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Radon needlet thresholding
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We provide a new algorithm for the treatment of the noisy inversion of the Radon transform using an
appropriate thresholding technique adapted to a well-chosen new localized basis. We establish minimax
results and prove their optimality. In particular, we prove that the procedures provided here are able to attain
minimax bounds for any IL;, loss. It is important to notice that most of the minimax bounds obtained here
are new to our knowledge. It is also important to emphasize the adaptation properties of our procedures
with respect to the regularity (sparsity) of the object to recover and to inhomogeneous smoothness. We
perform a numerical study that is of importance since we especially have to discuss the cubature problems
and propose an averaging procedure that is mostly in the spirit of the cycle spinning performed for periodic
signals.

Keywords: minimax estimation; second-generation wavelets; statistical inverse problems

1. Introduction

We consider the problem of inverting noisy observations of the d-dimensional Radon transform.
Obviously, the most immediate examples occur for d =2 or 3. However, no major differences
arise from considering the general case.

There is considerable literature on the problem of reconstructing structures from their Radon
transforms, which is a fundamental problem in medical imaging and, more generally, in tomog-
raphy. In our approach, we focus on several important points. We produce a procedure that is
efficient from an L, point of view, since this loss function mimics quite well in many situations
the preferences of the human eye. On the other hand, we have at the same time the requirement of
clearly identifying the local bumps, of being able to estimate the different level sets well. We also
want the procedure to enjoy good adaptation properties. In addition, we require the procedure to
be simple to implement.

At the heart of such a problem, there is a notable conflict between the inversion part — which, in
the presence of noise, creates an instability reasonably handled by a singular value decomposition
(SVD) approach — and the fact that the SVD basis is very rarely localized and, as a consequence,
capable of representing local features of images, which are especially important to recover.

Our strategy is to follow the approach started in [11], which utilizes a construction borrowed
from [21] (see also [13]) of localized frames based on orthogonal polynomials on the ball, which
are closely related to the Radon transform SVD basis.
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To achieve the goals presented above, and especially adaptation to different regularities and
local inhomogeneous smoothness, we add a fine-tuned subsequent thresholding process to the
estimation performed in [11].

This improves considerably the performances of the algorithm, both from a theoretical point of
view and a numerical point of view. In effect, the new algorithm provides a much better spatial
adaptation, as well as adaptation to the classes of regularity. We prove here that the bounds
obtained by the procedure are minimax over a large class of Besov spaces and any I, loss: we
provide upper bounds for the performance of our algorithm and lower bounds for the associated
minimax rate.

It is important to notice that because we consider different IL,, losses, we provide rates of
convergence of new types attained by our procedure. Those rates are minimax since they are
confirmed by lower-bound inequalities.

The problem of choosing appropriate spaces of regularity on the ball reflecting the standard
objects analyzed in tomography is a highly non-trivial problem. We decided to consider the
spaces that seem to stay closest to our natural intuition, that is, those that generalize to the ball
the approximation properties by polynomials.

The procedure gives very promising results in the simulation study. We show that the estimates
obtained by thresholding the needlets outperform those obtained either by thresholding the SVD
or by the linear needlet estimate proposed in [11]. An important issue in the needlet scheme is
the choice of the quadrature in the needlet construction. We discuss the possibilities proposed
in the literature and consider a cubature formula based on the full tensorial grid on the sphere,
introducing an averaging close to the cycle-spinning method.

Among others, one amazing result is that, to attain minimax rates in the Lo, norm, we need
to modify the estimator. This result is also corroborated by the numerical results: see Theorem 2
and Figures 4 and 5.

In the first section, we introduce the Radon transform and the associated SVD basis. The
following section summarizes the construction of the localized basis, the needlets. The procedure
is introduced in Section 4, where the main theoretical results are stated for upper bounds and
lower bounds. Section 5 details the simulation study. Section 6 details important properties of
the needlet basis. The proof of the two main results stated in Section 4 is postponed in the two
last sections.

2. Radon transform and white noise model

2.1. Radon transform

Here we recall the definitions and some basic facts about the Radon transform (cf. [10,14,19]).
Denote by B¢ the unit ball in R?, that is, B = {x = (x1,...,xq) € R?: |x| < 1} with |x| =
(Zflzl xi2) 172 and, by S¢~1, the unit sphere in R¢. The Lebesgue measure on B¢ will be denoted
by dx and the usual surface measure on sé-1 by do (x) (sometimes we will also deal with the
surface measure on S¢, which will be denoted by do;). We let |A| denote the measure |A| =
[,dxif AC B and |A| = [, do(x) if AC S
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The Radon transform of a function f is defined by

Rf(@,s):/ f(s6 + y)dy, 6es sel—1,1],
yeht

59+}'€Bd

where dy is the Lebesgue measure of dimension d — 1 and 0L ={x e RY: (x,0) =0}. With a
slight abuse of notation, we will rewrite this integral as

M@®=/

f(y)dy.
(v.0)=s

By Fubini’s theorem, we have

1
/ Rf(0,s)ds =/ f(x)dx.
—1 Bd
It is easy to see (cf. [19]) that the Radon transform is a bounded linear operator mapping
Lo (B4, dx) into Lo(S4~! x [—1, 1], du(8, 5)), where

ds

du(6.5) = doO) 37— m@=n7-

2.2. Noisy observation of the Radon transform

We consider observations of the form
dY(©0,s) = Rf(0,s)du(8,s) +edW(@,s),

where the unknown function f belongs to Ly (B¢, dx). The meaning of this equation is that, for
any ¢(0, s) in Ly(S?! x [—1, 1],du(8, 5)), one can observe

Y =/(p(9,s)dY(9,s)=/d 1 Rf(@,s)ga(@,s)du(@,s)+8/(p(9,s)dW(9,s)
SA=Ix[-1,1]
=(Rf, @) +eW,.

Here W, = [ ¢(0,s)dW (6, 5) is a Gaussian field of zero mean and covariance

E(W,, Wy) ::d/

ds
S X[ 1.1] ®0,)¥(©,s) da(@)m ={, ¥)u.

The goal is to recover the unknown function f from the observation of Y. Our idea is to refine
the algorithms proposed in [11] using thresholding methods. In [11], estimation schemes are de-
rived that combine the stability and computability of SVD decompositions with the localization
and multiscale structure of wavelets. To this end, a specific frame (essentially following the con-
struction from [13]) is used. It comprises elements of nearly exponential localization and is, in
addition, compatible with the SVD basis of the Radon transform.
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2.3. Singular value decomposition of the Radon transform

The SVD of the Radon transform was first established in [5,15]. In this regard, we also refer the
reader to [19,28].

2.3.1. Jacobi and Gegenbauer polynomials

The Radon SVD bases are defined in terms of Jacobi and Gegenbauer polynomials. The Jacobi

polynomials P,fa’ﬁ ), n > 0, constitute an orthogonal basis for the space Lo ([—1, 1], wq, g () dt)
with weight wq g(t) = (1 — )*(1 + 1B, o, B > —1. They are standardly normalized by

Py (1) = (%) and then [1.7.25)

1
/ PP ) PSP (tywe g (1) dt = 8, h P,
-1

where

2a+B+1 Fn+a+DIn+B+1
Cnt+a+B+DT+DIn+a+p+1)

hilﬂhﬂ) —

The Gegenbauer polynomials C? are a particular case of Jacobi polynomials and are traditionally
defined by

(2M)n (A—1/2,A—1/2)
Cry=—""_p ’ 1), A>—1/2,
W () G, (#) >—1/

I'(a+n)

where, by definition, (a), =a(@+1)---(a+n—1)= NG
polynomial C} is denoted by P}). It is readily seen that C*(1) = (

(note that in [25] the Gegenbauer

n+2k—l) _ T(n+21)

n = ey and

21=2 7 (n+21)
TrM2 m+M0TCm+ 1)

1
fC,ﬁ(t)le(t)(l—tz))\_l/zdt=8n‘mh§l” with 1" =
-1

2.3.2. Polynomials on B¢ and S?~!

Let IT, (R?) be the space of all polynomials in d variables of degree < n. We denote by P, (R%)
the space of all homogeneous polynomials of degree n and by V, (R?) the space of all polyno-
mials of degree n that are orthogonal to lower-degree polynomials with respect to the Lebesgue
measure on BY. Of course, Vy(RY) will be the set of all constants. We have the following orthog-
onal decomposition:

M, (RY) = P VR?).
k=0

Also, denote by H,, (R?) the subspace of all harmonic homogeneous polynomials of degree 1
(.e., Q e H,(RY) if Q € P,(R?) and AQ =0) and, by H,,(S?~!), the (injective) restriction of
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the polynomials from H,, (R¢) to SY~!. It is well known that

Na—1(n) = dim(H, (§7)) = (” s 1) _ (” - 3) -

Let IT,(S~!) be the space of restrictions to S?~! of polynomials of degree < n on R?. It is also
well known that

M, =P H.E

m=0

(the orthogonality is, with respect to the surface measure, do on S¢~1). H;(S?~!) is called the
space of spherical harmonics of degree d on the sphere S?~!.
Let Y,u, 1 <m < Ng—1(1), be an orthonormal basis of H; (S9=1y, that is,

/ Vi )T @) Ao (&) = Sy -
Sd—]

Then the natural extensions of Y; , on B4 are defined by Y/ m(x) = |x |l Y;.m(35) and satisfy

[x]
P 1 J—

/ Yim (0¥ () dx = / p! / Yy () Vi (B dos () dr

Bd 0 Sd-1

1
_ d+2i—1
_fo r /S Yin ()1 §)do () dr = 8y 57—

For more details, we refer the reader to [6].
The spherical harmonics on S?~! and orthogonal polynomials on B¢ are naturally related to

Gegenbauer polynomials. Thus, the kernel of the orthogonal projector onto H,(S?~!) can be
written as (see [24]):

Ng-1(n)

Y Vw1 0) =

m=1

n+d—2
n+ cla-212

@ =21 ((§.0)). ey

The “ridge” Gegenbauer polynomials Cg / 2((x, &)) are orthogonal to IT,_; (B?) in L»(B?) and
the kernel L, (x, y) of the orthogonal projector onto V, (Bd) can be written in the form (see [22,
28])

2n+d
Lotx.y) = gmrs [ G nCi (0,6 do @

_ <n+1>d_1/ o, ENCH (19, 8))
§d—1

drd—1 d/2
24 Ica’?y2

@

do (§).
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The following important identities are valid for “ridge” Gegenbauer polynomials:

(d/2)

hy, -
/ Gl NG (o) de = G (g ). EmestT (3)
Bd Cn (1)
and, for x € B4, n e 41,
/Sd_, Ca2 (g, x)CIP (g ) do (&) = 1S4 C (. x)); “

see [22]. By (2) and (4)

2 d
(2n + )Cd/z

La(x.§) = Zgrp - Ca (5. ), ges!,

and again by (2)

[, L L3, 6107 ©) = @0 + )L, )

2.3.3. The SVD of the Radon transform

Assume that {Y} ,,: 1 <m < Nyz_1(l)} is an orthonormal basis for H (S?~1). Then it is standard
and easy to see that the family of polynomials,

firm@) =@k +a) POV Q2 — 1)y, (),
0<l<k,k—1=2j,1<i<Ng_1(),

form an orthonormal basis of Vy (Bd); see [6]. Here, as before, ¥} ,,(x) = |x |IY1,m (x/|x]). On the
other hand, the collection

geim©@,5) =[PP = sHEDRC(6)Y,,,0),  k=0,0120,1<m < Nay (),

is an orthonormal basis of ]Lz(Sd’1 x [—1, 1], du(8, s)). Most important, the Radon transform
R:Ly(BY) = Lo(S% ! x [—1, 1], du(8, s)) is a one-to-one mapping and

Rfi1,m = Mc&k,lm> R*gk1.m = M films
where
)\2 _ zdnd—l _ Zdj'[d_l
KT k+ Dk +2) - (k+d—1)  (k+ )g_;

o —d+l1

More precisely, we have for any f € Lo (B9)

Rf =Y " > > AL fermdghim.

k>0  0<I<k,k—I=0 (mod2) 1<m=<Ny_1(l)
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Furthermore, for f € ILz(Bd),

f= Z,\k—l Z Z (RS, 8kt.m) u Sr.1,m-

k>0 0<i<k,k—I=0 (mod2) 1<m<Ny_i ()

In the above identities, the convergence is in ;.
For the Radon SVD, we refer the reader to [11,19,28].

3. Construction of needlets on the ball

In this section, we briefly recall the construction of the needlets on the ball. This construction is
due to [21]. Its aim is to build a very well-localized tight frame constructed using the eigenvectors
of the Radon transform. For more precision, we refer the reader to [11,12,21]

Let { fx.;.m} be the orthonormal basis of Vg (Bd) defined in Section 2.3.3. Denote by T the
index set of this basis, that is, Ty = {([,m): 0 <l <k,l =k (mod2),0 <m < Ngz_1(l)}. Then
the orthogonal projector of Lz(Bd) onto Vg (Bd ) can be written in the form

ka=/ SOVLCe, )y with L, ) = Y firm () fitm (-
B4

l,meTk

Using (1), L (x, y) can be written in the form

Li(x,y)
0,l+d/2—1 0,l+d/2—1
=@k+d) Y PO~y PO gy -yl
1<k,k—I=0 (mod?2)
X y
(e (3)
; "\xl )" Uyl
2k +d) 0.14d/2—1 0.1+d/2—1
=S 2 PUTReRP - o P e - D

[<k,k—I=0 (mod?2)

=) ()
x |1+ )C —, =) ).
( di2—1)"! x| 1yl
Another representation of Lk (x, y) has already been given in (2). Clearly,
[ Loz = st y) )
B

and, for f € L,(BY),

f=Y Lif and |IfI5=Y ILcfl5=) (Lf, f). 6)

k=0 k k
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The construction of the needlets is based on the classical Littlewood—Paley decomposition and
a subsequent discretization.

Let a € C*°[0, 00) be a cut-off function such that 0 <a <1, a(t) =1 for ¢t € [0, 1/2] and
suppa C [0, 1]. We next use this function to introduce a sequence of operators on L, (B¢). For
Jj =0, write

k
150 =Y a5 Jrw= [ awnroma
k>0

k
with A (x, y) =Z (21>Lk(x ).

k

Also, we define Bj f = Aj1f — Aj f. Then, setting b(t) = a(t/2) — a(t), we have

Bf(x)-Zb( )ka(x> /BdBj(x,y)f(y)dy

k
with B (x, y) = Zb<21)Lk(x y).

k

Obviously, for f € Ly(BY),

k
(Ajf. f)=) a (2J)<ka N =1L
k

An important result from [21] (cf. [13]) asserts that the kernels A ; (x, y), B;(x, y) have nearly
exponential localization. Namely, for any M > 0 there exists a constant Cys > 0 such that

2Jd

(1427d(x, y)M JW;(x)/W;(y)’

x,yeBY, (7

1A, I [Bj(x, y)| < Cyu

where

d
W(x) =27 +m, P =xli=)_x} ®)
i=1

and

d
d(x. y) = Arccos((x )+ 1 = [Py T=yP). (o)=Y xi.
i=1

Let us define

k
Cjlx.y) = Z ( )Lk<x ) and Dj(x.y) = Z ( )Lku 2).
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Note that C; and D; have the same localization as the localization of A;, B; in (7) (cf. [21]).
Using (5), we get,

A,-(x,y):de Cj(x,2)Cj(z,y)dz, B,-(x,y):/Bd Dj(x,2)Dj(z,y)dz. ©)

And, obviously, z — Cj(x,2)Cj(z,y) (resp., Dj(x,z)D;(z,y)) are polynomial of degrees <
27+

The following proposition follows from results in [21] and [27] and establishes a cubature
formula.

Proposition 1. Let {B(E}, p): i € 1} be a maximal family of disjoint spherical caps of radius
p = 127/ with centers on the hemisphere Si. Then for sufficiently small 0 < t < 1 the set of
points xj =1{§;: i € I} obtained by projecting the set {E: i € I} on B? is a set of nodes of a
cubature formula that is exact for Tl,j+2 (BY): forany P € ITy)+2 (BY),

/I;d Pu)du= Y ;P
Eex;j

where, moreover, the coefficients w; ¢ of this cubature are positive and satisfy wj g ~ W; (& )24,
and the cardinality of the set xj is of order 274,

3.1. Needlets

Going back to identities (9) and applying the cubature formula described in Proposition 1, we
get

Aj(x,y)zf Cj(x,z)Cj(Z,y)dzzij,gcj(x,g)cj(y,é) and
B ey

By = [ Djr D))z = 3 0Dy 6D, (0.8,
B Eex;

We define the father needlets, ¢; ¢, and the mother needlets, V j ¢, by

@je(x)=/0;jC;j(x,&) and ¥je(x)=,/wjeD;j(x,§), &€y, j=0.

We also set ¥_1,0 = ‘lé’;dd‘ and x_; = {0}. From above, it follows that

Aj. )= 0je®eje().  Bix.y) =Y ¥je0)vj(y).

Eex; Eexj
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Therefore,
Ajf(x) =f Aj(x,y) f(y)dy = Z(f, PjE)ejE = Z AjePjes aje=(f 0z
B sex; Eex;
and
Bj f(x) =/d Bix. ) f(dy= Y (fvje)vje= Y BicW¥je  Bie=(fVje).
B Eex; §exj
It is easy to prove (see [21]) that

lejell <1
From (6) and the fact that ) >0 b(t277) =1 for t € [1, 00), it readily follows that

F=0 Y (fvielWie  felaBY,
j=—1éey;

and, taking the inner product with f, it leads to

IFIE=)" D Wfvel.

J &exj

In turn, this shows that the family {/; ¢} is a tight frame for Lo (BY).

4. Needlet inversion of a noisy Radon transform and minimax
performances

Our estimator is based on an appropriate thresholding of a needlet expansion as follows. f can
be decomposed using the frame above:

F=)" D (fviave.

j=—1&€x;

Our estimation procedure will be defined by the following steps

. 1
Ak, lm = " / 8k,1,m dY, (10)
Bie= Y ViimGtim (11)
k,,m

with

ijfm = (8k,Lm> Vj&)
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and
Je
F=22 2 Bielyp cmeamey Vi (12)
j=—1l&ey;
with
v=(d—1))2. (13)

Hence, our procedure has three steps: the first one (10) corresponds to the inversion of the op-
erator in the SVD basis, the second one (11) projects on the needlet basis and the third one (12)
ends up the procedure with a final thresholding. The tuning parameters of this estimator are

e The range J; of resolution levels will be taken such that

291D < (¢ flog 1/6) "} < 2Ue+DE-1/2),

e The threshold constant « is an important tuning of our method. The theoretical point of view
asserts that, for k above a constant (for which our evaluation is probably not optimal), the
minimax properties hold. Evaluations of « from the simulation point of view are also given.

e ¢ is a constant depending on the noise level. We shall see that the following choice is
appropriate:

ce =¢&4/logl/e.

o Notice that the threshold function for each coefficient contains 2/¥. This is due to the inver-
sion of the Radon operator and the concentration relative to the gk »’s of the needlets.

e It is important to remark here that, unlike the (linear) procedures proposed in [11], this one
does not require the knowledge of the regularity while, as will be seen in the sequel, it
attains bounds that are as good as the linear ones and even better since they are handling
much wider ranges for the parameters of the Besov spaces.

We will consider the minimax properties of this estimator on the Besov bodies constructed on
the needlet basis. In [13], it is proved that these spaces can also be described as approximation
spaces, so they have a genuine meaning and can be compared to standard Sobolev spaces.

We define here the Besov body, By ., as the space of functions f =3 ;. |} ., BjsVie
such that

) r/m
221”<Z(|ﬂj,g|||1/fj,g||n)”> <00

j §exj

(with the obvious modifications for the cases = or r = c0) and Bf”(M ), the ball of radius M of
this space.

Theorem 1. For 0 <r <oco,m > 1,1 < p < 00, there exist some constant ¢, = cp(s, w,r, M),

Ko Such that if k > ko, s > (d + 1)(% — %)Jr and, in addition, if T < p, s > % — %
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1 d
M Ir » = a+1e

sup  (Elf— fIDYP
feBs (M)

<cp(logl/e)P/?
« (a log1/8)(s—(d-i—l)(]/71—1/p))/(s-i—d—(d-ﬁ—1)/77)/\s/(s+d—1/2)A(s—2(1/Jr—l/p))/(s+d—2/n).

2) Ifﬁ_lf andd >2orp>1,

1
P

sup (E”f _ f”,l;)l/p < Cp(log 1/8)p/2(5 /1Og 1/8)5/(S+d—1/2)/\(S—2(l/ﬂ—l/]?))/(s+d—2/ﬂ).
FeBy, (M)

3) Ifd=2and p=1,

~ 2—1/2
sup (B f — fll) <ci(og1/e)/(ey/log1/e)"/ 7172

feBs (M)

Remark 1. Up to logarithmic terms, the rates observed here are minimax, as will appear in the
following theorem. It is known that in this kind of estimation, full adaptation yields unavoidable
extra logarithmic terms. The rates of the logarithmic terms obtained in these theorems are, most
of the time, suboptimal (for instance, for obvious reasons, the case p = 2 yields fewer logarithmic
terms). A more detailed study could lead to optimized rates, which we decided not to include here
for the sake of simplicity.

The cumbersome comparisons of tl;e different rates of convergence are summarized in Fig-

ures 1 and 2 for the case 0 < % < 757- These figures illustrate and highlight the differences

between the cases p > 4 and p < 4. We put + as the horizontal axis and the regularity s as
the vertical axis. As explained later, after the lower-bound results, zones I and II correspond to

11T
() =@+ (2-1)
I
o 11 E
- (i) gy (i)
igamy D5 M —ma™

Figure 1. The three different minimax rate type zones are shown with respect to the Besov space parameters

s and 7 for a fixed loss norm L? with 0 < % < %
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I
ORI
o i1 E
. a(ied) (o)
Iy 1) I

Figure 2. The three different minimax rate type zones are shown with respect to the Besov space parameters

ET| 1
s and 7 for a fixed loss norm p with 7 < 7 < a4

two different types of the so called “dense” case, whereas zone III corresponds to the “sparse”

case.
For the case of an L, loss function, we have a slightly different result since the thresholding
depends on the L, norm of the local needlet. Let us consider the following estimate:

Je
foo= D0 2 BielBcivyelmsc2iten Vit

j=—1l&ey;

274 = (£/log 1/8)_1.

Then, for this estimate, we have the following results:
d 1, there exist some constants Coo = Coo(s, mw,r, M)

Theorem 2. For O <r <oo, 7w >1,s >
such that if k% > 415, where Too 1= Sup; ¢ 2_j(d+1)/2||1ﬂj,§ lloos

sup  E|l foo = flloo < coo(ey/log 1/) "~V M/,

feBs (M)

The following theorem states lower bounds for the minimax rates over Besov spaces in this

model.
d+1

—7_[.

Theorem 3. Let & be the set of all estimators, for 0 <r <oco, 7w > 1,5 >

(a) There exists some constant Coo = Coo(s, 1w, r, M) such that,

.inf sup E”f* _ f”oo > Coo(8 /log1/8)(S—(d-‘rl)/ﬂ)/(S+d—(d+1)/ﬂ).
7€ reBy (M)
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(b) For 1 < p < o0, there exists some constant Cp, = Cp(s, w,r, M) such that if s > (‘jﬂi1 —

d+1
P )+’

| _ d
D If 5 <z

inf  sup (Bl f*— fIDYP
f*€€ feBs (M)

> C,e6—@+DU/m=1/p))/(s+d—(d+1)/m)Ns/(s+d =1/ N =2(1/7 =1/ p))/(s+d=2/7)
ZLp .

Q) If %5 <1 andd>20rp>1

1
p
inf sup (E”f* _ f”g)l/p > CPSS/(S-}-d—l/2)/\(.&‘—2(1/]‘[—1/P))/(S+d—2/]‘[).
f*€€ feBs (M)

(3) Ifd=2and p=1

inf sup (E|f*— fll) > Cpet/CT21/2),
f*€€ feBs (M)

Remark 2. A careful look at the proof shows that the different rates observed in the two pre-
ceding theorems can be “explained” by geometrical considerations. In fact, depending on the
cubature points around which they are centered, the needlets do not behave the same way. In
particular, their I, norms differ. This leads us to consider two different regions on the sphere,
one near the pole and one closer to the equator. In these two regions, we considered dense and
sparse cases in the usual way. This yielded four rates. Then it appeared that one of them (sparse)
is always dominated by the others.

5. Applications to the fan beam tomography
5.1. The 2D case: Fan beam tomography

When d = 2, the Radon transform studied in this paper is the fan beam Radon transform used in a
computed axial tomography (CAT) scan. The geometry of such a device is illustrated in Figure 3.
An object is placed in the middle of the scanner and X-rays are sent from a pointwise source,
S(01), making an angle 0; with a reference direction. Rays go through the object and the energy
decay between the source and an array of receptors is measured. As the log decay along the ray
is proportional to the integral of the density f of the object along the same ray, the measurements
are

Rf©1.60) = / Fldi

o, +)LE(91 —6,) €B?
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Receptors

.

with ey = (cos @, sin0). This is equivalent to the classical Radon transform

Figure 3. Simplified CAT device.

Rf(@,s):/ f(s6 + y)dy, 0eS,se[-1,1],
yeht,
séH—yeBz

for 6 = 01 — 6, and s = sin ;. The ray source is then rotated to a different angle and the measure-
ment process is repeated. In our Gaussian white n01se model, we measure the continuous function
cor-

responds to the uniform measure d6; d9; by the change of the Varlable that maps (91 02) into
(6, s). Our goal is to recover the unknown function, f, from the observation of Y using the
needlet thresholding mechanism described in the previous sections.

In our implementation, we exploit the tensorial structure of the SVD basis of the disk in polar
coordinates:

fiam,0) = Qk+2) POV QU2 = Dir 'Yy ®),  0<l<kk—1=2j,1<m<2,

where P](.)’l is the corresponding Jacobi polynomial, and Y} 1(0) = ¢;cos(/f) and Y;2(0) =
¢ sin(l0) with ¢g = \/% and ¢; = ﬁ otherwise. The basis of SZ x [—1, 1] has a similar tensorial
structure as it is given by

Seim@,8) =[] V20 = sHV2C () Yim©),  k=>0,1>0,1<m<2,

where C,i is the Gegenbauer of parameter 1 and degree k. We recall that the corresponding
eigenvalues are
NE

VE+T

A=

5.2. SVD, needlet and cubature

In our numerical studies, we compare four different type of estimators: linear SVD estimators,
thresholded SVD estimators, linear needlet estimators and thresholded needlet estimators. They
are defined from the measurement of the values of the Gaussian field on the SVD basis function
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Y, .., and the following linear estimates of, respectively, the SVD basis coefficients {f, fi,i,m)
and the needlet coefficients ( f, ¥ ¢),

. 1 1
Ak, l,m = A—kng,z_m = " / 8k,1,mdY

and
Bie =iz » \bk/2) Y gitm € tom.
k N

The estimators we consider are respectively defined as:

linear SVD estimates A}“S = Z Zak,l,m Jedms
k<2’ lm

linear needlet estimates AJLN = Z Z B},glﬁ &
j<J &

thresholded SVD estimates }T S = Z Z o1, @k 1.m) felms
k<2’ Lm

thresholded needlet estimates (N — Z Z 0T ¢ (//3\]',5)1#],5,
j<J &

where pr (+) is the hard threshold function with threshold T':

(x) = X, if x| =T,
pTiX) = 0, otherwise.

A more precise description is given in Table 1. In our experiments, the values of Y, ,  have
been obtained from an initial approximation of ( f, fx.; ») computed with a very fine cubature to
which a Gaussian i.i.d. sequence is added.

We have used, in our numerical experiments, thresholds of the form

Ty = )Lisx/log 1/e and Tjs=«0jge/logl/e,
k

where 0 ¢ is the standard deviation of the noisy needlet coefficients when f =0 and ¢ = 1:
ofe=wje ) bk/2))Y gk 1m(®)’
k I,m

Note that, while the needlet threshold is different than in Theorem 1, as o ¢ is of order 27V ts
conclusions remain valid.

An important issue in the needlet scheme is the choice of the cubature in the needlet construc-
tion. Proposition 1 ensures the existence of a suitable cubature &; for every level j based on a
cubature é 7 on the sphere but gives neither an explicit construction of the points on the sphere
nor an explicit formula for the weights w; ¢. Those ingredients are, nevertheless, central in the
numerical scheme and should be specified.



Radon needlet thresholding 407

Table 1. Algorithmic description of the considered estimators

Linear SVD Thresh. SVD Linear needlet Thresh. needlet
fLS fTS fLN fTN
Observation dY =Rf df «/?17 +edW
SVD Dec Y, =Y, 8k 1.m) = (RS, 8k.1.m) + €k.1.m = k(S fie.l.m) + €k.lm
Inv. Radon @tom = 7= AY. & tm) = F: filom) + 78k Lm
- - k
Needlet Bjg= O E 2k v b(ﬁ)
transf. X 1 m Jiedm E)ak 1.m

Coeff. mod. a/f,lf,m = lkfkmaxak’lvm &/f,{nz =PI (ak,l,m) 135\,]EL = 1j<jmax :3]',5 ﬂj\,]ST =PTj¢ (ﬁjvé)
~ _ ) L
Needlet inv. CHI Z] \/@ _
X Xex; VOTE Sel.m©F ¢

SVD rec. f*ZZk,l,ma\;J’mfk,l,m

Three possibilities have been considered: a numerical cubature deduced from an almost uni-
form cubature of the half sphere available, an approximate cubature deduced from the Healpix
cubature on the sphere and a cubature obtained by subsampling a tensorial cubature associated
to the latitude and longitude coordinates on the sphere. The first strategy has been considered by
Baldi et al. [2] in a slightly different context; there is, however, a strong limitation on the maxi-
mum degree of the cubature available and, thus, this solution has been abandoned. The Healpix
strategy, also considered by Baldi ef al. in another paper [3], is easily implementable but, as it
is based on an approximate cubature, fails to be precise enough in our numerical experiments.
The last strategy relies on the subsampling on a tensorial grid on the sphere. While such a strat-
egy provides a simple way to construct an admissible cubature, the computation of the cubature
weights is becoming an issue as no closed form is available.

To overcome those issues, we have considered a cubature formula based on the full tensorial
grid appearing as proposed by [16]. This cubature does not satisfy the condition of Proposition 1,
but its weights can be computed explicitly. Furthermore, we argue that, using our modified thresh-
old, we can still control the risk of the estimator. Indeed, note first that the modified threshold is
such that the thresholding of a needlet depends only on its scale parameter j and on its center &
and not on the corresponding cubature weight w; ¢. Assume now that we have a collection of K
cubature, each satisfying conditions of Proposition 1 and thus defining a suitable estimate, fk.
We can use the “average” cubature obtained by adding all the cubature points and averaging the
cubature weights. This new cubature defines a new estimate, f , satisfying

U S
fZ?Zk-
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By convexity, for any p > 1,

R 1 &
If = flip = Hf—Eka
k=1

p 1 K
£ P
<< 2 = ellp
p k=1

and, thus, this average estimator is as efficient as the worst estimator in the family fk The full
tensorial cubature is an average of suitable cubatures. The corresponding estimator satisfies the
error bounds of Theorems 1 and 2. Note that this principle is quite close to the cycle-spinning
method introduced by Donoho et al. Indeed, the same kind of numerical gain is obtained with this
method. The numerical comparison of the Healpix cubature and our tensorial cubature is largely
in favor of our scheme. Furthermore, as already noticed by [16], the tensorial structure of the
cubature leads to some simplification in the numerical implementation of the needlet estimator.
The resulting scheme is almost as fast as the Healpix-based one.

5.3. Numerical results

In this section, we compare five “estimators” (linear SVD with best scale, linear needlet with best
scale, thresholded SVD with best «, thresholded needlet with best « and thresholded needlet with
« = 3) for seven different norms (ILy, Ly, L4, L, L7, Lg, L1p and L) and seven noise levels
e (2K/1000 for k in 0, 1, ..., 6). Each subfigure of Figures 4 and 5 plots the logarithm of the
estimation error for a specific norm against the opposite of the logarithm of the noise level. Note
that the subfigure overall aspect is explained by the error decay when the noise level diminishes.
The good theoretical behavior of the thresholded needlet estimator is confirmed numerically:
the thresholded needlet estimator with an optimized x appears as the best estimator for every
norm while a fixed « yields a very good estimator, except for the L, case, as expected by our
theoretical results. These results are confirmed visually by the reconstructions of Figure 6. In the
needlet ones, errors are smaller and much more localized than in their SVD counterparts. Observe
also how the fine structures are much more preserved with the thresholded needlet estimate than
with any other methods.
We conclude this paper with some sections devoted to the proofs of our results.

6. Needlet properties

6.1. Key inequalities

The following inequalities are true (and proved in [13,17,18,20]) and will be fundamental in the
sequel. In the following lines, g; ¢ will stand either for ; ¢ or ¥ ¢:

VieN, Veeyx, O<c<l|gel3<l, (14)

VieNgey,. VxeX > lgjelhlgie() <C <o, (15)
sex;j
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124 = Best Lin. Need. = Best Lin. Need.
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16} 15
= =
o
g 2 g
22} -2F
24}
26}
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La Le

Figure 4. Estimation results in log IL,, norm. Each figure shows the decay of the logarithm of the error
against the logarithm of the noise parameter for the specified norm.

njd/2

MW@ (1 + 27d(x, £))M

1gj.s(X)| =C (16)

(recall that W (x) has been defined in (8)). From these inequalities, one can deduce the following
ones (see [12]): forall 1 < p < oo,

1/p
(Z I{f gj,g)l”ll&,gllﬁ) <Clfllp, (I7)

§ex;
Cc\2 ) 1/p
<|— regi . 18
p_(c) (Zn sg,,gn,,) (18)

sex;

D hegje(x)

Eex;
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-0.6 T T T T T T -0.5

——BestLin. SVD ' ' ' ' ' " [——BestLin. SVD
= Best Th. SVD = Best Th. SVD
o7l = Best Lin. Need. | | 06 = Best Lin. Need.
. = Best Th. Need - = Best Th. Need
Fixed Th. Need Fixed Th. Need
0.8} 0.7}
09} -0.8}
- *
L4 T oo}
g ¥
ER1A Els
1.2 -1
1.3+ -1.2F
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-log( &) -log( &)
Lg Lio
0.1 T T
= Best Lin. SVD
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log(lIf-FIl )

55 6 6.5 7 75 8 8.5 9 9.5
-log( &)
Loo

Figure 5. Estimation results in log IL,, norm. Each figure shows the decay of the logarithm of the error
against the logarithm of the noise parameter for the specified norm.

6.2. Besov embeddings

It is a key point to clarify how the Besov spaces defined above may be included in each of the
others. As will be seen, the embeddings will parallel the standard embeddings of usual Besov
spaces, but with important differences, which, in particular, yield new minimax rates of conver-
gence as detailed above.

We begin with an evaluation of the different I., norms of the needlets. More precisely, in [13]
it is shown that, for 0 < p < o0,

jd \1/2-1/p
Ijellp ~llejel ~<—) , §ex;- (19)
j.€llp Pjellp W (E) J
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Original (f) Inversion (1)

Figure 6. Visual comparison for the original Logan—Shepp phantom with ¢ = 8/1000. Errors are much
more localized in the needlet-based estimates compared to the fully delocalized errors of the SVD based
estimates. Fine structures are much more restored in the thresholded needlet estimate than in the other
estimates.
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The following inequalities are proved in [11]:

D gl < 2@ g pota, (20)
Eex;
D lgjellhy <cj2i> it p=4. 1)
Eeyx;

We are now able to state the embedding results (see [12]).

Theorem4. (1)1 <p<m <oco= By, ng .
) oo>p>m>0,5>(d+1)(1/x —1/p), = B, < By, THI/7=1/»),

m,r —

7. Proof of the upper bounds

A important tool for the proof of the upper bounds that clarifies the thresholding procedure is the
following lemma.

Lemmal. Forall j > —1,§ € x;, B},S has a Gaussian distribution with mean B ¢ and variance
2 ith
O g Wil

a}f < c2/@d=Dg2

Proof. As we can write

&
Vklm/ ffklde-l-Z ,mk Zitm

k,l,m k,l,m
=Bje+Zje

Here the summation is over {(k,l,m): 0 <k < 200<l<k,l=k (mod?2),1 <m < Nz_1(D)}.
Since the Zy ; »,’s are independent N (0, 1) random variables, Z; ¢ ~ N(0, o5 é) we have

2 2 (k)d (2 )d 1 d—1) 2
e=e" ) Vil d—12dg = qd-15d =€ c2/ Ve (22)
k,l,m

with ¢ = (d /2n)d ! Here, we used that { Jfx.1.m} is an orthonormal basis for L., and hence
Zk1m|7/k1m|2_”w]§”2 0
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Let us now begin with the second theorem, the proof of which is slightly simpler.

7.1. Proof of Theorem 2

In this proof, as well as in the other one, C will denote any constant in the sense of Theorems 1-3;
we assume that f belongs to the Besov ball B;’r(M ) and measure the loss in IL,, norm (here,
p = 00). Then C denotes a generic quantity that depends only on s, r, p and M. Note that the
exact value denoted by C may vary from one line to another.

‘We have, if we denote

Ar(f) =" BV,
J>JEex;
I foo — Fllco < 1 foo — A7(Flloo + 1A (F) = flloo
< oo — As(Hlloo + ClI fll gy, 277 C7@TD/m),

We have used, as BS , C Bt/

1ASf = flloo < ClI gy, 277 C7@HDID,

Moreover,
9—J(s=d+1)/m) < (s log 1/8)—(s—(d+1)/ﬂ)/d < (8 log 1/8)—(s—(d+1)/%)/(s—(d+1>/N+d)
as s > dni].

We have, using (18),

1 foo = A5 (Dlloo = D D (Bict et oo cideisg 17) — Bié) Vi H

j<J &ey; 00
= Z( Z ((13]"5 - 13135)1/[]35 1{Iﬁ\_,ggH\llf_/,gllocZKZjdaq/log 1/8}) H
j<J “TEeyx; o0

+

Z (:3135 Ve 1{|E_,,5\|\¢_,~,§ lloo <k 274e./Tog 1/ 1/5}) H >
o0

Eex;

C o~
=< ; Z sup (|:3/&' = Bjellv)e ”001{|B\j,s\|l¢j.s|\mZK2jd€W})

j<J s€x;

+ S“P(|ﬂf,é|||1/fff||ool{|§,;;|w_;,;||m<xzfdsm})>'

Eex;
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We decompose the first term of the last inequality

sup (1B, = Bj.& 1V £ loo 1, 11y oo 22746 yIog T7E))

Eex;

= sup (1Bj.& = BjellVjelloo (3, c11y, ¢ lnozi2ide iog T7E)

§ex;
x (]{Iﬁj,gHliﬂj.s|\ooZ(K/2)2-fd8«/10g1/6} + 1Hﬂj,‘;‘”hﬁj,s||oo<(K/2)2'/d€«/]Og1/6}))

= ;euf(wf,é = Bie V5 loo LB, e~ 1 o= (/20276 VIO T7E))
J

+ sup (1Bj. = Big IV lloo g, i1y e oo /22745 yTog T72))

Eex;

and the second one

sup (18,6 1V loo 13, ¢ 1, ¢ oo <2t /Tog T76))

Eex;

= sup (1B l1V.¢lloc] 1B £ 111V & oo <k2/4s./log T/}

Eex;
X (1{\ﬁj.s|||1//j,s lloo>2k274e/logT/e} + 1{|ﬁj.€”|‘/f/’,$”oo<’(2jd5\/10g1/5}))

= sup (|:3j,€ Ve ||oo1{|E_,-‘5—,3_,35|||1p_,,§|\m>xzf'deq/1og1/a})

§ex;

+ sup (18,1 1V. lloo L1, ¢ 1 ¢ oo <27 Tog T75)) -

sex;

Now we will bound each of the four terms coming from the last two inequalities. Since for
X ~ N(0, 0%), we have

E(|Y|1{‘y‘ A }) —gi\/oo ye_y2/2dy _e_)LZ/2 2 <e_)‘2/2
>Ao0)) = — < )
V21 Ja V2

21
Noticing that the standard deviation of (,Ej’g — Bj.e)ll¥jelloo is smaller than 7o0274¢ (using
Lemma 1 and (16)), we have

> E( sup (185 — Bjelllvr) g ”001”3/,5—/3_[,5|1/fj,s||oo>(l</2)2jd5\/m})>

FEVER
~ ~ Jd k% )272,
=20 D BB = BisllV ool g, clivsellmz /224 yiogTT)) < €246/

j<J&ey;

-1
< Cs"z/z’gc_l,/log I/e < Cegy/logl/e
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if k2> 4130, where we have used Card x; < c2/4. This proves that this term will be of the right
order.
For the second term, let us observe that we have, using Theorem 4,

1Bj.& 1) £lloc < ClL f Nl 3s, 277 =DM,
so only the j’s index such that j < j; will verify this inequality:

)—1/(s+d—(d+1)n)

. 2C s
21 ~ <%(8dlog 1/¢)

On the other side, using the Pisier lemma [23],

E(Sup (Bj& — ﬁj,gllllﬂj,slloo)) < 7002/%,/210g 2¢277.

Eex;

So

) E( sup (1B — BielllV e ”OO1{|ﬂ_/‘§HW_/,s||oc>(K/2)2jd5\/1051/8}))

J<h €XJ
< Too Z 2/dg [210g2c2id < C8j11/22j1d
J=<i

- - —(d+1 +d—(d+1
5C(||f||B;J)<S (d+Dm)/(s+d (d+1>/n>(8 rgl/g)(s (d+D/m)/(s+d=(d+1)/m)

This proves that this term will be of the right order. Concerning the first term of the second
inequality,

E( sup (1856 1V lloo 13—, el noo>xzf'dem}))

§ex;

<Clifllsy, > P(IBjc — Bicll¥)clloo > €277 /log1/e)

fexj
but

P(Bis — BrellVsclloo > €2 e log 1/e) < e~V eVIORTD/ 2P 1c1)) < o128,

So

> E( sup (186 11V, lloo 13, —p; v |w>xzfdsm}))

j<J SEXj

< Cllfllgy, Je< 12 < CIl /Iy, (/log1/e) O~ DMz b/m
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if €2/2 > rgo. This proves that this term will be of the right order. Concerning the second term
of the second inequality,

sup (18,6 1W7).g lloo Liip, 1, oo <2274 iog T75)

§ex;
<2«2/e\/log1/e A C|| f| gy, 27/ ¢~ @HD/D),
let us again take

21~ (8\/10g71/8)—1/(s+d—(d+1)n)

Y sup (1Bj.el¥elloo 18,110, oo <2625 g 1/¢))
j<J Eex;j

=Clflisy, (8 log1/e Z 2Jd 4 Z 2](S(d+l)/7r))

J=i J1<j=<J
—(d+1 +d—(d+1
< CllfllBs, (8 log 1/8)(S @+D)/m)/(s+d=(d+1)/m)

This ends the proof of Theorem 2.

7.2. Proof of Theorem 1

As in the previous proof, we begin with the decomposition,

I fe— FID <2272 (L fe — As(OIS + 1AL () = FIIB).

. C B;,TO(od+])(l/7T7l/p),

Using the fact that, for & > p, Bf,’, C B;’Oo, and for 7 < p, sz, we
obtain
1As(F) = FI5 <CUflG, 277 x> p
and

147 () = FlIp < CIlfllgy 27707 @DWT=UmP it < p,

We have 27757 < (,/Tog 1/¢)*P/@=1/2) < (¢,/Tog1/e)*P/S+4=1/2) Obyviously, this term has the
right rate for ¥ > p. For m < p,
2~ IG=@HDU/T=1/D) < (¢ log 1 /)~ @+D/T=1/p)/(d=1/2)
< (elog 1 /&) 6=+ DA /T=1/p)/G+d=(+1)/m)

thanks to s > (d + 1)/m — 1/2. This gives the right rate for dp >d + 1. For dp <d + 1, we
have (againas s > (d +1)/m —1/2),s — (d + 1)(% — %) >d— %, s0 2~/ (= (@+D/x=1/p)) <
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(elog1/e)s—@HDU/m=1/p)/d=1/2) < (¢log1/e)*/+4=1/2) Finally, this proves that the bias
term above always has the right rate.
Let us now investigate the stochastic term

p
Elf —As(HIL<CIP' Y E

j<J

Y (Bl 3, cizcaiveviogire — Bie) Vit

Eey; P

But

p
Z (:3/',5 1{|73\_,,$|3K21v54/1og I/} — ﬁj,é)‘”j,é

Eex;

p

p
< C2P‘1(

> (Bie = Bio)Viel |3, 1=eaive iog 7o)

Eex;
P)
)4

< C(( X Bre = Bre 011 e

§ex;

p

+

Z (:31',53 Vi 1{|E_,-,5 \<K21v5¢m})

Eex;

+ Z |ﬂj,$|p||¢j,$||§1{|,§j,g<xzfm/1og1/s}>-

sex;

In turn,

1Bjie = Biel” 15, g1za2ive g 7o)
= 1Bjie = Brel" 15, e 1zeare g 17e) (L1g e = e/22ve g 178) T L1 cl <(e/2ive JIog 76))
<1Bjie = Biel" 113, —p; e 12 /22meviogy) + |Bre = Biel Lg, o= (/22 Viog T78)
and
1B1.61"18,.c <c2ide yiog 176y = 1B 1" 1B, <c2ide /iog 76)
X (Lp, el1z26204e g 1761 + L1ip el <c2ide yTog 1761)
<1861 V5, —p) cl=w27de Jlog ey T 1Bel "1 3, o1 <c2ide JTog 17)-

We now have the following bound using direct computation:

N i Mool /)21 k22
]E(|ﬁj’§ — ﬂj’g|p1{IB\_i,S_ﬁ_/f|Z(K/2)2jv5\/w}) S CZJPUSP(K logl/s) SK / .
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Hence,

_1 -
TP V(1B — Bie "IV e 1515 -, e 12 e 20200 o TTE)

j=<J&ey;
- Z1 2
<CIP'Y " eP(k/log1/e)’ 2 Y iyl
j=J §ex)
< C,/log 1/81’71817 (K /log 1/8)1’*18K2/2 Z 2Jpvoj(dp/2+(p/2=2)1)
=
<Ce¢?

if k > /2p is large enough (we have used (19)).
Using the forthcoming inequality (24),

Z E(1Bj.c — Bj&l’ Ve ||£1{\ﬁj.g|>(x/2)2jm/1og1/5})

Eex;

<Ce” Y 2P Iellp s, o1 22 yIog )
Eex;

—q
< Cs”(%e«log 1/8) .
Hence,

—1 -
JPUY D E(Bie = Biel IV ie b1 s, 15 (e 202 viog T7R)
j=<J ey,

_ q
<CJ?\/logl/e p(g) (ey/log1/e)" ™
and, as J < ﬁlogl/s +1,

< C(ey/log1/e)’ (log 1/e)"/%.

This term is thus of the right rate. Let us now turn to

D E(IB1 &1 1V 1513, cc2ive yiog )

Eex;

=Y 1Bl ellbP(1Bje — Bjel = k27"e\/log1/g).

sex;

As the standard deviation of B\j,s — Bj.¢ is smaller than £2/@d=D/2

P(1Bje — Bjcl > k27 e /log1/e) <& /2.
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So

~1
I B B V5L gy oeaieET )

j=J ey
<ClIfI%, JP1 e < C(ey/log1/e)”

if 12 is large enough (where we have used that B, C B;/Y, CL, withs'=s —(d+ 1)1 /m —
1/p)). Hence this term also is of the right order.
Let us turn now to the last one, using (24)

D 1B I e 15 s, o <aive iogie < (26ey/log 176)" .

sex;

Hence,

-1
JPEY " sup (1BelIPWsellpl s, o <ae2ive Jiog T7e))

j<J5€Xi
<Cllflss, " (e/log1/e)"™" < Cl|fl s,/ log 1/sp(e\/1og 1/e)P™9.

This proves that all the terms have the proper rate. It remains now to state and prove the following
lemma.

Lemma?2. Let A={(s,7),s >d+ DL —-)N(s>0)),and feBS ., 1<m<o0,1<p<

T 4 ,re

00. If Yey, B e W) )™ = 72777 with p € I, (N), then, with v = 71,

B\
2 <2+f> @16l p)” < Cof,

§exj

where g < p is as follows:

1) p—g= ,\‘+;f1/2 (g= g‘i_dlﬁ}g) in the following domain I:

{(s.70), (s(1/p = 1/4) = (d — 1/2)(1 /7 — 1/p)) N A}.

Moreover, we have the following slight modification at the frontier: the domain becomes
{6,m), (s(/p—1/4)=(d—1/2)(1/m —1/p)) N A}

and the inequality

1Bj.£1\? jv p q :1—q/m
Y5 ) @I el < ol
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@) p—q="2ALND0 (g = A2y i the following domain II

{(s,n)(s >dp(l/m — 1/p)) N (s(l/p— 1/4) <(d—-1/2)(1 /7w — 1/p)) ﬂA}.

_ =@+ /m—1/p)p . _ _dp—(d+])
Q) P—a4="—Fomanm €= sFi—arnm

1 1 1 d
{(s,n),(dp(;—;) )ﬁA for;<d—+1}

This lemma is to be used essentially through the following corollary.

) in the following domain III:

Corollary 1. Respectively, in the domains I, I1, Ill, we have, for q described in the lemma and
feBs,.

D Lo @I ellp)P < Cplae, (23)
Eex;
> L elpie<aimn B P 1 el < Cplara (24)
sex;

with an obvious modification for
{Gs.7), (s(U/p—1/H =(d —1/2)(1 /7 — 1/p)) N A}.

Proof. Let us recall that on a measure space (X, i) we have, if 7 € L, (1) then p(lh| > A) <

I ”" and, as g < p,
A
/ |hlP dp < /(Ihl A)»)de:/ pxP~ (k] = x)dx
[h|<A 0

A h h
S/p,,]n 15 . _ pIelG oy
0 x4 P—q

For the corollary, we take X = x;, u(§) = (21”||1b] ellp)? and h(§) = 2/V Piel 0

Proof of Lemma 2. Let us fix ¢ (chosen later) and investigate separately the two cases g >
and g < .
For g > 7, we have, using (19),

Vg |2 e 2 P=9) o 2N
1279 jellp ~2 2 1Bl
ol (&)

Bis|
20

Eex;

_ njd N\ P/2=IN7/a\al7
SZWq)(zoﬂj’é'q(w@) ) )
. J

€€X1
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_2jv(p_q)(2|/3. |7T< njd )(p/2—1)zr/q)q/n
U\ W)

sex;
jd N\ 7/2—1 id N\ (/@) (p/2=1)—=(x/2—=D)\ q/7
=2ju(p—q)(zlﬂjsln< 2/ ) ( 2] ) )
fon) W;(&) W;(§)
. nJjd 7/2=1\4q/7
- 2;v<pq><z 8 é|n< ) ) DI @+D((p=g)/2+4(1/7~1/q)
fer W;(&)
Xj
if we choose ¢ such that (sq +d(p —q) + (d + l)q(% — é)) =0gives g = %. Hence,
—(d+D)(1/m—1 —pd(1/m—1 . .
p—q= %p; qg—m= —nw. Thus, in domain III,

! d n d+1)(1 1 0)N d(1 1 <0
{<;<d—+1) (s— @+ 1)(1/m —1/p) > 0) A (s — pd(L/m —1/p) < )},

wehave 0 <q < p, 7 <q, Yeey, 1ZE1I27 Yl < ol
For ¢ < 7, we have, using (19),

Bie
27v

oy P 0iv(p=4) 24\
1277 eIy ~ 27V P4 Z|ﬂ,-,g|4< , ) :
Pl W (€)

fexj

_ gjd N\ @/2=Daq/m ; qjd N (p/2=D=(x/2=1)q/7
2Jv(P—q) Z B¢ |9
W; (&) W;(&)

fexj

' njd \7/2=1\a/7
§2JV(I’—4)<Z |ﬂ],§|n<W($)) )
i

X(Z

Eex;

pid \7/=q)(p/2=D)=(m/2=Dg/m)\ 1=q/n
<Wj(é)) )

2Jd )(n(p—q)/(Z(ﬂ—q)))—l>1—q/ﬂ

| q/m
~2’”(”_q)(z |ﬂj,§|ﬂ||‘ﬂj,$“g> <Z(Wj(§)

Eexj fexj

(o= an - /-p\ "
~ 2/ q>(2|ﬁj,s|”||w,-,s||$> (Znt/fj,snn(,,q)/(,,q)) :

Eex; Eex;

n(p—q)

Now let us investigate separately the cases =)

smaller, greater or equal to 4.
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Case Z2= q> < 4. Using (19)=(21), we have

(r—

1;(f.q,p) < CzjV(P—lI)pjiz—quzjd(P—q)ﬂ < C,O?-

If we define ¢ such that —sq + (p — ¢)(d — 1/2) =0, that is, ¢ = ffdill//zg, then p — g =

d—1/2)p(1/m—1 _
- 1/2>OS°” g=m=@2PQEUD) 06 5 > (d—1/2)(1/m—1/p) and TL=D =

g7 1/2)1,(1/” 75 < 4 s(l/p—1/4) > (d —1/2)(1/7r — 1/p). Hence we only need to
impose s(1/p —1/4) > (d — 1/2)(1/mr — 1/p) and domain I is given by

{(s =@+ D01/7 =1/p) > 0) N (s > O} N {s(1/p = 1/4) > @ = 1/2)(1 /7 = 1/p)}
on which 7;(f, ¢, p)<Cp pd=1/2)/(s+d=1/2)

Case (jf qq)) > 4. Using (19)~(21), we have

1;(f.q. p) < C2I" =) g 2= 140/ A=) 20) (p=/2=2w~) 7).

_ d—2 s—2(1/m—1
Ifweput(p—q)d—sq—2¥=0©q=ﬁ,wehavep—q:%fz/n/”)p>0©

s=2(1/x —1/p)>0and w — g = =LCLA P x> 0 s —dp(1/m —1/p) > 0.
Moreover, ”(;1’;1’1)) = S‘fdzlf(l{fﬂjl{ /1’13) p>4ss(/p—1/4) <(d—1/2)(1/7 —1/p). Hence,
on the domain

{O<s)N (s> (d+1)(1/m —1/p))
N(s>dp(l/m —1/p)) N (s(1/p—1/4) < (d—1/2)(1/zx —1/p))}.

we have I;(f,q,q) < Cp(pd 2)/(s+d=2/7)

Case ”(jf —4) = 4. Using (19)-(21), we have

Ij(f.q. p) < C2I"W0=D plp=isa ji=a/mpidp=a)2 < cpd j1=a/m

if (p—q)(d = 1/2) —sq =04 q = pyy72is. This is realized either if p =4 = and for

s>0orif p#4, n7é4and0<q—npj Psidl/l/z Moreover, g <m and g < p &4 <

p<m; ord<mw < pand ”(ff_q‘g) =4 s(1/p—1/4) =(d—1/2)(1/7 —1/p)}. Hence, on the
domain

{G.), (s/p=1/H=d—=1/2A/7 = 1/p)) N (s >0) N (s > (d + )(1/m —1/p))},

we have 1j(f.q. p) < Cpff I~ 1/PVCHATUD joftard =1/, 0
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8. Proof of the lower bounds

In this section, we prove the lower bounds: for0 < s < 00,1 <w <00,0 <r <00,0< M < 00,
denoting by By, (M) the ball of radius M of the space B, . and, by &, the set of all estimators,
we consider

wp(s.m,r,M, &)= inf  sup E|f*— f}.
I*e€ feBy (M)

woo(s,m,r, M, &) = inf  sup E|f*"— flloo-
f*€€ res (M)

The main tool will be the classical lemma introduced by Fano in 1952 [8]. We will use the version
of Fano’s lemma introduced in [4]. For details on general lower bound results, see also [26]. Let
us recall that K (P, Q) denotes the Kullback information “distance” between P and Q.

Lemma 3. Let A be a sigma algebra on the space 2, and A; € A, i €{0,1,...,m}, such that
Vi#£j,AiNA;j =@, Pi,i €{0,1,...,m} are m 4 1 probability measures on (2, A). Define

=sup P;(A d K(P;, P
p:p()ankje{m Z(l>

then

- A (Cﬁexp(—x)) with C = exp<—§). 25)

This inequality will be used in the following way: Let H, be the Hilbert space of measurable
functions on Z = S4~! x [—1, 1] with the scalar product

1 ds
((ﬂ’l/fk=82/;d71/;lfﬂ(@,s)l/f(@»s)dG(@)m-

It is well known that there exists a (unique) probability measure on (2, .A): Q ; the density of
which, with respect to P, is

d 1
% :eXp(Wg(f) - §||f”%1g>'

Let us now choose fo, f1,..., fm in By (M) such that i # j = || f; — fjll, >  and denote

P, = QR(f /62)- Let f* be an arbltrary estlmator of f.Obviously, the sets A; = (|| f* — fll, < g
are disjoint sets and we have, for i # j,

1
K(P;, Pj) = 77 /z IR(f; — f)*dp.
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Now
wp(s,m,q,M,e)> inf  sup  E[f*— fillh
f*€€ £,.i=01,...m
><‘S)p inf P(nf* £l >5)
>(=] in sup — filp,>=).
2) fr€€ fi=0.1,..m )
Likewise,

) F)
Woo(s,,q, M, ) > <§) inf sup P<|If*—fi||ooz—>-

f*€€ £.i=01,...m

Using Fano’s lemma,

8 1
sup P(IIf* = fillp = 5) Z5A (Cv/mexp(—«))

£.i=0,1,....m

with
nf Yo [ RGP
k= inf —» — i — f :
jzo""’Mmi;&j 282 J, ' / ”

So if, for a given &, we can find fy, f1,..., fin In Bji’,(ﬁ(M) suchthati # j = |1 f; — fill, =
8(¢) and C/mexp(—«) > 1/2, then we have

for p < oo, wp(s,m,q,M,¢) > %8(8)'” and  weo(s,,q, M, e) > %8(5).

In the sequel, we will choose, as usual, sets of functions containing either two items (sparse
case) or a number of order 2/¢ or 2/@—1 (dense cases). We will consider sets of functions that
are basically linear combinations of needlets at a fixed level f =} ;. x; PigVjg. Because the
needlets have different orders of norms, depending on whether they are around the north pole or
closer to the equator, we will have to investigate different cases. These differences will precisely
yield the different minimax rates.

8.1. Reverse inequality

Because the needlets are not forming an orthonormal system, we cannot pretend that inequality
(18) is an equivalence. Since, precisely in the lower-bound evaluations, we need to bound both
sides of the I, norm for terms of the form Zg cA; Ae¥j e with A; C ;. The following section
is devoted to this problem.

Proposition 2. For A; C x;,

1 p 1/p
E(Z <Z)‘é‘ﬁjf’1/fj,s’>' ||1/fj,§/||§> <

E’GAJ' SGAJ'

1/p
< c( > |Ag|f’||1/f,-,g||£) :

p E€A;

D M

E€A;
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Proof. Let f =3 ;cq, e Clearly, by (18),

I/p
Z)‘S%S <C<le\s|”lle,s||§> ,

%‘EA fEA_/

l/p
, p)

and by (17),

Z )“E‘ﬁjé‘

E€A;

1/p
||£)

’

(X

§'ex;

P
<Z Mg, W./,s'>

%'EA_]'

so obviously,

e(Z

P
<Z AeVje, vfj,g/>

E'eA; E€A;
» 1/p
<[> revje <C(Z|Ag|"||w,-,gnp) :
EeA; £€A; ]

In the sequel, we will look for subset A; with equilibrated L., norms, that is, such that there
exists

0 < Dj, such that V& € A, [V ellp, ~ Dj.

(Here and in the rest of this section, a; ¢ ~ b; will mean that there exist two absolute constants
¢1 and ¢z — which will not be precised for the sake of simplicity — such that c1b; < a; ¢ < c2bj,
for all considered &.) As specified above, D; may have different forms depending on the regions.
Using (19), we have

njd 1/2=1/p
)l ~<—>
J.€llp i+ 1= P

For our purpose, let us precise Proposition 1 by choosing the cubature points in the following
way: We choose in the hemisphere Sd strips Sy = B(A, 2k + 1)n) \ B(A, 2kn) with n ~ 22’f+1 ,

k €{0,...,2/ — 1} (A is the north pole). In each of these strips, we choose a maximal n-net
of pomts S whose cardinality is of order k¢~!. Projecting these points on the ball, we obtain
cubature points & on the ball with coefficients w; ¢ ~27/ dW/ (£). As a consequence, we have in
the set {x € R?, |x| < \sz}, about 279 points of cubature for which

Dj~II¥jellp~ 2Jjd(1/2=1/p)
And in the corona {(1 —2~%/ < |x| < 1}, we have about 2/(@~D points of cubature for which

Dj~Yjell,~ 2Jjd+D(1/2=1/p)
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Now let us consider a set A; of cubature points included in one of the two sets consid-
ered just above (either {x € RY, x| < %} or {(1 —272/ <|x| < 1}). Consider also the matrix
(parametrized by A )

M(Aj) = (Ve VjeDeeea xa;-
We have, for any A €1,(A ), using Proposition 2,
IM(A DM, c45) < C'lIA, A))-
On the other hand, let us observe that, using (14),
0<c<l¥jell= (e Ve < 1.
Thus,
MI(A ;) = Diag(M(A)) + M'(A ;) = Diag(MI(A ;))(Id + [Diag(M(A )] "' M'(A)),

where Diag(MI(A;)) is the diagonal matrix parametrized by A ; extracted from M(A ;). Clearly,
each of the terms of [Diag(MI(A j)]_1 is bounded by c L.
So if ||[Diag(M(Aj)]_lM’(Aj)||£(1,)(Aj)) <« < 1, we have

1
l—a

IMAN ™ N 2ya <c !

Let us prove that we can choose A ; large enough and such that such an « exists. Using the Schur
lemma (see [9], Appendix 29),

| [DiagMANT M AP caya < sup S e vyel-
§€Aj prae pren,

Now, using (16),

o ) 1 1 1 1
Wie Vi =Ciu |, JWi0) (L+27dx, eNM /W (x) (1+2/d(x, &M o

and thus, by triangular inequality,

c3, /
e e < - d
K¥je, ¥jel (1+27dE ENM Jga 2-i + /1= |x|2 *
5 1 d—1 /l d-2
=Svirzag oS 7Y

So
1

vYM [(Wje vl < Cly (1+2/d(E, ENHM°

(26)
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Now, let us choose A ; as a maximal K7 netin the set y; N {x € R, |x| < %} (case 1) or as a

maximal K7 netin the set x; N{(1 — 272/ < |x| < 1} (case 2). Recall that 5 ~ Jﬁ and K will
be chosen later.
As, in case 1,

Card{&',d(&',&) ~ K127/} < (K1),

j j
20 /K 20K 1 2Cur

1
» e Ve < D (KD Cy———r <Oy Y (KD —— < — 2 <
[(Yje, ¥je)l < (KD Mg = (KD) (KD = KW= <a
E'#EE€A; =1 =1

if M —d > 2 and K is large enough. In case 2, again

Card{&’,d(&', &) ~ K127/} < (KD4!

SO
2/ /K 1
> Wie i)l = 3 KD Cur
Ry =
2/ /K 1 2CM

o

d—1
=Cu Z(Kl) (Kl)M - KM-d+1 =
=1

if M —d > 1 and K is large enough.
Hence, MI(A}) is invertible in both cases and we have

1/p
(D) = (X retwavie)
§eA;

E’EA/ SEA/'

p)l/p

and

1/p
< (Z |AE|P||w/,s||§) :

p EEA_/

1/p
(Z |xg|f’||w,-,g||,€> S

?,:EAI'

Z Ve

EGAJ‘

8.2. Lower bounds associated sparse/dense cases and different choices
of A j

Let j be fixed and choose

f=) Bievje

E€A;
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We have
f= > P,

2i=l<k<2/+1

where Py is the orthogonal projector on Vi (B¢). So

IRCOIZ=(R*R(F), fy= Y OIP(H), )

2i-l<k<2j+!

< ( sup xg) S IRCHIE = C2 @D Y | 2
k

21 <k <2i+! e
8.2.1. Sparse choice, case 1
Let fi =yeivje, i €{1,2}, & is +1 or —1, in such a way that
Ifi—=Rlp=lv¥ja —v¥ialp=vIVia —Vialy ~vUvial+1¥slp.
Incase 1, [V ¢l ~ 2jd(1/2=1/r) gq
fi € By, (1) = yzjd(l/z—l/zr) ~2TH ey ~ 2+ /2=1/m)

S=lfi — fallp ~ y2/d0/2=1/p) =i (s+d(1/2=1/m)=d(1/2=1/p) _ p=j(s=d1/m=1/p),

On the other hand,

11 __; ) O ; 11 ;
K(P,. Py) = 58_22—1(11—1))/2 ~ 2 L p=id=Dy=2j(s+d(1/2=1/m) _ 1 1 5=2j(s+d=1/2—d/m)

2¢g2 2 g2
Now, by the Fano inequality, if j is chosen so that ¢ ~ 27/ ¢+d=1/2=d/m) (ynder the constraint

s>d(/m — (1 —-1/2d))),

2\?
(5> Ellf*— filp = PAS* = fillp > 8/2) = c.

So, necessarily,

E| f* — lelﬁ > 8P ~ g6—d/x—=1/p))/(s+d=1/2~d/7)

Remark 3. If

d(l/n— (l—%)) <s<d(l/m—1/p)

a1 1
(so, necessarily, > <1-— y), then

lim w,(s,m,q,M,e) > C > 0.
e—0
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8.2.2. Sparse choice, case 2

In case 2, || ¢ ||, ~ 2/ @+DU/2=1/1) 5o
fi € B, (1) > y2/@DU2-UD Lomjs oy~ iD=,
§=11fi— fall p ~ y2i@TDA2=1/p) 9= (+@+D/2=1/m)~(@d+1)(1/2-1/p)

— p—JG—=(d+D)(1/m=1/p))

On the other hand,
L1 ja-n2_ L1 o ja-ny-2js+@rnaz-m)
K(PI,P2)=§—22 J Y 25_22 J 9=2j(s+d+D)(1/2~1/n
2 €
~ 1i272j(s+d7(d+1)/n).
2¢2

Now, by the Fano inequality, if & ~ 27/ +d=(d+1)/7) (under the constraint s > (d + 1)(% —
d
m))’
2 p
) Elf* = filp = PAS* = fillp > 8/ =c.
8
So, necessarily,

ElLf* — fi]} = c8? ~ 0 =@+DA/m=1/p)p/Grd=@+D/x)

Remark 4. 1If
d+ l)(l/rr _ d%) <s<(d+D(1/m —1/p)

a1 d
(so, necessarily, 5 < m),

lin})a)p(s, w,q,M,e)>C >0.
E—>

8.2.3. Dense choice, case 1

In this case, we take

fo=v Z«%llfj,s, ee ==x1, p=(e8)zeq;-
éGAj

As we are in case 1, we have

D et

E€A;

r
~ yi’zjd(f/z—l) Z |8S|r ~ yrzjd(r/2—1) Cal‘d(A]) ~ yrzjdr/z.
r SGAJ‘

,}/F
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Using the Varshamov-Gilbert theorem (see [26], Chapter 2), we consider a subset A of
{—1,4+1}4 such that Card(A) ~ 2(/8)Cad(4)) and for p #£ p', p.p € A, llp — p'lli >
% Card(A ). Let us now restrict our set to

fo=v Z%Wj,g, g ==%1,p=(e¢)gen; . p €A,
§€Aj

N §
foe B () )/(Z ||w,,~,g||$> ~ 212 s,
§eA;

So we choose

Y~ i GHd[2)

Moreover,

1/p
~V(Z leg —sg|f’||wj,g||§)

p SEAI’

S=1fo—follp=v

> er— el

gEAj

N yzjd(l/Z—l/p) }/[’ ~2—is+d/2)njd/2 _ 5—js

lo—pll
Let us compute the Kullback distance,

| | P : | _
K(pp,pp,)zﬁz jd D”f,o_fp’”%"“ﬁz jd=1oy 2](s+d/2)2]d:E2 2j(s+d/2=1/2)

so, by the Fano inequality,
7 P . .
]E”fg_p f”[? > 1/2 A Cz(]/8)2](167(1/(262))2*2](S+d/271/2) > 1/2
if
g~ Js+d=1/2)

This implies

inf Elf — [l > ce/ 0TI,
e S

,r

8.2.4. Dense choice, case 2

Similar to the previous case, we take now (with a slight abuse of notation, since the subset A
obtained using the Varshamov—Gilbert theorem is not the same A, as A has also changed)

fo=v Zsslﬂj,s,85=i1, p = (gs)ge;, p € A.
E€A;
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As we are in case 2, we have

r
J/r ~ yrzj(d—i-l)(r/Z—]) Z |8§|r

r fEAj

Z ek

SEAJ'

~ yrzj(d+1)(r/2—1) Card(A]) ~ yrzj[(d+1)r/2—2],

1/
freBy (1) y(Z ||1/f,-,s||;> ~ y (21 @D @ D@2y U
E€A;
~ 2= i @+D/2=2/7) o=,
So we choose
Y~ =i ls+(d+1)/2=2/7)
Moreover,

D (e — eV

E€A;

3= ||fp_fp’”p=)/

1/p
~y(2 lee —sg|f’||1/fj,s||§)
p E€A;

o — p’”i/l’ ~ J/21'(d+1)(1/2—1/17)2]'(d—1)1/1!7

=i (A1) /2=2/m) 9 j(@d+1)/2-2/p) _ 9= (s=2(1/m=1/p))

~ yzj(d+1)(1/2—1/17)

Let us compute the Kullback distance:

| Y
K(Pp, Py) = 552 H@=D) £y — fl3

o L sidny-ajstarnz2myia-n _ L y-ajerarnz-2m,
2¢2 2¢2

s0, by the Fano inequality,
7 p
]E||f8; Sy S 12 (/BRI 1 aeR2i @ R=20) 12
if
&~ Z—j (x+d—2/n)-
This implies

inf EIlf — £I12 > cePb—20/m=1/p))/(s+d=2/m)
Feb If=rlp=

Remark 5. The case p = oo can be handled using the same arguments without difficulties.
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