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We consider a Markov process X associated to a nonnecessarily symmetric Dirichlet form E . We define
a stochastic integral with respect to a class of additive functionals of zero quadratic variation and then we
obtain an Itô formula for the process u(X), when u is locally in the domain of E .
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1. Introduction and main results

The semimartingale theory has produced a fundamental tool based on stochastic integration and
Itô’s formula: the stochastic calculus. Since Markov processes are not in general semimartin-
gales, Fukushima [17] developed another stochastic calculus in the framework of symmetric
Dirichlet spaces. Let E be a Polish space, m be a Radon measure on E and (X,�, Ft ,Px, t ∈
R+, x ∈ E) be a E-valued m-symmetric Markov process with regular Dirichlet form E . For any
element u of the domain F of E , the process (u(Xt ) − u(X0), t ≥ 0) admits the decomposition

u(Xt ) − u(X0) = Mu
t + Nu

t ,

where Mu is a martingale additive functional of finite energy and Nu is a continuous additive
functional of zero energy. This decomposition is called Fukushima’s decomposition and it can be
seen as a substitute of the Doob–Meyer decomposition of super-martingales and Itô’s formula for
semimartingales. The part of the class of bounded variation processes in the semimartingale the-
ory is played by the class of continuous additive functionals of zero energy. In general, these ad-
ditive functionals are not of bounded variation and therefore the Lebesgue–Stieltjes integrals can
not be defined. Nevertheless, the concepts of energy and quadratic variation are closely related,
see Graversen and Rao [20]. In particular, it is well known that for any function g ∈ L1(E;m),
the process Nu has 0-quadratic variation with respect to the measure Pg·m := ∫

E
Px(·)m(dx),

that is, u(X) is a Dirichlet process in the Föllmer sense [13]. Is shown in [13] (see also [14]) that
for any function ϕ in C 1(R), the following limit exists Px -a.s. for m-a.e. x ∈ E:

∫ t

0
ϕ
(
u(Xs)

)
dNu

s := lim
n→∞

n−1∑
i=0

ϕ
(
u(Xti/n)

)(
Nu

t(i+1)/n − Nu
ti/n

)
. (1.1)
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In his Itô formula expending u(X) [13,14], this integral replaces the Lebesgue–Stieltjes integral
in the classical Itô formula for semimartingales. In this connection, Russo and Vallois [32] and
[33] have obtained a similar stochastic calculus through a so-called regularization procedure.

However, in the theory of symmetric Markov processes has been necessary to extend (1.1) to
more general integrands than whose of type ϕ ◦u, for ϕ ∈ C1(R). For example, in order to define
stochastic line integrals of 1-forms along the paths of symmetric diffusion processes on mani-
folds, Nakao [29] introduced an integral

∫ t

0 f (Xs)dNu
s for f bounded function element of F .

His new integral is an additive functional in the sense of Fukushima et al. [18], and therefore it is
defined Px -a.s. for q.e. (quasi every) x ∈ E (i.e., outside of an exceptional set [18]). This allows
to get a refinement of the Föllmer’s Itô formula, for which, the expansion of u(X) holds Px -a.s.
for q.e. x ∈ E. Besides, this integral is used by Fitzsimmons and Kuwae [12], to study the lower
order perturbation of diffusion processes.

We emphasize that following [13], for f and u in E it is possible to show the exis-
tence of the limit limn→∞

∑n−1
i=0 [f (Xti/n)(N

u
t(i+1)/n − Nu

ti/n) + u(Xti/n)(N
f

t(i+1)/n − N
f
ti/n)].

Px -a.e. for m-a.e. x ∈ E, however it is not possible to show the existence of the limits
limn→∞

∑n−1
i=0 f (Xti/n)(N

u
t(i+1)/n

−Nu
ti/n) and limn→∞

∑n−1
i=0 u(Xti/n)(N

f

t(i+1)/n
−N

f
ti/n) and

therefore to define the integrals
∫ t

0 f (Xs)dNu
s and

∫ t

0 u(Xs)dN
f
s in separated way.

The conditions of existence of Nakao’s integral being too restrictive, this notion could not be
used by Chen et al. [5] to study the lower order perturbation of symmetric Markov processes that
are not diffusions. Chen et al. [6], have extended Nakao’s integral to a larger class of integrators
as well as integrands. Using time reversal, they have defined an integral

∫ t

0 f (Xs)dCs for f in
Floc, the set of functions locally in F and C in a large class of processes containing {Nu: u ∈ F }.
The process C is not in general of zero energy but of zero quadratic variation and the integral is
not an additive functional or a local additive functional but a local additive functional admitting
null set. Kuwae [26] gives a refinement of Chen et al. work, redefining the stochastic integral
without using time reversal.

Our aim in this paper, is to construct an integral
∫ t

0 f (Xs)dCs for a Markov process X asso-
ciated to a nonnecessarily symmetric regular Dirichlet form (E , F ) in a Hilbert space L2(E,m),
f locally in F and C local continuous additive functional with zero quadratic variation. To do
so, one can not extend the construction of Chen et al. neither Kuwae’s construction because they
both heavily rely on the symmetry of the Markov process.

On one hand, it is legitimate to solve this question since many results for symmetric Dirichlet
forms hold for nonsymmetric Dirichlet forms, see, for example, [23–25,28] and [30]. In partic-
ular, Fukushima’s decomposition holds for nonsymmetric regular Dirichlet forms, but also the
correspondence between Markov processes and (nonnecessarily symmetric) Dirichlet forms, Re-
vuz correspondence and other relations between probabilistic notions for X and analytic notions
for E .

In order to introduce our stochastic integral, we need the following definitions: A sequence
(�n := {0 = tn,0 < tn,1 < · · · < tpn,n < ∞})n∈N of partitions of R+ is said to tend to the identity
if ‖�n‖ := max{tn,k+1 − tn,k} → 0 as n → ∞ and tpn,n → ∞. We denote by N the set of con-
tinuous additive functionals of finite energy and of zero quadratic variation. Denote by Nf -loc

the set of process locally in N . (See Definitions 2.4 and 2.5 below.)
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Theorem 1.1. For a function f locally in F and an element C of Nf -loc, there exists an unique
local additive functional I such that:

For any sequence (�n) of partitions tending to the identity, there exists a subsequence (�nk
)

such that Px -a.e. for m-a.e. x in E:
∑pnk

−1
i=0 f (Xtnk,i

)[C(t ∧ tnk,i+1) − C(t ∧ tnk,1)] converges to
It uniformly on any compact of [0, ζ ). Moreover, I belongs to Nf -loc.

The local additive functional obtained in the theorem below is denoted by f ∗ Ct or by∫ t

0 f (Xs)dCs . Then when C is of bounded variation, f ∗C coincides with the Lebesgue–Stieltjes
integral. If there exists a local martingale M , a real function u on E and a C1-real function ϕ

such that f = ϕ ◦u and u(X) = M +C, Px -a.e. for m-a.e. then f ∗C coincides with the Föllmer
integral.

This new integral leads to an Itô formula for u(X) when u belongs to Floc. On this purpose,
we need first an extension of the Fukushima decomposition of u(X) for the elements u locally
in F . This extension is well-known for diffusions processes.

When X is not a diffusion we have the following substitute of the Fukushima decomposition:
Denote by M◦

f -loc the set of local martingale additive functionals locally of finite energy.

Proposition 1.2. For u in Floc, the process u(X) admits the following decomposition Px -a.e. for
q.e. x ∈ E:

u(Xt) = u(X0) + V u
t + Wu

t + Cu
t , t < ζ (t < ∞ if u ∈ F ),

where Wu ∈ M◦
f -loc, Cu ∈ Nc,f -loc and V u is the AF of bounded variation given by:

V u
t =

∑
s≤t

(
u(Xs) − u(Xs−)

)
1{|u(Xs)−u(Xs−)|>1} − u(Xζ−)1{t≥ζ }.

Moreover, the jumps of Wu are bounded by 1.

In particular, if E = R
d and we take u the coordinate function πi :x → xi , i = 1, . . . , d , the

above result can be seen as a generalization of the Itô–Lévy decomposition for Lévy processes
(e.g., Sato [34]).

Using the notation of Proposition 1.2, we introduce the following extension of the Itô formula.

Proposition 1.3. Suppose that � belongs to C 2(Rd) and u = (u1, . . . , ud) belongs to F d
loc. Then

for q.e. x ∈ E, Px -a.s. for all t ∈ [0, ζ ) ([0,∞) if u ∈ F d ):

�
(
u(Xt )

) − �
(
u(X0)

)
=

d∑
k=1

∫ t

0

∂�

∂xk

(
u(Xs−)

)
dWuk

s +
d∑

k=1

∫ t

0

∂�

∂xk

(
u(Xs)

)
dCuk

s

+ 1

2

d∑
k,	=1

∫ t

0

∂2�

∂xk ∂x	

(
u(Xs)

)
d
〈
Wuk,c,Wu	,c

〉
s

(1.2)
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+
∑
s≤t

[
�

(
u(Xs)

) − �
(
u(Xs−)

)

−
d∑

k=1

∂�

∂xk

(
u(Xs−)

)

uk(Xs)1{|
(uk(Xs))|<1}

]

−
d∑

k=1

∂�

∂xk

(
u(Xζ−)

)
u(Xζ−)1{t≥ζ }.

In the case that E = R
d , if we take u = (π1, . . . , πd), we obtain a Itô formula for the process

X and therefore the Fukushima decomposition of �(X) for � ∈ C2
0(Rd). Following Albeverio et

al. [1], the Dirichlet form E (�,�) for � and � in F can be approximate by 1
t

∫
E

Ex(�(X0) −
�(Xt))�(x)m(dx), then we hope that the Itô formula can be used, for example, in order to give a
probabilistic approach to the work of Hu et al. [21,22] concerning Beurling–Deny decomposition
for nonsymmetric Dirichlet forms.

As mentioned above, following [13], it is possible to define the second term on the right-hand
side of (1.2) as the limit Px -a.s. for m-a.e. x ∈ E:

lim
n→∞

n−1∑
i=0

d∑
k=1

∫ t

0

∂�

∂xk

(
u(Xti/n)

)[
C

uk

t (i+1)/n − C
uk

ti/n

]
(1.3)

and to get (1.2), Px -a.s. for m-a.e. x ∈ E. If we want to use the results of [13] to ensure the ex-
istence of the above limit and (1.2), Px -a.s. for q.e. x ∈ E, we need to show that the process Nu

is of zero quadratic variation, and then u(X) is a Dirichlet process in the Föllmer sense, Px -a.s.
for q.e. x ∈ E. This has been demonstrated by many authors for certain class of processes and
functions u. For example, this has been shown by Bouleau and Yor [4] for the case when X is
a unidimensional semimartingale with discontinuous part of bounded variation and u an abso-
lutely continuous function with bounded weak derivative. Also it has been shown for Föllmer
and Protter [15] for a multidimensional Brownian Motion and a function u locally in the Sobolev
space W 1,2. There are even, similar results for a time dependent function, maybe the first one
shown by Föllmer et al. [16] for the case of a unidimensional Brownian Motion and a time de-
pendent function u with locally square integrable weak derivatives satisfying a mild condition of
continuity. The results of [16] have been extended, for example, by Bardina and Jolis [2], Bar-
dina and Rovira [3] for elliptic diffusion processes, by Ghomrasni and Peskir [19] for continuous
semimartingales, by Eisenbaum [7,8], Eisenbaum and Walsh [10] for Lévy processes with Brow-
nian component, by Eisenbaum and Kyprianou [9] and Walsh [36] for Lévy processes without
Brownian component. The precedent list is not exhaustive, in fact in the references of these cited
papers, we can find more examples of stochastic processes X and functions u, time-dependent or
not, for which u(X·, ·) is a Dirichlet process in the Föllmer sense and therefore, Proposition 1.3
is already known.

The integrals used in (1.2) are based on the Fukushima stochastic calculus using the concept
of additive functional, the additive property is then essential. In this context, is not possible to
extend Proposition 1.3 to time-dependent functions u.
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The paper is organized as follows. In Section 2, we present some preliminaries. In Section 3,
we construct a stochastic integration with respect to Nu. To do so, we first establish a decompo-
sition of Nu as the sum of three processes Nu

1 , Nu
2 and Nu

3 such that Nu
1 and Nu

2 are respectively
associated to the diffusion part and the jumping part of the symmetric part of E , and Nu

3 is
of bounded variations. Next, we present respectively stochastic integration with respect to Nu

1
and Nu

2 . These results lead to an integral with respect to Nu which is used with an argument
of localization to introduce the stochastic integral with respect to C in Nc,f -loc. In Section 4,
we prove Theorem 1.1, that is, the stochastic integral with respect to C can be approximated by
Riemman sums. We also show that when the Dirichlet form is symmetric, the obtained stochastic
integral with respect to C coincides with the integral defined by Chen et al. [6]. In Section 5, we
establish Proposition 1.2 and the Itô formula in which this new integral takes the place of the
Lebesgue–Stieltjes integral in the classical Itô formula for semimartingales.

2. Preliminaries

In this paper, we use mostly notation and vocabulary from the book of Fukushima et al. [18]
still available in the nonnecessarily symmetric case (see Ma and Rockner [28] and Oshima [30]).
This section contains existing results or some immediate consequences of existing results that
will be useful for the other sections.

Throughout this paper, we assume that X = (�, {Ft }t≥0, {Xt }t≥0, {Pz}z∈E) is a Hunt process
on a locally compact separable metric space E, properly associated to a regular Dirichlet form
E with domain F in a Hilbert space L2(E;m). We do not assume that E is symmetric. Set
E1(u, v) := E (u, v) + (u, v), where (·, ·) denotes the inner product in L2(E,m). It is known that

F is a Hilbert space with inner product Ẽ1(u, v) := 1
2 (E1(u, v) + E1(v,u)). Denote by ζ the life

time of X and ∂ the extra point such that Xt(ω) = ∂ for all t ≥ ζ(ω) and ω ∈ �. A real function
on E is extended to a function on E ∪ ∂ by setting f (∂) = 0.

The energy of an AF (additive functional) A is defined by

e(A) := lim
t→0

1

2t
Em

[
A2

t

]
when the limit exists and for two AF A,B , their mutual energy is defined by

e(A,B) := 1
2

[
e(A + B) − e(A) − e(B)

]
.

An AF M is called a martingale additive functional (abbreviated as MAF) if it is finite, càdlàg
and for q.e. x in E: Ex[M2

t ] < ∞ and Ex[Mt ] = 0 for any t ≥ 0. Denote by M◦ the set of MAF’s
of finite energy and

Nc := {
N : N is a finite continuous AF, e(A) = 0,Ex(|Nt |) < ∞ q.e. for each t > 0

}
.

For any u ∈ F , Mu and Nu denote the elements of M◦ and Nc , respectively, that are present
in Fukushima decomposition of u(Xt) − u(X0), t ≥ 0, that is:

u(Xt) − u(X0) = Mu
t + Nu

t for t ≥ 0,Px-a.e. for q.e. x ∈ E.
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In this paper, we always assume that the elements of F are always represented by its quasi-
continuous m-versions.

For a nearly Borel set B(⊂ E), σB and τB represent the first hitting time to B and the first exit
time from B respectively, that is:

σB := inf{t > 0: Xt ∈ B},
τB := inf{t > 0: Xt /∈ B}.

We denote by Fb the subset of F of bounded functions and for a nearly Borel finely open set,
FG the set of functions u ∈ F such that u(x) = 0 for q.e. x ∈ E \G. The subset of FG of bounded
functions is denoted by Fb,G. The abbreviations CAF and PCAF stand for continuous additive
functionals and positive continuous additive functional, respectively. The Revuz measure of a
PCAF is the measure given by the Revuz correspondence between PCAFs and smooth measures.
All these definitions are found in [18].

The following theorem is a small modification of Theorem 5.4.2 of [18] established for the
symmetric case, but it holds also for the nonsymmetric case. (See [30] and [35].)

Theorem 2.1. Let u be an element of F and let G be a nearly Borel finely open set. Let A1 and
A2 be two PCAFs with Revuz measure μ1 and μ2, respectively, such that Fb,G ⊂ L1(E,μi) for
i = 1,2. Then Px(N

u
t = A1

t − A2
t for t < τG) = 1 for q.e. x ∈ E, if and only if:

E (u,h) = 〈μ2 − μ1, h〉 ∀h ∈ Fb,G.

Definition 2.2. We define N 0
c as the set of CAFs C such that, there exists u in F and finite PCAFs

A1,A2 with Revuz measure μ1 and μ2, respectively, satisfying: Fb ⊂ L1(E,μi) and Px(Ct =
Nu

t + A2
t − A1

t for t < ∞) = 1 for q.e. x ∈ E. In this case, we define the linear functional �(C)

on Fb by 〈
�(C),h

〉 := −E (u,h) + 〈μ2 − μ1, h〉, h ∈ Fb.

It follows from Theorem 2.1 that the definition of �(C) for C ∈ N 0
c is consistent in the sense

that it does not depend of the elements which represent C.
The following lemma is an immediate consequence of Theorem 2.1.

Lemma 2.3. Let C(1) and C(2) be elements of N 0
c and G a nearly Borel finely open set. Then

C(1) = C(2) on �0, σE\G� Px -a.e. for q.e. x ∈ E if and only if〈
�

(
C(1)

)
, h

〉 = 〈
�

(
C(2)

)
, h

〉
for all h ∈ Fb,G.

We recall that an increasing sequence of nearly Borel finely open sets (Gn)n∈N is called a nest
if τGn ↑ ζ Px -a.s. for q.e. x ∈ E.

Definition 2.4. Let � be a class of local AF’s. Following [6], we say that a (Ft )-adapted process
A is locally in �, and write: A ∈ �f -loc, if there exists a sequence An in � and a nest of nearly
Borel finely open sets {Gn} such that At = An

t for t < τGn Px -a.e. for q.e. x ∈ E. In this case,
A is hence a local AF. (See [6], page 939, for the definition of local AF.)
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Definition 2.5. A local AF V is said to be of zero quadratic variation if for any t > 0:∑n−1
k=0(Vt(i+1)/n − Vti/n)

2 converges to zero as n → ∞ in Pg·m measure on {t < ζ } for some
(and therefore for all) strictly positive g ∈ L1(E,m).

We denote by N the set of CAFs of finite energy and of zero quadratic variation. In [35], we
have established the following theorem of representation for the elements of N .

Theorem 2.6. Let C be an element of Nf -loc. There exists a nest of nearly Borel finely open sets
(Gn) and (un) ∈ F such that Px -a.e. for q.e. x ∈ E:

Ct = N
un
t −

∫ t

0
un(Xs)ds for all t < τGn.

3. Stochastic integration

Consider an element u of F and two finite smooth measure μ1 and μ2 such that E (u,h) =
〈μ1 − μ2, h〉 for any element h of Fb . Thanks to Theorem 2.1, we know that Nu is of bounded
variation. The integral (f ∗Nu)t := ∫ t

0 f (Xs)dNu
s is hence well-defined as a Lebesgue–Stieltjes

integral, moreover, if f belongs to Fb, f ∗ Nu belongs to N 0
c (see Definition 2.2) and for any h

in Fb we have: 〈
�

(
f ∗ Nu

)
, h

〉 = 〈
�

(
Nu

)
, f h

〉
. (3.1)

Thanks to Lemma 2.3, the above equation characterizes the local CAF f ∗Nu. In order to define
the integral of f with respect to a process Nu which is not necessarily of bounded variation, it is
hence natural to construct a local CAF still denoted by f ∗Nu satisfying the equation (3.1). This
has been done by Nakao [29] for the symmetric case and the aim of this section is to do it for the
nonnecessarily symmetric case.

The construction of f ∗ Nu is based on a decomposition of Nu in three components (see
Lemma 3.3 below). The first component is associated to the diffusion part of Ẽ , the symmetric
component of E . The second one is associated to the jump part of Ẽ and the third one is a local
CAF of bounded variation. Once this decomposition done, the construction of f ∗ Nu will be
close to Nakao’s construction in the symmetric case.

Thanks to a localization argument and Theorem 2.6, we will construct the integral f ∗ C for
any f ∈ Floc and A ∈ Nf -loc. We always consider F to be equipped with the norm Ẽ1. We will
use repeatedly the following facts:

(1) If a PCAF A with Revuz measure μ satisfies μ(E) < ∞ then A is finite continuous.
Indeed, it is consequence of Lemma 4.3 of [23]. This is the case when A = 〈M〉 for
M ∈ M◦ .

(2) If A is a PCAF A with Revuz measure μ of finite energy integral (i.e., there exists U1μ

in F such that
∫
E

h(x)μ(dx) = E1(U1μ,h) for all h ∈ F ), then A is finite continuous. In
fact, for any t , Ex(At ) ≤ etU1μ(x) < ∞ q.e.

(3) For two CAF, A,B and a nearly Borel set G, we have for q.e. x ∈ E,
Px(A = B on �0, τG�) = 1 if and only if for q.e. x ∈ E, Px(A = B on �0, σE\G�) = 1.
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(4) If J : F → R is a continuous linear functional, there exists a unique w ∈ F such that
J (h) = E1(w,h) for any h ∈ F . (See Theorem I.2.6. in [28].)

3.1. A decomposition of Nu

We denote by Ẽ the symmetric part of E and denote by Ẽ (c) and Ẽ (j) the diffusion part and the
jumping part of Ẽ , respectively, in the Beurling–Deny decomposition of Ẽ . (See Section 5.3 in
[18].) For u in F , the applications h → Ẽ (c)(u,h) and h → Ẽ (j)(u,h) are continuous. This leads
to the following lemma.

Lemma 3.1. For u in F , there exists unique elements w and v of F such that E1(w,h) =
Ẽ (c)(u,h) and E1(v,h) = Ẽ (j)(u,h) for any h ∈ F .

Definition 3.2. For any u ∈ F , set: cÑu
t := Nw

t − ∫ t

0 w(Xs)ds and j Ñu
t := Nv

t − ∫ t

0 v(Xs)ds

where w and v are the elements of F given by Lemma 3.1.

It is clear that cÑu and j Ñu belongs to N 0
c and

〈
�

(
cÑu

)
, h

〉 = −Ẽ (c)(u,h) and
(3.2)〈

�
(
j Ñu

)
, h

〉 = −Ẽ (j)(u,h) for all h ∈ Fb.

For u in F , the application h → E1(u,h) is continuous. Hence, there exists a unique u∗ in F
such that

E1(u,h) = Ẽ1
(
u∗, h

)
, h ∈ F . (3.3)

Moreover, we have:

E1
(
u∗, u∗) ≤ K2 E1(u,u), (3.4)

where K is a continuity constant of E , which means that E satisfies the sector condition:

∣∣E1(v,w)
∣∣ ≤ K

(
E1(v, v)

)1/2(E1(w,w)
)1/2 for all v,w ∈ F .

Lemma 3.3. For u in F , let u∗ be given by (3.3). Denote by k̃ the killing measure of Ẽ and by K̃

the PCAF associated to k̃(dx) by the Revuz correspondence. Then we have Px -a.e. for q.e. x ∈ E

for any t < ∞

Nu
t = cÑu∗ + j Ñu∗ −

∫ t

0
u∗(Xs)dK̃s +

∫ t

0

(
u − u∗)(Xs)ds. (3.5)

Proof. From the Beurling–Deny decomposition of Ẽ , we have that for any h ∈ F ,∫
E

∣∣h(x)u∗(x)
∣∣k̃(dx) ≤ [

E1(h,h)
]1/2[E1

(
u∗, u∗)]1/2
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thus
∫ t

0 |u∗(Xs)|dK̃s is a finite PCAF. Then
∫ t

0 u∗(Xs)dK̃s is an element of N 0
c and then, the

right-hand side of (3.5) belongs to N 0
c . Denote this element by C. The killing part Ẽ (k) of Ẽ

satisfies

Ẽ (k)
(
u∗, h

) =
∫

E

h(x)u∗(x)k̃(dx) for any h ∈ F .

It follows from (3.2) that for all h ∈ F :

〈
�(C),h

〉 = −Ẽ
(
u∗, h

) + (
u − u∗, h

)
= −E (u,h).

Then (3.5) follows from Lemma 2.3. �

3.2. Stochastic integration with respect to cÑu

The following lemma is Lemma 5.1.2 and Corollary 5.2.1 of [18] that we recall for reader’s con-
venience. In [18], it is established for the symmetric case but is also valid for the nonsymmetric
case. In fact, its proof is based on the inequality (5.1.1) of [18] which is proved, for example, in
Lemma 4.7 of [23] for the nonsymmetric case.

Lemma 3.4. Let (un) be a sequence of quasi continuous functions in F and Ẽ1-convergent to u.
Then there exists a subsequence {unk

} such that for q.e. x ∈ E,

Px

(
unk

(Xt ) converges uniformly to u(Xt) on each compact interval of [0,∞)
) = 1

and the same holds for Nunk and Nu, and for Munk and Mu, replacing unk
(X) and u(X), re-

spectively.

Using Lemma 4.3 of [23], we can obtain the following lemma.

Lemma 3.5. Let An be a sequence of PCAFs. Suppose that μn(E) converges to zero as n → ∞,
where μn represents the Revuz measures of An. Then there exists a subsequence (nk) satisfying
the condition that for q.e. x ∈ E,

Px

(
A

nk
t converges to zero uniformly on any compact

) = 1.

Lemma 3.6. For every u in F and f in Fb , there exists a unique w in F , such that:

e
(
f ∗ Mu,c,Mh

) = E1(w,h) ∀h ∈ F .

Proof. For h ∈ F , [e(f ∗ Mu,c,Mh)]2 ≤ e(f ∗ Mu,c)e(Mh,c) ≤ e(f ∗ Mu,c)Ẽ1(h,h). Since
e(f ∗ Mu,c) < ∞, the functional h → e(f ∗ Mu,c,Mh) is continuous. �
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Definition 3.7. For every u in F and f in Fb , the stochastic integral of f with respect to cÑu

denoted by
∫ ·

0 f (Xs)dcÑu
s or by f ∗ cÑu is defined by:

∫ t

0
f (Xs)dcÑu

s := Nw
t −

∫ t

0
w(Xs)ds − 1

2

〈
Mf,c,Mu,c

〉
t
, t ≥ 0,

where w is the element of F associated to (u,f ) by Lemma 3.6.

For any u,v ∈ F , let μc〈u,v〉 be the signed Revuz measure associated to 〈Mu,c,Mv,c〉. We have:
1
2μc〈u,v〉(E) = Ẽ (c)(u, v). For f,h in Fb , we have (Theorem 5.4 of [23])

dμc〈u,hf 〉 = f dμc〈u,h〉 + hdμc〈u,f 〉. (3.6)

Lemma 3.8.

(i) For u in F and f in Fb , we have f ∗ cÑu ∈ N 0
c and〈

�
(
f ∗ cÑu

)
, h

〉 = 〈
�

(
cÑu

)
, f h

〉
for all h ∈ Fb. (3.7)

In particular, the integral is well defined in the following sense. If u,v ∈ F are such that
cÑu = cÑv , then for any f ∈ Fb , f ∗ cÑu = f ∗ cÑv .

(ii) For (un) a sequence of F Ẽ1-converging to u, there exists a subsequence (nk) such that
for q.e. x ∈ E:

Px

(
f ∗ cÑunk converges to f ∗ cÑu uniformly on any compact

) = 1.

Proof. (i) f ∗ cÑu ∈ N 0
c because |μc〈u,f 〉|(E) < ∞. Besides for any h ∈ Fb ,

〈
�

(
f ∗ cÑu

)
, h

〉 = −e
(
f ∗ Mu,c,Mh

) − 1

2

∫
E

h(x)dμc〈f,u〉

= −1

2

∫
E

f (x)dμc〈h,u〉 − 1

2

∫
E

h(x)dμc〈f,u〉.

Then (3.7) is consequence of (3.2) and (3.6). The second statement is consequence of Lemma 2.3.
(ii) Note that for any u,v in F , f ∗ cÑu − f ∗ cÑv = f ∗ cÑu−v . Thus we need only to show

that if (un) converges to 0 and f ∈ Fb, there exists a subsequence (nk) such that for q.e. x ∈ E:

Px

(
f ∗ cÑunk converges to 0 uniformly on any compact

) = 1.

For each n, let wn be the function associated to (f,un) by Lemma 3.6. Then for any h ∈ F we
have: E1(wn,h)2 ≤ ‖f 2‖∞E1(h,h)E1(un,un). In particular, choosing h = wn, one obtains:

E1(wn,wn) ≤ ∥∥f 2
∥∥∞E1(un,un) → 0 as n → ∞.

It follows from Lemma 3.4 that there exists a subsequence (nk) such that Px -a.e. for q.e. x ∈ E,
N

wnk
t − ∫ t

0 wnk
(Xs)ds converges to 0 uniformly on compacts.
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Besides: μc〈un〉(E) = Ẽ (c)(un,un), which converges to 0. Hence, by Lemma 3.5, there exists a
subsequence (nk) such that ∣∣〈Munk

,c,Mf,c
〉∣∣ ≤ 〈

Mf,c
〉1/2〈

Munk
,c
〉1/2

converges to 0 on compacts Px -a.e. for q.e. x ∈ E. �

3.3. Stochastic integration with respect to j Ñu

Denote by (N,H) the Lévy system of X. Let X̂ be the Markov process properly associated
to the Dirichlet form Ê (u, v) := E (v,u), u,v ∈ F and (N̂,H

X̂
) its Lévy system. Let νH be

the Revuz measure associated to H and let ν
Ĥ

be the Revuz measure associated to H
X̂

and

Ĥ be the PCAF of X associated to ν
Ĥ

by the Revuz correspondence. Let J , Ĵ and J̃ de-

note respectively the jumping measure of E , Ê and Ẽ , that is, J (dy,dx) = 1
2N(x,dy)νH (dx),

Ĵ (dy,dx) = 1
2 N̂(x,dy)ν

Ĥ
(dx) and J̃ (dx,dy) = 1

2 [J (dx,dy) + Ĵ (dx,dy)]. It is known that

Ĵ (dy,dx) = J (dx,dy).
We will use the following notations:

N(dy,ds) := N(Xs,dy)dHs, and

Ñ(dy,ds) := 1
2

(
N(Xs,dy)dHs + N̂(Xs,dy)dĤs

)
.

For any u ∈ F , denote by Mu,j the jump part of Mu (see page 213 of [18] for the definition),
this is an element of M◦ and for all h ∈ F , e(Mu,j ,Mh) = Ẽ (j)(u,h). With the same arguments
used to show Lemma 3.6, we can obtain the following lemma.

Lemma 3.9. For every u in F and f in Fb , there exists a unique w in F , such that:

e
(
f ∗ Mu,j ,Mh

) = E1(w,h) ∀h ∈ F .

Definition 3.10. For every u in F and f in Fb, the stochastic integral of f with respect to j Ñu

denoted by
∫ ·

0 f (Xs)dj Ñu
s or by f ∗ j Ñu is defined by:∫ t

0
f (Xs)dj Ñu

s := Nw
t −

∫ t

0
w(Xs)ds

− 1

2

∫ t

0

∫
E

[
f (x) − f (Xs)

][
u(x) − u(Xs)

]
Ñ(dx,ds), t ≥ 0,

where w is the element of F associated to (u,f ) by Lemma 3.9.

Lemma 3.11.

(i) For u ∈ F and f ∈ Fb , f ∗ j Ñu belongs to N 0
c and for h in Fb:〈

�
(
f ∗ j Ñu

)
, h

〉 = 〈
�

(
j Ñu

)
, f h

〉
. (3.8)
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In particular, the integral is well defined in the following sense. If u,v in F are such that
j Ñu = j Ñv , then for any f in Fb: f ∗ j Ñu = f ∗ j Ñv .

(ii) If (un) is Ẽ1-converging to u, there exists a subsequence (nk) such that for q.e. x ∈ E:

Px

(
f ∗ j Ñunk converges to f ∗ j Ñu uniformly on any compact

) = 1.

Proof. The proof of (ii) is similar to the proof of (ii) of Lemma 3.8. We prove (i). Clearly,
f ∗ j Ñu belongs to N 0

c and for any h ∈ Fb:〈
�

(
f ∗ j Ñu, h

)〉
= e

(
f ∗ Mu,j ,Mh

) −
∫

E×E\δ
h(y)

[
f (x) − f (y)

][
u(x) − u(y)

]
J̃ (dx,dy)

= −
∫

E×E\δ
[
f (y)

{
h(x) − h(y)

} + h(y)
{
f (x) − f (y)

}][
u(x) − u(y)

]
J̃ (dx,dy),

where δ := {(x, x): x ∈ E}. Using the symmetry of J̃ and the fact that J (dx,dy) + J (dy,dx) =
2J̃ (dx,dy), one proves that the right-hand side of the above equation coincides with:

−
∫

E×E\δ
[
h(x)f (x) − h(y)f (y)

][
u(x) − u(y)

]
J (dx,dy) = −Ẽ (j)(u,hf ).

Then 3.8 is consequence of 3.2. The second statement can be shown in the same way that its
analogous in Lemma 3.8(i). �

3.4. Stochastic integration with respect to Nu

In view of the decomposition (3.5), we can define the stochastic integral of f (X) with respect to
Nu for f ∈ Fb and u ∈ F as follows.

Definition 3.12. For any u ∈ F and f ∈ Fb , the stochastic integral of f (X) with respect to Nu

denoted by f ∗ Nu or by
∫ t

0 f (Xs)dNu
s is defined by∫ t

0
f (Xs)dNu

s :=
∫ t

0
f (Xs)dcÑu∗

s +
∫ t

0
f (Xs)dj Ñu∗

s

−
∫ t

0
f (Xs)u

∗(Xs)dK̃s +
∫ t

0
f (Xs)

(
u(Xs) − u∗(Xs)

)
ds,

where the first two integrals are in the sense of the definitions (3.7) and (3.10), respectively, and
the others integrals are Lebesgue–Stieltjes integrals.

It is clear that for any u in F and f in Fb , the stochastic integral f ∗ Nu belongs to N 0
c and

in view of (3.7) and (3.8), we have〈
�

(
f ∗ Nu

)
, h

〉 = 〈
�

(
Nu

)
, f h

〉 = −E (u,f h) for all h ∈ Fb.
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Let (un) be a sequence on F Ẽ1-converging to u ∈ F , it follows from (3.4) that (u∗
n) Ẽ1-converges

to u∗ then thanks to Lemma 3.4, Lemma 3.8(ii) and Lemma 3.11(ii) we have the following
lemma.

Lemma 3.13. Let f be a function in Fb and (un) a sequence on F Ẽ1-converging to u ∈ F .
Then there exists a subsequence (nk) such that for q.e. x ∈ E:

Px

(
f ∗ Nunk converges uniformly on any compact to f ∗ Nu

) = 1.

Let A be the CAF defined by At := Nu
t − ∫ t

0 u(Xs)ds, for an element u of F and let f be a
function in Fb , the stochastic integral of f (X) with respect to A is defined by:

f ∗ At =
∫ t

0
f (Xs)dAs :=

∫ t

0
f (Xs)dNu

s −
∫ t

0
f (Xs)u(Xs)ds.

Lemma 3.14. Let u and v be elements of F , f and g elements of Fb and G a nearly Borel
finely open set. Set At := Nu

t − ∫ t

0 u(Xs)ds and Bt := Nv
t − ∫ t

0 v(Xs)ds. Suppose that f (x) =
g(x) for q.e. x ∈ G and Px(At = Bt , for any t < σE\G) = 1 for q.e. x ∈ E. Then Px(f ∗ At =
g ∗ Bt , for any t < σE\G) = 1 for q.e. x ∈ E.

Proof. It follows from Lemma 2.3 that for any h ∈ FG 〈�(A),h〉 = 〈�(B),h〉 then 〈�(f ∗
A),h〉 = 〈�(A),f h〉 = 〈�(B),gh〉 = 〈�(g ∗ B),h〉. We conclude thanks to Lemma 2.3. �

A function f belongs to Floc if there exists a sequence (fn) of F and a nest of nearly Borel
finely open sets (Gn) such that f (x) = fn(x) for q.e. x ∈ Gn. In fact the sequence (fn) can be
taken in Fb (see Lemma 3.1 in [6]).

With the above lemma and Theorem 2.6, we can define the stochastic integral of f (Xs) with
respect to C for any f ∈ Floc and C in Nf -loc.

Definition 3.15. Let C be an element of Nf -loc and f in Floc. Let (Gn) and (un) be the se-
quences of the conclusion of Theorem 2.6 and (fn) ⊂ Fb such that f (x) = fn(x) for q.e. x ∈ Gn.
Set Cn

t := N
un
t − ∫ t

0 un(Xs)ds. Then if σ := limn→∞ σE\Gn , we define the stochastic integral of

f with respect to A and denoted by f ∗Ct , t ≥ 0 or by
∫ t

0 f (Xs)dCs, t ≥ 0 as the following local
CAF:

f ∗ Ct :=
{

fn ∗ Cn
t for t < σE\Gn ,

0 for t ≥ σ .

Remark 3.16.

(i) It follows from Lemma 3.14 that the above definition makes sense and not depend of the
sequences Cn, (fn) nor (Gn).

(ii) Any PCAF belongs to Nf -loc, then with the notation of the above definition, f ∗ C be-
longs to (Nf -loc)f -loc = Nf -loc.
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(iii) Let ϕ : R → R be a function admitting a continuous derivative. For any n ∈ N let ϕn be a
function admitting a bounded continuous derivative such that ϕn(x) = ϕ(x) if |x| < n. We
know that ϕn(u) − ϕ(0) belongs to F for any u ∈ F and if we set Gn := {x: |u(x)| < n},
(Gn) is a nest of finely open sets. Since u is quasi continuous in the strict sense (i.e.,
u(Xt ) → u(Xζ−) ∈ R as t ↑ ζ ), σE\Gn ↑ ∞ Px -a.s. for q.e. x ∈ E. Therefore for any
v ∈ F the stochastic integral ϕ(u) ∗ Nv = [ϕ(u) − ϕ(0)] ∗ Nv + ϕ(0)Nv is a finite CAF.
This hold also for ϕ(u1, . . . , uk) ∗ Nv for any u1, . . . , uk and v in F and ϕ ∈ C1(Rk).

4. Proof of Theorem 1.1

In this section, we show that for f ∈ Floc and C ∈ Nf -loc, the additive functional f ∗ C built in
the precedent section satisfies the conclusion of Theorem 1.1.

Without loss of generality, we take in this section � to be the canonical path space
D([0,∞) → ∞) → E∂ of càdlàg functions from [0,∞) to E∂ for which w(t) = ∂ for all
t ≥ ζ(ω) := inf{s ≥ 0: w(s) = ∂}.

Given ω ∈ {ω ∈ �: t < ζ(ω)}, the operator rt is defined by:

rt (ω)(s) :=
{

ω
(
(t − s)−)

if 0 ≤ s < t ,
ω(0) if s ≥ t .

We denote by {P̂x, x ∈ E} the law of X̂, the dual process of X. The following lemma can be
established using the same arguments as Lemma 5.7.1 in [18].

Lemma 4.1. For positive t and every Ft -measurable set �,

Pm

(
r−1
t �; t < ζ

) = P̂m(�, t < ζ).

Lemma 4.2. For any u in F , there exists a unique û ∈ F such that E1(û, h) = E1(h,u) for any
h in F . If we set:

N̂u
t := Nû

t +
∫ t

0

(
u(Xs) − û(Xs)

)
ds, t ≥ 0,

M̂u
t := u(Xt ) − u(X0) − N̂u

t ,

then under (P̂x, x ∈ E), N̂u and M̂u are, respectively, the CAF of zero energy and the MAF of
finite energy of the Fukushima decomposition for u(Xt ) − u(X0), t ≥ 0.

Proof. For any n ∈ N set f̂n := n(u − nR̂n+1u). The constant K was introduced in (3.4). For
any h in F and n,m in N:

E1
(
R1(f̂n − f̂m), h

) = E1
(
h, R̂1(f̂n − f̂m)

)
≤ K

(
E1(h,h)

)1/2(E1
(
R̂1(f̂n − f̂m), R̂1(f̂n − f̂m)

))1/2
.



2428 A. Walsh

In particular, if h = R1(f̂n − f̂m) we obtain:

E1
(
R1(f̂n − f̂m),R1(f̂n − f̂m)

) ≤ K2 E1
(
R̂1(f̂n − f̂m), R̂1(f̂n − f̂m)

)
.

It is known that the right-hand side of the above equation tends to 0 as n,m tends to infinity (see
Theorem I.2.13 in [28]) then there exists û in F such that R1f̂n converges to û with respect to
the Ẽ1-norm. Besides, for any h in F : E1(û, h) = lim E1(R1f̂n, h) = lim E1(h, R̂1f̂n) = E1(h,u).

Let At be the CAF of zero energy of the Fukusmima decomposition of u(Xt ) − u(X0) with
respect to P̂x, x ∈ E. By taking a subsequence if necessary, we have P̂x -a.e. for q.e. x ∈ E: For
all t ≥ 0

At = lim
n→∞

∫ t

0

[
u(Xs) − f̂n(Xs)

]
ds

= lim
n→∞

∫ t

0

[
û(Xs) − f̂n(Xs)

]
ds +

∫ t

0

[
u(Xs) − û(Xs)

]
ds

= N̂u
t . �

Clearly, N̂u belongs to N 0
c and:

〈
�

(
N̂u

)
, h

〉 = −E (h,u), h ∈ F . (4.1)

Lemma 4.3. Let Â be a PCAF with respect to (P̂x, x ∈ E) and with Revuz measure μ. Then
under (Px, x ∈ E), Â is the PCAF with Revuz measure μ.

Proof. We suppose without loss of generality that μ ∈ S0. Let u = Û1μ and v := U1μ be the
1-potentials of μ with respect to E and Ê , respectively. Let A be the PCAF with respect to
(Px, x ∈ E) and with Revuz measure μ. For any h in F , E1(h,u) = E1(v,h), then with the
notation of Lemma 4.1, v = û. It follows from Theorem 2.1 that Px -a.e. for q.e. x ∈ E:

At = −Nv
t +

∫ t

0
v(Xs)ds = −Nv

t −
∫ t

0

[
u(Xs) − v(Xs)

]
ds +

∫
u(Xs)ds

= −N̂u +
∫ t

0
u(Xs)ds = Ât . �

The following lemma can be found in [11], Lemma 3.21, for symmetric diffusions.

Lemma 4.4. Let u be in F . For any t ≤ T we have Pm-a.e. on {T < ζ }:

N̂u
t ◦ rT = N̂u

T − N̂u
T −t and

M̂u
t ◦ rT = M̂u

T ◦ rT − M̂u
T −t ◦ rT −t .
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Proof. Define û and (f̂n) as in Lemma 4.2. P̂m-a.e. and by taking subsequences if necessary we
have: N̂u

t = limn→∞
∫ t

0 [u(Xs) − f̂n(Xs)]ds, thus in view of Lemma 4.1, we have Pm-a.e. on
{T < ζ }:

N̂u
t ◦ rT = lim

n→∞

∫ t

0

[
u(Xs) − f̂n(Xs)

]
ds ◦ rT

= lim
n→∞

∫ T

0

[
u(Xs) − f̂n(Xs)

]
ds − lim

n→∞

∫ T −t

0

[
u(Xs) − f̂n(Xs)

]
ds

= N̂u
T − N̂u

T −t .

The second equality can be shown with easy computations using the first one. �

Remark 4.5. The first equality in Lema 4.4 is in fact true for Nu and therefore for the elements
in Nf -loc, in particular for any PCAF.

Similarly to [6], the proof of Theorem 1.1 is based in an extension of the Lyons and Zheng
decomposition [27], that is, in a representation of Nu using forward and backward MAF. We
recall that for u in F , u∗ was defined as the unique element of F satisfying (3.3).

Lemma 4.6. Let u be in F and T in R+. Set v := u∗. Then we have Pm-a.e. on {T < ζ }:

Nu
t = −1

2

(
Mv

t + M̂v
t ◦ rt

) + 1

2

(
v(Xt ) − v(Xt−)

)
(4.2)

+
∫ t

0

[
u(Xs) − v(Xs)

]
ds, t ≤ T .

Proof. In view of Lemma 4.4, the right-hand side of (4.2) coincides Pm-a.e. on {T < ζ } with A,
where for all t ≤ T , At := 1

2 (Nv
t + N̂v

t ) + ∫ t

0 [u(Xs) − v(Xs)]ds. It follows from (4.1) that

〈�(A),h〉 = −Ẽ (v,h) + (u,h) − (v,h) = −E (u,h), for all h ∈ F . Now, 4.2 is consequence of
Lemma 2.3. �

Lemma 4.7. Let (N	)	∈N be a sequence of elements of ∈ Nc,f -loc and let (�n) be a sequence
of partitions tending to the identity. Then there exists a subsequence (�nj

) of (�n) such that
Px -a.s. for m-a.e. x in E we have: For all 	 ∈ N,

pnj
−1∑

k=0

[
N	(t ∧ tnj ,k+1) − N(t ∧ tnj ,k)

]2

converges to zero as n → ∞, uniformly in any compact of [0,∞).



2430 A. Walsh

Proof. Let g be a function belongs to L1(E,m) such that 0 < g(x) ≤ 1 for all x ∈ E. For any
t ∈ R+ set an(t) := sup{tn,k: tn,k < t}. For all n, 	,K ∈ N, η > 0:

Pg·m

(
sup
t≤K

pn−1∑
k=0

[
N	(t ∧ tn,k+1) − N	(t ∧ tn,k)

]2
> η

)

≤ 2

η
Em

(
pn−1∑
k=0

[
N	(K ∧ tn,k+1) − N	(K ∧ tn,k)

]2

)
(4.3)

+ Pg·m
(

sup
t≤K

[
N	(t) − N	

(
an(t)

)]2
>

η

2

)
.

Since N	 ∈ Nc, the last term in the above equation converges to zero as n → ∞. (See (5.2.14) in
[18].) For all n, 	,K ∈ N and η > 0 let α(n, 	,K,η) be the left-hand side of (4.3). Then for all
η > 0:

β(n,η) :=
∑

	,K∈N

1

	2K2
α(n, 	,K,η) → 0 as n → ∞.

For any j ∈ N take nj such that β(nj , j
−1) ≤ j−2. Then for any j, 	,K ∈ N, α(nj , 	,K, j−1) ≤

	2K2j−2 therefore, it follows from Borel–Cantelli that for all 	,K ,
∑pnj

−1

k=0 [N	(t ∧ tnj ,k+1) −
N	(t ∧ tnj ,k)]2 converges to zero as n → ∞ uniformly on [0,K] Pg·m-a.s. �

Proof of Theorem 1.1. As usually, the uniqueness in the theorem is the following sense: two
local AF A, B are equivalent if Px(At = Bt , t < ζ) = 1 for q.e. x ∈ E. Evidently if I 1 and I 2 are
two local AF satisfying the conclusion of the theorem then, Px(I

1
t = I 2

t , t < ζ ) = 1 for m-a.e.
x ∈ E. We can show that this hold for q.e. x ∈ E using an argument of the proof of Proposition 4.6
in [6].

Now we shall proof that the stochastic integral
∫ t

0 f (Xs)dCs of the precedent section satisfies
the conclusion of theorem. Let {un}, {fn} and {Gn} be a sequence of F , Fb and �, respectively,
such that Ct = Cn

t := N
un
t − ∫ t

0 un(Xs)ds on �0, τGn � Pm-a.e. and f = fn q.e. on Gn (Theo-
rem 2.6). For each n set vn := u∗

n. In order to simplify the notation let Mn be Mvn and in the
same way define N̂n and M̂n. For all t ≤ T set an(t) = sup{tn,k: tn,k < t} and set:

Xn
t :=

pn−1∑
k=0

X(tn,k)1{tn,k<t≤tn,k+1}, Y n
t :=

pn−1∑
k=0

X(tn,k+1)1{tn,k≤t<tn,k+1} and

Zn
T (t) := Yn

T −t ◦ rT =
pn−1∑
k=0

X(T − tn,k+1)1{T −tn,k+1<t≤T −tn,k}.
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In view of (4.2) and Lemma 4.4, we have for any 	 ∈ N:

pn−1∑
k=0

f	

(
X(tn,k)

)[
C	(tn,k+1 ∧ t) − C	(tn,k ∧ t)

]

= −1

2

∫ t

0
f	

(
Xn

s

)
dM	

s − 1

2

∫ T

t

f	

(
Zn

T (s)
)

dM̂	
s ◦ rT −

∫ t

0
f	

(
Xn

s

)
v	(Xs)ds

− 1

2

pn−1∑
k=0

[
f	

(
X(tn,k+1)

) − f	

(
X(tn,k)

)][
v	

(
X(tn,k+1 ∧ t)

) − v	

(
X(tn,k ∧ t)

)]
(4.4)

+ 1

2
f	

(
X

(
an(t)

))(
v	(Xt ) − v	(Xt−)

)

− 1

2

pn−1∑
k=0

[
f	

(
X(tn,k+1)

) − f	

(
X(tn,k)

)][
N̂	

(
X(tn,k+1 ∧ t)

) − N̂	
(
X(tn,k ∧ t)

)]
.

In view of Lemmas 4.1 and 4.7, the right-hand side of (4.4) converges in Pg·m-measure on
{T < ζ } to:

I 	
T (t) := −1

2

∫ t

0
f	(Xs)dM	

s − 1

2

∫ T

t

f	(Xs)dM̂	
s ◦ rT −

∫ t

0
f	(Xs)v	(Xs)ds

(4.5)

− 1

2

[
Mf	,M	

] + 1

2
f	(t−)

(
v	(Xt ) − v	(t−)

)
.

Besides, if u	 = R1h for some h in L2(E,m), the left-hand side of (4.4) converges in Pg·m-
measure to

∫ t

0 f	(Xs)dC	
s . Therefore, for the general case, by approximating u	 for a suite

(R1hn) with respect to Ẽ1, it follows thanks to Lemma 3.4 and Lemma 3.13 that I 	
T (t) coin-

cides with
∫ t

0 f	(Xs)dC	
s Pg·m-a.e. on {T < ζ }.

In order to prove the theorem with need to show that there exists a subsequence of (�n) such
that Pg·m-a.e. we have: For any 	 ∈ N, the first five terms in the right-hand side of (4.4) converge
to the corresponding terms of the right-hand side of (4.5) uniformly on any compact of [0, ζ ) and
the last term in the right-hand side of (4.4) converges to zero uniformly on any compact of [0, ζ ).

We must show only the existence of such subsequence of (�n) for the second term in the
right-hand side of (4.4). The existence of such subsequence for the other terms can be shown
using standard results in the semimartingale theory and the arguments used to show Lemma 4.7.
(See, e.g., Chapter II in [31].)

For any n, 	 ∈ N and η,T > 0 set:

α(n, 	,T , η) := Pm

(
sup
t≤T

∣∣∣∣
∫ T

t

(
f	

(
Zn

T (s)
) − f	(Xs)

)
dM̂	

s ◦ rT

∣∣∣∣ > η;T < ζ

)

= P̂m

(
sup
t≤T

∣∣∣∣
∫ T

t

(
f	

(
Zn

T (s)
) − f	(Xs)

)
dM̂	

s

∣∣∣∣ > η;T < ζ

)
.
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Using the Doob inequalities, we have:

α(n, 	,T , η) ≤ P̂m

(∣∣∣∣
∫ T

0

(
f	

(
Zn

T (s)
) − f	(Xs)

)
dM̂	

s

∣∣∣∣ >
η

2
;T < ζ

)

+ P̂m

(
sup
t≤T

∣∣∣∣
∫ t

0

(
f	

(
Zn

T (s)
) − f	(Xs)

)
dM̂	

s

∣∣∣∣ >
η

2
;T < ζ

)

≤ 4

η
Êm

(∫ T

0

(
f	

(
Zn

T (s)
) − f	(Xs)

)2 d
〈
M̂	

〉
s
;T < ζ

)

≤ 4

η
Em

(∫ T

0

(
f	

(
Zn

T (s)
) − f	(Xs)

)2 d
〈
M̂	

〉
s
◦ rT ;T < ζ

)
.

In view of Remark 4.5, Pm-a.e. on {T < ζ }:
∫ T

0

(
f	

(
Zn

T (s)
) − f	(Xs)

)2 d
〈
M̂	

〉
s
◦ rT = −

∫ T

0

(
f	

(
Yn

T −s

) − f	(XT −s)
)2 d

〈
M̂	

〉
T −s

=
∫ T

0

(
f	

(
Yn

s

) − f	(Xs)
)2 d

〈
M̂	

〉
s

≤ eT

∫ ∞

0
e−s

(
f	

(
Yn

s

) − f	(Xs)
)2 d

〈
M̂	

〉
s
.

Let μ be the Revuz measure of 〈M̂	〉, it follows from Lemma 4.3 that μ(E) = 2ê(M̂	) < ∞
where ê denote the energy with respect to (P̂x, x ∈ E). Therefore, we have:

Em

[∫ ∞

0
e−s d

〈
M̂	

〉
s

]
= lim

x→∞ Em

[
e−x

〈
M̂	

〉
x

+
∫ x

0
e−s

〈
M̂	

〉
s

ds

]

≤ lim
x→∞ e−xxμ(E) + lim

x→∞

∫ x

0
e−ss dsμ(E)

= μ(E) < ∞.

Since f	 is quasi-continuous in the strict sense, f	(Y
n
t ) converges to f	(Xt ) uniformly on R+,

Pm-a.e. Therefore by dominated convergence, we have:

β(n, 	) := Em

[∫ ∞

0
e−s

(
f	

(
Yn

s

) − f	(Xs)
)2 d

〈
M̂	

〉
s

]
→ 0 as n → ∞.

For any j ∈ N let nj such that:

∞∑
	=1

1

	2
β
(
nj , j

−1) ≤ 1

j3
∀n ∈ N.
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Since for all η,T > 0: α(n, l, T , η) ≤ 4
η

eT β(n, 	), we have that α(nj , 	, T , j−1) ≤ 4
j2 eT ∀T > 0.

It follows from Borel–Cantelli lemma that for any T , 	: Pm(� \ �T,	) = 0 where:

�T,	 := {ζ ≤ T }

∪
{∫ t

0

(
f	

(
Z

nj

T (s)
) − f	(Xs)

)
dM̂	

s → 0 uniformly on any compact of [0, T ];T < ζ

}
,

then Pm(� \ �∗) = 0 where �∗ = ⋂
T ∈Q+,	∈N

�T,	. It is easy to show that for ω ∈ �∗,∫ t

0 (f	(Z
nj

T (s)) − f	(Xs))dM̂	
s converges to zero uniformly on any compact of [0, ζ(ω)). �

Example 4.8. In this example, we show that the stochastic integral constructed by Chen et al.
[6] for symmetric Dirichlet forms can be defined in the sense of Definition 3.15. Moreover, both
definitions coincide Pm-a.e. �0, ζ �. We use the notations and definitions of [6], thus � is a linear
operator that maps some class of local MAF’s into even local CAF’s admitting m-null set. Let M

be a locally square-integrable MAF on �0, ζ � that belongs to the domain of �. We see from the
proof of [6], Theorem 3.7 and Lemma 3.2, that there exists a nest {Fk} of closed sets such that
Pm-a.e. on �0, τFk

�:

�(M) = �
(
Mk

) + Ak
t + Lk

t , (4.6)

where Mk ∈ M◦ , A is a CAF of bounded variation and Lk ∈ (Mloc)
�0,ζ �. With a refinement

argument used in the proof of [6], Lemma 4.6, one checks that �(M) is a local CAF of X.
Denote by E the set of CAF of X of finite energy. In view of [6], Proposition 2.8, the right-hand
side of (4.6) belongs to Ef -loc, hence �(M) belongs to (Ef -loc)f -loc = Ef -loc.

By [6], Theorem 3.7, �(M) is of zero quadratic variation in the sense of Definition 2.5. Then
�(M) belongs to Nf -loc and therefore the integral f ∗ �(M) is well defined for any f ∈ Floc.

The stochastic integral defined in [6] can be approximate in some sense by Riemann sums. (See
[6], Theorem 4.4.) Consequently, thanks to Theorem 1.1 the integrals f ∗�(M) given by [6] and
Definition 3.15 both coincide Pm-a.e. on �0, ζ � for any f ∈ Fb and therefore for any f ∈ Floc.

5. Proof of Propositions 1.2 and 1.3

Proof of Proposition 1.2. From the proof of Lemma 1.1 in [37], there exist sequences (un), (gn)

in F and nest of nearly Borel finely open sets (Gn) and (Gn) such that for any n: u(x) = un(x)

q.e. on Gn, Gn ⊂ Gn, gn(x) = 1 q.e. on Gn, gn(x) = 0 q.e. on E \ Gn and ‖gn‖∞ ≤ 1. Moreover,
there exists a sequence of positive numbers (εn) converging to 0 that the following limit define
and element in M◦

f -loc, where the convergence is uniformly on any compact of [0, ζ ) Px -a.e. for
q.e. x ∈ E.

M
bj
t := lim

n→∞
∑
s≤t

[
u(Xs) − u(Xs−)

]
1{εn<|
u(Xs)|<1}

−
∫ t

0

∫
E

1{εn<|u(y)−u(Xs)|<1}
[
u(y) − u(Xs)

]
N(Xs,dy)dHs, t < ζ.
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Besides, it is known that Mc
t := M

un,c
t if t < τGn

define a local CAF in M◦
f -loc. Then set Wu =

Mbj − Mc. We shall proof that Cu ∈ Nc,f -loc, where:

Cu
t := u(Xt) − u(X0) −

∑
s≤t

[
u(Xs) − u(Xs−)

]
1{|
u(Xs)|≥1} − Wu, t < ζ.

For any 	 ∈ N, by taking a subsequence of (εn), if necessary, we have that Px -a.e. for q.e. x ∈ E.
For all t < τG	

,

Cu
t − N

u	
t −

∫ t

0
u	(Xs)N(Xs, ∂)dHs

+
∫ t

0

∫
E

1{|u	(Xs)−u	(y)|≥1}
[
u	(y) − u	(Xs)

]
N(Xs,dy)dHs

= lim
n→∞

(∫ t

0

∫
E

1{εn<|u(y)−u(Xs)|<1}
[
u(y) − u(Xs)

]
N(Xs,dy)dHs

−
∫ t

0

∫
E

1{εn<|u	(y)−u	(Xs)|<1}
[
u	(y) − u	(Xs)

]
N(Xs,dy)dHs

)

= lim
n→∞

(∫ t

0

∫
E

g	(Xs)1{εn<|u(y)−u(Xs)|<1}
[
u(y) − u(Xs)

]
N(Xs,dy)dHs

−
∫ t

0

∫
E

g	(Xs)1{εn<|u	(y)−u	(Xs)|<1}
[
u	(y) − u	(Xs)

]
N(Xs,dy)dHs

)

= −
∫ t

0

∫
E

1{|u(y)−u(Xs)|<1}
[
g	(y) − g	(Xs)

][
u(y) − u(Xs)

]
N(Xs,dy)dHs

+
∫ t

0

∫
E

1{|u	(y)−u	(Xs)|<1}
[
g	(y) − g	(Xs)

][
u	(y) − u	(Xs)

]
N(Xs,dy)dHs

and the last term belongs to Nf -loc, in fact, for t < τG	
:∫ t

0

∫
E

1{|u(y)−u(Xs)|<1}
∣∣g	(y) − g	(Xs)

∣∣∣∣u(y) − u(Xs)
∣∣N(Xs,dy)dHs

=
∫ t

0

∫
E

1{|u(y)−u(Xs)|<1}g	(Xs)
∣∣g	(y) − g	(Xs)

∣∣∣∣u(y) − u(Xs)
∣∣N(Xs,dy)dHs

≤
∫ t

0

∫
E

[
g	(Xs) − g	(y)

]2
N(Xs,dy)dHs

+
∫ t

0

∫
E

g	(y)
∣∣g	(y) − g	(Xs)

∣∣∣∣u	(y) − u	(Xs)
∣∣N(Xs,dy)dHs

< ∞.

Therefore, Cu ∈ (Nf -loc)f -loc = Nf -loc. �
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Proof of Proposition 1.3. Thanks to Theorem 1.1, the Itô formula can be proved up to ζ with
the same argument used to prove the generalized Itô formula of [6]. (Theorem 4.7. of [6].) When
u ∈ F , all terms in the decomposition of Theorem 1.2 are finite AF. Moreover, Cu

t = Nu
t −∫ t

0

∫
E

1{|u(Xs)−u(y)|≥1}[u(y) − u(Xs)]N(Xs,dy)dHs , then it follows from Remark 3.16(iii) that
the stochastic integrals

∫ t

0
∂�
∂xi

(u(Xs))dCu
s are finite AF. Besides Wu belongs to M◦ and therefore

the integrals
∫ t

0
∂�
∂xi

(u(Xs))dWu
s are also finite AF. Therefore, when u ∈ F all terms present in

the Itô formula are finite AF, then the Itô formula can be extended from [0, ζ ) to [0,∞). �

Acknowledgements

This work was part of my Ph.D. thesis realized in the university of Paris VI. I would therefore
like to thank sincerely my Ph.D. advisor Nathalie Eisenbaum for every helpful discussion that led
to improvement of the results in this paper. In addition, I would also like to thank the Associated
Editor for his/her suggestions.

References

[1] Albeverio, S., Ru-Zong, F., Röckner, M. and Stannat, W. (1995). A remark on coercive forms and
associated semigroups. In Partial Differential Operators and Mathematical Physics (Holzhau, 1994).
Oper. Theory Adv. Appl. 78 1–8. Basel: Birkhäuser. MR1365312

[2] Bardina, X. and Jolis, M. (1997). An extension of Ito’s formula for elliptic diffusion processes.
Stochastic Process. Appl. 69 83–109. MR1464176

[3] Bardina, X. and Rovira, C. (2007). On Itô’s formula for elliptic diffusion processes. Bernoulli 13
820–830. MR2348752

[4] Bouleau, N. and Yor, M. (1981). Sur la variation quadratique des temps locaux de certaines semi-
martingales. C. R. Acad. Sci. Paris Sér. I Math. 292 491–494. MR0612544

[5] Chen, Z.Q., Fitzsimmons, P.J., Kuwae, K. and Zhang, T.S. (2008). Perturbation of symmetric Markov
processes. Probab. Theory Related Fields 140 239–275. MR2357677

[6] Chen, Z.Q., Fitzsimmons, P.J., Kuwae, K. and Zhang, T.S. (2008). Stochastic calculus for symmetric
Markov processes. Ann. Probab. 36 931–970. MR2408579

[7] Eisenbaum, N. (2000). Integration with respect to local time. Potential Anal. 13 303–328. MR1804175
[8] Eisenbaum, N. (2006). Local time–space stochastic calculus for Lévy processes. Stochastic Process.

Appl. 116 757–778. MR2218334
[9] Eisenbaum, N. and Kyprianou, A.E. (2008). On the parabolic generator of a general one-dimensional

Lévy process. Electron. Commun. Probab. 13 198–209. MR2399282
[10] Eisenbaum, N. and Walsh, A. (2009). An optimal Itô formula for Lévy processes. Electron. Commun.

Probab. 14 202–209. MR2507749
[11] Fitzsimmons, P.J. (1997). Absolute continuity of symmetric diffusions. Ann. Probab. 25 230–258.

MR1428508
[12] Fitzsimmons, P.J. and Kuwae, K. (2004). Non-symmetric perturbations of symmetric Dirichlet forms.

J. Funct. Anal. 208 140–162. MR2034295
[13] Föllmer, H. (1981). Calcul d’Itô sans probabilités. In Seminar on Probability, XV (Univ. Strasbourg,

Strasbourg, 1979/1980) (French). Lecture Notes in Math. 850 143–150. Berlin: Springer. MR0622559
[14] Föllmer, H. (1981). Dirichlet processes. In Stochastic Integrals (Proc. Sympos., Univ. Durham,

Durham, 1980). Lecture Notes in Math. 851 476–478. Berlin: Springer. MR0621001

http://www.ams.org/mathscinet-getitem?mr=1365312
http://www.ams.org/mathscinet-getitem?mr=1464176
http://www.ams.org/mathscinet-getitem?mr=2348752
http://www.ams.org/mathscinet-getitem?mr=0612544
http://www.ams.org/mathscinet-getitem?mr=2357677
http://www.ams.org/mathscinet-getitem?mr=2408579
http://www.ams.org/mathscinet-getitem?mr=1804175
http://www.ams.org/mathscinet-getitem?mr=2218334
http://www.ams.org/mathscinet-getitem?mr=2399282
http://www.ams.org/mathscinet-getitem?mr=2507749
http://www.ams.org/mathscinet-getitem?mr=1428508
http://www.ams.org/mathscinet-getitem?mr=2034295
http://www.ams.org/mathscinet-getitem?mr=0622559
http://www.ams.org/mathscinet-getitem?mr=0621001


2436 A. Walsh

[15] Föllmer, H. and Protter, P. (2000). On Itô’s formula for multidimensional Brownian motion. Probab.
Theory Related Fields 116 1–20. MR1736587

[16] Föllmer, H., Protter, P. and Shiryayev, A.N. (1995). Quadratic covariation and an extension of Itô’s
formula. Bernoulli 1 149–169. MR1354459

[17] Fukushima, M. (1979). A decomposition of additive functionals of finite energy. Nagoya Math. J. 74
137–168. MR0535965

[18] Fukushima, M., Ōshima, Y. and Takeda, M. (1994). Dirichlet Forms and Symmetric Markov Pro-
cesses. de Gruyter Studies in Mathematics 19. Berlin: de Gruyter. MR1303354

[19] Ghomrasni, R. and Peskir, G. (2003). Local time–space calculus and extensions of Itô’s formula.
In High Dimensional Probability, III (Sandjberg, 2002). Progress in Probability 55 177–192. Basel:
Birkhäuser. MR2033888

[20] Graversen, S.E. and Rao, M. (1985). Quadratic variation and energy. Nagoya Math. J. 100 163–180.
MR0818164

[21] Hu, Z.C., Ma, Z.M. and Sun, W. (2006). Extensions of Lévy–Khintchine formula and Beurling–Deny
formula in semi-Dirichlet forms setting. J. Funct. Anal. 239 179–213. MR2258221

[22] Hu, Z.C., Ma, Z.M. and Sun, W. (2010). On representations of non-symmetric Dirichlet forms. Poten-
tial Anal. 32 101–131. MR2584980

[23] Kim, J.H. (1987). Stochastic calculus related to nonsymmetric Dirichlet forms. Osaka J. Math. 24
331–371. MR0909022

[24] Kuwae, K. (1998). Functional calculus for Dirichlet forms. Osaka J. Math. 35 683–715. MR1648400
[25] Kuwae, K. (2008). Maximum principles for subharmonic functions via local semi-Dirichlet forms.

Canad. J. Math. 60 822–874. MR2432825
[26] Kuwae, K. (2010). Stochastic calculus over symmetric Markov processes without time reversal. Ann.

Probab. 38 1532–1569. MR2663636
[27] Lyons, T.J. and Zheng, W.A. (1988). A crossing estimate for the canonical process on a Dirichlet

space and a tightness result. Astérisque 157–158 249–271. Colloque Paul Lévy sur les Processus
Stochastiques (Palaiseau, 1987). MR0976222

[28] Ma, Z.-M. and Röckner, M. (1992). Introduction to the Theory of (Non-Symmetric) Dirichlet Forms.
Berlin: Springer.

[29] Nakao, S. (1985). Stochastic calculus for continuous additive functionals of zero energy. Z. Wahrsch.
Verw. Gebiete 68 557–578. MR0772199

[30] Oshima, Y. (1988). Lectures on Dirichlet spaces. Lecture notes, Univ. Erlangen Nürnberg.
[31] Protter, P.E. (2005). Stochastic Integration and Differential Equations, 2nd ed. Stochastic Modelling

and Applied Probability 21. Berlin: Springer. Version 2.1, corrected third printing. MR2273672
[32] Russo, F. and Vallois, P. (1995). The generalized covariation process and Itô formula. Stochastic Pro-

cess. Appl. 59 81–104. MR1350257
[33] Russo, F. and Vallois, P. (2000). Stochastic calculus with respect to continuous finite quadratic varia-

tion processes. Stochastics Stochastics Rep. 70 1–40. MR1785063
[34] Sato, K.i. (1999). Lévy Processes and Infinitely Divisible Distributions. Cambridge Studies in Ad-

vanced Mathematics 68. Cambridge: Cambridge Univ. Press. Translated from the 1990 Japanese orig-
inal, revised by the author. MR1739520

[35] Walsh, A. (2011). Extended Itô calculus. Thèse, Univ. Pierre et Marie Curie, available on: http://tel.
archives-ouvertes.fr/tel-00627558_v1/.

[36] Walsh, A. (2011). Local time–space calculus for symmetric Lévy processes. Stochastic Process. Appl.
121 1982–2013. MR2819237

[37] Walsh, A. (2012). Extended Itô calculus for symmetric Markov processes. Bernoulli 18 1150–1171.
MR2995790

Received May 2012

http://www.ams.org/mathscinet-getitem?mr=1736587
http://www.ams.org/mathscinet-getitem?mr=1354459
http://www.ams.org/mathscinet-getitem?mr=0535965
http://www.ams.org/mathscinet-getitem?mr=1303354
http://www.ams.org/mathscinet-getitem?mr=2033888
http://www.ams.org/mathscinet-getitem?mr=0818164
http://www.ams.org/mathscinet-getitem?mr=2258221
http://www.ams.org/mathscinet-getitem?mr=2584980
http://www.ams.org/mathscinet-getitem?mr=0909022
http://www.ams.org/mathscinet-getitem?mr=1648400
http://www.ams.org/mathscinet-getitem?mr=2432825
http://www.ams.org/mathscinet-getitem?mr=2663636
http://www.ams.org/mathscinet-getitem?mr=0976222
http://www.ams.org/mathscinet-getitem?mr=0772199
http://www.ams.org/mathscinet-getitem?mr=2273672
http://www.ams.org/mathscinet-getitem?mr=1350257
http://www.ams.org/mathscinet-getitem?mr=1785063
http://www.ams.org/mathscinet-getitem?mr=1739520
http://tel.archives-ouvertes.fr/tel-00627558_v1/
http://www.ams.org/mathscinet-getitem?mr=2819237
http://www.ams.org/mathscinet-getitem?mr=2995790
http://tel.archives-ouvertes.fr/tel-00627558_v1/

	Introduction and main results
	Preliminaries
	Stochastic integration
	A decomposition of Nu
	Stochastic integration with respect to cÑu
	Stochastic integration with respect to jÑu
	Stochastic integration with respect to Nu

	Proof of Theorem 1.1
	Proof of Propositions 1.2 and 1.3
	Acknowledgements
	References

