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Bivariate extreme-value distributions have been used in modeling extremes in environmental sciences and
risk management. An important issue is estimating the dependence function, such as the Pickands depen-
dence function. Some estimators for the Pickands dependence function have been studied by assuming that
the marginals are known. Recently, Genest and Segers [Ann. Statist. 37 (2009) 2990-3022] derived the
asymptotic distributions of those proposed estimators with marginal distributions replaced by the empiri-
cal distributions. In this article, we propose a class of weighted estimators including those of Genest and
Segers (2009) as special cases. We propose a jackknife empirical likelihood method for constructing confi-
dence intervals for the Pickands dependence function, which avoids estimating the complicated asymptotic
variance. A simulation study demonstrates the effectiveness of our proposed jackknife empirical likelihood
method.

Keywords: bivariate extreme; dependence function; jackknife empirical likelihood method

1. Introduction

Let (X11, X12), ..., (Xn1, X»2) be independent random pairs with common distribution func-
tion F and continuous marginal distributions F;(x) = F(x, o0) and F»(y) = F (0o, y). Then the
copula of F is defined as

C(x,y)=P(Fi(X11) <x, F2(X12) < ).

When C* (u!/*, vy = C(u, v) holds for all u, v € [0, 1] and 7 > 0, C is called an extreme value
copula and is determined by the Pickands dependence function, A, through the equation

oz (st )
C(u,v) =expylog(uv)A (1.1)
log(uv)

forall (u, v) € (0, 1]2 \{(1, 1)}, where A is a convex function and satisfies max(z, 1 —¢) < A(¢) <
1 forall 0 <t <1 (see Pickands [16] and Falk and Reiss [6]).
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Write Y;; = —log{F;(X;j)} fori=1,...,n, j=1,2and

H,(2) 1i1< Yi <)
7)=-— —=<z).
" ne= Yii +Yi2

We denote u A v = min(u, v) and u V v = max(u, v) throughout. Estimators for the Pickands
dependence function A(#) when the marginal distributions F;, j = 1,2 are known have been
proposed by Pickands [16], Deheuvels [5], Hall and Tajvidi [10], and Capéraa, Fougeres and
Genest [3], defined as

AP (1) = z ,
S Yo/t A (Yia/( — 1)
AP (1) = n ,
MY/ A /A==t Y Y — (A -0 Y Yio+n
AHT (1) = & ,
S YD)/ YD) AMnYia /(=0 Y Vo)
t 1
ACFG(t)zexp{,\(t) i —z’ziziz)z dz=(1-30) | —i'gziz)zd }

respectively, where A(f) € [0, 1] is a weight function and A” () and AP (¢) are corresponding
limits when # = 0 or 1. When the marginal distributions are unknown, similar nonparametric
estimators can be obtained by replacing the marginal distribution F; by the corresponding em-
pirical distribution Fyj(x) = 13" | I(X;; <x) or Fj(x) = 45 Y0 1(X;; < x). We denote
these estimators as A” (1), AP (1), AHT (t) and A“FC(r). Recently, Genest and Segers [8] showed
that AP (1), AP (t) and AHT (#) have the same asymptotic distribution as

n

AP (1) =
(t) YielZin /(A =D} AMZin/ 1}

and that AFC(¢) with A(t) =t has the same asymptotic distribution as

. l &

ACFO (1) = exp{—y > (Zn/a =) A (ziz/o},
i

where y = — fooo log(x)e™ dx is the Euler constant and

Z,‘jz—log{ﬁn./(X,'j)} fori=1,...,n,j=1,2.

Moreover, Genest and Segers [8] derived the asymptotic distributions of AP (¢t) and ACFG (t) by
noting the following important relationship:

1 —1
A%):{f u_lén(ul_’,ul)du}
0
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and

ACFG (1) = exp<—y + /Ol{én W' u"y — T >e Hulogu)} ™! du>,
where

Co(u,v) =

S| =

n
> 1(Fa(Xi) <u. Fn(Xin) <v).
i=1

In this article, we propose a class of weighted estimators including AP (1) and ACFG (1) as
special cases. We provide details in Section 2. In Section 3 we propose a jackknife empirical
likelihood method to construct confidence intervals for the Pickands dependence function. Unlike
the normal approximation method, this new method does not need to estimate any additional
quantities, such as asymptotic variance. In Section 4 we report a simulation study conducted to
examine the finite sample behavior of the proposed jackknife empirical likelihood method. We
provide proofs in Section 5.

2. Weighted estimation
It follows from (1.1) that
Cw' " u)y=ur®  forallue[0,1]andallz € [0, 1], 2.1)

which motivates the estimation of A(#) by minimizing the following weighted distance with
respect to o > 0:

1
/ (Co"™" u"y — u®Ya(u, 1) du,
0

where A(u, t) > 0 is a weight function. Under some regularity conditions, the foregoing estimator
is the solution of « to the equation

1
/ (Co' ™, Uty — uu®{— log(u)}A(u, 1) du =0
0

for o > 0. This is a special case of the proposed M-estimators and Z-estimators of Biicher, Dette
and Volgushev [2]. Noting that u®(—logu)A(u, 1) = C ('™, u’)(—logu)x(u,t) and A(u,t) is
any weight function, we propose treating C ('™, u’)(—logu)A(u, t) as a new weight function.
This leads us to estimate A(#) by solving the following equation with respect to « > 0:

1
/ (Cuu™™" u") — uIA(u, 1) du =0, (2.2)
0
where A(u,t) > 0 is a new weight function. We denote this new estimator by AZ’ (t; A). When

Au, t) is taken as u~" or {—ulog(u)}~", A”(t; A) becomes A% (r) or ACFC(r). Thus, the fore-
going class of estimators includes the known estimators in the literature as special cases.
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Write g(a) = fol {é‘n (', u') — u®}A(u, t)du. Because u® is a decreasing function of « for
each fixed u € [0, 1], g(«) is an increasing function of « for each fixed 7. Moreover, g(0) < 0 and
g(00) > 0 when n is sufficiently large. Thus, (2.2) has a unique solution A}f (t; A) for each large
n and ¢ € [0, 1]. Note that this unique solution might not satisfy that max(z, 1 —¢) < Anw =<1
and A¥(0; 1) = A¥(1; 1) = 1.

Let W (u, v) denote a tight Gaussian process with mean 0, covariance

E{W@u1,v)W(u2,v2)} =C(ui Auz,vi Ava) — C(uy, v1)C(uz, v2),

and W(u,0) = W(O,Av) = W(,1) =0 for all u,v € [0, 1]. The asymptotic distribution for the
proposed estimator A} (¢; A) is given in the following theorem.

Theorem 2.1. Suppose that aa—LjZC(u, v), 2 Pl C(u v) and 3, 3UC(u v) are defined and continu-
ousonthe sets F] ={(u,v): O<u<land0<v<1},Fo={(u,v): 0<u<1,0<v<1}and
Fy={(u,v): 0<u<1,0 < v < 1}, respectively. Also assume that for each fixed t € [0, 1] the
function A(u,t) > 0 is continuous and not equal to 0 as a function of u € (0, 1). Furthermore,
assume that

92 M

WC(M,U) fm for (u,v) € Fq,
2 M

ﬁC(u,v) < ﬂ for (u,v) € Fp,
2 M

523 C(u )‘ (l—u) v(l—v) for (u,v) e F3

for some constant M > 0, A’(t) is continuous on [0, 1], and there exist §| > 0 and &, € [0, 1/2)
such that

(n+l) 1/((1—1)vt)
sup \/ﬁ[ ul/z)\(u,t)du — 0,
0

0<r<l
1

sup +/n (1 —wru,t)du — 0,

0<t<l1 (n/(n+1)1/({A=0)VvD)
(n/ (n4-1)) /((1=OVD

sup n*]/4+51/ Au,t)du — 0,

0<r<l1 (n+1)~1/W=0ve)
1

sup / {u(l_t)v’(l — u(l_’)w)}azk(u, t)du < oo, (2.3)

0<r<1J0

1
sup f uI=0Vi=A=0, (A=0d2 (1 1=1y025 ) 1) du < o0,
0

0<r<l1

1
sup f u(=0Vi=ty b (1 1825 (4 1) du < oo,
0<r<1J0
1
sup (—logu)A(u,t)dr < oco.
0<t<1J1/2
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Then as n — 00, SUPy<;<i |Anw (t; A) — A()| = 0,(1). Moreover, suppose that A(u, t) is contin-
uous in (0, 1) x [0, 1] and

A, 1) = A, )] < |11 — 0220 (), n,1€[0,1,ue(0,1)

for some constant 5y > 0 and function Lo(u), u € (0, 1), where Ao(u) satisfies that

172 1
/ u*ro(u) du < oo, (1 —u*rom)du < 00
0 12

forall o« > 0. Then, as n — o0, ﬁ{Anw(t; A) — A(t)} converges to B(t) in C([0, 1]), where
1 -1
B(t) = {/ C(u",u‘))\(u,t)log(u)du}
0
/ W' uy —Cr' ™ uhyww' ™, 1) — Cou ™, uHW(l, u)}a(u, ) du,

Ci(u,v) = £ Cu,v) and Co(u, v) = £ C(u, v).

Remark 2.1. Theorem 2.1 still holds when condition (2.3) is replaced by

n+1)"2
sup \/ﬁ/ ul/z)\(u,t)du — 0,
0

0<t<l

1
sup +/n (1 —wAu,t)du — 0,
0<t<l (n/(n+1))2

(n/(n+1))?
sup n~l/4+a / A, t)du — 0,
0<r<l1 (n+1)—2

1
sup / ub22(1 — w2 (u, 1) du < 0o
0

0<r<l

for some §; > 0 and 6 € [0, 1/2). This follows from the proof of Theorem 2.1 by replacing

(n 1)~ AZOVD e/ (e 1) V=0V 1 - (+D)72 /D
0 f(n+l)—1/((1—1)v1) and [, /41y @-nve in (5.5) by [y f(n-H) 2

1 .
f(n/(n+1))2’ respectively.

Remark 2.2. A common approach to choosing A (u, 1) is to minimize the asymptotic variance of
AY(t; A). This is difficult to do analytically. Linear combinations of some known estimators can
be considered instead. For example, suppose that the weight functions A{(u), ..., A4 (u) give the

corresponding estimators A;,” 1@, A,‘ﬁ q (t). Define the class of new weight functions as

q q
Fo={r@.0): Au. )= _ai(Oxri).a1(t) =0,....ay(t) 0.y a;j(t) =1

i=1 i=1
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Then one can choose alf s to minimize the asymptotic variance of Anw (t; A) in this class Fq, which
results in explicit formulas for a’s.

An example. Assume that A(u, 1) = u~! (—logu)"f(t) for some ¢(¢) € [0, 1]. Then AP(I) and
ACFG (1) correspond to g(¢) =0 and ¢ (¢) = 1, respectively. When ¢ () < 1, we can write

1
/ {én(ul_l, MI) - ue})\(u, t)du
0

1 L
_ f (o™ u') — 1} d(— log )4
0

1 —¢q()
1 ! 1—q (1) A 1—t 1 %
= (—logu) "1 d(Cp(u ", u") —u
1—61(l)/0 s (o )
1 1 . eq(t)—l [ee)
- / (—loguw)' =4O dC, ', u') — u'"9e™" du
1—¢q() Jo 1—q() Jo

1 1 < Zi1 Zin =4
= - — — 04072 —q(0) },
1—q(t){nz{l—t : } (2—q®)

i=1
where the Zl/. ;8 are as defined in Section 1. Thus,

. I~ Zon  Zin\'4®
Anw(t;)»):exp{—<log(zz<l —lt A Tz) ) —]ogF(Z—q(t)))/(] —q(t))}

i=1

for 0 < g(¢#) < 1. Note that when ¢ (¢) = 1, the foregoing expression is defined as the limit, which
becomes the same as ACF G(r). In particular, we propose to choose ¢(f) = min{ACF G(1), 1} and
denote the resulting estimator by A}f (t). To compare this new estimator with ACFG (1), we draw
1000 random samples with size n = 100, 1000, 5000 from a Gumbel copula with A(¢) = {t9 +
(1 —1)?}1/%, a Hiisler-Reiss copula with A(1) = (1 — )@ (0 + 55 log 1) + 1 (0 + 5 log 15),
and a Tawn copula with A(¢) =1 — 0t + 0t%, where ®(x) denotes the distribution function of
N(0, 1). Figure 1 plots the ratios of the mean squared error of A}f (t) to the mean squared error of
ACF G(t) forr =0.1,0.2,...,0.9, and shows that the new estimator has a smaller mean squared
error than ACF G(t) in all of the cases considered.

3. Jackknife empirical likelihood method

In this section, we consider interval estimation for the Pickands dependence function A(¢), which
plays an important role in risk management since one may be concerned with interval estimation
for C(u, v) at some particular values of u# and v. Note that an interval for A(¢) can be easily
transformed to an interval for a monotone function of A(z). Moreover, these two intervals have
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Figure 1. Ratios of the mean squared error of the new estimator A,‘f (t) to that of ACF G(t) for
t=0.1,0.2,...,0.9.

the same coverage probability, but different interval lengths. Because the upper tail dependence
coefficient can be written as a monotone function of A(1/2), an interval can be constructed via
an interval for A(1/2).

An obvious approach to constructing an interval for A(#) is to use the normal approximation
method based on any one of the estimators for A(7). Because the asymptotic distribution of any
one of the estimators for A(r) depends on its derivative A’(¢), the normal approximation method
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requires estimating A’(¢) first. In an alternative approach to constructing confidence intervals,
the empirical likelihood method has been extended and applied in various fields since Owen [13,
14] introduced it for construction of a confidence interval/region for a mean. (See Owen [15]
for an overview.) An important feature of the empirical likelihood method is its property of self-
studentization, which avoids estimating the asymptotic variance explicitly. A general approach
to formulating the empirical likelihood function is based on estimating equations, as in Qin and
Lawless [17].

Because our proposed weighted estimator is defined as the solution to equation (2.2), the
method of Qin and Lawless [17] may be applied directly by defining the empirical likelihood
function as

n n
sup{l_[(npi): P1=0,....pa=0,Y pi=1,
i=1

i=1
Zlh/ F(Xin) <u'™, Fip(Xio) <u') —u® }a(u, 1) du =0

However, this method cannot catch the variation introduced by the marginal empirical distribu-
tions. In other words, the limit is no longer a chi-squared distribution. In general, the nonlinear
functional must be linearized by introducing some link variables before the profile empirical
likelihood method is used. (See Chen, Peng and Zhao [4] for details on applying the profile em-
pirical likelihood method to copulas.) Unfortunately, this linearization idea is not applicable to
the estimation of A(#). Recently, Jing, Yuan and Zhou [11] proposed a so-called “jackknife em-
pirical likelihood” method to construct confidence intervals for U-statistics. More specifically,
these authors proposed applying the empirical likelihood method to jackknife samples, which
could result in a chi-squared limit. Motivated by Gong, Peng and Qi [9]’s study of the use of a
smoothed jackknife empirical likelihood method to construct a confidence interval for a receiver
operating characteristic curve, one needs to work with a smoothed version of the left-hand side
of (2.2). The reason for smoothing is to separate marginals from the copula estimator when ex-
panding the jackknife empirical likelihood ratio. In this work, we used the smoothed empirical
copula of Fermanian, Radulovi¢ and Wegkamp [7], defined as

R 1 (u—EYx) E (Xi2)
1—t 1\ i i
Ch(u ,u)—;E K( h )K( p >,

i=1

where K (x) = ffoo k(s)ds, k is a symmetric density function with support [—1, 1], and & =
h(n) > 0 is a bandwidth. Based on this smoothed estimation, a jackknife empirical likelihood
function can be constructed as follows. Put Fy; —; (x) = % Z;l:l,l;éi I(X;; <x)for j=1,2and
i=1,...,n,

l/t

n 1/(1 1)
1—t 1y _ 1 u— (Xj1) u—F), _(Xj2)
n—l(u ’u)_n_l.Z'K( h K ]’l
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fori =1, ...,n, and define the jackknife sample as

Vi, t) =nCi' ™" u") — (n — 1S ;' u')

l
fori=1,...,n.

We next apply the empirical likelihood method based on estimating equations of Qin and
Lawless [17] to the foregoing jackknife sample. This gives the jackknife empirical likelihood
function for 6 = A(t) as

n

n
L) = sup!]_[(npi): P1=0,...pp=0,Y pi=1,
i=1

i=1

n 1=by

Zm/ Vi, 1) — u® Yo, 1) du =014,
i=1 n

n

where a, > 0 and b, > 0. Note that we use falnfb instead of fol in defining the foregoing
jackknife empirical likelihood function, to control the bias term and allow the possibility of
A(0,1) =00 and A(1, 1) = o0.

By the standard Lagrange multiplier technique, we obtain the log jackknife empirical likeli-
hood ratio as

10) = —2log L(6) =2 log{1 + Qi (0)},

i=1

where
1=b,
Qi(9)=f {Vi(u, t) — u® A (u, t) du

and B = B(0) satisfies

n

lZ%ﬂ. (3.1)
n 1+ B80i(0)

i=1
Theorem 3.1. Suppose that :—;C(u, v), %C(u, v) and %C(u, v) are defined and continu-
ous on the set F3 = {(u,v),0<u <1and 0 <v < 1} and

2

> Cu,v)| < i Cu,v)| <
— )| = —, — LU,V = —"0,
ou? u(l —u) v? v(l —v)
2 M M
Cu,v)| < A
ou dv u(l—u) v(d—vo)

for (u,v) € F3 and some constant M > 0. Let t denote a fixed point in (0, 1). Assume that the
function M(u,t) > 0 is continuous and not identical to 0 as a function of u € (0, 1), A'(s) is
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continuous at s =t, and

h=h{n)— 0, nh — oo,
a, — 0, b, — 0, h/a, — 0, h/b, — 0,

l_bn
/A / Mu,t)du —>0  for some §; > 0,
An
1
/ u2(1—u)a(u,t)du <co  for some 8, €[0,1/2),
0 L [ V2
/nh / w30 (u, 1) du — 0,
an 3.2)
17bn
\/ﬁh2/ {logu} ™ u=3?n(u, ) du — 0,
an
1 1-b,
/ Lfl)»(u,t) du — 0,
a,

N
l_bn
n_3/2/ u_zk(u,t)du—>0
dp

asn — 00. Then [(Ay(t)) —d> XZ(I) as n — oo, where Ag(t) denotes the true value of A(t).

For any fixed ¢t € (0, 1), based on the foregoing theorem, a jackknife empirical likelihood
confidence interval for Ag(z) with level yy can be constructed as

Ly (1) =10: 10) < x;0 ),
where X)%o is the o quantile of x2(1), as follows:
Remark 3.1. (i) When A(u,t) ={—u logu}_l, we have supy, < A(u, ) = 0o. We can choose
an =din"?, by =don~?, h=dsn /3
for some dy,d>,d3 >0,0<a <1/9,and 0 < b < 1/6.
(i) When supy_, <1 A(u, ) < 0o, we can choose

a, =din™?, by =don~?, h=dn" /3

for some dq,d>,d3 > 0,b > 0, and 0 < a < 1/3. Here we fix the rate for 4 because the optimal
rate for the bandwidth in smoothing distribution estimation is n~!/3.
(iii)) Theorem 3.1 still holds when a, — a € (0, 1/2) and b,, — b € (0, 1/2] as n — oo.

4. Simulation study

In this section we examine the finite-sample behavior of the proposed jackknife empirical likeli-

hood method based on A (u, ) = u~ ! (— logu)~ min{AC0).1) i terms of coverage probability and
compare it with the method based on the asymptotic distribution of AF¢(¢). For computing the
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Table 1. Empirical coverage probabilities are reported for the proposed jackknife empirical likelihood

confidence interval (JELCI) based on AMu,t) = u=l (—log u)fmi“{‘&cm ®.1} and the confidence interval
based on the multiplier method for ACF G(t) (MCI) with nominal levels 0.9 and 0.95

Level 0.9 Level 0.9 Level 0.95 Level 0.95

(n, t, Copula, 9) JELCI MCI JELCI MCI

(100, 0.1, Gumbel, 2) 0.604 0.276 0.639 0.366
(100, 0.1, Hiisler-Reiss, 0.5) 0.845 0.566 0.899 0.655
(100, 0.1, Tawn, 0.25) 0.817 0.571 0.872 0.670
(100, 0.5, Gumbel, 2) 0.871 0.722 0.941 0.784
(100, 0.5, Hiisler-Reiss, 0.5) 0.888 0.715 0.941 0.802
(100, 0.5, Tawn, 0.25) 0.886 0.750 0.941 0.825
(100, 0.8, Gumbel, 2) 0.841 0.531 0.889 0.599
(100, 0.8, Hiisler-Reiss, 0.5) 0.889 0.646 0.947 0.758
(100, 0.8, Tawn, 0.25) 0.884 0.677 0.938 0.758
(1000, 0.1, Gumbel, 2) 0.888 0.655 0.935 0.740
(1000, 0.1, Hiisler-Reiss, 0.5) 0.892 0.813 0.942 0.883
(1000, 0.1, Tawn, 0.25) 0.900 0.820 0.957 0.891

coverage probability of the proposed jackknife empirical likelihood method, we choose k(x) =
B —x21(xl < 1), h =050, a, = by = 0.1, A(u, 1) = u~" (= logu)~™MATO1) anq
use the R package “emplik” (see Zhou [19]). To compute the confidence interval based on the
asymptotic distribution of A (1), we use the multiplier method proposed by Kojadinovic and
Yan [12]. More specifically, we use eq. (7) of Kojadinovic and Yan [12], with N = 500 and
{Zi(k): i=1,...,n,k=1,..., N} as independent random variables from N (0, 1), to calculate

the critical points of the asymptotic distribution of /n {ACF G(t) — A(t)}. We do not use a larger
N, because this multiplier method is computationally intensive. A comparison study on bootstrap
approximations has been reported by Biicher and Dette [1].

We draw 1000 random samples with size n = 100, 1000 from the Gumbel copula, the Hiisler—
Reiss copula, and the Tawn copula with Pickands dependence functions specified at the end of
Section 2. Table 1 reports the coverage probabilities at levels 0.9 and 0.95 for t = 0.1, 0.5, 0.8.
These show that (i) the proposed jackknife empirical likelihood method gives much more accu-
rate coverage probabilities than the multiplier method based on the asymptotic distribution of
ACFG(t), and (ii) our proposed jackknife empirical likelihood method performs poorly for the
boundary case t = 0.1 when n = 100, but its performance improves as n becomes large.

5. Proofs

Proof of Theorem 2.1. Define

S| =

o (1, v) = ﬁz{ S I(Fi(Xi) <u, Fa(Xi2) <v) = Clu, v)}.

i=1
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Then, from Proposition 4.2 of Segers [18] and Theorem G.1 of Genest and Segers [8], it follows
that

sup  [v/(Cou, v) — Cut, )} — oy (, V) + C1 (u, V)& (1, 1) + Caut, V)t (1, V)]

0<u,v<l
=0m Y*(ogn)*(loglogn))  as.
and

oy, (U, v) B) W(u,v)
w AVl —uAv)S w AV —uAv)d

in the space [*°([O0, 17%) of bounded, real-valued functions on [0, 1]* for any 6 € [0, 1/2), where
W is defined before Theorem 2.1. By the Skorohod construction, there exists a probability space
carrying C;r, ai, W* such that

€t o)L Coan), WEW, (5.1)
sup [Va{Cpr(u. v) — C(u,v)} — aj(u, v) + C1 (. v)egs (u, 1) + Ca(u, v)ei (1, )|
0<u,v<l
= (5.2)
=O(n_1/4(logn)1/2(loglogn)) a.s.
and
* , W* ,
@ (1, ) - ®, v) =0, (1). (5.3)
o<uv<t] WAV —unv)d (WAL —uAnv)l
Let A}f*(l; A) denote the solution to
1 A
/ (CF'™, u"y — uY(u, 1) du = 0.
0
Then (5.1) implies that
(A1) 0<r < 1) £ (A1) 0<r<1). (5.4)

Write
1 A
/{C;f(ul_t,ut)—uA([)}A(u,t)du
0

(n+1)—1/((1—t)vt)
:/ {—=u* YA (u, 1) du
0

(n/ (1) (A=DVD)
+f [Cr'™" u"y —u? O, 1) du (5.5)
(n_;,_l)fl/((l—t)\/r)



504 L. Peng, L. Qian and J. Yang

1

+/ 1—u®}a(u, 1) du
(n/(n+1))/(@=0vD)

= 1(t) + L) + L(1).

Because 1 > A(f) > (1 —¢t) vt >1/2,(2.3) implies that /;(¢) and I3(¢) are finite and

(n_,'_])fl/((lft)\/t)

sup /|l (1) < sup /n uZau, 1) du = o(1),

0<t<l 0=<t<l 0 (5.6)
| .

sup /n|I3(t1)| < sup /n (1 —w)r(u, t)du = o(1).

0<r<l1 0<r<l1 (n/(n+1)1/({A=0)vD)

From the condition

1
sup / {u(l_’)w(l — u(l_t)v’)}szk(u, t)du < oo
0<t<1J0

in (2.3) and (5.3), it follows that

sup
0<r<1

1
/ (k! u'y = W@ u'))au, 1) du| 5 0. (5.7)
0

By (1.1), we have

0<Cr"™ u)y =urO~0=D1(A@) — 1A' (1))
<u=VI=U=DEA@) — 1A (1))

and

0<Co'™" u"y =u O AW) + (1 - A (1))
<ul"VTHAWD + (1= DA @),

Because A(f) and A’(¢) are bounded on [0,1], from the conditions

1
sup / u(l_t)w_(l_t)u(l_’)‘sz(l — ul_t)‘sz)»(u, t)du < oo
o<r<1Jo

and

1
sup / u=0vi=ty 1 1 yy925 1y du < oo
0

0<r<l
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in (2.3), it follows that

1
sup / of @, DO @ uhHA(u, 1) du
0<r<11J0
1
—/ W@ 1O @, u A (u, ) du| 2 0,
e (5.8)
sup / af (1, u")Co ('™, u)A(u, 1) du
0<r<11J0
1
—/ W*(1, u")Ca(u' ™", u YA (u, 1) du| 2 0.
0
By the condition
(n/ (n41))!/((A=0VD
sup n_1/4+5‘/ AMu,t)du — 0
0<r<l (n+1)~1/{A=0)vD)
in (2.3), (5.2), (5.7) and (5.8), we have
sup ﬁlz(t)—f W@ u"y = W@, DC ' u')
0<r<l1
—W*, uH)Co' ", u) A (u, 1) du (5.9)

(n/(n41)) 1/ (=0v0
:Op<n_1/4(logn)l/z(loglogn)l/4 sup/
(

0<r<1

A, 1) du) +0,(1)=0,(1).
n+1)=1/A=0v1)

By (5.6) and (5.9), we have

sup
0<r<l

/IC(M“ u') —utOYa(u, 1) du

/ (W@ = uy = W@, D @ uy — WAL uh)Ca(u ™ uh) I (u, 1) du

=o0p(1),

which is equivalent to

sup
0=r<l

1
/ NG pAwE ) _ OV 1) du
0

1
—f (W@ uhy — W@, D !, uh) (5.10)
0

—W*(1,u')Co ™ u) YA (u, 1) du| = op(1).
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The foregoing equation shows that as n — oo,

1 ~
[ [l Dy AOV) (u, 1) du
0

sup
0<tr<l

=0,(1). (5.11)

which implies that

P(A2*(1:3) > 4/3 for some 1 € [0, 1])

1 1
/ {uA;lU 0 —uA(’)}A(u,t)du > inf / (uA(t)—u4/3))»(u,t)du> -0
0

0=<t=<1Jp

< P< sup

0<t<l
since 1/2 < A(¢) <1 forall 0 <¢ < 1. Similarly,

P(AY*(t; ») < 1/3 for some 7 € [0, 11)

1 R 1
< P( sup {uA" A _ uA(’)}A(u, t)du|> inf (u1/3 — uA(’))A(u, t)du
o<
o<r=1lJo <=1 Jo
-0 as n — oQ.

Thus,
P(1/3§A;,”*(t;)\)§4/3 for all ¢ € [O, 1])—> 1. (5.12)

By the mean value theorem,
1 Awk
/ {utn™ @R —y AON) (u, 1) du
0

1 A
= / u@ D AO+A=a@ AT L) (100 1) (u, 1) du (5.13)
0
x (A(t) — A¥*(1; 1))
for some a(u,t) € [0, 1]. Because 1/2 < A(t) < 1,wehave 0 < a(u,t)A(t)+(1—a(u, t))/i},“*(t;

1) <7/3 when 0 < AY*(1; 1) < 4/3. Thus, from (5.12), it follows that

1 N
P< inf [ uWDAOFA=aATER) (_og 1)) (u, 1) du
0

0<r<1

1
> sup / u7/3(—logu)k(u,t)du>—>1
0

0<r<1
as n — 0o, which, combined with (5.11), (5.13) and (5.1), implies that

sup |AV*(t; ) — A1) = 0,(1). (5.14)

0<t<1
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Then supg,<; |Az’(t; A) — A@)| =0, (1) follows from (5.14) and (5.4).
We next prove that Az) (t; A) is continuous for ¢ € [0, 1]. For ¢,,,t € [0, 1] and t,, — ¢ € [0, 1]
as m — 00, we have

1 N

1/2 Aw . w .
/ utn (t""k))»(u, ty) du +/ (uA'l (tm32) _ l)k(u, ty) du
0 1/2

1/2 R 1 R
=/ Co ('™ u"™ )\ (u, tyy) du +/ (Cn(ul_”",u’”’) — 1)A(u, ty) dut.
0 172
Note that the function

1/2 . 1 n
[ Co(u' ™" u A (u, 1) du +f (CaGu' ™" u"y = 1)A(u, 1) du
0 1/2

is continuous in ¢ € [0, 1]; thus, we have

172 Aw . 1 Aw .
lim </ w3, 1) du +/ (MA" (tm3d) _ 1A, tm)du)
m—o0\ J 12

12 o
=/ Cn(ul_t,ut)k(u,t)du—i—/ (CuGu' " u"y = 1)A(u, 1) du.
0 1/2
Because
172 1
/ u*A(u, t)du +/ W® — DA(u, t)du
0 172

is continuous in ¢ € [0, 1] and is monotone in « for each ¢ € [0, 1], we conclude that AZ’ (tn; A) >
AY(t; L) as m — oo. Thus, A}/ (¢; A) is continuous in [0, 1].
Note that

1
sup / {u(lft)v’(l — u(lft)w)}éz)»(u, t)du < oo
0

0<r<1
for some 8 € [0, 1/2) in (2.3) implies that f,/* u®2(u, 1) du < oo. Thus, using
ua(u,t)A(r)—i—(l—a(u,t))A;,”*(u;)L) (_ logu)k(u, Z)
— uAO (Zlogu)(u, 1)ul =A@ AT ) —Aw)
<O (Zlog ) (u, yu— 100 spo<i<1 |47 10 =AD]

A(t) > 1/2forall t € [0, 1], (5.14) and

O<u1—-1< s—lu*sz for all u € [0, 1] and any fixed 0 < 51 <57 < 1,
52
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we get that
1 - 1
sup / uWDADFUA=a@.DATER) (o0 1) (u, 1) du — / u® (logu)a(u, ) du
0<r<11J0 0
1 .
< sup [ MA(I)(_ logu))\(u’t)(u*(lfd(uvl))suloosxsl [AR* (52— A)] _ 1) du
0<t<11J0

-y ( (1 —a(u, 1)) supy—y < |A*(s3 1) — A(s)]
(1 — @) supyy<1 |AW* (55 1) — A@S)| + (A1) — 62)/2

- 0<r<l1

1 (5.15)
% / y—(=aen)supys<) |A;”*(s;)»)fA(s)\+(A(t)+52)/2(_ logu)A(u,t) du)
0

1
_ O,,(l)O,,( sup / —(1—a(u,n)) supyy< |AL*(s3 A)—A(S)|+(A(l)+52)/2(_ logu)A(u, 1) du)
0

0<r<l1

1
=o,,(1)o,,<sup /0 u32(1—uSZ)A(u,z)du>=op(1).

0<t<l1

Note that the two processes Anw (t; 1), B(t) are continuous for ¢ € [0, 1]. Thus, from (5.1), (5.10),
(5.13), (5.15) and (5.4), we conclude that \/r_z{A}f (t; A) — A(2)} converges to B(¢) in C([0, 1]). 1

Before proving Theorem 3.1, we present some lemmas. Throughout, we assume that 7 is a
given point in (0, 1) and use 6 to denote Ay ().

Lemma 5.1. Under the conditions of Theorem 3.1, as n — 00, we have

ZQ (90)—>/ W'~ u) = W', e, uh)

— WA, u)Cow" ", u WA (u, 1) du.

Proof. Write

. t)_,((u ET (X )>K<u— Bl (X,z)>
i = I 2

n 1/(1 1) 1/’
) ['X;0)

(u FY0x )) (u— FY! (X,2)>}
— K K
h h

= Vit(u, 1) + Vi (u, 1)

(5.16)
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and

1 n
52@%>

I=by n_
= [ Y gy
n =1

n

1=b, "
n_1/ ZV,-Q(u,t))L(u,t)du
n =1
l/t

]_hn n 1/(1 t) X _ Xl
:n71/ {ZK(u nl ;[ ( ))K(u n2h—l( 2)>_u90})\(u,t)du
ay 1

i=

R ()
An i=1j=1 h h
A1/t
x K(%)w,r) du (5.17)

+n_1/1—b,12n:2n:K<u 1/(1 t)(X ))
Gn i=1 j=1 h
1/; l/t X;
x {K( (X’2)> K( ”Zh*’( 2)>}k(u,t)du
1-b, "N n _ 1/(1 1) (X 1/(1 1)
+n—1/ ZZ{K<M nlft Jl)) K( (Xj1 )>}
an — 1 h
1/z jald
X {K( (X/2)> K( nzhfl( /2))}k(u,t)du

=L+ -+ 1.

Furthermore, the first term /] can be expressed as

1-b 1 plq
n 1 A A —
4l :/ A(u,t){/ / p E I(Fu1—i(Xi1) < 51, Fuo,—i (Xi2) < s2)h ™2
a 0 JO X
n i=l

R VICES) y— s/t
xk( ;l )k( h2 )ds}/“‘”ds;”—u%}du (5.18)
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/lbllk( t) /’ / 1 A (X )< n +l
= u, - E ; si+—),
. n v nl il = n+1 1 n
Fro(Xin) < (52 +
n2{Ai2 = h+1 52 n
1/(1=1)
N S G
h

u— gl
X k<7h 2 ) dsll/(l_t) dszl/t —u? } du

1-b, 1 1 R - 1 , 1
= Alu,1)1Cy —s1h — — soh -
/an /_1./_1 (u ){ < (u sth)" = + P (u s2h) + +1)

1
—C( " w— s ——

n+1 n+1

" 1 (u — s2h)" + L) }k(sl)k(sz) ds; dsp du

1-b, . 1 1
f /v/)‘(” t){ ( (M—S1h) t+? (u—szh)’—i-?)

—Cu', u’)}k(sl)k(sz) dsy ds» du

=:111 + 1I,.
Because sup, -, <;_;, (h/u) <h/a, — 0 and

inf  min{(n + Du, n+ Du'""} > (0 + Da, — 0o

an<u<l—b,
as n — 0o, we have

log(u — sh)

sup - 1‘
ap<u<l—b,,—1<s<l logu
(5.19)
2h/u 2h 2%
< sup < + ’
an<u=i—b, —logu = —aylog(a,) = —(1—by)log(l —by)
sup u"l{ 2 (u—sh)l—’+L} —1‘—>0 (5.20)
ap<u<l—b,,—1<s<l1 n+1 n+1
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and

sup
ap<u<l—-b,,—1<s<l

which, together with (1.1),

sup
ap<u<l—b,,—1<s1,52<1

sup
ap<u<l—b,,—1<s1,52<1

sup
ap<u=<l—by,—1=<s1,52<1

sup
ap<u=<l—by,—1=<s1,52<1

sup
ap<u=<l—by,—1=<s1,5<1

sup
ap<u<l—b,,—1=<s1,52<1

sup
ap<u=l—b,,—1<s1,52<1

sup
ap<u<l—b,,—1<s1,52<1

511

1
imply that
log{ — (u—sh)l—’+L
Sln+ : n+l
/ 1
+ log (u—sz)+T /10gu—1—>0
1
All —soh) + ——
<0g{n+ (u — s2h)" + +1}
1
I — sy —
/(Og{n (w—s1h) — + +1}
1
+10g{ (M—Szh)l-i-m}))—A(l) — 0,
c - —sih '~ ’+L
n+ n+1’
1
n+1(u—szh)’+?>—C(ult,u’) -0,
n 1
_ h] —t
1 1(u s1h) +—+1
1
(u—szh)’—i—?)—Cl(ul',ut) — 0, (5.22)
n+
n
C _ hl—t S
2<n+1(u sth) ™+ p—
t 1 1—¢ t
7 = s2h) R —Co(u ", u)| =0,
n 1
C hll‘ -
11( —i—l( —s1th)y " + pol
1 1—¢ t
(u—szh)—l—? —Cnuw =" u)|—0,
Ci2 (M—Sl m'= ’—i-;
n+ n+1
t 1 1—¢ t
nt (M—Szh) +? —Cro(u ,u)|—0,
Cn (u—Sl m'= t+;
n+ n+1’
(u—szh)’+L —Con' ™ uH)| =0
n+1 n+1 ’ ’
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Thus, by (3.2), (5.22), and similar arguments used in the proof of Theorem 2.1, we can show that

1
Sl 5 / W' u'y = W', He '™, uh)
0 (5.23)
— WA, u)Co" ", u)IA(u, t) du.
It is straightforward to verify that

ICy (ul—t’ Mt)ul—t| _ O(MA(t)) _ O(u1/2),

Co(! ™ uhu'| = O(ut) = 0@'’?),

IC "™ uu?7# {1 —logu}| = O(u?®) = O/, (5.24)
1Con(u' ™", u"yu? logu| = O(u??) = O'/?),

ICro(u'™" u"u{l —logu}| = O(u?®) = 0'/?)

uniformly for u € [a,, | — b,]. By Taylor’s expansion, we have

1-b, 1 1 1-t
" h 1
I, = Ciu' ™, uHyu' L R L |
2 /a /_1/_1{ S u T T u HCES=

n\' 1
Cou ™" 'y U P _1
+ Cou " uu (n+1 . + Dt

1
+ ECH(MI_[, u)(1+o(1))u®~*

n s1h 1= 1 2
x L I |
n+1 u (n+ Dul-t

(5.25)
l 1—t t 2t n _%[ 1 _ 2
+2C22(u ,u)(1+0(1))u <n+l<1 u ) +(n+1)u’ !
1—t
-t n _sih v
+ ,u)(l+o(1))u<n+1<l u) +(n+1)ul_t 1)

n soh\! 1
X(n+1(1_7) +(n+1)ut_1)}

X k(s1)k(s2)A(u, t)dsy dsy du.

Consider the first term in the foregoing expression. By (3.2), (5.22), (5.24), and the symmetry of
k(s), we have

— 1—
/1 hn/lflcl(u]tu’)ult S 1—M t+;—1
an —1J=1 ’ n+1 u (n—i—l)u]*t

X k(s1)k(sp)A(u, t)dsy dso du
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1-b, h 1—t
/ / Cr"™" utyu'~ ’(%(1—“—) —1)k(s1))\(u,t)ds1du
n u

1—=by

- Ci' ™ uhHa(u, t)d
+n+1 1 " u)A(u, t)du

1-b, 1 | | l’l/’l2 5
= (1+0(1))f /lCl(u oy —’2(n+ 1)(1 — 1) (—1)sTk(s)A(u, 1) ds; du

1 1-b,

n+1

l—bn l_bn
=O<h2/ u—3/2A(u,r)du) —I—O(n_l/ u_l/zk(u,t)du> =o(1/v/n).

Other terms of (5.25) can be handled in the same way, resulting in
du)

1-b, _ h2 1
112=o(1/ﬁ)+o</an Ca(u’ ’,u'>u’<u—2+ (n+1)u>““”)

1=bn 1=t oy 2-2fh 1 g
(0] C -, B Au,t)|d
+ (/a 1@ " u)u (u+(n+l)u> (u, 1) u)
1—by 2
+0 / Coo ('™, u"yu? ﬁ+ ! A, )| du
a ’ u (m+Du ’

o 1=bn Cor h 1 h 1 N
" (/ 2 ””‘( MCES ><E+(n+1)u> .1

1—by,
:o(1/ﬁ)+o<h2/ u_3/zk(u,t)du)

Cr™ uH(A — u DA, 1) du

du) (5.26)

1-b,
+O<h2/ {logu} 'u™ A (u, t)du)

=o(1/+/n).
For the second term, I», in (5.17), by the mean value theorem, we can write

_ Bla=D F1/0-0) (-
12=n_1/1 ”2”:2’1: Xjp -y "Xy, —EMO )
an h h

i=1 j=1

1/(1 ) 1/(1 1) 1/(1-1)
1 (X ) (X ) En l ]
+5< i > ( h >} 427

Pl

X K(%)A(u, t)du,
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where &, ; ; is between I:”nl (X 1) and I:"nl,_,- (X j1). Using the equation
. 1. 1
Fu,—i(Xj1) — Fu(Xj1) = ;Fnl(le) - ;I(Xil <Xj1),

we have

sup |Fu1(Xj1) — Fur (X0 <n” Y,

e (5.28)
N _ A _ 1 .
sup |F,111/(1 t)(le)—Fnll/(li t)(Xj1)| < nl.
1<i,j<n ’ 1—
Then, uniformly for u € [a,, 1 — b,],
non 1/(1-1)
u — PR
ZZ’( it | 1)
i=1 j=1
n n 1 1
SZZP<(M_h)1_t_ ; < nl(le)S(u+h)l_t+;l)
i=1 j=1
o (5.29)
L [t D@ +R' T+ D/n D= =+ D/n—1
= " -
=0@ ™ 'nh)
and
n _pla=0y

j=1

Because k(s) is a density function with support on [—1, 1], it follows from (5.27), (5.29) and

(5.30) that
< 1>A(u, t) du)

1-b, " n U — Fl/(l_t)(X'l)
I =O h—l —2/ I nl J
G A B (e

i=1 j=1

1/(1-1)

+o(n2 —3/1_b"2n:i1 “hii |\ awnd (5.31)
n ) 2. h < u,t)du .
n i=1j=1
1—b,
=O(n_1/ u_lk(u,t)du> =o(1/ﬁ).
ap
Similarly, we can show that
Ii=o(l/y/n) and Iy=o0(1/y/n). (5.32)

Thus, the lemma follows from (5.23), (5.26), (5.31) and (5.32). ([l
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Lemma 5.2. Under conditions of Theorem 3.1, we have

—ZQ (90)—>E</ W' u') = W', e, uh

2
— W, uH)Cou' ™, uH) I (u, t)du>
as n — oQ0.
Proof. By (5.16), we can write
07(9)
1=by pl=by ) ) N )
=f / {(Vit(ur, )Vit(uz, 1) + Vit (u1, ) Via (ua, t) — Vit (ur, )u§

+ Via(ur, )Vi1 ua, 1) + Via(ur, 1) Vin (ua, 1) — Via (uy, t)u§

—ufViy(ua, 1) — ul Via (ua, 1) + u§ul)r(ur, )A(uz, 1) duy dus.

Using arguments similar to those in (5.27), we have

1=b, A
/ / Via(uy, 1) Via(ua, t)A(uy, )A(uz, t) duy dus
[0 dan

n

/1 b"/1 b"( ZZZ{ nl 71(X]1)_ nl(le) it ’/(1 t)(X 1)

i=1 j=1I=1
Xk(”1 1/(1 t)(X ))K<”1 _ﬁnlz/t(xﬂ)>
h h

Fro i (Xj2) — ﬁnZ(XjZ) lﬁ(lft)/t
t n2

; (X;2)
h h

(5.33)

9 {ﬁnl,—i(Xll)_ﬁnl(Xll) 1 t{(l (X))
h 1—1t Ey

£1/(1—1) ~1/t
8 k(btz - F,,lh (X11)>K<u2 - F,;lz (X12)>

Foo—i(X1) — n2(X12)1 A(1 1/t

7 (X12)
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Xk(uz—-§¥ﬁxn>>K<uz ‘t:’kx ))})

X A(uy, )A(uz, t) duy duz +o0p(1).

It is straightforward to check that

—Z}&Mﬂ Fut —i COHEu1 (9) = Fur —i ()}

n+1 . n+2 4
=— Epi(x Ay) — 3 Fn () F (),

—Eﬁaxm Fuo—i COMF2 () — Fua,—i ()

+1 4 n+2 . N
=3 Fro(x AN y) — 3 n2 (%) Fna(y)

and

—2}&mm Fat —iOHFa(y) = Fua, i ()}

A A A 2 A A
Zﬁcn(Fnl(x)vF 3 Fnl(x)Fn2(y)-

Then (5.33) can be written as

1 by ploby .
;Z/ / Via(uy, ) Vi (uz, )A(uy, )A(uz, t) duy dus
— dn

1~b, pl=by
hz/ / (nzhz ZZ{ Fa(Xj1 A Xpn) — n](le)Fnl(X”))( 7

j=11=1
]/(1 1)
X
z/<1 z)(X )Fz/(l ’)(X“)k<ul h ( ))

1 1/1

k(B X (= BT
h h

8 K(Mz - ﬁ,iz/t(Xzz)>
h

o A A 1
+ (Fia(Xjo A Xp2) — Fn2(Xj2)Fn2(X12))t_2
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A1/t
A(l— A(l— ur—F ) (Xi2)
x By (X ) B ””(X@k(—'}j .

1/(1 1) A1/t
XK(ul h (X1 )>k<u2—F22 (X12)>

1/(1 1)
Xn
xK<u2 ( ))
h

+ (Ca(Fn1 (X j1), Fn2(X12)) — Ft (X ;1) Fia(X12))

oL pya-n
t(1—1) nl

1/(1 1) AL/t
(= (X;1) K —F, (Xj2)
h h
AL/t 1/(1 1)
xk(uz_F’;f (X12)>K< 2— h (Xn ))

+ (Ca (Bt (X11), Fia (X j2)) — Fut (X11) Fna (X j2))

1
« 11/(1 )
t(1—1) P

ml/(1=1) l/t
Xk(uz—F,,lh (le))K<M2— - (X12 ))

Xk(”l ”’(X,z)>,<< B0 ))})
h h

x Auy, )A(uz, t) duy duz +o0p(1).

XnES (X

A(l—
X ES (X )

Based on the foregoing decomposition, we can show that

| pl=be by R
o [ Vit Vit r . 0z )y
i=1"Yn n

1 pl
=/0 /(; ({u /\u; t—u} ful= '}Cl(ul utl)Cl(u;’,utz)

+ () Auhy — ulub)}Coluy ™ ) Co(u ™" uh) 530
+{C g™ uh) —uy Wb} CrG ™ u)) Cauy ™" uh)
H{C@y ™" uh) —uy IO (uy T uh) Co(uy ! uh)

X A(uy, )A(uz, t) duy duz +0,(1).
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Similarly, we have
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1 [l=ba pl=by R
—Z/ f Vit (ui, 0)Vip(uz, 1) duy duy
n an an

1 1
:/0/O{C(u%_’,uﬁ)ué_tcl(ué_’,ug)—C(u Auy T ut)Cy AT ub)

1 n 1-b
2

1 1
- / / Cluy™" Auy ™ uly Aub) Ay, OM(ua, 1) duy dus + 0, (1),
0 JO

1—t 1—t 1—1 1—1
+Cu, ,utl)utzcz(u2 ,utz)—C(u1 ,Mtl/\utz)CQ(uz

X A(uy, )A(uz, t) duy duz +0,(1),

1=b, R
/ Vit(uy, ) Vit (uz, )A(uq, )A(uz, t) duy dus

1 b pl=bu
—Z/ / Vit (ur, U Ay, Az, 1) duey duy
n an an

1 1
=/ f Cul™ ) Cub™ Ay, Az, 1) duy ducs + 0 (1),
0 0

and

| by pleby
. E / f Via(u1, l)M2 Auy, DA (uz, 1) duy duy = o0p(1).
an ay

Thus, the lemma follows from (5.34)—(5.38) and the fact that

(5.35)

(5.36)

(5.37)

(5.38)

1 2
E</ W' uy —we'™, De @' ™, u) — W, u)Cau ™, u) I (u, t)du>

f f {Cu™ Auy ™" ul Aub) — Cluy™  ul)Cluy ™", ub)

—(Cuy™ Auy ™ ul) — Cluy ™" uuy ™) Cr(uy ™, ub)
—(Cluy™" ul Aub) — Cluy ™ ul)ub) Coluy ™", ub)

Ay uy ) =y Ty ) Cr (T )
ur AUy —u Ty Cr T W) Cr (g uh)

Cluy™" ub) —uy™ ’)cl(ul Lul)Co(uy ! uh)

—(Cy™, uly Aub) —ul Cuy™  ub))Colu) ™" ul)
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+(Cluy™ ul) —uy ™ ul ) Colu) ™ ul)Cr(uy ™ uly)
+ (Lttl A ut2 — u'lutz)Cz(u%_t, utl)Cz(ué_l, utz)})»(ul, OM(up, t)duyduy. O

Proof of Theorem 3.1. Using similar expansions as in the proof of Lemma 5.1, we can show
that max<j<, |Q; (6o)| = 0, (nl/z). Thus, using Lemmas 5.1 and 5.2 and standard arguments in
expanding the empirical likelihood ratio (see, e.g., Owen [13]), we obtain that as n — oo,

n 2 n
1(60) = {Z Qi (90)} /Z 0} (0) + 0, (1) 5 x2(D).

i=1 i=1 O
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