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In this paper, we investigate the testing problem that the spectral density matrices of several, not neces-
sarily independent, stationary processes are equal. Based on an Lj-type test statistic, we propose a new
nonparametric approach, where the critical values of the tests are calculated with the help of randomiza-
tion methods. We analyze asymptotic exactness and consistency of these randomization tests and show in
simulation studies that the new procedures posses very good size and power characteristics.
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1. Introduction and motivation

Suppose, one observes two stretches of time series data X1, ..., X, and Y7, ..., Y, generated by
some unknown stationary time series processes. The question whether the models where these
two stretches come from are identical is of considerable interest and has been investigated elab-
orately in statistical literature. For instance, by imposing certain parametric assumptions on the
data generation process (DGP), it becomes possible to compare suitable estimated parameters to
judge how “near” the related models are. The assumption of underlying autoregressive processes
of some finite order, say, allows to compare estimated coefficients to quantify the nearness of
both DGPs. But these models are usually not valid if the parametric assumption is not fulfilled.
Therefore, nonparametric methods are desired that can be justified theoretically for a broader
class of stochastic processes.

If one is interested in second order properties, it seems obvious to focus on autocovariances
y (h), autocorrelations p (h) or spectral densities f(w), where the latter choice has some advan-
tages over the others, see, for example, Paparoditis [21]. Over the years, several test statistics
have been introduced that could be used for testing the null hypothesis

{fx(@) = fr(w) forall w € [-7, 7]} (1.1)

versus the alternative {fx # fy on a set of positive A-measure}. These may be periodogram-
based, see, for example, Coates and Diggle [6], Potscher and Reschenhofer [24], Diggle and
Fisher [10], Caiado et al. [4,5] and Preuss and Hildebrandt [25], or based on kernel spectral
density estimators, see, for example, Maharaj [20], Eichler [11] or Dette and Paparoditis [9].
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Jentsch and Pauly [16] have investigated the asymptotic properties of test statistics closely related
to “periodogram-based distances” proposed by Caiado et al. [5]. They show that contrary to
integrated periodograms these tests are usually not consistent which is caused by the use of non-
consistent estimators for the spectral densities, the periodograms. In contrast to that, Ly-type
statistics based on the smoothed periodogram are shown to be consistent, see Paparoditis [21,
22], Eichler [11], Dette and Paparoditis [9] and Jentsch [15]. A possible test statistic for testing
equality of spectral densities is therefore a suitable inflated version of

/ (Fx (@) — fr (@)’ do, (1.2)

—T

where f;( and ]/‘;/ are nonparametric kernel estimators of the spectras. Central limit theorems
for such statistics can be found in the above mentioned literature. For instance, Paparoditis [21]
has emphasized that statistics of this kind converge very slowly to a normal distribution, which
results in a poor performance of the corresponding asymptotic test, particularly for small sample
sizes. Therefore, other approaches as bootstrap or resampling techniques in general are needed
to improve the small sample behavior of these tests. Paparoditis [21,22] has used a (paramet-
ric) ARMA-bootstrap for goodness-of-fit testing and Dette and Paparoditis [9] have proposed a
different approach based on the asymptotic Wishart-distribution of periodogram matrices.

In this paper, we consider the more general testing problem of comparing the spectral density
matrices of several, not necessarily independent, stationary processes. As motivated above, we
will use an L,-type statistic of the form (1.2) which is adjusted for this multiple sample testing
problem. To overcome the slow convergence speed of our test statistic, we propose a resampling
method to compute critical values, the randomization technique, that exploits the well-known
asymptotic independence of periodograms I, (w) and I,,(A) for different frequencies w # A with
w, A € [0, m]. A nice feature of this approach is that only one tuning parameter, the bandwidth
of the involved kernel spectral densities, has to be selected. This can be done automatically by
selection procedures based on cross validation as has been proposed by Beltrdo and Bloomfield
[2] and Robinson [28]. In comparison to other mainstream resampling techniques as for example,
the autoregressive sieve or block bootstrap techniques, it has the advantage that no other tuning
parameter as order or block length has to be assessed in addition to the bandwidth. It is worth
noting that these choices appear to be very crucial in applications and the performance of the
corresponding tests usually reacts very sensitive on the choice of these quantities. Nevertheless,
these procedures are not applicable (at least) directly, because they do not mimic the desired null
distribution under the alternative automatically. Moreover, the usage of randomization methods is
very natural and has also been proposed by Diggle and Fisher [10] for the special (and included)
testing problem of comparing the spectral densities of two independent univariate stationary
time series. This idea has been adopted by Maharaj [20] for comparing evolutionary spectra of
univariate nonstationary time series. In both papers, the authors (only) account for the application
of this procedure with the help of simulations and the following nice heuristic. Recall that a
randomization test holds the prescribed level « exact for finite sample sizes if the data is invariant
under the corresponding randomization group, see, for example, Lehmann and Romano [18].
Since I, x(w) and I, y(w) are asymptotically exchangeable in the case of independent time
series, one would suggest that a randomization test, say ¢;:, for (1.1) based on periodograms or
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functions of periodograms is at least asymptotically exact, that is, E(¢;') — o holds as n — oo.
However, this is only a conjecture and so far the randomization technique has not been analyzed
in this context from a mathematical point of view in the literature. This is without question
meaningful since it is offhand not clear in which situations it is applicable. We will close this
gap in the next sections by investigating more general and in mathematical detail whether at all
and, if true, under which possibly needed additional assumptions randomization-based testing
procedures lead to success, that is, asymptotically exact and consistent tests. Amongst others it
will turn out that this can be done effectively for testing the special null hypothesis (1.1).

The paper is organized as follows. In the next Section 1.1, we introduce our notation, state
the general testing problem and define the L»-type test statistic. Section 2 presents the main
assumptions on the process and states asymptotic results for the test statistic which lead to an
asymptotically exact and consistent benchmark test. The randomization procedure together with
a corresponding discussion about its consistency is described in Section 3. Based on our theo-
retical results we compare the proposed tests in the special situation of testing for (1.1) in an
extensive simulation study in Section 4, where the effects of dependence and bandwidth choice
on the size and power behavior of both types of tests are investigated. All proofs are deferred to
Section 6.

1.1. Notation and formulation of the problem

We consider a d-dimensional zero mean stationary process (X,,t € Z) withd = pq, p,q € N
and g > 2. Under suitable assumptions, the process (X,,t € Z) posses a continuous (d x d)
spectral density matrix f given by

f(w) :=% Z I (h) exp(—ihw), wel-7, 71,
h=—00

where I'(h) := E(X, ;X Ty h €7, are the corresponding autocovariance matrices. To introduce
our testing problem of interest, we write

i@ fi2w) - fla(w)

Hi(w)  fo(w) Sfra(@)
f(w) = . ) :

fd1'(w) Jfar(w) - fdd.(w)

Fii(w) Fp(w) --- Fy(o)
F21(w) Fxn(w) Foy(w)

= : : , w€[—m, ],
Fql (w) FqZ(w) tee qu (w)

where F,,,,(w) are (p x p) block matrices with F,,(w) = F,, (a))T for all m,n. Here and
throughout the paper, all matrix-valued quantities are written as bold letters, all vector-valued
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quantities are underlined, A denotes the complex conjugation and A7 the transposition of a com-
plex matrix A.

In this general setup, we want to test whether all (p x p) spectral density matrices Fy; of the
q (sub-)processes (X, .t €Z),k=1,...,q with

X = Xe k=D)p+1s s X!

are identical. Precisely, suppose we have observations X, ..., X,, at hand and we want to test
the null hypothesis
Hy: {F“(a)) =Fn(@) =---=Fy (o) foralw € [T, n]} (1.3)

against the alternative
Hi: {Elkl, krefl,...,q}, A C B with A(A) > 0 such that F ¢, (0) # Fi,, (0) Yo € A},

where 2 denotes the one-dimensional Lebesgue-measure on the Borel o -algebra 3. Observe that
this general framework includes (1.1).

Consider now the periodogram matrix I{w) := J (w)J (a))T basedon X, ..., X,,, where
1 ,
J(w) = Xe ', we[—m, m] (1.4)
V27n ; !

is the corresponding d-variate discrete Fourier transform (DFT). For a better comparison with
the spectral density matrix f, we write as above

Li(w) Ipw) - Li(o)
hi(w) In(w) Ly (w)
l(w) = : :
141.(0)) Ip(@) - Igg(w)
Li(@) Ip - Iy
Li(w) In(w) Iy (w)
= . . , w E [—T[, TC],
Iql () IqZ(C‘)) t Iqq (@)

where I, (w) are (p x p) block matrices with I,,,,(w) = L, (a))T for all m, n. Moreover, we
define its pooled block diagonal periodogram matrix by

~ 1 <
(o) = 52111@0-

j=1
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With that we can introduce the kernel estimator

[n/2]
fw:=- Y  Kilo-o)lo), wecl-n7]
n
k=—[(n—1)/2]

for the spectral density matrix f(w), where |x] is the integer part of x € R, wy := 27[%, k=
— L%J, ..., L 5] are the Fourier frequencies, K is a nonnegative symmetric kernel function sat-
isfying f K (x)dx =27, h is the bandwidth and K (-) := %K(ﬁ). Note that the periodogram is
understood as a 2m-periodically extended function on the real line throughout the paper. More-
over, we write as above

M@ Jo@ - fu@)
~ fi(@)  fo(w) Jaa(w)
f(w) = ) ] )

@) fn@) - faa(o)

Fii(@) Fp - Fy)
F1(w) Fxn(w) Fy,(w)

= . . . ) CL)G[_TE,TC],
Fyi(@ Fp@ - Fyg)

where fmn(w) are uniformly consistent estimators of the (p x p) block matrices F,,, (w) for all
m, n, that is, convergence sup,, || Fu, (@) —Fpun(w)|| — 0 holds almost surely. Here and through-
out the paper, | - || denotes the Frobenius norm, that is, for a matrix A = (a;;)1<;, j<p € CP*7 we
set

JAIP = w(AR") Z|a,,|
i,j=1

where tr(-) stands for the trace of a matrix, i.e. tr(A) := Zle a;;.
For testing Hp, we now propose the Lo-type test statistic

e [ 5

r=1

Ln/ZJ ERE
Kn (@ — o) (Lrr (1) — L(ay))

k—*L(n /2]

q
AT f S o @) — Fo) | do,
=1

(1.5)

where F(a)) = % 27:1 F jj(w) is the pooled spectral density estimator.
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For a better understanding of the asymptotic results in the following sections, it is interesting
to note that

~ 1 J
Ly () =Tt = > (1= g8 (ax)
j=1

holds, where §;, = 1 if j =r and §, = 0 otherwise.

2. The unconditional test

For deriving an asymptotically exact test for (1.3), we will in the sequel apply a result of Eichler
[11] for a general class of L,-type statistics that includes the form (1.5). Therefore, we have to
impose some assumptions.

2.1. Assumptions

First, we assume some strong mixing conditions for the DGP (compare Assumption 3.1 in Eichler

[11]).

Assumption 2.1. (X,,t € Z) is a zero mean d-variate (strictly) stationary stochastic process

defined on a probability space (2, F,P). Furthermore, for any k > 0, the kth order cumulants
of (X,,t € Z) satisfy the mixing conditions

S (1) capa i ug—1)| < 00 (2.1)

ul,.‘.,uk,leZ

forallj=1,....k—1landay,...,ar=1,...,d, where

Cay,..., ak(ulv ceey Mk—l) :Cum(Xul,alv s Xuk,l,ak,p XO,ak)

is the kth order joint cumulant of X, a1, -+ Xuy_,ar_1> X0,a; (cf- Brillinger [3] for the defini-
tion).

Note that the above assumption requires the existence of the moments of all orders. However,
in the case that we presume that our process has a linear structure, it can be weakened. See
Remark 3.2 below.

Our second assumption on the kernel function K and the bandwidth % ensures the consis-
tency of the kernel density estimators. It is similar to and implies Assumption 3.3 of Eichler
[11].



Testing equality of spectral densities 703

Assumption 2.2.

(i) The kernel K is a bounded, symmetric, nonnegative and Lipschitz-continuous function
with compact support [—1, ] and

/n K(w)dw =2T.

—T

Furthermore, K (w) has continuous Fourier transform k(u) such that
sz(u)du <00 and /k4(u)du < 00. (2.2)

(ii) The bandwidth h = h(n) is such that h®/*n — 0 and h*n — 0o as n — oo.

In comparison to the notation in Eichler [11], remark that a factor 27 is incorporated in K.
Moreover, for a better lucidity we define the positive constants

1 27

s
AK:=—f Kz(v)dv and Bg =
2 J_»

b 2
(/ K(v)K(v+z)dv) dz. (2.3)

2 -2

Furthermore, we like to point out that the optimal rate of A ~ n~'/5 (by means of an av-
eraged mean integrated squared error type criterion) for estimating the spectral density is
not covered by our assumptions. However, assumptions of such kind are commonly im-
posed in the literature in order to reduce the bias of the smoothed kernel estimator leading
to a central limit theorem for 7,, see Theorem 2.1 below. Compare for instance Taniguchi
and Kondo [30], Taniguchi et al. [31], Taniguchi and Kakizawa [29], Eichler [11] or Dette
and Paparoditis [9], who used similar (non-optimal) assumptions on the rate of the band-
width.

2.2. Asymptotic results for 7,
We are now ready to state a CLT for the test statistic 7,, given in (1.5).

Theorem 2.1 (Asymptotic null distribution of 7,)). Suppose that Assumptions 2.1 and 2.2 are
fulfilled. If Hy is true, it holds

T, — L2 = N (0. %)

Vh

as n — oo, where

(1 q
M:AK[ <— > (—1+q8.,',j2)|tr(Fjlj2(a)))|2> dow (2.4)

T J1,ja=1
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and

T 1 4q
2
2 = By f (-2 P DRNCELIFSICIEPEINY
J1.j2, 3, ja=1 (2.5)

X ’tr(ij (w)mT) ‘2> do,

D
where F j;(w) = F11(w) holds for all w and j =1, ..., q. Here and throughout the paper, —>
denotes convergence in distribution.

Remark that we have chosen the above representation of 1o and 102 for notational convenience.
It is of course possible to split the sums above and to rewrite the expressions by using F;; = F;.

It is interesting to note that we do not need the assumption of positive definite spectral density
block matrices since we do not work with ratio-type test statistics, see, for example, Eichler [11]
for p =1 and g =2 or Dette and Paparoditis [9] for the case p = 1.

We give one important example which is possibly of most relevant interest, where we compare
two real-valued spectral densities.

Example 2.1 (The case p = 1 and g =2). For p =1 and g = 2, the quantities j¢o and rg defined
in Theorem 2.1 become

no=Ax | fh@(1-Cin)do

—T

and
T 2
=Bk | fli@(1-Cnw) do,
—T

. 2
where Cji(w) = %1( fjj(®) fix (@) > 0) is the squared coherence between the two

components j and k of (X, t € Z) (cf. Hannan [12], page 43).

Since po and 102 are in general unknown we have to estimate them before we can apply the
above results for testing (1.3). Following Eichler [11], Remark 3.7, we can estimate both quan-
tities by substituting Fj; in their expressions by the corresponding consistent estimators F j;.
Rewriting the right-hand side of the equations (2.4) and (2.5) under Hy by means of the equality
Fj;= é >°7_, Fij this leads to

N T ~ 1<
M::AK/ ((q—1)|tr(F(a)))|2—; 3 |tr(§j],2(w))|2>dw (2.6)

J1sj2=1
1 #J2

as an adequate estimator for 11o. Similarly, we construct a consistent estimator T2 for rg.
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Note that it is in applications more convenient to use a discretized version of &, where the last
integral is approximated by its Riemann sum.
Now we are ready to define the unconditional test

On = L(uy_q,00) ((Tn - h_l/zﬁ)/?),

where u1_, denotes the (I — «)-quantile of the standard normal distribution. Its properties are
summarized in the following theorem.

Theorem 2.2. Suppose that the Assumptions 2.1 and 2.2 hold. Then the test ¢, is not only of
asymptotic level a, that is, E(p,) — « holds if Hy is true, but also consistent for testing Hy
versus Hy, that is, E(¢,) — 1 under Hy as n — oo.

2.3. Power under local alternatives

When studying the behavior of the test ¢, under local alternatives we have to consider observa-
tions X' ’1’, ..., X7 that come from sequences of d-dimensional zero-mean processes (X}, t € Z)
with spectral density matrices given by

' (w) =f(w) + a,8(w). 2.7)

Following Eichler [11] we suppose that f is nonnegative definite, Hermitian and satisfies
Hy and that o, — 0 as n — oco. Moreover, f and g are assumed to be twice continuously
differentiable. In addition, for every n € N the sequence of processes (X},t € Z) satisfies
the strong mixing condition (2 1) uniformly in n, where we replace cq,.. . q (U1, .., Uk—1)
by cum(Xy, 4o Xp | ai 1> X0.q,) (the kth order joint cumulant of X ..., X} .
) Under these assumptions 1t can be deduced from Theorem 5.4 in Elchler [1 1] that the test

1/4,,

<pn can detect local alternatives up to an order of o, = h™ ~1/2 To be concrete, we have the

following result.

Theorem 2.3. Under the conditions stated above the asymptotic power of the test ¢, under local
alternatives (2.7) with a, = h=1*n=1/2 ig given by limy, 00 E(¢y) =1 —®(u1—q —v/10), where
@ denotes the c.d.f. of the standard normal distribution and the detection shift v is defined as

V= /n VeC(M)Trvec(g(a))) dw

—T7

Here the (d* x d*) matrix T = (T'y.s)r.s has the entries

—1
97" forli—kl=|j—1l|=0and (i, j) € E,
q
Tiv(—nd k+—1)a = 1
AHUDERHEED - forli—kl=|j —1] € pNand (i, ) € E,
q
0 otherwise,

with B = Uzzl{(r, s): 1+ (—-Dp=<r,s<cp}
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Note, that the same detection order has also been found by Paparoditis [21].

3. The randomization tests

Although the asymptotic performance of the unconditional test proposed above seems to be sat-
isfactory, it is well known that the convergence speed of L,-type statistics like (1.5) is rather
slow (see Hirdle and Mammen [13] as well as Paparoditis ([21,22]) for more details). For
small or moderate sample sizes, we therefore expect that the above Gaussian approximation
will not perform pretty well in applications. Our simulations in Section 4 support this pre-
sumption. To overcome this hitch, we propose in the following a suitable randomization tech-
nique for approximating the finite sample distribution of our test statistic. This method leads
to so called randomization tests that use more appropriate, data-dependent critical values. Let
Ty - (QFIP’)—)Sq,k 0,. |_ ], with

e = (D), .. ()" 3.1)

be a sequence of independent and uniformly distributed random variables on the symmetric group

S, (the set of all permutations of (1, ..., ¢)) defined on some further probability space (5, F ,P).
In what follows, we assume that (7% )x and (X, ), are independent (defined as random variables on
the joint probability space (€2 x QFRF,P® IP)). Conditional on the observations X, ..., X,
the corresponding randomization test statistic is given by

nhl/Z/

where we set m_j := m; and Ty, 1= M for s € Z to maintain the symmetry properties of a
spectral density matrix. Note that similar to the unconditional case, it holds

LH/QJ -
Kn (o — ) (L ()7 ) (k) — L(@p))
k——L(n 1)/2]

~ 1 &
L)) (@) — Hewp) = —5 Z(l = q8j,mm)Ljj(wp).
j=1

3.1. Asymptotic results for 7,

In the following, we will analyze in which situations our randomization method leads to asymp-
totically valid tests, that is, whether some suitable centered 7, converges to the same distribution
as T, — h~'/2 1. Therefore, we have to exploit the limiting behavior of the randomization statis-
tic 7,7, It will turn out that we have to center 7," at

(1 q
T AK/ = > (1448,
TN =1

(3.2)
- ~T
x{|t(, @) [* + e (Fy jy @)F @) )} ) do
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to gain asymptotic normality.

Theorem 3.1 (Asymptotic distribution of 7). Suppose that the mixing condition (2.1) holds

for all k <32. Under the Assumption 2.2, we have (conditioned on X, ..., X,) convergence in
distribution
D 2
T — — — N(0, t* (3.3)

in probability as n — oo, where * is as in (3.2) and t*2 is defined by
) T q g
’*:=BK/i-7 > (—1+q%u&hﬂ+—1;ﬂl—%ﬁga—»hﬂg
—T q i iy il a=1 q
J1 23 ja=
T
xA|e(Fj, jy (@F s (@) )| (3.4)

+tr(Fjyj, (@)F (w)T) tr(F 33 @)F j jy (@)") } doo.

Note, that the conditions of the above theorem are weaker than the assumptions of Theo-
rem 2.1. Moreover, remark that the centering term 77* defined in (3.2) fulfills 7* = u* 4+ o0p (Vh),
where

* T 1 z
wi=Ag [ = D (14485
AT =1

3.5)
s {[tr(E, 5, @) | + (F, (w)F,-zjz(w)T)}) do.

Hence, to compare the above results with Theorem 2.1 we have to analyze p* and 7*2 under Hy
which leads to ug and 1:5‘2 in the following remark.

Remark 3.1. Under Hy the constants x* and t*2 of Theorem 3.1, reduce to

[ q
MSZAK/ (_ Z (_]+q5j1j2){‘tr(Fjljz(w))F})dw:m) (3.6)

- J1.i2=1
and
) T q q
T = BK/ a2 Z (‘1 + 481738 ja + qu(l —3j,3)(1 —8j2j4)>
JisJ2,3,Ja=1 -
— T\ 2 3.7
x [w(Fj,js (@)Fjjy (@) )| do,

where F;(w) =F;1(w) holds forallw and j =1, ...,q.
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It is interesting to note that the unconditional and conditional centering parts ¢ in (2.4) and
ug in (3.6) coincide. Moreover, T, — h=12 1 as well as T — h=12[1* posses a Gaussian limit
distribution under the null. However, in order to construct an asymptotically exact randomization
test based on 7, — hV zﬁ* we have to be sure that the limit variances 102 in (2.5) and 15‘2 in (3.7)
under Hy are equal as well. This will be discussed in more detail in the next subsection. Here we
just state an example (corresponding to Example 2.1) where this requirement is fulfilled.

Example 3.1 (The case p =1 and q = 2). For p =1 and g = 2 the quantities x* and 7*?
defined in Theorem 3.1 become

T 1
= AK/ A - (@)’ + fE@) + fh) —2| fia(@)|'} do

—T

and

1
2 = By f Z{(fn(w)—fzz(w))4+(ffl(w)+f§2(w)—2|f12(w)|2)2}dw.

—T7

Under Hy, we have

no=Ax | fi@(1 = Co@)do=puo

—T

and

LY
W2=Bx | fl@(1-Crnw) do=1.

-7

3.2. The randomization test procedures

Based on the conditional CLTs above we can now define different randomization tests. The first

natural approach is to use the test ¢ cen := L(ct . (@).00) (Tn — h=127), where Cpr cent (@) is the

data-dependent (1 — or)-quantile of the conditional distribution of T, — h=12[1* given the data.
As typical for resampling methods, note that we still use the same test statistic as for the un-
conditional case and only apply the randomization statistic to calculate the critical value. By
Theorems 2.1 and 3.1, this test will be asymptotically exact, i.e. E(¢; ¢en) — o holds under Ho,
if the asymptotic variances rg and r(;‘z of the test statistic 7, — h~ /21 and its randomization
version T* — h~1/2[1* posses the same limit under the null. Although 7, — h~!/2* does in
general not mimic the null distribution under the alternative, the following corollary shows that
@ cent Will also be asymptotically consistent in these situations. Before we state these properties,
we like to introduce a computational less demanding version of the above test. Therefore note
that Remark 3.1 implies that the difference 2 ~!/%(j1* — [i) converges to zero in probability under
Hy. Hence, it may be convenient to use the test

O = Lcx(a).00) (Th) (3.8)
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without centering part, where ¢} () is the data-dependent (1 — «)-quantile of the conditional
distribution of 7. For completeness, we shortly explain the numerical algorithm for the imple-
mentation of ¢,;. The algorithm for ¢ ., is analogue.

Step 1: Compute the test statistic 7,, as given in (1.5) based on data X, ..., X,,.

Step 2: Generate independent random permutations 7, ..., 7|,/2) as in (3.1) that are uni-
formly distributed on the symmetric group S,.

Step 3: Calculate the randomization statistic 7, (given X, ..., X,,).

Step 4: Repeat the Steps 2 and 3 B-times, where B is large, which leads to 7,7V, ..., T;®.
Step 5: Reject the null hypothesis Hy if B~ Zle 7, > Tn*(b)} > .
In the sequel, we analyze the asymptotic properties of both tests ¢;; and ¢ ., and compare it
with the unconditional benchmark test ¢;,.
Corollary 3.1 (Exactness and consistency of ¢, and ¢, ...). Suppose the assumptions of The-
orem 2.1 are satisfied.

(a) If Hy is true, the following assertions are equivalent:

(i) The randomization test ¢, is asymptotically exact and equivalent to ¢y, that is,

E(lgn —¢i[) >0  asn— oo. (3.9)
(i) It holds
q X o
0= Z ((q -7 = l)ytr(Fjlh(a))ij(a)) )}
J1.i3=1
N#B3
q o
-2 > ((q=D*+1)|tr(F), 5 (@F; ;@) )| (3.10)
J1.J3,Ja=1
all
q o
+ > (q = 2)|u(Fj, jy(@Fjjy (@) )|
JsJ2, 3, Jja=1

J1E T35 2F Jas W FE 2 3F Ja

Moreover, if (3.10) holds, ¢} will also be asymptotically consistent, that is, E(¢})) — 1 under H;
asn — oo.
(b) The above statement (a) also holds true for ¢, ..., instead of ¢,;.

Note that the asymptotic equivalence in (a) implies that both tests posses the same power for
contiguous alternatives. Moreover, remark that the above stated consistency of the tests is caused
by the fact that 7, — h~'/21 converges to 400 in probability for fixed alternatives, see the proof
section for more details, and the non-degenerated limit law of its randomization version. In the
following, we will give some necessary and sufficient conditions for (ii) above.
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Corollary 3.2 (Necessary and sufficient conditions for exactness of ¢, and ¢, ....). Suppose
that the assumptions of Theorem 2.1 hold.

(1) In the case q = 2, that is, we are testing for the equality of two (p X p) spectral density
matrices, condition (ii) of Corollary 3.1 is fulfilled for all p € N.
(i) Forany q, p € N, g > 2, a sufficient condition for condition (ii) of Corollary 3.1 is

Fij(w) =Fpa(w) (G.1D

forallw e [—m, nland alli, j €{1,...,q} withi # j. This means that all (p x p) block
matrices on all secondary diagonals have to be equal and Hermitian everywhere.
(iii) For p =1 and q > 2, a sufficient condition weaker than (ii) above is

| fij (@) =] fra(@)|’

forallwe[—mn,w]andalli, je{l,...,q} withi # j.
(iv) For p =1 and q = 3, the condition

| fij @) = | fra(@)]*

forallwe|[—m,n]and all i, j € {1,2,3} with i # j is not only sufficient, but also nec-
essary for condition (ii) of Corollary 3.1.

Note that the randomization tests ¢, and ¢, .., are asymptotically exact particularly in the
case of uncorrelated p-variate (sub-)time series X, ..., X q due to (ii) above. Intuitively, this
makes sense because permuting the block diagonal matrices distorts the correlation structure
between these time series, if there is any. This explains also why both randomization tests are
asymptotically exact in the more general case of equal covariance structure between the time
series X{,..., X, as shown in (ii) and (iii) of Corollary 3.2 above, which is often denoted by
equicorrelatedness.

Observe that due to the sophisticated condition in Corollary 3.1, a result for general g > 3
equivalent to (iv) in Corollary 3.2 does not seem to be achievable.

Nevertheless, there is an obvious possibility for constructing another randomization test that
works even if the presumption (3.10) of Corollary 3.1 is not fulfilled. We just have to impose
an estimator for the conditional limit variance *? of T,* as introduced in Theorem 3.1. An
appropriate candidate is given by

T q q
2= BK/ - Y (_1+q8./1./38./2./’4+ﬁ(1_8j1j3)(1_8j2j4)>

—n g JisJ2sJ3,Ja=1

= T .
x {tr(fjljl (0¥ j, j, (@) )tr(szh(w)szt.M(a’)T) (3.12)

o~ =T
+ |w(F)  @F (@) )]} do
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and the corresponding randomization test is ¢y 4 = Lix  (@).00)(Tn — h=1210)/7), where
c;lk stud (@) denotes the data-dependent (1 — «)-quantile of the conditional distribution of (T, —
h=121*%) /T* given the data. Let us shortly state its properties.

Corollary 3.3. Suppose that the assumptions of Theorem 2.1 hold. Then the test ¢ . is
not only of asymptotic level a under Hy but also consistent for testing Hy versus Hi, that is,
E(¢; qu0) — 1 under Hy as n — oo.

Finally, we like to note that some of the assumptions can be weakened for linear processes.
In particular, by combining Theorem 3.1 above with results of Dette and Paparoditis [9] we gain
the following remark.

Remark 3.2 (Exactness and consistency of the tests for linear processes). If the process posses
a linear structure, that is, X, = Z?’;_w Y je,_; for a d-dimensional i.i.d. white noise (¢, € Z)
and a sequence of (d x d)-matrices (¥;); = ((¥;(r, 5)),s)j, Condition (2.2) is not needed and
the mixing Assumption 2.1 in the above Corollaries 3.1-3.3 can be substituted by the summable
condition Zj |j|1/2|1//j (r,s)| < oo and the moment condition E (]le;[|*2) < oo.

For the two sample testing problem as described in the introductory part our randomization
test has a nice reading as a symmetry test. This is part of the following remark.

Remark 3.3 (The case q = 2: Interpretation as a conditional symmetry test). Remark that we
can rewrite (in distributional equality) the summands of our randomization statistic for ¢ =2 as

~ pl
Ly o), o) () — Hwg) = ¢k (I (o) — o (@p)),

where (ex)k>0 are i.i.d. signs, that is, independent and on {41, —1} uniformly distributed r.v.s,
and we set e_j := e as well as ey, := ex for s € Z. Hence, the above defined randomization
tests can be interpreted as some general kind of conditional symmetry tests in this situation.

Remark 3.4 (Choice and influence of the bandwidth). As already mentioned in the Introduc-
tion, our randomization approach has the nice advantage that the bandwidth is the only tuning
parameter that has to be assessed. This feature becomes even better as we will see in our exten-
sive simulation study, see Section 4 below, where our approach does not react very sensitive to
variations of the bandwidth /. However, it is of course desirable to have a detached principle for
selecting the bandwidth. Therefore, we use a data driven cross validation method for choosing &
for the kernel spectral density estimation. This method is due to Beltrdo and Bloomfield [2] and
Robinson [28] and has also been applied by Paparoditis [21-23].

Finally, we also like to discuss the local power of all randomization tests.

Corollary 3.4. Suppose that the assumptions of Theorem 2.3 hold.



712 C. Jentsch and M. Pauly

(i) The test <p:,smd
E(gojl"smd) — 1 — ®(u1_q — v/10) under local alternatives (2.7) with «,, = R4 12
where v is given in Theorem 2.3.

(ii) In addition, suppose that f in (2.7) satisfies (3.10). Then ¢;; and ¢, ..., also posses the
4. —1/2
n .

has the same local power as the asymptotic test ¢,, i.e. we have

same power under local alternatives (2.7) with a,, = hl

4. Simulation studies

In this section, we illustrate the performance of the randomization procedure in comparison with
the asymptotic (unconditional) benchmark test ¢, as described in the previous sections.

For better lucidity, we thereby only analyze the finite sample behavior of the computational
least-demanding randomization test ¢, as proposed in (3.8). The other two randomization pro-
cedures from Section 3 behave similar to or slightly worse than ¢;;. For more details, we refer
the reader to our supplementary material (cf. Jentsch and Pauly [17]).

4.1. The setup

Suppose we observe bivariate time series data (X, = (X 1, X,,z)T, t=1,...,n) and we want to
test the null hypothesis Hy of equality of both corresponding one-dimensional spectral densities
Jf1(w) and f>(w). In the setup of Section 1, thismeans g =2, p=1and fj(w) =F;;(w), j=1,2
and we test

Hy: {f1 (w) = fo(w) forall w € [, n]}
against
Hi: {3A C B([—m, nt]) with (A) > 0: fi(®) # f2(w) forall o € A}.

In the following, we consider data from several well-established time series models. In par-
ticular, our analysis includes Gaussian and non-Gaussian linear time series as well as non-linear
time series models. The linear models under consideration cover moving average (MA) mod-
els and autoregressive (AR) models with innovations following Gaussian, logistic and double-
exponential distributions, respectively. GARCH models, threshold AR (TAR) and random coeffi-
cient autoregressive (RCA) models are investigated to cover important classes of non-linear time
series.

Although GARCH processes are known to have power law tails (see Basrak et al. [1], Sec-
tion 4) and, consequently, only moments up to some finite order exists, we include GARCH
models to investigate the general performance of the randomization approach for processes that
go beyond our Assumption 2.1. For the same reasons, we consider also RCA models in our
simulation study.

The performance of the randomization test ¢;; in comparison to the unconditional benchmark
test ¢, is investigated under the null and under the alternative.
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For all models under consideration, we have generated 7' = 400 time series. For evaluation of
the test statistic, the bandwidth has been chosen by cross validation as proposed in Remark 3.4
and is denoted by Acy. Further, we use the Bartlett—Priestley kernel (see Priestley [27], page
448) for which the constants in (2.3) become Ax = g and Bx = 22;35“ for this particular kernel
function. For each time series, the test ¢, has been executed with critical values from normal
approximation as discussed in Section 2 and the randomization test ¢;; as discussed in Section 3,

where B = 300 randomization replications have been used.

4.2. Analysis of the size

To investigate the behavior of the tests under the null, we consider realizations from vector au-
toregressive models (VAR), vector moving-average models (VMA) to cover linear time series
and from GARCH, TAR and RCA models to cover non-linear cases. We consider data from the
bivariate vector AR(1) model

AR(): X, =AX, ,+e, t€Z, A.1)

where e, ~ (0, X1) is an independent and identically distributed (i.i.d.) bivariate white noise with
covariance matrix X, A is chosen from

0.1 0 05 0 09 0
Al:( 0 0.1)’ AZZ( 0 0.5)’ A3:( 0 o.9>
and X | = Id is the unit matrix. The VAR model corresponding to coefficient matrix A; is denoted
by AR;. All models have been investigated for i.i.d. Gaussian innovations (e,, t € Z), whereas the
most critical model AR3 has also been analyzed for logistic (with c.d.f. F(x) = (1+ exp(—x))_l)
and double-exponential distributions (with p.d.f. f(x) = exp(—|x]|)/2) of the i.i.d. innovations
(e,,t € Z), respectively. Observe that due to the diagonal shape of all involved matrices X1 and

A;, we are dealing with two independent univariate time series here. Furthermore, we consider
data from the bivariate vector MA (1) model

MA(l): X,=Be, ,+e, t€Z, (4.2)
where e, ~ (0, X) is an i.i.d. bivariate white noise with covariance matrix X, B is chosen from
0.1 0.5 0.5 0.5 09 0.5
Bl_(o.s 0.1)’ Bz_<0.5 0.5)’ B3_(0.5 0.9)’
and

I 05
22=<0.5 1). (4.3)

The VMA model corresponding to B; is denoted by MA;. Again all models have been investi-
gated for i.i.d. Gaussian innovations (¢,, t € Z), whereas the model MA3 has also been analyzed
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for logistic and double-exponential distributions of the innovations, respectively, as discussed
above, but with covariance matrix X,. In this setting, we are dealing with two dependent time
series whose marginal spectral densities are equal due to the symmetric shape of X, and B;. Note
that the application of the randomization technique to the case of two dependent time series is
justified by Corollary 3.2(i). Also, we investigate three different non-linear time series models.
First, we consider bivariate data (X, = (X;,1, X ,,Q)T,t =1,...,n) from two independent, but
identically distributed univariate GARCH(I, 1) processes {X; ;,t € Z},i =1, 2, with

GARCH(1, 1): X;;=o0yieri, of=w+aX;  ,+bol,; t€Z, (44
where w = 0.01, a = 0.1 and the coefficient b is chosen from
b1 =0.2, by, =0.3, b3 =0.4.

The corresponding models are denoted by GARCH;, i = 1, 2, 3. Further, two (centered) indepen-
dent, but identically distributed univariate TAR(1) models {X; ;, ¢ € Z}, i = 1, 2, that follow the
model equation

a()X;—1, +ei, Xi—1,i <0,

teZ 4.5
a) X1, +ei, Xi-1, =0, “.5)

TAR(1): X, = {

with coefficients a = (a(1), a(2))’ chosen from
a;=(-02,0.07,  a,=(-03,02)7,  a;=(-04,03)T

are studied and denoted by TAR;, i = 1, 2, 3. Also two independent, but identically distributed
univariate RCA(1) models {X; ;,t € Z}, i =1, 2, that follow the model equation

RCA(l): X;;=a:Xi—1+ e, teZ, (4.6)

where a; ~ N(0, 0%) are i.i.d. centered normally distributed random variables with standard
deviation o chosen from

o1 =0.1, o, =0.2, 03 =0.3

are considered and denoted by RCA;, i = 1,2, 3. For all non-linear models above, we have used
(independent) standard normal i.i.d. white noise processes {e; ;}.

For nominal sizes « € {1%, 5%, 10%} and sample sizes n € {50, 100, 200}, the corresponding
results for all combinations are displayed in Tables 1-3. To check how sensitive the tests react on
the bandwidth choice, we report the simulation results for bandwidths c¢-hcy and ¢ € {0.5, 1, 1.5}
to cover under-smoothing and over-smoothing with respect to the bandwidth hcy chosen via
cross validation.

To illustrate the slow convergence of the actual size of the unconditional test ¢, for the dif-
ferent models under the null and to emphasize the need of resampling techniques to resolve this
issue, we report its performance also for larger sample sizes in Table 4.



Table 1. Actual size of ¢, and ga,f for nominal size o € {1%, 5%, 10%}, sample size n € {50, 100, 200}, bandwidth & = ¢ - hcy for ¢ € {0.5, 1, 1.5},
autoregressive models AR{—AR3 and moving-average models MA|—MA3, all with Gaussian innovations

AR, AR, AR,
n: 50 100 200 50 100 200 50 100 200

o c ©n (/’;;k @n (/’;: @n (0;: @n W: @n ‘/’: ©n (/’;Lk @n ‘P: @n (0;; @n W:
1 0.5 55 1.5 8.5 2.0 6.5 1.0 10.0 1.5 7.5 1.3 7.3 1.8 17.8 2.8 13.0 1.3 11.3 1.0
1 11.3 1.3 10.5 1.0 11.3 0.8 13.8 1.5 11.3 23 120 1.3 27.0 2.0 20.0 1.5 21.8 1.8
1.5 9.8 1.5 17.0 1.8 10.5 1.8 16.8 0.5 133 1.0 11.5 1.5 363 2.0 265 1.3 240 1.0
5 05 105 5.0 145 5.8 123 4.8 14.3 6.0 14.8 45 123 6.8 273 7.5 20.8 58 17.5 4.8
1 17.0 83 17.3 6.3 173 4.5 20.5 55 178 6.3 18.5 7.0 335 6.5 273 53 273 6.3
1.5 18.0 53 21.8 8.3 17.5 5.3 235 4.8 18.5 48 175 4.8 425 7.3 338 4.3 30.8 5.8
10 0.5 15.0 83 203 11.8 183 10.8 20.0 11.0 190 100 163 11.0 33.0 128 288 11.5 225 105
1 19.8 123 22.0 12.0 238 113 248 115 235 115 213 128 38.0 13.3 335 9.8 328 115
1.5 223 80 273 133 21.8 11.8 273 11.3 243 9.0 238 93 48.0 13.8 41.0 8.5 343 10.0

MA, MA, MA;
n: 50 100 200 50 100 200 50 100 200

N 2 . 2 I . 2 2 R . R 2~ R 2
1 0.5 4.0 2.0 4.0 1.5 4.8 1.8 6.0 1.8 5.8 0.5 4.0 1.3 6.5 1.3 53 1.8 5.3 1.3
1 5.0 1.5 4.3 2.0 5.5 1.5 7.5 1.8 4.3 0.5 5.5 1.8 8.3 2.0 6.5 1.0 5.8 1.8
1.5 3.3 0.5 4.0 1.5 3.3 0.5 9.5 1.3 6.8 1.3 7.0 1.0 11.5 1.0 8.5 20 11.0 2.5
5 05 7.8 5.8 8.5 5.0 8.5 6.8 11.0 5.5 10.0 53 11.3 53 11.0 5.8 10.5 6.3 8.8 5.5
1 8.8 5.0 9.5 4.8 10.0 6.5 135 7.3 8.0 48 113 6.0 13.5 7.3 120 6.5 11.8 5.5
1.5 8.3 4.8 7.5 4.3 9.5 6.3 143 6.5 11.0 53 11.5 53 17.8 50 135 55 17.0 7.5
10 0.5 13.0 83 135 103 123 11.5 13.8 95 160 10.3 158 10.3 16.0 98 165 108 128 11.3
1 12.8 11.3 140 11.5 120 115 185 12.8 130 11.0 16.8 123 17.8 11.0 158 115 163 9.5
1.5 115 105 128 103 133 13.0 180 135 145 11.0 153 10.8 23.0 8.8 18.0 9.3 20.8 12.8
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Table 2. Actual size of ¢, and ¢;f for nominal size « € {1%, 5%, 10%}, sample size n € {50, 100, 200},
bandwidth & = ¢ - hcy for ¢ € {0.5, 1, 1.5}, autoregressive model AR3 and moving-average model MA3,
both with logistic and double-exponential distribution of the innovations

AR 3 MA 3
n: 50 100 200 50 100 200
{e} R S o ¢ O N 7 SR N/ R 7

Logistic 1 05 163 33 158 25 143 20 68 28 63 15 &80 20
1 338 40 233 08 210 18 98 18 90 20 100 28
1.5 393 33 363 20 298 25 165 48 145 1.8 105 25

5 05 268 65 238 73 210 7.0 128 93 120 68 135 83
1 408 80 305 73 275 48 170 85 165 83 170 93
1.5 463 75 453 7.5 348 88 240 11.0 200 7.8 175 6.5

10 05 333 135 27.8 11.8 245 128 17,5 133 165 135 17.0 153
1 455 123 350 115 33.0 103 198 135 215 140 21.8 163
1.5 515 125 490 153 395 135 273 175 250 155 21.8 115

Double 1 05 180 23 113 05 11.0 0.8 11.5 33 105 3.8 103 4.0
-exp. 1 278 28 278 20 200 20 160 40 170 48 143 40
1.5 340 25 318 38 308 13 170 15 183 28 175 4.0

5 05 290 65 200 55 190 48 17.8 103 173 108 168 8.5
1 355 73 365 73 255 43 208 120 235 135 203 148
1.5 423 9.0 388 7.5 373 48 238 80 250 95 230 128

10 05 360 11.0 260 11.8 225 88 23.0 165 223 155 198 158
1 43.8 135 405 133 298 103 260 17.8 283 23.0 235 20.0
1.5 465 143 425 145 405 123 290 153 295 165 275 205

4.3. Analysis of the power

As can be seen in Tables 1-3, the asymptotic test tends to overreject the null hypothesis system-
atically in most situations and should not be applied, at least for the simulated sample sizes. In
particular, for the autoregressive models where the actually achieved size is far too large com-
pared to nominal size (see Tables 1-2), the unconditional benchmark test ¢, cannot be judged.
Moreover, even for larger sample sizes up to n = 2000 it does not keep the prescribed level satis-
factorily, see Table 4. Thereforee, we present here only the power behavior of the randomization
test ¥. However, we present a small power simulation study of ¢, as well as all other random-
ization tests in the supplementary material (cf. Jentsch and Pauly [17]). It can be seen that there
is actually no big difference in the power behavior (measured as achieved power) between the
asymptotic test ¢,, and all randomization tests.

To illustrate the behavior of ¢ under the alternative, that is for inequality of both spectral
densities, we consider several models belonging to the same model classes that have already
been considered above under the null. First, we consider realizations from the autoregressive



Table 3. Actual size of ¢, and (p;f for nominal size o € {1%, 5%, 10%}, sample size n € {50, 100, 200}, bandwidth & = ¢ - hcy for ¢ € {0.5, 1, 1.5}

and non-linear models GARCH;, TAR; and RCA;, respectively

i1 2 3
n: 50 100 200 50 100 200 50 100 200

Model L N S S S S S @n Pn @ On n On @n

GARCH; 1 05 130 35 11.8 38 140 33 110 35 150 23 145 25 128 25 148 45 168 65

1 150 28 145 28 143 35 125 25 218 45 173 35 163 40 160 38 178 43

15 173 3.0 160 35 215 30 223 38 188 40 220 3.8 223 38 215 40 205 3.5

5 05 205 110 175 9.8 228 108 195 120 240 11.8 223 98 200 11.5 230 13.0 235 14.0

1 213 120 203 103 215 90 188 83 280 143 233 125 228 95 225 11.0 258 113

15 258 73 213 88 265 113 298 11.0 248 120 268 13.0 258 120 28.0 140 270 9.8

10 05 240 168 225 153 273 190 265 180 283 17.8 288 195 275 20.8 280 19.8 293 215

1 283 185 27.0 165 288 173 258 143 325 225 275 183 293 175 290 185 313 19.0

1.5 298 135 255 138 323 175 338 178 298 168 305 195 303 188 335 205 318 17.5

TAR; 1 05 70 13 83 18 60 13 85 15 83 08 83 10 105 18 100 1.8 11.0 3.8

1 115 15 103 10 110 1.5 11.8 10 11.0 1.8 118 13 133 13 120 20 130 23

15 150 1.0 120 15 120 05 160 28 135 23 123 23 11.8 08 138 20 130 25

5 05 130 53 140 53 115 50 150 60 123 60 140 53 158 63 158 85 193 10.8

1 163 53 158 63 158 63 170 48 175 70 173 73 213 70 175 68 210 95

15 208 63 175 45 180 53 235 85 215 68 175 53 178 50 195 58 225 6.8

10 05 165 88 193 133 158 103 195 133 19.0 11.5 180 120 223 108 213 148 238 153

1 19.8 115 198 12.8 205 11.5 21.3 103 21.5 125 218 140 278 145 225 128 268 163

15 238 108 205 88 228 95 290 140 263 120 240 11.8 220 93 240 103 275 11.0

RCA; 1 05 65 25 70 13 83 08 90 18 113 23 11.8 25 103 3.0 123 40 11.8 28

1 123 10 11.0 20 120 25 108 18 135 25 130 08 150 38 128 08 123 20

15 125 25 133 18 143 15 155 40 120 15 158 20 158 08 165 1.8 173 23

5 05 130 65 138 75 148 55 143 65 188 93 188 83 178 9.0 185 113 198 10.8

1 180 7.0 173 50 190 58 163 73 210 85 200 73 203 85 190 68 188 83

15 188 6.8 178 48 215 63 238 80 183 40 220 7.8 208 68 255 83 245 13

10 05 205 123 210 133 175 11.0 208 140 240 158 233 150 228 143 255 188 245 163

1 223 11.8 215 103 23.0 128 218 123 260 150 250 150 258 13.8 238 143 243 148

1.5 235 123 208 83 27.0 133 283 145 210 9.8 255 138 260 128 31.8 148 295 155
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Table 4. Actual size of ¢, for nominal size @ € {1%, 5%, 10%}, sample size n € {50, 100, 200, 500, 1000,
2000}, bandwidth icy and models AR3, MA3, GARCH3, TAR3 and RCA3, respectively

n
Model o 50 100 200 500 1000 2000
AR3 1 27.0 20.0 21.8 19.3 18.5 18.3
5 33.5 27.3 27.3 25.8 23.5 24.0

10 38.0 335 32.8 30.0 28.5 27.3

MA3 1 8.3 6.5 5.8 6.3 5.8 4.8
13.5 12.0 11.8 11.0 10.0 9.3

10 17.8 15.8 16.3 17.0 14.0 13.3

GARCH3 1 16.3 16.0 17.8 16.8 13.3 13.5
22.8 22.5 25.8 26.3 19.5 20.8

10 29.3 29.0 31.3 30.0 27.3 26.0

TAR3 1 13.3 12.0 13.0 10.0 8.5 7.8
21.3 17.5 21.0 15.5 15.3 14.8

10 27.8 22.5 26.8 20.3 21.3 17.8

RCA3 1 15.0 12.8 12.3 13.5 11.8 11.5
20.3 19.0 18.8 19.8 18.8 17.8

10 25.8 23.8 24.3 253 24.3 22.0

model in (4.1). Here, A is chosen from

09 O 09 O 09 O
A4=< 0 0.8)’ A5=< 0 0.7)’ A6=< 0 0.6)
and X = Id. The corresponding models are now denoted by AR;, i =4,5,6 and due to the

diagonal shape, we are dealing with two independent time series. In the second case, we generate
realizations from the moving average model in (4.2) with B chosen from

0.5 0.5 0.5 0.5 0.5 0.5
By = <0.5 o.7> o Bs= <0.5 0.8) o Be= (0.5 0.9)
and ¥ = X, defined in (4.3) denoted by MA;, i = 4,5, 6. Due to non-diagonal shape, we are
dealing with two dependent time series in this case. To investigate the power performance of the
tests, we consider the same non-linear time series models as above. First, we use independent
GARCH(1, 1) models, where the first process {X; 1, ¢ € Z} follows GARCH(1, 1) equation in

(4.4) with = 0.01, a = 0.1, b = 0.2 and the second process {X; 2,t € Z} is generated by the
same model, where w = 0.01, a = 0.1, but b is chosen from

by =0.3, bs =0.4, be =0.5

referred to as model GARCH;, i =4, 5, 6. Two (centered) independent threshold AR models un-
der the alternative are generated by equation (4.5), where {X; 1, ¢ € Z} corresponds to coefficients
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(a(1),a(2)) = (—0.2,0.1) and those for {X, >, t € Z} are chosen from
a,=(-03,02)7, as=(-04,03)",  a,=(-05,04".

Remark in this context, that for the asymptotic test ¢, we would observe a larger absolute
power since this test is very liberal in the considered situations. In the supplementary material (cf.
Jentsch and Pauly [17]), we therefore present its power performance in comparison to all three
randomization tests by a comparison of actually achieved size obtained from the simulations in
Section 4.2 with rejection rates in Tables 5-6 instead of using the nominal size. There it can be
seen that the power behavior of all three tests (measured as power in comparison to actual size)
appear to be quite similar for all models under investigation.

4.4. Discussion

From Tables 14, it can be seen that the asymptotic test ¢, has difficulties in keeping the pre-
scribed level and tends to over rejects the null systematically for all small (» = 50) and moderate
(n = 100) sample sizes. Its performance is not even desirable for larger sample sizes (n > 200).
This is the case for all linear and non-linear as well as all three innovation distributions under
consideration. In Table 1, especially for the most critical autoregressive models AR3, where the
AR coefficient is near to unity and the corresponding spectral densities have a non-flat shape,
the null approximation of ¢, is extremely poor and the performance is unacceptable (see Ta-
ble 1, right panel). Nevertheless, this generally poor performance is not surprising since the slow
convergence speed of Ly-type statistics is already known, see for instance Paparoditis [21], and
Table 4 in this paper.

In comparison to that, the randomization test ¢ performs better than ¢,. For all models un-
der the null and innovation distributions under investigation, the randomization test holds the
prescribed level more satisfactorily than ¢,,.

Especially for Gaussian innovations and linear time series, the usage of ¢, can be recom-
mended for all dependent and independent settings and sample sizes. In these cases, a close
inspection of Tables 1-3 shows also that the bandwidth choice seems to have only a slight effect
on the behavior of the randomization test, where this choice appears to be more crucial for ¢;,.
To demonstrate this, compare for instance in Tables 1 and 2 the performance of model ARz for
n =200 and o = 10%, where the range of the actual size is from 22.5% to 40.5% for ¢, and
from 8.8% to 12.3% for ¢ over the bandwidths 0.5hcv, hcv and 1.5hcy.

For linear time series with non-Gaussian innovations the performance of ¢, is still worse than
that of ¢;. However, here the randomization test is slightly more effected by the choice of the
bandwidth and its accuracy under Hy often needs larger sample sizes (n > 100 or even n > 200).

For non-linear time series, see Table 3, a similar observation can be made. The performance of
@p is poor for all sample sizes from 50 to 200 and ¢, again keeps the prescribed level much better.
In particular, for the TAR models, the control of the nominal size is quite accurate. For the RCA
and GARCH models under consideration, which are not covered by our Assumption 2.1, the
performance of ¢ is still quite good and, in particular, improved in comparison to ¢,. However,
the finite sample performance seems to be more effected by the bandwidth choice for RCA
models and ¢ still tends to overreject the null for all GARCH models.
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Table 5. Power of ¢ for nominal size o € {1%, 5%, 10%}, sample size n € {50, 100, 200}, bandwidth
h=c-hcy for c €{0.5, 1, 1.5} and autoregressive models AR4, AR5 and ARg with Gaussian, logistic and
double-exponential distribution of the innovations

ARy ARs ARg
50 100 200 50 100 200 50 100 200

{er} @’ c
Gauss 1 05 15 33 108 53 90 350 48 193 643
1 30 53 100 45 118 370 68 190  67.0

1.5 3.8 2.5 11.5 3.8 10.0 36.8 53 20.5 67.5

5 0.5 7.5 14.3 323 16.5 29.0 64.8 19.0 49.5 89.0
1 8.5 15.3 25.8 14.5 33.8 70.3 23.3 51.5 91.0
1.5 12.5 12.3 33.0 12.8 29.5 71.0 20.3 48.3 89.3

10 0.5 16.5 24.0 46.3 28.5 46.8 80.8 31.5 72.5 95.0
1 17.0 26.0 39.0 26.0 47.5 83.8 39.5 71.8 96.3
1.5 18.8 25.0 46.5 233 43.3 84.5 36.0 64.3 97.3

Logistic 1 0.5 33 5.0 10.8 6.3 10.0 36.8 8.0 24.0 64.5
1 3.8 4.8 11.0 6.5 12.5 31.5 7.3 16.3 70.0
1.5 2.8 5.8 10.5 6.0 12.3 343 10.3 22.3 66.5

5 0.5 10.0 17.0 29.3 16.5 31.5 65.5 22.8 55.5 88.3
1 11.3 16.5 26.5 20.3 333 64.5 21.8 53.0 90.0
1.5 9.0 18.3 26.8 16.3 30.0 64.5 24.5 52.5 91.0

10 0.5 18.0 26.5 453 25.8 48.5 71.3 37.8 69.8 94.8

1 18.5 26.0 44.0 29.5 50.5 81.0 355 71.5 96.0

1.5 18.3 26.5 39.0 26.5 44.0 81.5 39.5 70.5 98.3

Double 1 0.5 4.0 5.0 9.8 6.3 10.3 39.8 10.3 24.0 59.3
-exp. 1 6.0 6.0 8.5 5.8 13.8 38.3 8.8 23.5 65.5

1.5 4.5 6.8 12.5 8.0 15.0 353 9.3 23.5 69.0

5 0.5 13.3 16.5 27.0 18.5 31.5 67.3 27.3 54.8 86.8
1 14.5 16.8 24.0 17.3 343 66.8 23.8 553 91.0
1.5 12.0 17.0 32.8 19.0 383 66.5 24.0 50.3 89.0

10 0.5 223 25.5 43.0 28.8 48.3 82.0 41.0 75.0 93.8
1 23.3 28.5 40.5 31.0 49.3 82.5 39.0 71.8 95.8
1.5 21.0 23.3 43.8 31.0 51.8 79.5 39.0 66.5 97.0

Tables 5-7 show the power behavior of the randomization test ¢, where we compare its power
to its nominal size. When studying the panels with increasing sample sizes (from left to right) the
consistency results of Theorem 2.2 and Corollary 3.1 under the alternative can be confirmed by
the simulations. In particular, for the non-linear RCA and GARCH models a typical consistency
behavior can also be observed. Similar to the situation under the null, for Gaussian innovations
and linear time series the bandwidth choice does not seem to be crucial for ¢, but for other
innovations and non-linear time series it has a considerable effect on its power behavior. To this
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Table 6. Power of ¢, for nominal size « € {1%, 5%, 10%}, sample size n € {50, 100, 200}, bandwidth
h=c - hcy for ¢ € {0.5, 1, 1.5} and moving-average models MA,, MA5 and MAg with Gaussian, logistic

and double-exponential distribution of the innovations

MA4 MAs MAg
n: 50 100 200 50 100 200 50 100 200
{er} @’ c
Gauss 1 05 33 70 143 45 123 348 128 298 655
1 48 110 178 7.8 195 380 123 383  69.0
1.5 33 95 208 95 190 443 140 348 765
5 05 100 170 310 138 293 540 315 500  84.8
1 128 215 343 218 403 628 298 620 870
1.5 125 208 390 233 390 663 293 620  90.0
10 05 198 268 413 228 410 645 415 638 915
1 200 340 473 318 530 745 430 720 943
1.5 233 305 500 353 528 788 433 745 955
Logistic 1 05 25 38 83 30 108 160 93 148 300
1 25 70 123 53 118 145 108 200 368
15 25 50 90 50 110 210 103 148 400
5 05 135 133 190 135 235 295 225 290  49.0
1 118 133 228 148 260 343 243 393 595
15 108 123 220 153 248 393 210 335 618
10 05 190 213 283 213 343 418 313 393 598
1 198 225 330 240 368 473 323 510 713
15 185 198 31.0 215 370 515 345 455 720
Double 1 05 35 48 90 63 118 185 113 198 350
-exp. 1 6.5 105 113 80 133 230 103 205 373
15 53 98 135 7.0 120 223 123 235 435
5 05 125 148 205 195 245 328 268 348  51.8
1 133 198 253 195 260 393 238 393 555
15 180 215 248 183 258 408 250 405 645
10 05 215 238 283 298 363 423 358 450 605
1 230 273 363 293 358 485 330 503 645
1.5 265 340 365 268 365 493 340 503 738

end, we think that the typically applied cross-validation selector leads to quite adequate finite

sample performances.

Our simulation experience may be summarized as follows:

e The randomization technique makes sure that ¢ keeps the prescribed level well for very
small sample sizes (especially for most linear time series and TAR models under considera-
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Table 7. Power of ¢ for nominal size & € {1%, 5%, 10%}, sample size n € {50, 100, 200}, bandwidth h =
¢ - hey for ¢ € {0.5, 1, 1.5} and non-linear models GARCH;, TAR; and RCA; fori =4, 5, 6, respectively

i 4 5 6
n: 50 100 200 50 100 200 50 100 200
Model o c
GARCH; 1 0.5 53 6.5 8.5 12.3 22.8 42.0 21.0 53.5 86.3
1 4.3 7.5 11.8 12.3 23.8 46.5 26.5 56.0 83.0
1.5 4.0 5.3 11.3 12.8 24.0 46.8 25.5 55.3 83.5
5 0.5 12.8 16.3 20.5 26.3 35.8 61.3 41.5 71.3 95.0
1 10.3 17.8 25.3 24.5 38.5 66.8 47.3 72.3 92.8
1.5 12.8 13.8 21.0 28.3 40.5 66.3 49.5 73.5 94.3
10 0.5 19.8 24.5 27.3 37.0 48.8 70.3 56.5 82.5 96.3
1 16.8 25.3 34.8 32.8 50.0 77.3 58.5 81.0 95.8
1.5 21.3 23.0 33.0 37.3 51.5 74.8 59.0 81.3 96.8
TAR; 1 0.5 2.5 2.3 3.5 2.0 1.3 2.8 2.0 3.8 6.8
1 1.5 1.3 1.8 1.3 0.8 3.8 2.0 3.5 5.8
1.5 1.5 1.5 2.8 2.0 1.3 1.0 1.8 1.5 3.3
5 0.5 6.3 8.3 8.0 8.0 6.0 12.8 6.5 11.3 21.3
1 6.5 5.5 4.5 6.3 4.8 9.8 6.3 10.5 18.5
1.5 5.8 5.5 7.8 6.3 5.5 5.8 5.8 6.5 12.5
10 0.5 13.3 12.5 13.3 12.8 10.3 22.3 14.0 22.5 30.8
1 12.8 10.8 10.5 11.5 9.8 15.8 11.8 17.5 27.5
1.5 11.5 9.3 12.5 11.8 11.0 9.0 13.8 14.0 19.3
RCA; 1 0.5 1.8 1.3 2.3 2.5 3.0 2.8 2.3 6.0 10.5
1 1.3 2.5 2.3 1.5 3.8 2.5 2.8 5.8 12.0
1.5 2.3 0.8 1.3 1.5 1.5 2.5 3.8 5.8 12.0
5 0.5 6.0 7.3 7.0 6.8 11.3 10.8 8.5 15.0 20.3
1 5.8 7.0 8.3 6.5 11.3 9.3 13.0 15.3 27.3
1.5 6.8 7.5 5.5 6.3 8.8 9.8 10.3 16.0 24.5
10 0.5 14.8 12.5 12.5 12.3 14.8 16.5 17.3 233 30.3
1 10.0 14.3 12.3 12.5 16.5 15.0 23.3 23.8 39.3
1.5 14.0 13.0 13.5 11.0 14.8 17.0 19.8 22.8 33.0

tion) as shown in Tables 1-3. Its performance is in general significantly better than those of

the asymptotic benchmark test ¢,,.

e Even for larger sample sizes up to n = 2000 the asymptotic test ¢, cannot be recommended

due to its very slow convergence as emphasized in Table 4.

e In comparison to other resampling methods applied in time series analysis, the randomiza-
tion technique used here has the big advantage that their performance does not depend on
the choice of any tuning parameter in addition to the bandwidth. The choice of the band-
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width can be done automatically by standard methods and does not seem to be as crucial as
for ¢j,.

e The performance of ¢ becomes even more excellent if we compare its behavior for the
very small sample size of n = 50 with the poor performance of the unconditional test.

e In comparison to that the only other known and mathematically analyzed resampling test
for Hy, the bootstrap test of Dette and Paparoditis [9], needs sample sizes of n > 512 for
gaining comparable results (see Table 1 in their paper). Remark that they have also modeled
a VAR(1) model under the null with Gaussian innovations. When comparing their results
with ours (see Table 1 in this paper) note that p = 0 in their paper corresponds to our model
AR3, but with the (slightly less critical) choice

08 O
A= (% os):

o Furthermore, the power performance of ¢ improves with increasing sample size (as usual
under consistency). The simulations in the supplementary material even show that the power
behavior (measured as power in comparison to actual size) is similar to that of the bench-
mark test ¢, and all other randomization tests.

e Finally, to sum up, the randomization procedure helps to hold the prescribed level under the

null more satisfactorily and does not forfeit power under the alternative in comparison to
the unconditional case.

5. Final remarks and outlook

In this paper, we have introduced novel randomization-type tests for comparing spectral density
matrices. Their theoretical properties have been analyzed in detail and we have also studied their
finite sample performance in extensive simulation studies. The asymptotic behavior under the
null as well as for fixed and local alternatives have been developed for non-linear time series
under a joint cumulant condition (2.1), whereas for linear processes finite 32nd moments are
required. Although these conditions seem to be rather strong, we like to mention that only a
few mathematical results on this topic can be found in the current literature, where most of
them are only developed for the one-dimensional case. Note, that such, or stronger linearity or
even Gaussianity conditions are typical assumptions in recent time series publications, see, for
example, Eichler [11], Dette and Paparoditis [9], Dette and Hildebrandt [8], Jentsch [15], Jentsch
and Pauly [16], Preuss and Hildebrandt [25] or Preuss et al. [26]. Moreover, one of the main
contributions of the current paper is the theoretical justification of the randomization approach,
which has yet not been achieved in the time series context.

In future research, we aim to get rid of the last tuning parameter (i.e., the bandwidth) by
studying a different test statistic that is based on integrated periodograms rather than kernel
spectral density estimators. In doing so, we also plan to relax the conditions on the process
in the non-linear case and to investigate to what extend our theory can still be established. As
pointed out by one referee, a promising approach may be given by substituting our joint cumulant
condition by physical-dependence-type-conditions introduced in Wu [32] and further studied in
for example, Liu and Wu [19] or Xiao and Wu [33]. However, to our knowledge the theory is
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currently not available in full strength for our setting, that is, for multivariate k-sample problems
with dependencies and triangular arrays. The latter is required to derive the local power behavior
of our test statistic.

6. Proofs

In the following and for a better lucidity of the proofs, we will use the abbreviate notation

Iw,ml,mg;k = Ipw—ml,pw—mz (wy) and fwl,wg,ml,mz;k = fpwl—ml,pwz—znz(a)k)~

6.1. Proofs of Section 2

Proof of Theorem 2.1. Under the Assumptions 2.1 and 2.2, which accord with Assumptions
3.1 and 3.3 (with taper function A () = 1) in Eichler [11], Theorem 3.5 in his paper is applicable
to the test statistic 7},, where the also required Assumption 3.2 is obviously satisfied due to the
quite simple shape of T,,. Also, by direct computation, we get

pl2 p-l
E(Tn):—/ Z ZKh(w_wkl)Kh(w_wkz)

n TV my,my=0ky,kp
14 q
x > (Z(l—qa,-lnu—qa,-y))
Jisj2=1 \r=1
X ELjy,my,myski Ljp,my,mosky) dw

1 x 5[ @ — wi
-], ¥ TR(5%)

TV my,my=0 k

1 & -
X = Z (=148, j) fir, jomy.misk Fjr, jo.ma,ma;k o +0(1),
J1.j2=1

which is asymptotically equivalent to
1 11, L )
WMOZ 29 K~ (v)dv - Z (-1 +‘18j1j2)‘tr(Fj1j2(w))| do.
o AT =1
For the variance, we have

Var(T,)

h n T p=l
=ﬁf/ > > Knw— o) Kn(@ — o) Kn(h — o) Ky — ox,)

my,my,m3,mg=0ky,kp,k3,ks
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1 q q
X q_4( Z (Z(l—qajlrl)(l—q6j2r1)>

J1sJ2sJ3,Ja=1 \ri=1
q
< | Y (= q8j5)(1 = g8jur)
rp=1
X {E(Ijl»rnl,mzkl Ijz,M1,m2:k2]j3,m3Jn4:k3Ij4,M3,Vn4;k4)
- EUlel,mxkl Ijzmnmz:kz)
X E jymy,mysks 1/4,M3,m4;k4)} dwda.

In evaluation of the difference of the expectations above, the only asymptotically non-vanishing
Cases are Wk, = Wk, 7 Wk, = Wiy, Wk, = Wk, 7 Wk, = Wiy, Wk, = —Wj; 7 Wk, = —Wk, and wy, =
—wy, # Wk, = —wi;, where all of them make the same contribution, which enables us to consider
the first case only equipped with a factor 4. In this situation, we have

{E( )= E(C-)E(- )} = fiv.jsm.mazki Fiv. jsomamsky L. jaomymaska L. jaoma.mssk Ok ks Skaa

which results in

Var(T,)

4h w 2
=— Kp(w — o) Kp(o — wy,) do —

n - q

ki,k2
q
x ) (1448 (=1+48;5)
J1sJ2,J3,ja=1

p—1
X( E: fjlyjsyml,m4:k1fj2,j4,m1,m4;k2>

my,myq=0

p—1
X( Z fj1,j3,m2,m3:k1sz,j4,m2,Wl3:k2> +o(D).

my,m3=0
The term on the right-hand side is asymptotically equivalent to
5 1 2 =T\ 2
Ty = Bk - Z (=1448;)(=1 +‘1‘Sj3j4)}tr(Fj1j3 (@)F jy jy (@) )| do,
o Jtij2 s a=1

which concludes this proof. O

Proof of Theorem 2.2. Note first that the /nh-consistency of the kernel density estimators, see,
for example, Equation (5) in Eichler [11], implies & — uo = op (h'/2). Thus Slutsky’s lemma
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together with Theorem 2.1 show that under Hy

—pl2g
Li=h 7l D N
70
which corresponds to the limit result for Q7 on page 976 in Eichler [11]. Together with the con-
sistency of T2 this proves the asymptotic exactness of ¢, under the null hypothesis. In contrast
to that, similar to Eichler’s Theorem 5.1, it can be verified by direct computations and Assump-
tion 2.2 that 1'/2T;, converges in probability to +o0o under the alternative Hj. Thus, the same
hold true for 7, — h~'/?fi, which implicates consistency of the test. |

Proof of Theorem 2.3. Remark that the imposed uniform mixing conditions still imply the
V/nh-consistency of the kernel density estimators for the processes. Hence, the estimators for
mean and variance can be replaced by their limit values and we can apply Theorem 5.4 in Eichler
[11] with the special function

q
W(D:(Vf:C(Frr—lZFjj)) .
152 1<r=q

Noting that

oV (Z) o 1 ~

57:; Z=f= vec((l{(r, s)=(, ])})(m)ea) - 5 Vec((l{(r, s) € D(i’j)})(r,s)eE)
for

= _ | {e.9) € 8 Fc € Zsy with (r,5) = (cp +i.cp + ))}, for (i, j) € B,

/) a, elsewise
and with E = Zzl{(r, s): 14+ (c —1)p <r,s <cp} that theorem implies, that our standardized
test statistic converges in distribution to a normally distributed random variable with mean v and
variance rg. Hence, the results follows. |

6.2. Proofs of Section 3

Throughout this section, E*(-) :== E(-|X;, ..., X,,), Var*(-) :== Var(:|X,, ..., X)) and Cov*(,
) :==Cov(:,-|X;,..., X,) denote mean, variance and covariance conditioned on the data, re-
spectively.

Lemma 6.1 (Brillinger [3], Theorem 4.3.2). Suppose that the mixing condition (2.1) is satisfied
forallk <s eN.Thenforanyk e {l,...,s}and wy, ..., w; € [0,27], we have

Cum(-’al (@1), ..., Jg (wk))
Q2u)*/2-1 "ok 1
=Tfk(al’ 'ak)(a)L---,a)k—l)ZCUZ/:lw’+O 72 )

t=1

6.1)
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where J,(w) denotes the ath component of the d-variate discrete Fourier transform J(w), see
(1.4), f,f”"""ak) is defined as

FE " @y, wker)
o0

—1 .
= (2]_[)](_1 Z Cay,..., ak(ll,...,tk,])exp(l(tla)] +"'+tk710)k71))
n

yeenslk—1=—00

the kth order cumulant spectral density and fy is the (d x d X --- x d) (n times) kth order
cumulant spectra of the d-variate time series (X,,t € 7).

Lemma 6.2. It holds

q q
® Z(l — 48,7, ) = 48js 7, (0) = —q +q° Z%,nk. ()8 2.1y (1)
r=1 r=1
q
Q) D E*((1=q8j,m, ) (1 =8 m,0)) = (=a + 4781 o)1k kol
r=1

q
(iii) Z E*((l - qajlﬁmq ) (1 = quZ‘ﬂkz(rl))(l - q8j3»”k3(r2))(1 - q8j4a77k4(”2)))
ri,rp=1

=q* (=1 + g8, 1,) (=1 4 q83j,) 81k, 1 1ka1 Sk ks (1 = By, ks )

L](1 - 6J'|j3)(1 - 81’2]’4)>

+q2(_1 + 481 j38 s + ——
X 81k 1, k318 1ka ], [kl (1 = ik 1, 1ka )

q
—1(] - 8jlj4)(1 - 5/’2]3))

+q2(_] + 485148+ ——
X Bl |, Jka | Okal ks (1 = 81k |, k2 ))
+ COlky |, lkal ks , ksl

for some constant C < 00, where 8\, k|, |ks|,1ks] = 1 i k1| = k2| = |k3| = |ks| and O otherwise.

Proof. The first assertion (i) follows from Zi]:] 8j 7.ty = 1. Due to ﬁ(rrk ry=j) = é for all
k,r and j, we get

E* (8,78 o, (1) kil = lkal, r1 =r2,
E*(Sjly”kl (rl)‘sjz,mq(rz)) =1 E*Qjim)jnmr)- k1| = lkal, 11 # 12, (6.2)
E*((Sjls”kl (”))E*((Sj%ﬂkz(”))’ k1| # |k2|
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1

_8]'1]'27 |k1|:|k2|’r1:r2a

q

1 (=3, kil = lkal, r1 #

= VTS —Oji1j2/)» 1= 1K2[, " r,

qg—1) e

1

-, k1] # |k2|

q

which yields (ii). Now consider (iii). First, set Z; i , := 1 — ¢ 5, () and note that E*(Z; ; ,) =0
for all j, k and r. Therefore, we have to consider the following non-vanishing cases (a) |k| =
lka| # k3| = |kal, (b) |ki| = |k3| # |ka| = |kal, (¢) k1| = lka| # |k2| = |k3| and (d) |k1| = |k2| =
|k3| = |ka|. The first case (a) gives

2
g (=14q8j, ;) (=1 + g8 5 j )81k, |, 1ka Oy, 1kg| (1 — Sk, 1k3])

which follows immediately from (ii). Case (b) becomes

q q
Z EX(Zji ki Zj ko ZjsksnZjsksr,) = Z EX(Zj k. Zjs ki) E(Zjy by Zjaky.rs)
ri.ra=l r.ra=l

and together with (6.2), we get

q
E*(ZjikynZjski.r) = =1+ q8rr) 8, js + ﬁ(l — 8 (1 =8y j3)

and an analogue result holds for E*(Z, k,.r, Z j, k»,r,)- By multiplication and summing up, the
contribution of case (b) becomes

Ll(l =38, — 5./2./4))

2
q <_1 +48j1j38jpja + ——
and case (c) contributes analogously. ([l

With these results, we can analyze the conditional expectation and variance of 7,

Theorem 6.1 (Conditional mean and variance of T,). Under the assumptions of Theorem 3.1,

it holds
EX(T;) =h™" 15 +op (L),
where
1 x Pl 1 q
pimr [ X YK =007 3 1 a8 oo @)
S, =0 k 9 =
1,m2= J1,J2=

(6.3)

X Apj—my, pjp—m; (@k) do.
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Moreover, we have

- 2
Var*(Tn*):% Z </ Kh(a)—a)kl)Kh(a)—a)kz)da)>

" ky,k2 -
k1 1#|k2|

p—1 1 q

X Z ) Z (_1 +48,j38),j4

my,my,m3,ma=0 " ji,j2,j3,ja=1
+ (=8, = 8,)
g1 1J3 2J4

X L jy my mysky Ljo,mymoika
X L j3,my,mysky Ljg,my,myzky +0p(1)

=t +op(l).
Proof. By using Lemma 6.2(ii), we get

pl/2 pno P71 1
EX(TY) = Tf > > Knlw—wr)Kn(w —a)kz)q—2
LY

TV my,my=0ky, ko
q q
X Z E*<Z(1_q8jls”k1(r))(1_q(s./zﬂkz(")))
Jisj2=1 r=1
X Ly my masky Ljsmy mosle, Ao
pl/2 pm =1
= / Z ZKh(w—wkl)Kh(w—wkz)

1
n q

T my,my=0ky,ky

q
« Z (=148}, j)8k 1.1k
J1,ja=1

X Ij1,m1 ,ma;ky Ij2,m1 ,ma;ky do.

Furthermore, the case k| = —k» is asymptotically negligible, which yields the first assertion of
Theorem 6.1. Considering the conditional variance of T,*, we get

Var* (Tn*z)

h T e p—1
=n—2// > > Kn@— o) Kn(@ — o) Kn (= o) Kn (. — ox,)

my,my,m3,m4=0%ky,k2,k3,kq
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1
X_
q*

q

q
*
x Z Z Covi(Zj ki1 Zj ky,r »

Jtij2. 3. ja=lrira=1
Zjs k3.2 Zjgkairs)
X Ly mymasky Loy macky
X Ijs;fﬂs,m;k;Wdcudk.
By using Lemma 6.2(ii) and (iii), only the cases |k1| = |k3| # |ko| = |k4| and |k1| = |k4| # k2| =
|k3] play a role asymptotically. More precisely, only the four cases k1 = k3 # ko = k4 and k| =

—k3 # ko = —kq and ky = k4 # ky = k3 and k; = —k4 £ ko = —k3 do not vanish, but all of them
make the same contribution asymptotically. This gives a factor 4 and we get up to an op (1)-term

Var* (Tn*z)

4h [T [T p—1
:E/ Z Z Kn(w — i ) Kn(w — og,) Kn (A — o) K (A — wx,)

T myma,ma,ma=0 ki ko
[k |#1k2 |
1 q
x ? Z <_1 +48j,j38)0)
Ji,J2,J3,Ja=1
9 _(1—5; )01 —-5
+ 1- jlj3)( —8jyju)

qg—1

X Ijlyml .maky Ijz,ml ,ma;ko

x Ij3,m3,m4;k] Ij4,m3,m4;k2 dwdA,

which concludes this proof. 0

Theorem 6.2 (On E(u}), Var(u)), E (r,fz) and Var(rn*z)). Under the assumptions of Theo-
rem 3.1, it holds

E(ut) = +o(h"?) and Var(ui) =o(h),

(6.4)
E(t?) =12 +0(1) and Var(z;?)=o(l)

asn— oQ.



Testing equality of spectral densities 731

Proof. Because arguments are completely analogue, we prove only the more complicated part
that deals with T,Tz. First, by introducing the notation J; ;. = ﬁ Yoy X pj—me "%, we get

4h T 2
E(t;:z) — ; Z (/ Kp(w— a)kl)Kh(a) — a)kz)da)>

ky.kz -
|k | k2|

p—1 1 q

X Z ) Z <_1 + 48,3824

my,mp,m3,mq=0 J1,J2,J3,Ja=1

q
+ qj(l =81 = 5jzj4)>

- (6.5)
X E(Jjymyski Jjimosks J jsmask
X S jymyskr  jo,misko
X Ty myikad jamsika d jamasko)-

The last expectation above can be expressed in terms of cumulants and we have

E(Ji--Jg) =) []cumJi: i€ B), (6.6)
0 Beo

where we identify the DFTs with Ji, ..., Jg for notational convenience, cum(J;: i € B) is the
joint cumulant of (J;: i € B), o runs through the list of all partitions of {1, ..., 8} and B runs

through the list of all blocks of the partition o. Note that the largest contribution in (6.6) is
made by products of four cumulants of second order. Moreover, all of those combinations where
cumulants cum(J. ..;, J. :x;) or cum(J. ..k, J. .k;) for i # j occur, contain a factor gk, or
8k, —ky» Tespectively, but these cases are excluded in the summation in (6.5). The cases with
cum(J. ..x;, J. ..k;) or cum(J. ..k, J. .k;) contain a factor 8,0, which causes the sum over k; to
collapse and, therefore, they are of lower order and asymptotically negligible. The only two re-
maining products consisting of four cumulants of second order are by (6.1)

Cum(]jl,mwkl s i masky ) cum(Jj5 mssky » ‘]./'3,"14;/61)

X Cum(]jz,mukzﬂ sz,M2;k2)Cum(Jj4,Vn3:k2’ JJ'4,m4;k2)

1
= i jrmimaska Fisjsomsmasky Fia, jomy,maska Fia, jamz,masks + O(;

and

cum(Jjy sy Iz maziy) COMjy iy s s masier)

X Cum(‘]jz,ml;kzv ]j4,m4;k2) Cum("jz,mz;kzv ]j4,m3;k2)

1
= fivjsomimasks Sinjsomamssks Fia jaomymaska Fia, jasma,masky + O(; .
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Now, by taking the sums over m1, ma, m3, m4 of both expressions, we get

1
tr(Fjl jr(@r)F j j, (wkz)T) tr(th (wrF jy jy (@) T) +0 (;) (6.7)

and

T 1
tr(Fjljs (wi))F j, jy (@ky) )tr(FJ'lJé (@i )F ), j, (wkz)T) + O<;>’

respectively. Asymptotically equivalent to (6.5), this results in
T q q
BK/ - > (-1 +a8i38p + —7 1 =80 —512j4))
—-nq- . .= - q—
Ju 2.3 ja=
4 - T
x {tr(Fjljl (@i )F j, j, (0r,) )tr(FJ'}jz (@i )F jy j, (@,) )
=2
+ |tr(Fj1j3 (@)Fj, j, (a)))} }da),
which shows the first assertion of (6.4). For its second part, we have

L 16k ?
Var(r,f):n—4 >y (/_ Kh(a)—a)kl)Kh(a)—w/Q)dw)

T
kiky  k3.kg T
k1l#lka | k3] ksl

b 2
X (/ Kh()\—wkS)Kh(k—wk4)dw>

—TT
1 q
) Z (_1""16/'1/'35/2]4
SN, By R PTG T P
q_l 1J3 J2J4
X <_1+q5j5j75jojs
SR S R S VG J
g—1 Jsir Jojg

x {E(le,ml;kl Jjrmask I jms:ky
X S jymyskr jomiska o mos ko
X Sy myskad jamaska Jjs,ms: ks

X Jjs,mesks J j7,maks (6.8)



Testing equality of spectral densities 733

X Jjs.mg;ks jg.ms:kad jo.me:ka
X Jjsmyska L js,ms:ka)
— E(Ujimyk djimak jsamsik
X Jjsmyzky joomyka
X Jjymaskad jamisies
X Jj4,m4:k2)
X E(Jjs.ms:ks J js.meiks
X I jymysksd g mss ks
X JjsmsskaJ jomeska
x JjSvm7§k4Jj8,Mg;k4)}

and similar to the computations for E (z,* 2), we are able to express the 16th and both 8th moments
with cumulants and the difference above becomes

{E(U1 - Jie) = E(y - R)E(Jo- - Jig)} =D [ | cum(Ji: i € B), 6.9)

o Beo

where we identify the DFTs J; ,,.x from above with Ji,..., Ji¢ for notational convenience
and now & runs through the list of all partitions of {1,..., 16} that can not be written as cu-
mulants depending on subsets of {Ji, ..., Jg} multiplied with cumulants depending on sub-
sets of {Jg, ..., Ji¢} and B runs through the list of all blocks of the partition o. Now, we
can use Lemma 6.1 and insert (6.1) in (6.9). Again the largest contribution comes from prod-

.k ) .
ucts of eight cumulants of second order and due to Y /_, e" =10 = p if Zlle w; =0 and

1 k H . . . . .
> e Xj=19 = otherwise, all these combinations that occur in (6.9) contain a factor 8, |k, |
for i # j. This is either excluded in the summation in (6.8) or results in at least one collapsing
sum, which eventually implies Var(t,jz) =o(l). (Il

Proof of Remark 3.1. We only treat the variance. Under Hy, the second summand in (3.4) does

not depend on j, ..., ja, so that this case vanishes thanks to
. q
Z (_1 +q3j1j35j2j4+qj(l =850 _8j2j4)> =0,
J1:J2:J3,Ja=1
which yields the desired assertion. (]

Proof of Theorem 3.1. Note first that by Theorem 6.2 and the ~/nh-consistency of the spectral
density estimators, see the proof of Theorem 2.2, we have u' — i* = op(h'/?). Hence, it is
sufficient to prove a central limit theorem for T, — h~1/2 1%,
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By using Lemma 6.2(i), we have

B1/2
T = Z/ Kn(w — o, )Kp(w — wx,) do

Z Z <__ + 2811 7TA1(V)8]2 7Tk2(r)> Ljymymaiky L jamy moiko

my,mr=0 ji,jp=1 r=1

=Y Wikt Tk k)

ki.ka

. . . « R
with an obvious notation for Wy k1 ko (7Tky s TThy) = W ko (7tk, » Tk, ). Because of

9 -1
9 k k 5
E*(Z%l(m,j.f?nkz(r),jz ﬂkl) = {q [kl # [k2] (6.10)

o 8> k1] = lk2,

it follows that
D W)+ Y Wy Tk Ty)

ki]#|k2] k1]=]k2]

= Wit D Wi (k) = W+ 02+ ope (D),
[k1]=lk2]

see Theorem 6.1 above. Setting Wk1 ko = Wi, g, (Thy s TThy) + Wi ¢, (Tky, 7k, ), We obtain up to a
negligible term

W’T = Z Wlf,,kz + ijlJQ + W;I,—kz + ij]a—]Q
0<ki <ka<|n/2]

=: Z lel,kz'

0<ky<ka<|n/2]

Since the random variables W,j‘l’ K, are clean by (6.10) in the sense of Definition 2.1 of De Jong
[7], that is, E*(W/: o |mx,) =0 holds a.s., we are in the situation to apply Proposition 3.2. of his
paper. Hence, for obtaining convergence in distribution (conditioned on the data)

1
W L2, N, 1) 6.11)

n

in probability, it remains to prove that

Gi= Y  E*W). (6.12)
0k <kr=<In/2]
Gy = > EX (Wil Wik + Wit Wiy + Wit Wit,)  (6.13)

0<ki<ky<k3=<|n/2]
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and

L * * * * * * * * *
Gy = Z E (Wkl,kz Wkl»kS Wk4,k2 Wk4,k3 + Wkl,kz Wkl,k4 Wk;,kz Wk3,k4
0<k|<ko<k3<ks<|n/2]
(6.14)

* * * *
+ W Wi Wi Wik)

are all of lower order (in probability) than t,;"z, that is, are all negligible. We prove the requested
result only for the most contributing case (6.14). Because of the inherited symmetries and the
constant number of periodogram factors with frequencies wy,, w,, wi; and wy,, it suffices to
consider the representative

Gy = Z E*(w;ck],kz (7T, » 7Tk2)wl>ck1 k3 (ks s nk3)wl><k4,k2 (ks nkZ)w;;hkS (ks JTk3))
0<k| <kr <kz<ka<|n/2|

n2 p—1 q 7t
= > - > 3 / KM — o, ) K (b — wgy) dAg
—T

0<k <k2<k3<k4§\_n/2j m],...,mg=0j1 ..... j8:1

T
X Kp(A2 — wp) ) Kp (A2 — wiy) dAz

—T7

s
X / Kn(A3 — wry) Kn(A3 — wp,) dAs
—7
e
X Kn(hg — o) Kp(hg — wpy) dg
—7
X Ly my moiki L jo,my maska Ljs,ms masia
X A jymymazks jsms.me:ks L jo.ms.me: ko
X A j3 mg,mg;kad j,me,me;ks

q
—1
XE*( > Gy —a )
Il

|

—1
X (aﬂk4(r4)sj78ﬂk3 ra).js — 4 ))

Since the last conditional expectation above is bounded by 0 from below and by ¢* from above,
taking the expectation above and applying (6.1) for kK = 16 results in

-1

- X 1 n

E(G4)=( > - > th(M—wkl)Kh(xl—wkz)dm
O<ky<ky<kz<ks<ln/2] " my..ms=0ji.. js=1""T"

T
X f Kp(h2 — wi ) Kp (Mg — wpy) dAs

—T7
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'
X/ Kp(A3 — wry) Kp(A3 — wi,) dAs

T

LY

X / Kp(ra — wry) Kn (g — wk3)d?»4>
x O(1).

Approximating all Riemann sums by their corresponding integrals and by using standard sub-
stitutions, the expression above becomes an O(k) term. Similar arguments and using (6.1) for
k =32 yield Var(G4) = O(h?). This completes the proof. O

Proof of Corollary 3.1. By comparing the results in Theorem 2.1 and Theorem 3.1, we have

asymptotic exactness of ¢ ..., if and only if r(f = 13‘2 holds under Hy. Rearrangements of the

summations over ji, j2, j3, j4 in the integrands of (2.5) and (3.7) yield to the condition that

. 7 U -
@ - D]eFu@Fn@ ) == Y |[uFfu@F,,@ )
jg»j4_=1
) FJ4 6.15)
—_—T
+ Y (—a+4%50)(—a+a%87) [ (F @) F @) )]
J1sJ2,J35ja=1
NFEJ32F 4
and
— 72 2 ¢ —T\12
(g — D|r(Fi1(@)Fi1(w) )| == Z |tr(F11(@)Fj, (@) )|
J2:ja=1
J2Fja
(6.16)
+ Xq: ! |te(F ), s (@)F s @) )|
S YRS J1i3\@IE s jy >
jinii=t 4@ =D
JFE 3. J2F Ja

have to be equal. Equalizing both quantities and another rearrangement of both last sums in
(6.15) and in (6.16) gives the desired result. By Lemma 1 in Janssen and Pauls [14], this even
shows the asymptotic equivalence of the tests in (3.9). Since we have &t — u* =op (h'/ 2) under
H, the same holds true for the other version ¢;.

Consistency for ¢, .., follows as in the proof of Theorem 2.1 since 7, — h=1/21% converges
in probability to +oco under H; but the critical value still converges in probability to a quan-
tile of a normal distribution. For the other test, we can rewrite ¢ asymptotically equivalent as
L (@),00) (T — hV z,u:) and consistency follows as above since 7, — hV zu; also converges
in probability to +o0o under Hj. ]
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Proof of Corollary 3.2. For g = 2 the ratios occurring in the first and in the third sum in
(3.10) are zero and the second sum does not occur at all. In the cases (ii) and (iii), we can
treat [ tr(F;, j; (@)F, j, (a))T)|2 as a constant, which causes the three sums in (3.10) to cumulate
to zero. For (iv) the right-hand side of Corollary 3.1(ii) becomes

8
5@l + [ fs@] + ] @]
8
- §(|f12(w)\2|f13(w)|2 + |f12(w)|2}f23(w)!2 + !f13(w)|2}f23(w)’2)

4
= 5l @] =@ + (@] = [ @)+ (fi@)]* = |f2a@]*)}.
which gives the desired result. (]
Proof of Corollary 3.3. Since 7% converges in P ® P probability to t*2, the critical value

C;Smd(a) always converges in probability to u1_,. Hence, we can close the proof as in Theo-
rem 2.1. 0

Proof of Remark 3.2. Note that the assumptions guarantee that the conditional CLT, see The-
orem 3.1, holds true as above. Moreover, the test statistic also satisfies the CLT stated in Theo-
rem 2.1 under the null, see Equations (2.4)—(2.6) in Dette and Paparoditis [9], which shows the
asymptotic exactness under the null. Finally, consistency of the tests follows from Theorem 2 of
their paper. d

Proof of Corollary 3.4. Checking through the proof of Theorem 3.1 (where the central limit
theorem (3.3) holds under the null as well as for fixed alternatives) we see that all results even
remain valid for the processes X, ..., X with spectral density given by f", that is, we also have
convergence in distribution given the data

()" (T; - “_*> 2, N, 1)

in probability in this case. Since the test statistic is asymptotically normally distributed with
mean v and variance ‘L'g, see the proof of Theorem 2.3, the result (i) follows as in the proof of
Corollary 3.3.

For proving (ii), recall that our mixing conditions imply the +/n/-consistency of the kernel
density estimators for the processes. This shows that & — &* = o p(h'/?) even holds under the
given local alternatives (2.7) with o, = h=142=1/2_ Since we also have T — T* = op (hl/z), the
result follows from Slutsky’s lemma as in the proof of Corollary 3.1. ([
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Supplementary Material

Supplement to “Testing equality of spectral densities using randomization techniques”
(DOI: 10.3150/13-BEJ584SUPP; .pdf). In the supplement to the current paper (cf. Jentsch and
Pauly [17]), we provide additional supporting simulations for the asymptotic test and all three
randomization tests under consideration in a variety of examples.
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