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Precise tail asymptotics of fixed points of the
smoothing transform with general weights
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We consider solutions of the stochastic equation R =4 ZZN: 1 AiR; + B, where N > 1 is a fixed constant,
A; are independent, identically distributed random variables and R; are independent copies of R, which
are independent both from A;’s and B. The hypotheses ensuring existence of solutions are well known.
Moreover under a number of assumptions the main being E|A|* =1/N and E|A || log|A | > 0, the limit
lim; s 00 t*P[|R| > t] = K exists. In the present paper, we prove positivity of K.
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1. Introduction

Let N > 1 be an integer, Ay, ..., Ay, B real valued random variables such that A; are indepen-
dent and identically distributed (i.i.d.). On the set P(R) of probability measures on the real line
the smoothing transform is defined as follows

N
/,Ll—)ﬁ(ZAiRi +B>,

i=1

where Ri,..., Ry, are i.i.d. random variables with common distribution pu, independent of
(B,Aq,...,Ay) and L(R) denotes the law of the random variable R. A fixed point of the
smoothing transform is given by any u € P (R) such that, if R has distribution j, the equation

N

R =4 ZAiRi+B, (1.1)
i=1

holds true. We are going to distinguish between the case of B = 0 a.s. (the homogeneous smooth-
ing transform) and the other one called the nonhomogeneous smoothing transform.

The homogeneous equation (1.1) is used for example, to study interacting particle systems [9]
or the branching random walk [1,12]. In recent years, from practical reasons, the inhomogeneous
equation has gained importance. It appears for example, in the stochastic analysis of the Pagerank
algorithm (which is the heart of the Google engine) [13,14,18] as well as in the analysis of a
large class of divide and conquer algorithms including the Quicksort algorithm [16,17]. Both
the homogeneous and the inhomogeneous equation were recently used to describe equilibrium
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distribution of a class of kinetic models and used for example, to study the distribution of particle
velocity in Maxwell gas (see, e.g., [6]).
Properties of the fixed points of equation (1.1) are governed by the function

N
m(s) =E[Z|Am} = NE[|4,I'].
i=1

Suppose that s; = sup{s: m(s) < oo} is strictly positive. Clearly m is convex and differentiable
on (0, s1). We assume that there are 0 < y < o < s1 such that

m(y)=m(x)=1.

Then

N
0<m'(a) =E|:Z |A;|* log |Ai|:|

i=1

and the latter quantity is finite. The main result of this paper is the following theorem.

Theorem 1.1. Suppose that

log|A1]| is nonlattice;

P[A] > 0] > 0 and P[A1 < 0] > 0;

s1 > 0;

there are 0 <y <o < s1 such that m(y) =m(a) = 1;
there is & > 0 such that E|B|Y ¢ < oo.

Suppose that R is a nontrivial solution to (1.1) such that E|R|Y ¢ < co. Then
liminfr*P[R >¢]>0 and liminft*P[R < —t]> 0.
t—00 t—00
Remark 1.2. Under the assumptions of Theorem 1.1 the random variable R is real valued and

it attains both positive and negative values. If P[A; > 0] = P[B > 0] = 1 then R is a positive
random variable and exactly the same proof shows that

liminf*P[R > t] > 0.
11— 00

Existence of such a solution implies y < 2 for the nonhomogeneous case and 1 <y < 2 for
the homogeneous one (see [3]). Then the solution is basically unique (given the mean of it exists)
and, if E|B|* < oo then for every s < «

E|R[® < oo. (1.2)

In view of the result of Jelenkovic and Olvera-Cravioto (Theorem 4.6 in [15]), Theorem 1.1
implies.
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Corollary 1.3. Suppose that the assumptions of Theorem 1.1 are satisfied and additionally let
E|B|* < 00. Then

lim t*P[R > t] = lim t*P[R < —t]=K > 0. (1.3)
t—>00 t—00

The existence of the limit in (1.3) for such R, in a more general case of random N, was proved
by Jelenkovic and Olvera-Cravioto [15], Theorem 4.6, but from the expression for K, given
by their renewal theorem, it is not possible to conclude its strict positivity except of the very
particular case when Ay, ..., Ay, B are positive and o > 1. There are other solutions to (1.1)
than those mentioned in the above corollary. For the full description of them see [2,4,5]. Clearly,
Theorem 1.1 matters only for solutions satisfying (1.2).

Some partial results concerning positivity of K are contained in [7] and [3]. The paper [7]
deals with matrices but Theorem 2.12 and Proposition 2.13 there can be specified to our case.
Under additional assumption that E|B|* < oo for some « < so < s1 they say that either K > 0
or E|R|* < oo for all s < s9. If R is not constant, the latter is not possible when there is 8 < s¢
such that E|A;|# = 1. Indeed, then R becomes the solution of

R=AR+0Q

with Q = Zlsz A;R; + B and the conclusion of Goldie’s theorem [11] would be violated. It is
interesting that for the asymptotics in (1.3) in the case of N being constant the implicit renewal
theorem of Jelenkovic and Olvera-Cravioto is not needed. The usual one on R is sufficient [7],
Theorem 2.8. For positivity of K in the general case of random N see [3], Theorem 9.

Clearly, Theorem 1.1 improves considerably the results of [7] specialised to the one dimen-
sional case. Also, the technique is purely probabilistic while in [7] holomorphicity of E|R|* and
the Landau theorem is used.

Let 4 be the law of A;. In Section 2, we show some necessary properties of the random
walks with the transition probability @ 4. A version of the Bahadur, Rao theorem ([8], Theorem
3.7.4) is needed and its proof is included in the Appendix. Section 3 is devoted to the proof of
Theorem 1.1.

2. Random walk generated by the measure x4

In this section, we will study properties of the random walk {|Z 1° ~Zn|}n€N, where Zi are
independent and distributed according to the measure w4 (it is convenient for our purpose to
use the multiplicative notation). Since Elog |A1| <0, by the strong law of large numbers, this
random walk converges to 0 a.s. Nevertheless, our aim is to describe a sufficiently large set on
which trajectories of the process exceed an arbitrary large, but fixed number ¢. Given n, one can
prove that the probability of the event (A -+ Ap| > 1} is largest when n is comparable with ng

defined by
logt
==, 2.1
" {NpJ @b
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where p = E[|Z 1% log |Z 11]. Notice that ny depends on . However, since we are interested only
in estimates from below we need less and for our purpose it is sufficient to consider sets

V, = {|Zl --~Z,,| >t and |Zl . --Xs| <e~ =98y for every s <n — 1}, (2.2)

where Cy is a large constant and § is a small constant (both will be defined later).
Our main result of this section is the following theorem.

Theorem 2.1. Assume E[|Zl|“+5] < 00, IE[|K1|°‘] = % and 0 < p < 00. There are constants
Co, C1, Ca such that for sufficiently large t and for no — /ng <n <ny

Cy P[V,] < )
—_ << —_— .
ﬁtaNiz nl— ﬁtasz

In order to prove the theorem above we will need precise estimates of IP[|Z 1 A s| > t].
We will use the following extension of the Bahadur, Rao theorem ([8], Theorem 3.7.4, see also
Example 3.7.10).

Proposition 2.2. Assume E[|Zl |°‘+5] < 00, E[|X1 |41 = % and 0 < p < 0. There is C such that
for every d > 0 and everyn € N

~ ~ C
PHA, ... A depnNY < , 2.3
{141 nl >efef™M} < St /PN Nged (2.3)
where A = /A" () for A(s) = logE[le I*].
Moreover, let 6 > 0 and
d
0< ﬁ <6 2.4)

U

for sufficiently large n. Then there is C = C(0) such that for large n:

Vamar/net N N1l /@ plIA R > e} = 14 C@)o(D), 2.5)

where as usual limy,_, o, 0(1) = 0 uniformly for d satisfying (2.4).

The proof is a slight modification of the proof of Theorem 3.7.4 in [8]. For reader’s conve-
nience we give all the details but we postpone the proof to the Appendix.

We will also use the following. Since E[|A;]#] < % for B < « and sufficiently close to «, one
can find 8 < «@ and y > 0 such that

~ 1
E[|A1|P] = N (2.6)
Proof of Theorem 2.1. Denote
Un={|gl Xn|>t}7
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‘We have

P[V,] = [Unﬁﬂ ]

s<n

=P[U,] — P[U(Un N Ws,,a}.

s<n
By Proposition 2.2 (s =n,d = Np(ng —n), 8 = Np + 1)

PlU, 1 =P[|A; - Ayl > ] =P[|A] - -- A,| > eNPreNelo=m)]

- C1€_N'0a(”0_") Cy Cy

J/neNoan Nn - JneNpano Nn - /Nt N

for sufficiently large t and C; = 1+C(\9%Z;)°(1) exp(— (Np H) ). Exactly in the same way (2.5)
gives estimates from above with C, = W. Therefore to prove the theorem, it is suffi-
cient to justify that

[U(U N w; n)} ftaNn @7

s<n

We fix ¢, no and n such that no — \/no < n < ng. First we estimate P[U, N W ,] for s <
n — Dlogn, where the constant D will be defined later. By the Chebyshev inequality and (2.6),
we have

o
PlU, N Wy nl =) Ple"e " Cot < |A) - Ay <" eI Cot and |A) -+ A, | > 1]
m=0

o
< Z P[lgl Ay > eme_‘s(”_s)Cot]PUZH] Al > e_('"H)e‘s("_s)CO_l]

0 oda(n—s) ~ s eﬁ(n1+l)c(/)3 ~ s
Sn;)ema' g I g (EIA)

ghan=s) 1 1 ad ef

=< Cg_ﬁl‘a ’ m ’ e8B(n—s) Nn—s Ny (n—s) ’ Z em(a—p)

- C B C
T e PN log N+ (- =) 8P aynenn—s’
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where y; :=y log N 4 (B — «)$ and choosing appropriately small § we can assume that y; > 0.
Hence, for s <n — Dlogn

C

P[U, N Wy,,] < : (2.8)
co P raNnen(ni=s)
For s > n — Dlogn, we estimate
o0
P(U, N W ,] = Z P[5 Cot < A} -+ Ayl <& e ™I Cor and |a; - - an| > 1]
m=0

P[|A;--- Ayl > e"e 2 Cot |P[|Agp1 - - Ayl > e TV 1]

M

=
0

n

We denote the first factor of the sum by I,,. To estimate it, we will use Proposition 2.2. Namely
let

k=n-—s, ko=ngp —s,
dy = =6k +m +1og Co + Npko,
dy =dy + 1,
then (recall log? = (s + ko) Np)
eMe =)o = ed1eNPs,

So, by Proposition 2.2:

7.7 di+N, ¢ N d Cedek
P|A] - Ag| > e < — NS NPUSTXA < .
[| 1 s| ]— \/E — Cgeozmtost\/E
The second factor we estimate exactly in the same way as previously and we obtain
S Sa(n—s) B(m+1) ~B
Ce e C
PU, N Wv,n] = Z o C T SB(n— 1 . —
Coeamt“N‘Y«/E edB(n—s) N (1+y)(n—s)

m=0

c 2.9)

< .
T P aNn Jen =)

Next, in view of (2.8) and (2.9)

P[U(Umws,n)]s D PWUNWel+ > PlUN W]

s<n s<n—Dlogn n—Dlogn<s<n

= X et X -

a—p _ a—p _
s<n—Dlogn CO 1o N"en (n=s) n—Dlogn<s<n CO taNnﬁey1 (n=s)
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C n 1 1
(nVlD T _n Z e)’15>

<
= % Biann
CO 1*N s<Dlogn

. c Lol

T i Prann \nP=
&

S—

JRte N

c 57 <cand y1 D > % Hence, (2.7) and the proof is finished. U

assuming that —=
CO

3. Proof of Theorem 1.1

We start with the following lemma.

Lemma 3.1. IfIE[|A1|/310g |A1]] > O for some B > 0, P[A] > 0] > 0 and P[A; < 0] > 0, then
any nontrivial solution of (1.1) is unbounded at +00 and —oo.

Proof. Suppose that R is a bounded solution of (1.1) and R # C a.s. for any C. Assume first
that R is bounded a.s. from below and from above. Let [r, 5] be the smalleit interval containing
the support of R for some finite numbers r and s. Of course r # s. Denote B = Z,N: 2 AiR; + B,
then

R=dA]R]+§. 3.1

Since E[|A;]? log|A1|] > 0, the probability of the set U = {(Ay, §): |A1| > 1} is strictly posi-
tive. Then by (3.1) we must have

Alr—}—EZr and A1s+§§s a.s.
But if we take a random pair (A1, §) € U, then
|(A1r + B) = (A1s + B)| = |A1llr —s| > |r — s].

Thus, we are led to a contradiction and at least one constant » or s must be infinite. Without
loss of generality, we can assume that s = 4+00. In view of our assumptions, we can choose a
large constant M and a small constant ¢ such that the probability of the set V = {(A1, B): A <
—e&, B < M} is strictly positive. Now, take any x > (r — M) /(—¢) belonging to the support of R.
Then for any (A, E) € V we have

A1x+E<—8x+M<r.
Thus, by (3.1), r cannot be a lower bound of the support of R and must be equal —oo. O

Let 7 be an N-ary rooted tree, that is, the tree with a distinguished vertex o called root, such
that every vertex has N daughters and one mother (except the root). The tree 7 can be identified
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with the set of finite words over the alphabet {1, 2, ..., N}:
o0

T=J2..... N},
k=0

where the empty word & is the root and given ijiz---i, € T its daughters are the words of the
form ijip---i,j for j =1,..., N. We denote a typical vertex of the tree by y =iyiz---i, and
we identify it with the shortest path connecting y with 0. We write |y | = n for the length of y
and y), =iy - - - i for the curtailment of y after k steps. Conventionally, |&] =0 and y, = @. If
yi=ifiy---iy €T and yy =ifi3---is, €T then we write yys =i{i} ---i, ifis ---i7, for the
element of 7 obtained by juxtaposition. In particular, y @ = @y = y. We partially order 7 by
writing y; < y, if there exists yp € 7 such that y» = y; 9. For two vertices y; and y,, we denote
by y0 = y1 A y2 the longest common subsequence of y; and y» that is, the maximal yq such that
both yp < y1 and yp < y2.

To every vertex y € 7 we associate random variables (A,1,...,Ayn, By, Ry1,..., Ryn)
which are independent copies of (Ay, ..., Ay, B, Ry, ..., Ry) defined in (1.1). It is more conve-
nient to think that A,; and R,,; are indeed attached not to the vertex y but to the edge connecting
y with yi. We write 1, = A, A, ---A,, then Il is just the product of random variables A,,
which are associated with consecutive edges connecting the root o with y.

We fix y =i;---i, and we apply n times the stochastic equation (1.1) in such a way that in
kth step we apply recursively this equation to Ry, :

N
R =4 ZAiRi + Bo

i=1

N
=q A, (ZAiljRilj + Bn) + ZAiRi + By

j=1 i#i
N
=da AiAii, Ririp, + Ai <Z A jRij+ Bil) + ZAiRi + Bo
J#i iy
N
=4 Ty Ry, + ) ey, p Ry, j) + A Biy + D AiRi + Bo (3.2)
J#i2 iy

N N
=a Iy, (Z Ay, Ry, i) + By|2) + Z e, Ry, iy + Z AiR; + A; Bi; + By
i#in i#i]

i=1
=d

=a Iy Ry + Z Z ey, iy Ry iy + Z Iy, By, -
k<ni#iy k<n
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We define
Vy = {|Hy| >rand Iy, | < e~ II=99 ot for every s < |y|}_
Notice that if we denote Ay = Ay, » then the set V), coincides with the set V},/| defined in (2.2).

Thus, by Theorem 2.1 we can choose large Cy such thatif n = |y | and ng — \/ng < n < ng, then

C
PvV,] > ——.
[V]_ﬁtaN"

For a sufficiently large constant d (defined later) and D = %, we define sets

Wy = {|Roy, ) < de?1=03/% 1A, )| < deV=99/4 | B, | < deV1=972,
s=0,..,lyl—Lii#is )
Wi =W, N{(R, >2D};
W, =w,n {R, <—=2D};
Vi =V, n{m, >0}
v, =V, n{I, <0}
Finally we define
V, =(V,; nwHu (v, nw,).
Lemma 3.2. Assume y € T . Then on the set Vy we have

R > At.

Proof. Letn = |y|, then by (3.2) on Vy we have

R =TI, Ry — Z Z Uy, iRy + Z Iy, By,
k<n i#iy k<n
> 2Dt — Y (Nd*+d)e”""M2Cy
k<n
> Dt. O

We are going to prove that for some 7 > 0

P U Vy} >t ™, 3.3)
(v €T mo— /g <ly|<no}
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which immediately implies that

liminfP{R > }1* > 0.
11— o0

Lemma 3.3. Let X; be a sequence of i.i.d. random variables such that E|X | < oo for some
e > 0. Let 59 > 0. Then there exist constants do and po > 0 such that for every n

P[1Xi] < doe™ "%, i =1,2,....,n— 1] > po.

Proof. By the Chebyshev inequality, we have

E|X;|®
dEC
0

P[|Xl| > doe(n—i)éo] < —(n—i)éos.

Take dy such that dj > 3E|X;|°. Then, since 1 — § > e~ for x € [0, 1] we have
IP’[|Xi| < doe(n—i)Bo] >1— %e—(n—i)éos > eXp(—(e_508)”_i)_
Therefore,

P[1Xi] < doe®™ %, i=1,2,...,n—1]

n—1

n—1
= 1_[ IP)[|X,| < doe(”*i)(SQ] Z l_[ ef(e*fsos)n—i

i=1 i=1

- exp<_nzl(e—508)f> > exp(—(1—e%) ") =: py.

i=1

]

Since B and R have absolute moments of order bigger then y we obtain the following corol-
lary.

Corollary 3.4. There are constants d and p > 0 such that for everyy € T
+ —
]P’[Wy ] >p and IP’[WV ] > p.
In view of the last result to obtain (3.3), it is sufficient to prove
]P)|: U Vy:| >mt™Y,
{yeT ng—/no<lyl<no}

for some 17 > 0.
In fact, we will estimate from below much smaller sum over a sparse subset of 7. The details
are as follows.
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We fix a large integer C; (determined later) and an arbitrary element  of 7 such that [y| = Cy
(e.g., ¥ can be chosen as the word consisting of n one’s). We define a sparse subset of vertices

of T
T={rveT: (lyl modCi)=0,y =y, 7 n0—+no<lyl<nol,

that is, 7 is the set of vertices of 7 located on the level kC; (for some integer k) such that
no — 4/no < kC1 < no and such that the last n letters of y form the word . Notice that for every
y such that |y | = kC the set

C
{wl,meU{l,...,N}f}

i=1

contains exactly one element of 7. Thus there are exactly N¥C! elements of 7 of length (k +
1)C1. Moreover, the crucial property of the set 7, that will be strongly used below, is that the
distance between two different elements of 7 is at least C; (by “distance” we mean the usual
distance on graphs, that is, the minimal number of edges connecting two vertices).

Theorem 3.5. There is n > 0 such that
Cn
]P)< LJ_ VV) z NC[ Cltl)( :
yeT
Proof. By the inclusion—exclusion principle, we have
]P’( U Vy> =D PV = Y D BV, NV, (3.4)
veT yeT yeT Uy

where U, ={y’ e T\ {y}: I¥'| < IrI}.
Therefore, we have to estimate

DBV, and YD PV, NV,
veT yeT Uy
Let K be the set of levels on which there are some elements of T, that is,
K ={kCi: ng — /ng < kCy < ng}.

Let L = |K| be the number of elements of the set K and let n; be the jth element of K.

Observe that for given n € K there are exactly N~ elements of 7 located on the level n
and for every such y, by Theorem 2.1, we have P(V,,) > W Hence,

> BV, )>XL:LNW—C' > ¢ (3.5)
VT Nt ~ NCCpe '

ye? j=l1
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Now, let us estimate the sum of intersections. We fix y € T and y’ € Uy,.Letyy=y Ay’ andlet
s be the length of yp. We have

PV, NV, 1 <P[V, n{IT,,| <e W= Cot, |1,/| > t}]
SPIVIR[A, Ay oAy = €006 ] (36)

o

<P[V, it
=F - o N

where for the last inequality we have used the Chebyshev inequality. We fix y € 7 and we
consider y’ € U,,. Notice that if y and y’ connect on the level s, that is, y|, =y A y’, then s
must be smaller than |y| — Cy. Given s let us estimate the number of elements y’ € U,, such that
7, =¥ Ay’ All these elements must be located on levels |y|, |y| — Ci, ..., |y| —kCy, where k
is the largest number such that |y | — kC > max{s, ng — ,/no}, that is,

1. 1
k< C—lmm{lyl —s,lyl—no+/no} < C—l(lyl —s).

Moreover on the level |y| — jC (j < k), there are exactly NY1=i€1=s=Ci elements of U, . Thus
for C; sufficiently large, by (3.6), we have

> PV, NV,
yeT v'ely

o

C
<> ) PV 1- eaS(IVI—s;)NIV/I—s

yeT s=lvI=Cily’ely:y =y Ay'}

¢

=PV, Y > > BT NI
yeT s<ly1=C1 0= <(1/C)(Iy1=5) ' €Uy iy, =y AV Iy I=ly 1—-iC1)
Co ¥1—-iCi—s—C
. NlYI—iCi—s—Ci
<> PV, ) > winr—e N
e s<lyI=C1 0= =(1/C(lyl—)

Colyl—s)
0
SZP[VV] 2. CiNCiead (75
yeT

s=lyl—=Ci
o 1
= Z_P[Vy]m = 5 ZP[Vy]-
yeT yeT

Finally, combining the above estimates with (3.4) and (3.5), we obtain

1 C
IP)I: LJ_VV} z ENC]C]tOl :
yeT O
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Appendix: Proof of Proposition 2.2

Proof We proceed as in [8] and for reader’s convenience we use the same notation. Define X; =
log |A | and S, = Zl 1 Xi. We introduce a new probability measure: [i(dx) = Ne** u(dx),
where u is the law of X;. Next, we normalize X; and we define new random variables: Y; =

Xi—N
Y& and Wy = - 371 ¥;. Then Ez¥; = 0 and

§ N/O___ZY—_ ns

where A = /A" (a) and A(s) = log(]E[|le I*]). Let F,, be the distribution of W,, with respect to
the changed measure . Let v, = aA+/n. Then,

P{|A, - Ay| > eeVP"} = P(S, > Np +d/n}
d _ ~ ~ -
ZP{Wn > W} =Ea[N7"A1 Anl ™ Ly, - a/0 v ]
_ e_cmpNN_nEﬁ [e_'/f” W"I{Wn >d/(}\,«/ﬁ)}]

o0
=e PN N eV dF, (x).
d/ (/)

We will use here the Berry—Esseen expansion for nonlattice distributions of F), (see [10], page
Fr(x) — ®(x) - —(1 —x%)$(x)

538):
6un > =0, (A.1)

where m3 = Eﬁ[Yf] < 00, p(x) = ﬁe—ﬂ/z is the standard normal density, and ®(x) =

lim <ﬁ sup
n—>oo X

[* o #(y)dy is its distribution function.
First, we integrate by parts and then we use the above result

J = aA\/r_teNp“"N”P“Z] Ayl > edeNp”}

o0

- / Yne V¥ dF, (x)
d/ (/)

o0

= 1/fne_l'[/ann(x) I/f,fe_w”an(x) dx

)

/iy Jd)Gym)

() e ()
Yne r/n v Vn

Lol
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ot o) -o(5 o
L GG (- () o)

We denote the second term by [ (n) and the third one by I7(n). Thus,

J(n) = o()e™* + I (n) + I (n).

We estimate first /:

V2rI(n) = /OO Ype ™ /
ad d

x/(Yn)
/G/)

o0

—y2/2 —y2/2 R
eV /dydx = Yue™ e Fdxdy
d/(/n) Yny

00 N 24| o0 2
_ / e VeV 2 dy = _e=Vnye=y/2 _ / e Ve 2 gy
d/(A/n) d/(ym)  Jd/(/n)
o0
_ —adg—d?/237n) _ [ ye e 2 gy,
d/ (/)

Let § > 0. We divide the last integral into two parts
% d/ (/) +8/1 %
/ ye—wnye—yz/Z dy = / ! ye—llfnye—yzﬁ dy + / ye—llfn,ve—yz/Z dy
d/(/n) d/ (/) d/(/m)+8/2
and denote the first one by /1 (n) and the second one by />(n). Then
d/ (/) +58/2
1 () = / v yed—vye=?2 gy < S0 —a2@itw
d/G/m) A

and large n we have

© 2 2 2 2 2
e"‘dlz(n) :/ yead—xlfnye—y /2 dy < e—aﬁfe—d /(2x°n) < 3e_d /(2 n).

d/ (/) +8/2

Thus, we have proved that for large n
VeI (n) =e TN (1 4. C(0)8).
We may also write for any d > 0
> d 2/2 > 2/2 d*/(2x?
/ yetd—viye=¥*12 gy < / ye 2 dy < =0/,
d/ (/) d/ (/)

Hence,

V2me |1 (n)] < 26747/ @¥m)
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Now we compute the second term I/(n). Denote g(x) = v2n(l — x2)¢ (x). Then

_m3oe)» o0 x X d
v =" [ e o) o155 )|

o0 /U
C/ e’x/ g'(y)dydx
d

ad / (/1)
o0 o
=C g | e *dxdy
d/(Am) Yy
R )
= C/ e Vg () dy.
d/(/m)
Hence,
o C o C
«/2n|11(n)| < C/ e Vny dy = e Ymy — e~
/() Vn djogm  Man
and so
1
e m|=0(— ).
o) (ﬁ )
Finally,
1
V2 g < o(1) + 20~/ L o —_ ),
Jn
which shows (2.3) and
1
V2med ] =o(1) + efdz/mzn)(l +C6)8) +0( —= ).
Jn
We may always take § = §(n) = o(1). Hence (2.5) follows. O
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