y(s)

)
,X(s) − Y(s)

〉
V ′,V

+ 2
〈
σ
(
s,X(s)

)
f (s) − σ

(
s, Y (s)

)
f (s),X(s) − Y(s)

〉
H,H

(4.30)

+ 2
∫
X

〈
G
(
s,X(s), v

)− G
(
s, Y (s), v

)
,X(s) − Y(s)

〉
H,H

(
g(s, v) − 1

)
ϑ(dv)

= I1(s) + I2(s) + I3(s).

By (1.6), we have

I1(s) ≤ ν
∥∥Z(s)

∥∥2
V

+ 64

ν3

∥∥Y(s)
∥∥4

L4(D;R2)

∥∥Z(s)
∥∥2

H
. (4.31)

For I2, we have

I2(s) ≤ 2
∥∥σ (s,X(s)

)− σ
(
s, Y (s)

)∥∥
L2(H)

∥∥f (s)
∥∥

H

∥∥X(s) − Y(s)
∥∥

H

≤ 2
√

K(s)
∥∥f (s)

∥∥
H

∥∥Z(s)
∥∥2

H
(4.32)

≤ (K(s) + ∥∥f (s)
∥∥2

H

)∥∥Z(s)
∥∥2

H
.

I3 is bounded by

I3(s) ≤ 2
∫
X

∥∥G(s,X(s), v
)− G

(
s, Y (s), v

)∥∥
H

∥∥X(s) − Y(s)
∥∥

H

∣∣g(s, v) − 1
∣∣ϑ(dv)

(4.33)

≤ 2
∥∥Z(s)

∥∥2
H

∫
X

∥∥G(s, v)
∥∥

1,H

∣∣g(s, v) − 1
∣∣ϑ(dv).

Setting

ψ(s) = 64

ν3

∥∥Y(s)
∥∥4

L4(D;R2)
+ K(s) + ∥∥f (s)

∥∥2
H

+
∫
X

∥∥G(s, v)
∥∥

1,H

∣∣g(s, v) − 1
∣∣ϑ(dv),

we have

d‖Z(s)‖2
H

ds
≤ −ν

∥∥Z(s)
∥∥2

V
+ ψ(s)

∥∥Z(s)
∥∥2

H
,
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which yields

exp

(
−
∫ t

0
ψ(s)ds

)∥∥Z(t)
∥∥2

H

= −
∫ t

0
exp

(
−
∫ s

0
ψ(l)dl

)
ψ(s)

∥∥Z(s)
∥∥2

H
ds

+
∫ t

0
exp

(
−
∫ s

0
ψ(l)dl

)
d
∥∥Z(s)

∥∥2
H

(4.34)

≤
∫ t

0
exp

(
−
∫ s

0
ψ(l)dl

)(−ψ(s)
∥∥Z(s)

∥∥2
H

− ν
∥∥Z(s)

∥∥2
V

+ ψ(s)
∥∥Z(s)

∥∥2
H

)
ds

≤ 0.

Hence, X = Y .
The proof is complete. �

4.2. Large deviations

We are now ready to state the main result. Recall that for q = (f, g) ∈ S, ϑ
g
T (ds dv) =

g(s, v)ϑ(dv)ds. Define

G0
(∫ ·

0
f (s)ds,ϑ

g
T

)
= X̃q for q = (f, g) ∈ S as given in Theorem 4.1. (4.35)

Let I :D([0, T ],H) → [0,∞] be defined as in (2.4).

Theorem 4.2. Suppose that Conditions 3.1 and 3.2 hold. And assume

K(·) = C and
∫
X

∥∥G(s, x, v)
∥∥4

H
ϑ(dv) ≤ C

(
1 + ‖x‖4

H

)
.

Then the family {Xε}ε>0 satisfies a large deviation principle on D([0, T ],H) with the good rate
function I with respect to the topology of uniform convergence.

Proof. According to Theorem 2.2, we need to prove that Condition 2.1 is fulfilled. The verifica-
tion of Condition 2.1(a) will be given by Proposition 4.1. Condition 2.1(b) will be established in
Theorem 4.4. �

We now proceed to verify the first part of Condition 2.1. Recall the map G0 is defined by
(4.35).
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Proposition 4.1. Fix ϒ ∈ N, and let qn = (fn, gn), q = (f, g) ∈ S̄ϒ be such that qn → q as
n → ∞. Then

G0
(∫ ·

0
fn(s)ds,ϑ

gn

T

)
→ G0

(∫ ·

0
f (s)ds,ϑ

g
T

)
in C

([0, T ],H ).
Proof. Recall G0(

∫ ·
0 fn(s)ds,ϑ

gn

T ) = X̃qn . For simplicity we denote Xn = X̃qn .
Using similar arguments as for (4.7) and (4.8) and by Lemma 3.1, we can prove that there exist

Cϒ and Cα,ϒ such that

1. supt∈[0,T ] ‖Xn(t)‖2
H + ν

∫ T

0 ‖Xn(s)‖2
V ds ≤ Cϒ ,

2. ‖Xn‖2
Wα,2([0,T ],V ′) ≤ Cα,ϒ,α ∈ (0,1/2).

Hence, By Lemma 3.4, we can assert the existence of an element X ∈ L2([0, T ];V ) ∩
L∞([0, T ];H) and a sub-sequence Xm′ such that, as m′ → ∞

(a) Xm′ → X in L2([0, T ];V ) weakly,
(b) Xm′ → X in L∞([0, T ];H) weak-star,
(c) Xm′ → X in L2([0, T ];H) strongly.

We will prove that X = X̃q .
Let ψ be a continuously differentiable function on [0, T ] with ψ(T ) = 0. We multiply Xn(t)

by ψ(t)ej , and then integrate by parts to obtain

−
∫ T

0

〈
Xn(t),ψ

′(t)ej

〉
H,H

dt + ν

∫ T

0

〈
Xn(t),ψ(t)ej

〉
V,V

dt

= 〈x,ψ(0)ej

〉
H,H

−
∫ T

0

〈
B
(
Xn(t),Xn(t)

)
,ψ(t)ej

〉
V ′,V dt

(4.36)

+
∫ T

0

〈
σ
(
t,Xn(t)

)
fn(t),ψ(t)ej

〉
H,H

dt

+
∫ T

0

〈∫
X

G
(
t,Xn(t), v

)(
gn(t, v) − 1

)
ϑ(dv),ψ(t)ej

〉
H,H

dt.

Set

I 1
m′(T ) =

∫ T

0

∫
X

〈
G
(
t,Xm′(t), v

)(
gm′(t, v) − 1

)
,ψ(t)ej

〉
H,H

ϑ(dv)dt,

I 2
m′(T ) =

∫ T

0

∫
X

〈
G
(
t,Xm′(t), v

)(
g(t, v) − 1

)
,ψ(t)ej

〉
H,H

ϑ(dv)dt,

I (T ) =
∫ T

0

∫
X

〈
G
(
t,X(t), v

)(
g(t, v) − 1

)
,ψ(t)ej

〉
H,H

ϑ(dv)dt.
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We have

I 1
m′(T ) − I (T ) = I 1

m′(T ) − I 2
m′(T ) + I 2

m′(T ) − I (T ). (4.37)

By (4.25), it is easy to see that

lim
m′→∞

(
I 2
m′(T ) − I (T )

)= 0. (4.38)

Next, we claim that there exists subsequence {l′} of {m′} such that

lim
l′→∞

(
I 1
l′ (T ) − I 2

l′ (T )
)= 0. (4.39)

By Lemmas 3.1 and 3.3, for any ε > 0, there exists a compact subset Kε ⊂X such that∫ T

0

∫
Kc

ε

∣∣〈G(t,Xm′(t), v
)(

gm′(t, v) − 1
)
,ψ(t)ej

〉
H,H

∣∣ϑ(dv)dt

≤
∫ T

0

∫
Kc

ε

∥∥G(t,Xm′(t), v
)∥∥

H

∣∣gm′(t, v) − 1
∣∣∣∣ψ(t)

∣∣ϑ(dv)dt

≤ sup
t∈[0,T ]

∣∣ψ(t)
∣∣(1 + sup

t∈[0,T ]
∥∥Xm′(t)

∥∥
H

)
(4.40)

×
∫ T

0

∫
Kc

ε

∥∥G(t, v)
∥∥

0,H

∣∣gm′(t, v) − 1
∣∣ϑ(dv)dt

≤ sup
t∈[0,T ]

∣∣ψ(t)
∣∣(1 + Cϒ)ε

and ∫ T

0

∫
Kc

ε

∣∣〈G(t,Xm′(t), v
)(

g(t, v) − 1
)
,ψ(t)ej

〉
H,H

∣∣ϑ(dv)dt

(4.41)
≤ sup

t∈[0,T ]
∣∣ψ(t)

∣∣(1 + Cϒ)ε.

To prove the claim (4.39), applying the diagonal principle it suffices to show that, for every
compact K ∈ X, and η = 2 supt∈[0,T ] |ψ(t)|(1 + Cϒ)ε > 0 there exists a subsequence {m′

K } of
{m′} such that

lim
m′

K

∣∣∣∣∫ T

0

∫
K

〈
G
(
t,Xm′

K
(t), v

)(
gm′

K
(t, v) − 1

)
,ψ(t)ej

〉
H,H

ϑ(dv)dt

−
∫ T

0

∫
K

〈
G
(
t,Xm′

K
(t), v

)(
g(t, v) − 1

)
,ψ(t)ej

〉
H,H

ϑ(dv)dt

∣∣∣∣
= lim

m′
K

∣∣∣∣∫ T

0

∫
K

〈
G
(
t,Xm′

K
(t), v

)
gm′

K
(t, v),ψ(t)ej

〉
H,H

ϑ(dv)dt (4.42)
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−
∫ T

0

∫
K

〈
G
(
t,Xm′

K
(t), v

)
g(t, v),ψ(t)ej

〉
H,H

ϑ(dv)dt

∣∣∣∣
≤ η.

Denote AM = {(t, v) ∈ [0, T ] × K : ‖G(t, v)‖0,H ≥ M}. By Lemma 3.3, for any ε > 0, there
exists M > 0, such that∫ T

0

∫
K

∣∣〈G(t,Xm′(t), v
)
gm′(t, v),ψ(t)ej

〉
H,H

∣∣1AM
ϑ(dv)dt

≤
∫ T

0

∫
K

∣∣G(t,Xm′(t), v
)∣∣

H
gm′(t, v)

∣∣ψ(t)
∣∣1AM

ϑ(dv)dt

≤ sup
t∈[0,T ]

∣∣ψ(t)
∣∣(1 + sup

t∈[0,T ]
∥∥Xm′(t)

∥∥
H

)
(4.43)

×
∫ T

0

∫
K

∣∣G(t, v)
∣∣
0,H

gm′(t, v)1AM
ϑ(dv)dt

≤ sup
t∈[0,T ]

∣∣ψ(t)
∣∣(1 + Cϒ)ε

and ∫ T

0

∫
K

∣∣〈G(t,Xm′(t), v
)
g(t, v),ψ(t)ej

〉
H,H

∣∣1AM
ϑ(dv)dt

(4.44)
≤ sup

t∈[0,T ]

∣∣ψ(t)
∣∣(1 + Cϒ)ε.

Denote

fn(t, v) = 〈G(t,Xn(t), v
)
,ψ(t)ej

〉
H,H

,

f (t, v) = 〈G(t,X(t), v
)
,ψ(t)ej

〉
H,H

.

We have ∣∣fm′(t, v)1Ac
M

∣∣
≤ ∣∣G(t,Xm′(t), v

)∣∣
H

∣∣ψ(t)
∣∣1Ac

M (4.45)
≤ sup

t∈[0,T ]
∣∣ψ(t)

∣∣(1 + sup
t∈[0,T ]

∥∥Xm′(t)
∥∥

H

)∣∣G(t, v)
∣∣
0,H

1Ac
M

≤ sup
t∈[0,T ]

∣∣ψ(t)
∣∣(1 + Cϒ)M,

and similarly ∣∣f (t, v)1Ac
M

∣∣ ≤ sup
t∈[0,T ]

∣∣ψ(t)
∣∣(1 + Cϒ)M. (4.46)
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Let θ(·) = ϑT (·∩[0,T ]×K)
ϑT ([0,T ]×K)

, then θ is a probability measure on [0, T ] × K , and we have∫ T

0

∫
K

∣∣fm′(t, v) − f (t, v)
∣∣θ(dv,dt)

≤ 1

ϑT ([0, T ] × K)

∫ T

0

∫
K

∣∣G(t,Xm′(t), v
)− G

(
t,X(t), v

)∣∣
H

∣∣ψ(t)
∣∣ϑ(dv)dt

≤ supt∈[0,T ] |ψ(t)|
ϑT ([0, T ] × K)

∫ T

0

∫
K

∣∣G(t, v) − G(t, v)
∣∣
1,H

∥∥Xm′(t) − X(t)
∥∥

H
ϑ(dv)dt

(4.47)

≤ supt∈[0,T ] |ψ(t)|
ϑT ([0, T ] × K)

√∫ T

0

∫
X

∣∣G(t, v)
∣∣2
1,H

ϑ(dv)dt

×
√∫ T

0

∥∥Xm′(t) − X(t)
∥∥2

H
dtϑ(K)

→ 0, as m′ → ∞.

Hence, there exists a subsequence {m′
K } of {m′} such that

lim
m′

K→∞
fm′

K
= f, θ -a.s. (4.48)

By Lemma 2.8 of Boué and Dupuis [4] and noticing the proof of (3.25) in Budhiraja, Chen and
Dupuis [6], we have

lim
m′

K→∞

∫ T

0

∫
K

fm′
K
(t, v)1Ac

M
gm′

K
(t, v)ϑ(dv)dt

(4.49)

=
∫ T

0

∫
K

f (t, v)1Ac
M

g(t, v)ϑ(dv)dt

and

lim
m′

K→∞

∫ T

0

∫
K

fm′
K
(t, v)1Ac

M
g(t, v)ϑ(dv)dt =

∫ T

0

∫
K

f (t, v)1Ac
M

g(t, v)ϑ(dv)dt. (4.50)

Hence combining (4.43), (4.44), (4.49) and (4.50), we get (4.42).
So by (4.40), (4.41) and (4.42), we have

lim sup
m′

Kε
→∞

∣∣I 1
m′

Kε

(T ) − I 2
m′

Kε

(T )
∣∣≤ 4 sup

t∈[0,T ]
∣∣ψ(t)

∣∣(1 + Cϒ)ε. (4.51)

Hence (4.39) follows. And then there exists {l′} of {m′} such that

lim
l′→∞

I 1
l′ (T ) = I (T ). (4.52)
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By (4.36) and (4.52), using similar arguments as (4.22), we can prove that X satisfies

−
∫ T

0

〈
X(t),ψ ′(t)ej

〉
H,H

dt + ν

∫ T

0

〈
X(t),ψ(t)ej

〉
V,V

dt

= 〈x,ψ(0)ej

〉
H,H

−
∫ T

0

〈
B
(
X(t),X(t)

)
,ψ(t)ej

〉
H,H

dt

(4.53)

+
∫ T

0

〈
σ
(
t,X(t)

)
f (t),ψ(t)ej

〉
H,H

dt

+
∫ T

0

〈∫
X

G
(
t,X(t), v

)(
g(t, v) − 1

)
ϑ(dv),ψ(t)ej

〉
H,H

dt,

and then using the same argument as in the proof of Theorem 3.1 of Temam [33], Section 3,
Chapter III, we can conclude X = X̃q .

Next, we prove Xm′ → X in C([0, T ],H).
Let Zm′ = Xm′ − X. Then

d‖Zm′(s)‖2
H

ds
+ 2ν

∥∥Zm′(s)
∥∥2

V

= −2
〈
B
(
Xm′(s)

)− B
(
X(s)

)
,Xm′(s) − X(s)

〉
V ′,V

+ 2
〈
σ
(
s,Xm′(s)

)
fm′(s) − σ

(
s,X(s)

)
f (s),Xm′(s) − X(s)

〉
H,H

+ 2
∫
X

〈
G
(
s,Xm′(s), v

)(
gm′(s, v) − 1

)
− G

(
s,X(s), v

)(
g(s, v) − 1

)
,Xm′(s) − X(s)

〉
H,H

ϑ(dv)

= −2
〈
B
(
Xm′(s)

)− B
(
X(s)

)
,Xm′(s) − X(s)

〉
V ′,V

+ 2
〈
σ
(
s,Xm′(s)

)
f (s) − σ

(
s,X(s)

)
f (s),Xm′(s) − X(s)

〉
H,H

(4.54)

+ 2
〈
σ
(
s,Xm′(s)

)
fm′(s) − σ

(
s,Xm′(s)

)
f (s),Xm′(s) − X(s)

〉
H,H

+ 2
∫
X

〈
G
(
s,Xm′(s), v

)(
g(s, v) − 1

)
− G

(
s,X(s), v

)(
g(s, v) − 1

)
,Xm′(s) − X(s)

〉
H,H

ϑ(dv)

+ 2
∫
X

〈
G
(
s,Xm′(s), v

)(
gm′(s, v) − 1

)
− G

(
s,Xm′(s), v

)(
g(s, v) − 1

)
,Xm′(s) − X(s)

〉
H,H

ϑ(dv)

= Im′
1 (s) + Im′

2 (s) + Im′
3 (s) + Im′

4 (s) + Im′
5 (s).
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By (1.6), we have

Im′
1 (s) ≤ ν

∥∥Zm′(s)
∥∥2

V
+ 64

ν3

∥∥X(s)
∥∥4

L4(D;R2)

∥∥Zm′(s)
∥∥2

H
. (4.55)

For Im′
2 , we have

Im′
2 (s) ≤ 2

∥∥σ (s,Xm′(s)
)− σ

(
s,X(s)

)∥∥
L2(H)

∥∥f (s)
∥∥

H

∥∥Xm′(s) − X(s)
∥∥

H

≤ 2
√

K(s)
∥∥f (s)

∥∥
H

∥∥Zm′(s)
∥∥2

H
(4.56)

≤ (K(s) + ∥∥f (s)
∥∥2

H

)∥∥Zm′(s)
∥∥2

H
.

For Im′
4 , we have

Im′
4 (s) ≤ 2

∫
X

∥∥G(s,Xm′(s), v
)

− G
(
s,X(s), v

)∥∥
H

∥∥Xm′(s) − X(s)
∥∥

H

∣∣g(s, v) − 1
∣∣ϑ(dv) (4.57)

≤ 2
∥∥Zm′(s)

∥∥2
H

∫
X

∥∥G(s, v)
∥∥

1,H

∣∣g(s, v) − 1
∣∣ϑ(dv).

Setting

ψ(s) = 64

ν3

∥∥X(s)
∥∥4

L4(D;R2)
+ K(s) + ∥∥f (s)

∥∥2
H

+
∫
X

∥∥G(s, v)
∥∥

1,H

∣∣g(s, v) − 1
∣∣ϑ(dv),

we have

d‖Zm′(s)‖2
H

ds
≤ −ν

∥∥Zm′(s)
∥∥2

V
+ ψ(s)

∥∥Zm′(s)
∥∥2

H
+ Im′

3 (s) + Im′
5 (s).

Hence, we have

exp

(
−
∫ t

0
ψ(s)ds

)∥∥Zm′(t)
∥∥2

H

= −
∫ t

0
exp

(
−
∫ s

0
ψ(l)dl

)
ψ(s)

∥∥Zm′(s)
∥∥2

H
ds +

∫ t

0
exp

(
−
∫ s

0
ψ(l)dl

)
d
∥∥Zm′(s)

∥∥2
H

≤
∫ t

0
exp

(
−
∫ s

0
ψ(l)dl

)(−ψ(s)
∥∥Z(s)

∥∥2
H

− ν
∥∥Z(s)

∥∥2
V

+ ψ(s)
∥∥Z(s)

∥∥2
H

)
ds (4.58)

+
∫ t

0
exp

(
−
∫ s

0
ψ(l)dl

)(
Im′

3 (s) + Im′
5 (s)

)
ds

≤
∫ T

0

(∣∣Im′
3 (s)

∣∣+ ∣∣Im′
5 (s)

∣∣)ds.
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Since ∫ T

0
ψ(s)ds < ∞,

we have

sup
t∈[0,T ]

∥∥Zm′(t)
∥∥2

H
≤ exp

(∫ T

0
ψ(s)ds

)∫ T

0

(∣∣Im′
3 (s)

∣∣+ ∣∣Im′
5 (s)

∣∣)ds. (4.59)

Since K(·) = C, supn supt∈[0,T ] ‖Xn(t)‖2
H ≤ Cr , and Xm′ → X in L2([0, T ],H), we have

∫ T

0

∣∣Im′
3 (s)

∣∣ds

≤ 2
∫ T

0

∥∥σ(s,Xm′)
∥∥

L2(H)

∥∥fm′(s) − f (s)
∥∥

H

∥∥Xm′(s) − X(s)
∥∥

H
ds

(4.60)

≤ 2
∫ T

0

√
K(s)

√
1 + ∥∥Xm′(s)

∥∥2
H

∥∥fm′(s) − f (s)
∥∥

H

∥∥Xm′(s) − X(s)
∥∥

H
ds

→ 0, as m′ → ∞.

Splitting the interval [0, T ] into two parts as in (4.29), we have∫ T

0

∣∣Im′
5 (s)

∣∣ds

≤ 2
∫ T

0

∫
X

∣∣〈G(s,Xm′(s), v
)(

gm′(s, v) − 1
)
,Xm′(s) − X(s)

〉
H,H

∣∣ϑ(dv)ds

+ 2
∫ T

0

∫
X

∣∣〈G(s,Xm′(s), v
)(

g(s, v) − 1
)
,Xm′(s) − X(s)

〉
H,H

∣∣ϑ(dv)ds

≤ 2
∫ T

0

∫
X

∣∣G(s,Xm′(s), v
)∣∣

H

∣∣gm′(s, v) − 1
∣∣∣∣Xm′(s) − X(s)

∣∣
H

ϑ(dv)ds

+ 2
∫ T

0

∫
X

∣∣G(s,Xm′(s), v
)∣∣

H

∣∣g(s, v) − 1
∣∣∣∣Xm′(s) − X(s)

∣∣
H

ϑ(dv)ds

(4.61)

≤ 2
∫ T

0

∫
X

∣∣G(s, v)
∣∣
0,H

(
1 + ∥∥Xm′(s)

∥∥
H

)∣∣gm′(s, v) − 1
∣∣∣∣Xm′(s) − X(s)

∣∣
H

ϑ(dv)ds

+ 2
∫ T

0

∫
X

∣∣G(s, v)
∣∣
0,H

(
1 + ∥∥Xm′(s)

∥∥
H

)∣∣g(s, v) − 1
∣∣∣∣Xm′(s) − X(s)

∣∣
H

ϑ(dv)ds

≤ 2(1 + Cϒ)

∫ T

0

∫
X

∣∣G(s, v)
∣∣
0,H

∣∣gm′(s, v) − 1
∣∣∣∣Xm′(s) − X(s)

∣∣
H

ϑ(dv)ds
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+ 2(1 + Cϒ)

∫ T

0

∫
X

∣∣G(s, v)
∣∣
0,H

∣∣g(s, v) − 1
∣∣∣∣Xm′(s) − X(s)

∣∣
H

ϑ(dv)ds

→ 0 as m′ → ∞.

Therefore, by (4.59),

lim
m′→∞

sup
t∈[0,T ]

∥∥Zm′(t)
∥∥2

H
= 0. (4.62)

�

The next theorem is contained in Theorem 1.2 and Example 4.7 in Brzeźniak, Liu and Zhu
[5].

Theorem 4.3. Assume Condition 3.1 with K(·) = C and that∫
X

∥∥G(s, x, v)
∥∥4

H
ϑ(dv) ≤ C

(
1 + ‖x‖4

H

)
.

If X0 ∈ H , there exists a unique H -valued progressively measurable process (Xε(t)) such that,
Xε ∈ L2(0, T ;V ) ∩ D([0, T ];H) for any T > 0 and

Xε(t) = X0 − ν

∫ t

0
AXε(s)ds −

∫ t

0
B
(
Xε(s),Xε(s)

)
ds

+ √
ε

∫ t

0
σ
(
s,Xε(s)

)
dβ(s) (4.63)

+ ε

∫ t

0

∫
X

G
(
s,Xε(s−), v

)
Ñε−1

(ds dv), a.s.

This theorem shows that the above equation admits a strong solution (in the probabilistic
sense). In particular, for every ε > 0, there exists a measurable map Gε: V̄→ D([0, T ];H) such
that, for any Poisson random measure nε−1

on [0, T ] × X with intensity measure ε−1λT ⊗ ϑ

given on some probability space, Gε(
√

εβ, εnε−1
) is the unique solution of (4.63) with Ñε−1

replaced by ñε−1
.

Let φε = (ψε,ϕε) ∈ Ũϒ and ϑε = 1
ϕε

. The following lemma was proved in Budhiraja, Dupuis
and Maroulas [9] (see Lemma 2.3 there).

Lemma 4.1.

Eε
t (ϑε) := exp

{∫
[0,t]×X×[0,ε−1]

log
(
ϑε(s, x)

)
N̄(ds dx dr)

+
∫

[0,t]×X×[0,ε−1]
(−ϑε(s, x) + 1

)
ϑ̄T (ds dx dr)

}
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and

Ẽε
t (ψε) := exp

{
1√
ε

∫ t

0
ψε(s)dβ(s) − 1

2ε

∫ t

0

∥∥ψε(s)
∥∥2 ds

}
are {F̄ V̄

t }-martingales. Set

Ēε
t (ψε,ϑε) := Ẽε

t (ψε)Eε
t (ϑε).

Then

Qε
t (G) =

∫
G

Ēε
t (ψε,ϑε)dP̄V̄ for G ∈ B(V̄)

defines a probability measure on V̄.

Since (
√

εβ+∫ ·
0 ψε(s)ds, εNε−1ϕε ) under Qε

T has the same law as that of (
√

εβ, εNε−1
) under

P̄V̄, it follows that there exists a unique solution to the following controlled stochastic evolution
equation, denoted by X̃ε:

X̃ε(t) = X0 − ν

∫ t

0
AX̃ε(s)ds −

∫ t

0
B
(
X̃ε(s), X̃ε(s)

)
ds

+
∫ t

0
σ
(
s, X̃ε(s)

)
ψε(s)ds + √

ε

∫ t

0
σ
(
s, X̃ε(s)

)
dβ(s)

+
∫ t

0

∫
X

G
(
s, X̃ε(s−), v

)(
εNε−1ϕε (ds dv) − ϑ(dv)ds

)
= X0 − ν

∫ t

0
AX̃ε(s)ds −

∫ t

0
B
(
X̃ε(s), X̃ε(s)

)
ds (4.64)

+
∫ t

0
σ
(
s, X̃ε(s)

)
ψε(s)ds + √

ε

∫ t

0
σ
(
s, X̃ε(s)

)
dβ(s)

+
∫ t

0

∫
X

G
(
s, X̃ε(s), v

)(
ϕε(s, v) − 1

)
ϑ(dv)ds

+
∫ t

0

∫
X

εG
(
s, X̃ε(s−), v

)(
Nε−1ϕε (ds dv) − ε−1ϕε(s, v)ϑ(dv)ds

)
,

and, we have

Gε

(√
εβ +

∫ ·

0
ψε(s)ds, εNε−1ϕε

)
= X̃ε. (4.65)

The following estimates will be used later.
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Lemma 4.2. There exists ε0 > 0 such that

sup
0<ε<ε0

[
E sup

0≤t≤T

∥∥X̃ε(t)
∥∥2

H
+E

∫ T

0

∥∥X̃ε(t)
∥∥2

V
dt

]
< ∞, (4.66)

and, for α ∈ (0,1/2), there exits constant Cα such that

sup
0<ε<ε0

E
[∥∥X̃ε

∥∥
Wα,2([0,T ],V ′)

]≤ Cα < ∞. (4.67)

Thus the family {X̃ε,0 < ε < ε0} is tight in L2([0, T ],H), by Lemma 3.4.

Proof. Equation (4.66) was proved in Brzeźniak, Liu and Zhu [5] (see Theorem 1.2 there). Now
we prove (4.67).

Keep φε = (ψε,ϕε) ∈ Ũϒ in mind. Note (4.64),

X̃ε(t) = X0 − ν

∫ t

0
AX̃ε(s)ds −

∫ t

0
B
(
X̃ε(s), X̃ε(s)

)
ds

+
∫ t

0
σ
(
s, X̃ε(s)

)
ψε(s)ds + √

ε

∫ t

0
σ
(
s, X̃ε(s)

)
dβ(s)

+
∫ t

0

∫
X

G
(
s, X̃ε(s), v

)(
ϕε(s, v) − 1

)
ϑ(dv)ds (4.68)

+
∫ t

0

∫
X

εG
(
s, X̃ε(s−), v

)(
Nε−1ϕε (ds dv) − ε−1ϕε(s, v)ϑ(dv)ds

)
= J 1

ε + J 2
ε (t) + J 3

ε (t) + J 4
ε (t) + J 5

ε (t) + J 6
ε (t) + J 7

ε (t).

By the same arguments as in the proof of Theorem 3.1 in Flandoli and Gatarek [18], we have

sup
0<ε<ε0

E
∥∥J 1

ε

∥∥2
H

≤ L1,

sup
0<ε<ε0

E
∥∥J 2

ε

∥∥2
W 1,2([0,T ];V ′) ≤ L2,

sup
0<ε<ε0

E
∥∥J 3

ε

∥∥
W 1,2([0,T ];V ′) ≤ L3.

Since for t > s,

E
∥∥J 4

ε (t) − J 4
ε (s)

∥∥2
H

= E

∥∥∥∥∫ t

s

σ
(
l, X̃ε(l)

)
ψε(l)dl

∥∥∥∥2

H

≤ E

(∫ t

s

∥∥σ (l, X̃ε(l)
)
ψε(l)

∥∥
H

dl

)2
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≤ E

(∫ t

s

∥∥σ (l, X̃ε(l)
)∥∥

L2(H)

∥∥ψε(l)
∥∥

H
dl

)2

≤ E

(∫ t

s

√
K(l)

√
1 + ∥∥X̃ε(l)

∥∥2
H

∥∥ψε(l)
∥∥

H
dl

)2

≤ E

[(
1 + sup

l∈[0,T ]
∥∥X̃ε(l)

∥∥2
H

)∫ t

s

K(l)dl

∫ t

s

∥∥ψε(l)
∥∥2

H
dl

]

≤ ϒE

(
1 + sup

l∈[0,T ]
∥∥X̃ε(l)

∥∥2
H

)∫ t

s

K(l)dl,

we have

E

∫ T

0

∥∥J 4
ε (t)

∥∥2
H

dt ≤ ϒTE

(
1 + sup

l∈[0,T ]
∥∥X̃ε(l)

∥∥2
H

)∫ T

0
K(l)dl (4.69)

and

E

∫ T

0

∫ T

0

‖J 4
ε (t) − J 4

ε (s)‖2
H

|t − s|1+2α
dt ds

(4.70)

≤ ϒE

(
1 + sup

l∈[0,T ]
∥∥X̃ε(l)

∥∥2
H

)∫ T

0

∫ T

0

∫ t

s

K(l)

|t − s|1+2α
dl dt ds.

By an elementary application of Fubini theorem, there exists L1
4 > 0 such that∫ T

0

∫ T

0

∫ t

s

K(l)

|t − s|1+2α
dl dt ds ≤ L1

4

∫ T

0
K(l)dl. (4.71)

Combining (4.69), (4.70), (4.71), we obtain

sup
0<ε<ε0

E
∥∥J 4

ε

∥∥2
Wα,2([0,T ];H)

≤ L4. (4.72)

Now for J 5
ε , since for t > s,

E
∥∥J 5

ε (t) − J 5
ε (s)

∥∥2
H

= E

∥∥∥∥∫ t

s

√
εσ
(
l, X̃ε(l)

)
dβ(l)

∥∥∥∥2

H

≤ εE

(∫ t

s

∥∥σ (l, X̃ε(l)
)∥∥2

L2(H)
dl

)
≤ εE

(∫ t

s

K(l)
(
1 + ∥∥X̃ε(l)

∥∥2
H

)
dl

)
≤ εE

(
1 + sup

l∈[0,T ]

∥∥X̃ε(l)
∥∥2

H

)∫ t

s

K(l)dl,
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similar to (4.72), we have

sup
0<ε<ε0

E
∥∥J 5

ε

∥∥2
Wα,2([0,T ];H)

≤ L5. (4.73)

For J 6
ε , we have

E
∥∥J 6

ε (t) − J 6
ε (s)

∥∥2
H

= E

∥∥∥∥∫ t

s

∫
X

G
(
l, X̃ε(l), v

)(
ϕε(l, v) − 1

)
ϑ(dv)dl

∥∥∥∥2

H

≤ E

(∫ t

s

∫
X

∥∥G(l, X̃ε(l), v
)∥∥

H

∣∣ϕε(l, v) − 1
∣∣ϑ(dv)dl

)2

≤ E

(∫ t

s

∫
X

∥∥G(l, v)
∥∥

0,H

∣∣ϕε(l, v) − 1
∣∣(1 + ∥∥X̃ε(l)

∥∥
H

)
ϑ(dv)dl

)2

≤ E

[(
1 + sup

l∈[0,T ]

∥∥X̃ε(l)
∥∥

H

)2
(∫ t

s

∫
X

∥∥G(l, v)
∥∥

0,H

∣∣ϕε(l, v) − 1
∣∣ϑ(dv)dl

)2]

≤ Cϒ
0,1E

[(
1 + sup

l∈[0,T ]
∥∥X̃ε(l)

∥∥
H

)2
∫ t

s

∫
X

∥∥G(l, v)
∥∥

0,H

∣∣ϕε(l, v) − 1
∣∣ϑ(dv)dl

]
,

where Cϒ
0,1 appeared in (3.2), using the similar arguments as to bound J 4

ε and by Lemma 3.1, we
have

sup
0<ε<ε0

E
∥∥J 6

ε

∥∥2
Wα,2([0,T ];H)

≤ L6. (4.74)

For J 7
ε , we have

E
∥∥J 7

ε (t) − J 7
ε (s)

∥∥2
H

= E

∥∥∥∥∫ t

s

∫
X

εG
(
l, X̃ε(l−), v

)(
Nε−1ϕε (dl dv) − ε−1ϕε(l, v)ϑ(dv)dl

)∥∥∥∥2

H

≤ εE

∫ t

s

∫
X

∥∥G(l, X̃ε(l), v
)∥∥2

H
ϕε(l, v)ϑ(dv)dl

≤ εE

∫ t

s

∫
X

∥∥G(l, v)
∥∥2

0,H
ϕε(l, v)

(
1 + ∥∥X̃ε(l)

∥∥
H

)2
ϑ(dv)dl

≤ εE

[
sup

l∈[0,T ]
(
1 + ∥∥X̃ε(l)

∥∥
H

)2 ∫ t

s

∫
X

∥∥G(l, v)
∥∥2

0,H
ϕε(l, v)ϑ(dv)dl

]
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using the similar arguments as to bound J 4
ε and by Lemma 3.1, we obtain

sup
0<ε<ε0

E
∥∥J 7

ε

∥∥2
Wα,2([0,T ];H)

≤ L7. (4.75)

Combining (4.69), (4.73), (4.74), and (4.75), we get (4.67). The proof is complete. �

To get our main results, we need to prove that {X̃ε,0 < ε < ε0} is tight in vector valued
Skorokhod space D([0, T ],D(A−�)), here � is the positive number in (1.4). First, we recall the
following two lemmas (see Jakubowski [21] and Aldous [1]).

Lemma 4.3. Let E be a separable Hilbert space with the inner product 〈·, ·〉. For an orthonormal
basis {χk}k∈N in E, define the function r2

L :E → R+ by

r2
L(x) =

∑
k≥L+1

〈x,χk〉2, L ∈ N.

Let D be a total and closed under addition subset of E. Then a sequence {Xε}ε∈(0,1) of stochastic
processes with trajectories in D([0, T ],E) is tight iff the following two conditions hold:

1. {Xε}ε∈(0,1) is D-weakly tight, that is, for every h ∈ D, {〈Xε,h〉}ε∈(0,1) is tight in
D([0, T ],R);

2. For every η > 0

lim
L→∞ lim

ε→0
supP

(
r2
L

(
Xε(s)

)
> η for some s ∈ [0, T ])= 0. (4.76)

Let {Yε}ε∈(0,1) be a sequence of random elements of D([0, T ],R), and {τε, δε} be such that:

(a) For each ε, τε is a stopping time with respect to the natural σ -fields, and takes only finitely
many values.

(b) The constant δε ∈ [0, T ] satisfies δε → 0 as ε → 0.

We introduce the following condition on {Yε}:
(A) For each sequence {τε, δε} satisfying (a) and (b), Yε(τε + δε)−Yε(τε) → 0, in probability,

as ε → 0.

For f ∈ D([0, T ],R), let J (f ) denote the maximum of the jump |f (t) − f (t−)|.

Lemma 4.4. Suppose that {Yε}ε∈(0,1) satisfies (A), and either {Yε(0)} and {J (Yε)} are tight on
the line; or {Yε(t)} is tight on the line for each t ∈ [0, T ], then {Yε} is tight in D([0, T ],R).

Let X̃ε be defined as in (4.67). We have the following lemma.

Lemma 4.5. {X̃ε,0 < ε < ε0} is tight in D([0, T ],D(A−�)).
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Proof. Note that {λ�

i ei}i∈N is a complete orthonormal system of D(A−�). Since

lim
L→∞ lim

ε→0
supE sup

s∈[0,T ]
r2
L

(
X̃ε(s)

) = lim
L→∞ lim

ε→0
supE sup

s∈[0,T ]

∞∑
i=L+1

〈
X̃ε(s), λ

�

i ei

〉2
D(A−�)

= lim
L→∞ lim

ε→0
supE sup

s∈[0,T ]

∞∑
i=L+1

〈
A−�X̃ε(s), ei

〉2
H

= lim
L→∞ lim

ε→0
supE sup

s∈[0,T ]

∞∑
i=L+1

〈X̃ε(s), ei〉2
H

λ
2�

i

≤ lim
L→∞

limε→0 supE sups∈[0,T ] ‖X̃ε(s)‖2
H

λ
2�

L+1

= 0,

(4.76) holds with E = D(A−�).
Choose D = D(A�). We now prove {X̃ε,0 < ε < ε0} is D-weakly tight. Let h ∈ D(A�), and

{τε, δε} satisfies (a) and (b). It is easy to see {〈X̃ε(t), h〉E,0 < ε < ε0} is tight on the real line for
each t ∈ [0, T ].

We now prove that {〈X̃ε, h〉E,0 < ε < ε0} satisfies (A). By (4.64), we have

X̃ε(τε + δε) − X̃ε(τε)

= −ν

∫ τε+δε

τε

AX̃ε(s)ds −
∫ τε+δε

τε

B
(
X̃ε(s), X̃ε(s)

)
ds

+
∫ τε+δε

τε

σ
(
s, X̃ε(s)

)
ψε(s)ds + √

ε

∫ τε+δε

τε

σ
(
s, X̃ε(s)

)
dβ(s)

+
∫ τε+δε

τε

∫
X

G
(
s, X̃ε(s), v

)(
ϕε(s, v) − 1

)
ϑ(dv)ds

+
∫ τε+δε

τε

∫
X

εG
(
s, X̃ε(s−), v

)(
Nε−1ϕε (ds dv) − ε−1ϕε(s, v)ϑ(dv)ds

)
= J ε

1 + J ε
2 + J ε

3 + J ε
4 + J ε

5 + J ε
6 .

It is easy to show

lim
ε→0

E
∣∣〈J ε

4 , h
〉
E

∣∣2 = 0 (4.77)

and

lim
ε→0

E
∣∣〈J ε

6 , h
〉
E

∣∣2 = 0. (4.78)
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For J ε
1 , we have

lim
ε→0

E
∣∣〈J ε

1 , h
〉
E

∣∣≤ lim
ε→0

ν‖h‖D(A)δεE

[
sup

s∈[0,T ]

∥∥X̃ε(s)
∥∥

H

]
= 0. (4.79)

For J ε
2 ,

lim
ε→0

E
∣∣〈J ε

2 , h
〉
E

∣∣ ≤ lim
ε→0

‖h‖VE

[∫ τε+δε

τε

∥∥B(X̃ε(s)
)∥∥

V ′ ds

]

≤ 2‖h‖V lim
ε→0

E

[∫ τε+δε

τε

∥∥X̃ε(s)
∥∥

H

∥∥X̃ε(s)
∥∥

V
ds

]
(4.80)

≤ ‖h‖V lim
ε→0

δ1/2
ε

[
E sup

s∈[0,T ]
∥∥X̃ε(s)

∥∥2
H

+E

∫ T

0

∥∥X̃ε(s)
∥∥2

V
ds

]
= 0.

For J ε
3 , we have

lim
ε→0

E
∣∣〈J ε

3 , h
〉
E

∣∣
≤ lim

ε→0
‖h‖HE

[∫ τε+δε

τε

∥∥σ (s, X̃ε(s)
)∥∥

L2(H)

∥∥ψε(s)
∥∥

H
ds

]

≤ lim
ε→0

‖h‖HE

[∫ τε+δε

τε

∥∥σ (s, X̃ε(s)
)∥∥

L2(H)

∥∥ψε(s)
∥∥

H
ds

]

≤ lim
ε→0

‖h‖HE

[∫ τε+δε

τε

√
K(s)

√
1 + ∥∥X̃ε(s)

∥∥2
H

∥∥ψε(s)
∥∥

H
ds

]

≤ lim
ε→0

‖h‖HE

[
sup

s∈[0,T ]

√
1 + ∥∥X̃ε(s)

∥∥2
H

(∫ τε+δε

τε

K(s)ds

)1/2(∫ τε+δε

τε

∥∥ψε(s)
∥∥2

H
ds

)1/2]

≤ lim
ε→0

‖h‖H ϒ1/2
[
E sup

s∈[0,T ]
(
1 + ∥∥X̃ε(s)

∥∥2
H

)]1/2
[
E

∫ τε+δε

τε

K(s)ds

]1/2

.

By dominated convergence theorem, it follows that

lim
ε→0

E
∣∣〈J ε

3 , h
〉
E

∣∣= 0. (4.81)

For J ε
5 , we have

lim
ε→0

E
∣∣〈J ε

5 , h
〉
E

∣∣
≤ ‖h‖H lim

ε→0
E

∫ τε+δε

τε

∫
X

∥∥G(s, X̃ε(s), v
)∥∥

H

∣∣ϕε(s, v) − 1
∣∣ϑ(dv)ds
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≤ ‖h‖H lim
ε→0

E

[
sup

s∈[0,T ]
(
1 + ∥∥X̃ε(s)

∥∥
H

)∫ τε+δε

τε

∫
X

∥∥G(s, v)
∥∥

0,H

∣∣ϕε(s, v) − 1
∣∣ϑ(dv)ds

]

≤ ‖h‖H lim
ε→0

E

[
sup

s∈[0,T ]
(
1 + ∥∥X̃ε(s)

∥∥
H

)
sup

g∈Sϒ

∫ τε+δε

τε

∫
X

∥∥G(s, v)
∥∥

0,H

∣∣g(s, v) − 1
∣∣ϑ(dv)ds

]
.

By Lemma 3.1, we obtain

lim
ε→0

E
∣∣〈J ε

5 , h
〉
E

∣∣= 0. (4.82)

Combining (4.77)–(4.82), we conclude that {〈X̃ε, h〉E,0 < ε < ε0} satisfies (A) of Lemma 4.4.
The proof is complete. �

By Proposition 3.1 of Röckner and Zhang [28], there exists a unique solution Ỹ ε(t), t ≥ 0 to
the following equation:

dỸ ε(t) = −νAỸ ε(t)dt + √
εσ
(
t, X̃ε(t)

)
dβ(t)

(4.83)

+
∫
X

εG
(
t, X̃ε(t−), v

)(
Nε−1ϕε (dt dv) − ε−1ϕε(t, v)ϑ(dv)dt

)
,

and Ỹ ε ∈ D([0, T ];H) ∩ L2([0, T ],V ),P-a.s. We have the following estimate.

Lemma 4.6. There exists constant C and ε̃0 such that for any 0 < ε ≤ ε̃0,

E

[
sup

t∈[0,T ]
∥∥Ỹ ε(t)

∥∥2
H

]
+E

∫ T

0

∥∥Ỹ ε(t)
∥∥2

V
dt ≤ √

εC.

Proof. By Ito’s formula,∥∥Ỹ ε(t)
∥∥2

H
+ 2ν

∫ t

0

∥∥Ỹ ε(s)
∥∥2

V
ds

= 2
∫ t

0

〈
Ỹ ε(s),

√
εσ
(
s, X̃ε(s)

)
dβ(s)

〉
+ 2
∫ t

0

∫
X

〈
Ỹ ε(s−), εG

(
s, X̃ε(s−), v

)(
Nε−1ϕε (ds dv) − ε−1ϕε(s, v)ϑ(dv)ds

)〉
(4.84)

+ ε2
∫ t

0

∫
X

∥∥G(s, X̃ε(s−), v
)∥∥2

H
Nε−1ϕε (ds dv) + ε

∫ t

0

∥∥σ (s, X̃ε(s)
)∥∥2

L2(H)
ds

= I1(t) + I2(t) + I3(t) + I4(t).

By Condition 3.1, we have

E

[
sup

t∈[0,T ]
I3(t)

]
≤ ε

∫ T

0

(
1 + K(s)

)
dsE
[

sup
t∈[0,T ]

∥∥X̃ε(t)
∥∥2

H

]
(4.85)
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and

E

[
sup

t∈[0,T ]
I4(t)

]
≤ 2εCϒ

0,2

(
1 +E

[
sup

t∈[0,T ]

∥∥X̃ε(t)
∥∥2

H

])
. (4.86)

Similar to the proof of (3.45) and (3.50) in Yang, Zhai and Zhang [38], we have

E

[
sup

t∈[0,T ]
∣∣I1(t)

∣∣] ≤ 4
√

εE
[

sup
t∈[0,T ]

∥∥Ỹ ε(t)
∥∥2

H

]
(4.87)

+ 4
√

ε

(∫ T

0
K(s)ds + TE

[
sup

t∈[0,T ]

∥∥X̃ε(t)
∥∥2

H

])
and

E

[
sup

t∈[0,T ]

∣∣I2(t)
∣∣]≤ 4

√
εE
[

sup
t∈[0,T ]

∥∥Ỹ ε(t)
∥∥2

H

]
+ 8

√
εCϒ

0,2

(
1 +E

[
sup

t∈[0,T ]

∥∥X̃ε(t)
∥∥2

H

])
. (4.88)

By Lemma 4.2 and (4.84)–(4.88), there exist constants C and ε̃0 such that for any 0 < ε ≤ ε̃0,

E

[
sup

t∈[0,T ]

∥∥Ỹ ε(t)
∥∥2

H

]
+ 2νE

∫ T

0

∥∥Ỹ ε(s)
∥∥2

V
ds ≤ √

εC. �

The following theorem verifies the second part of Condition 2.1. Recall that Gε is defined by
(4.65).

Theorem 4.4. Fix ϒ ∈ N, and let φε = (ψε,ϕε),φ = (ψ,ϕ) ∈ Ũϒ be such that φε converges in
distribution to φ as ε → 0. Then

Gε

(√
εβ +

∫ ·

0
ψε(s)ds, εNε−1ϕε

)
⇒ G0

(∫ ·

0
ψ(s)ds,ϑϕ

)
.

Proof. Note that X̃ε = Gε(
√

εβ + ∫ ·
0 ψε(s)ds, εNε−1ϕε ), ε ∈ (0, ε0). By Lemmas 4.2, 4.5 and

4.6, we know that

1. {X̃ε, ε ∈ (0, ε0)} is tight in L2([0, T ],H) ∩ D([0, T ],D(A−�)),
2. limε→0 E[supt∈[0,T ] ‖Ỹ ε(t)‖2

H ] +E
∫ T

0 ‖Ỹ ε(t)‖2
V dt = 0,

where Ỹ ε is defined as in Lemma 4.6. Set

� = (L2([0, T ],H )∩ D
([0, T ],D(A−�

)); Ũϒ ;L2([0, T ],V )∩ D
([0, T ],H )).

Let (X̃, (ψ,ϕ),0) be any limit point of the tight family {(X̃ε, (ψε,ϕε), Ỹ
ε), ε ∈ (0, ε0)}. We

must show that X̃ has the same law as G0(
∫ ·

0 ψ(s)ds,ϑϕ), and actually X̃ε �⇒ X̃ in the smaller
space D([0, T ];H).

By the Skorokhod representation theorem, there exit a stochastic basis (�1,F1, {F1
t }t∈[0,T ],

P1) and, on this basis, �-valued random variables (X̃1, (ψ
1, ϕ1),0), (X̃ε

1, (ψ
1
ε , ϕ1

ε ), Ỹ ε
1 ), ε ∈
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(0, ε0), such that (X̃ε
1, (ψ

1
ε , ϕ1

ε ), Ỹ ε
1 ) (respectively (X̃1, (ψ

1, ϕ1),0)) has the same law as
(X̃ε, (ψε,ϕε), Ỹ

ε) (respectively, (X̃, (ψ,ϕ),0)), and (X̃ε
1, (ψ

1
ε , ϕ1

ε ), Ỹ ε
1 ) → (X̃1, (ψ

1, ϕ1),0) in
�,P1-a.s.

From the equation satisfied by (X̃ε, (ψε,ϕε), Ỹ
ε), we see that (X̃ε

1, (ψ
1
ε , ϕ1

ε ), Ỹ ε
1 ) satisfies the

following integral equation

X̃ε
1(t) − Ỹ ε

1 (t) = X0 − ν

∫ t

0
A
(
X̃ε

1(s) − Ỹ ε
1 (s)

)
ds −

∫ t

0
B
(
X̃ε

1(s)
)

ds

+
∫ t

0
σ
(
s, X̃ε

1(s)
)
ψ1

ε (s)ds

+
∫ t

0

∫
X

G
(
s, X̃ε

1(s), v
)(

ϕ1
ε (s, v) − 1

)
ϑ(dv)ds

and

P1(X̃ε
1 − Ỹ ε

1 ∈ C
([0, T ],H )∩ L2([0, T ],V ))

= P̄V̄
(
X̃ε − Ỹ ε ∈ C

([0, T ],H )∩ L2([0, T ],V ))
= 1.

Let �1
0 be the subset of �1 such that (X̃ε

1, (ψ
1
ε , ϕ1

ε ), Ỹ
ε
1 ) → (X̃1, (ψ

1, ϕ1),0) in �, then
P1(�1

0) = 1. Now we must prove that, for any fixed ω1 ∈ �1
0,

sup
t∈[0,T ]

∥∥X̃ε
1

(
ω1, t

)− X̃1
(
ω1, t

)∥∥2
H

→ 0. (4.89)

Set Zε = X̃ε
1 − Ỹ ε

1 , then Zε(ω1) ∈ C([0, T ],H) ∩ L2([0, T ],V ), and Zε(ω1) satisfies

Zε(t) = X0 − ν

∫ t

0
AZε(s)ds −

∫ t

0
B
(
Zε(s) + Ỹ ε

1 (s)
)

ds +
∫ t

0
σ
(
s,Zε(s) + Ỹ ε

1 (s)
)
ψ1

ε (s)ds

+
∫ t

0

∫
X

G
(
s,Zε(s) + Ỹ ε

1 (s), v
)(

ϕ1
ε (s, v) − 1

)
ϑ(dv)ds.

Since

lim
ε→0

[
sup

t∈[0,T ]

∥∥Ỹ ε
1

(
ω1, t

)∥∥2
H

+
∫ T

0

∥∥Ỹ ε
1

(
ω1, t

)∥∥2
V

dt

]
= 0,

by similar arguments as in the proof of Proposition 4.1, we can show that

lim
ε→0

[
sup

t∈[0,T ]

∥∥X̃ε
1

(
ω1, t

)− X̂
(
ω1, t

)∥∥2
H

]
= 0, (4.90)
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where

X̂(t) = X0 − ν

∫ t

0
AX̂(s)ds −

∫ t

0
B
(
X̂(s)

)
ds +

∫ t

0
σ
(
s, X̂(s)

)
ψ1(s)ds

+
∫ t

0

∫
X

G
(
s, X̂(s), v

)(
ϕ1(s, v) − 1

)
ϑ(dv)ds.

Hence X̃1 = X̂ = G0(
∫ ·

0 ψ1(s)ds,ϑϕ1
), and X̃ has the same law as G0(

∫ ·
0 ψ(s)ds,ϑϕ). Because

X̃ε = X̃ε
1 in law, (4.90) further implies that

X̃ε �⇒ G0
(∫ ·

0
ψ(s)ds,ϑϕ

)
completing the proof of the theorem. �
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