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First passage time law for some Lévy
processes with compound Poisson: Existence
of a density
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Let (X¢,t > 0) be a Lévy process with compound Poisson process and 7, be the first passage time of a
fixed level x > 0 by (X;, t > 0). We prove that the law of 7, has a density (defective when E(X{) < 0) with
respect to the Lebesgue measure.
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1. Introduction

The main purpose of this paper is to show that the first passage time distribution associated
with a Lévy process with compound Poisson process has a density with respect to the Lebesgue
measure.

Let X be a cadlag process started at 0 and 7, the first passage time of level x > 0 by X.

Lévy, in [15], computed the law of 7, when X is a Brownian motion with drift. This result
is extended by Alili ef al. [1] and Leblanc [12] to the case where X is an Ornstein—Uhlenbeck
process. The case where X is a Bessel process was studied by Borodin and Salminen in [4].

For the situation where the process X has jumps, the first results were obtained by Zolotarev
[22] and Borokov [5] for X a spectrally negative Lévy process. Moreover, if X; has probability
density p(#, x) with respect to the Lebesgue measure, then the law of t, has density f (¢, x) with
respect to the Lebesgue measure, where x f (¢, x) = tp(t, x) and X, = x almost surely.

If X is a spectrally positive Lévy process, Doney [7] gives an explicit formula for the joint
Laplace transform of 7, and the overshoot X; — x. When X is a stable Lévy process, Peskir
[16] and Bernyk et al. [2] obtain an explicit formula for the passage time density.

The case where X has signed jumps has been studied more recently. In [9], the authors give
the law of 7, when X is the sum of a decreasing Lévy process and an independent compound
process with exponential jump sizes. This result is extended by Kou and Wang in [11] to the
case of a diffusion process with jumps where the jump sizes follow a double exponential law.
They compute the Laplace transform of 7, and derive an expression for the density of t,. For
a more general jump-diffusion process, Roynette et al. [19] show that the Laplace transform of
(tx, x — X¢,_, X¢, — x) is the solution of some kind of random integral.
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For a general Lévy processes, Doney and Kyprianou [8] give the quintuple law of (er, s Ty —
er—» Xe —x,x—X¢—,x — er—) where X, = sup, -, X and G, = supf{s < t, X, = X}

Results are also available for some Lévy processes without Gaussian component; see Lefevre
et al. [13,14,17,18]. Blanchet [3] consi@ers a process satisfying the stochastic equation dX; =

X, (udr + Oqu(z):o dw; + ¢1¢~)(t):¢ dN;),t < T, where T is a finite horizon, u € R, o > 0,

(;3(~) is a function taking two yalues, 0 or ¢, W is a Brownian motion, N is a Poisson process
with intensity #1 B(6)=0 and N is the compensated Poisson process.

The aim of this paper is to add to these results the law of a first passage time by a Lévy process
with compound Poisson process.

The paper is organized as follows: Section 2 contains the main result (Theorem 2.1) which
gives the first passage time law by a jump Lévy process. We compute the derivative of the distri-
bution function of 7, at # = 0 in Section 2.1 and at # > 0 in Section 2.2. Section 2.2 contains the
proofs of some useful results.

2. First passage time law

Let m € R (W, t > 0) be a standard Brownian motion (N;,t > 0) be a Poisson process with
constant positive intensity a and (¥;, i € N*) be a sequence of independent identically distributed
random variables with distribution function Fy defined on a probability space (2, F,P). We
suppose that the o-fields o (Y;,i € N*), o(N;,t > 0) and o (W;,t > 0) are independent. Let
(T,,, n € N*) be the sequence of the jump times of the process N and (S;, i € N*) be a sequence
of independent identically distributed random variables with exponential law of parameter a such
that 7, =) 7_, S;, n € N*.

Let X be the Brownian motion with drift m € R and for z > 0, T, =inf{t > 0:mt + W, >
z}. By [10], formula (5.12), page 197, 7. has the following law on Ry : f(u,z)du + P(3. =
00)8x0(du), where

_ 2
fluz) = - exp[—(Z )

V27mu3 2u

P(7, = 00) = 1 — "<~ Imsl,

:|1]0,OO[(M), ue R, and
ey

The function f (-, z) and all its derivatives admit O as right limit at O and are C*° on R.

Let X be the process defined by X; =mt + W; + ZlN:’I Y;,t >0, and t, be the first passage
time of level x > 0 by X : t, = inf{u > 0: X,, > x}. The main result of this paper is the following
theorem.

Theorem 2.1. The distribution function of t, has a right derivative at 0 and is differentiable at
every point of 10, oo[. The derivative, denoted f (-, x), is equal to
a a
f0,x)= 5(2 — Fy(x) — Fy(x2)) + Z(FY(X) — Fy(x0))
and for every t > 0,

f(t,x)=aB(Liz, > (1 — Fy)(x — X)) + ]E(l{rx>TNt}f(t — Ty, x — X1,)).-
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Furthermore, P(t, = 00) =0 if and only if m + alE(Y1) > 0.

The proof of Theorem 2.1 is given in Sections 2.1 and 2.2.

Let (F;):>0 be the completed natural filtration generated by the processes (W;, ¢ > 0), (N, t >
0) and the random variables (Y;,i e N*): F, =o(W,,s <t) Vo(Ng,s <t,Y1,...,YN) VN.
Here, N\ is the set of negligible sets of (F, P).

Remark 2.2. This result is already known when X has no positive jumps (see [20], Theo-
rem 46.4, page 348), when X is a stable Lévy process with no negative jumps (see [2]) and
when X is a jump diffusion where the jump sizes follow a double exponential law (see [11]).

According to [14] and [21], for all x > 0, the passage time t, is finite almost surely if and
only if m + alE(Y1) > 0.

2.1. Existence of the right derivative at t =0

In this section, we show that the distribution function of t, has a right derivative at 0 and we
compute this derivative. For this purpose, we split the probability P(t, < &) according to the
values of Ny, :P(ty <h) =P(ty <h,Np, =0)+P(ty <h,N,=1)+P(tx <h, N, =2).

Note that P(t, <h, N, >2)<1— e~ 4" _ ghe=" and thus limy,_,o P(T‘5hh4N”Zz) =0.

It suffices to prove the following two properties:

P(Tx <h,Ny=0) h>0
— 0

3 : @)
P(ty <h,N,=1) h—
(e < : h )h_(>)%(2—Fy(x)—Fy(x_))-i-%(FY(x)—FY(x—))' &)

On the set {w: N (w) = 0}, the processes (X;,0 <t < h) and ()~(t, 0 <t < h) are equal and PP-
a.s. T, Ah = 7, Ah. Since 7, is independent of N, we have P(t, < h, Nj, =0) = e “"P(F, <h).
The law of 7, has a C* density (possibly defective) with respect to the Lebesgue measure, null
on |-00, 0], Thus, (2) holds.

To prove (3), we use the same type of arguments as in [19] (for the proof of Theorem 2.4). We
split the probability P(zy < h, N = 1) into three parts according to the relative positions of 7,
and 71, the first jump time of the Poisson process N:

P(tx <h, Np=1)=P(tx <T1, Ny =D+ Pty =T, Ny =D +P(T1 <t <h,Np=1)
=A1(h) 4+ Ax(h) + Asz(h).

Step 1: As for (2), we easily prove that A‘T(h) b0 0.

Step 2: We prove that AQT(h) ;29 52— Fy(x) — Fy(x-)).
Note that A>(h) =P(z, > T, f(Tl + Y1 > x,T) <h < T7). Using the independence of (S;,i >
1) and (Y1, X, ), we get P(t, =Ty, N = 1) =ae™ " foh Ez =51y, > _%,) ds.
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Integrating with respect to Y1, we obtain

h

E((1— Fy)((x — X,)-))ds —/O E(1(z, <5} (1 — Fy)((x — X;)—)) ds.

P(ty =T1, Np=1) h
h = 0

ae 4

On the one hand, since Fy is a cadlag bounded function and X, = ms + W, where W is
continuous and symmetric, we get limg_,o E(Fy ((x — X s)—)) = w On the other hand,
limg—0 E(14z, <) (1 — Fy)((x — X;)-)) =0.

We deduce that limy,_, ¢ # =52~ Fy(x) — Fy(x-)).

Step 3: We prove that A3T(h) e %(Fy(x) — Fy(x_)).

Note that P(Th <ty <h,Np=1)=P(Th <tx <h,T1 <h <) and To =T1 + S 0 07y,
where 6 is the translation operator. _

Moreover, on {T1 < 17y <h < T}, Xy = X7, + Xs—1, 0 01,, where T} <s <h and 7, =
T1+ T — X7, 00 The strong Markov property gives, with E”1(-) standing for E(- | Fr,),

A3(h) = E(1jr,> 1) Lip=1) E" (l{fxfle <h-tyl{h-1y<55)))

_a(h_Tl)]ETl (

= E(Ljz, > lpamype Ly, <h-11)))

efa(thl)ETl (

= —E(Liz,<r<m Lpxr, <x) Ly <n-11)))

—a(h—Tl)ETl (

+E(Lp=7)11xy, <x)€ Lz xp, <h-T1}))-

Since the distribution function of 7, has a null derivative at 0, we have

1 o
lim _E(l{foTISh}l{XTI <x}€ a(h T1)]ET1(

Jim Lz, x, <n-))) =0

It remains to show that limy, o %h) = 7[F(x) — F(x7)], where
G(h) =E(Lp=1) Ly, <6 " TVE" (L, <n-m)))-

Integrating with respect to 7} and then using the fact that f(-, z) is the derivative of the distri-
bution function of 7., we get G(h) = ae~@" [I' [#~* Ell g 4y, </ @ x — X; — Y1) duds.
We may apply Lemma A.1to p=1, u=x —ms — Y} and o0 = 4/s. Then,

M—i—ozm n oG +
(02+u)3?  Ju(c?+u)

~ 1 0 2
E[f @, n+0G)ut06-0)] = —2KE[e (p—mu)™/ 2 “‘))(

with x* = max{0, x} and G is a Gaussian A/ (0, 1) variable and we have

—ah h ph—s +
6y =S [ [ B (20 _OS Yy,
V2r Jo Jo (u+s)32 " Ju(u+s)
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We make the changes of variables s = th, u = hv. Then,

G _ae" /I/I_IE[e(th(ert)Y1)2/(2h(v+t))< x=h . GVvi )T dr dv.
h V27 Jo Jo VEw 4132 Ju(w+1)
However,

—(x—mh(T:v)—Y1)2/(2h(t+v))( x—h 4 Gy1 >+ — Vi G-y,
Vh(t +0)32 St +v) Ju(t + ) =n

lim e
h—0t

and

sup e

+
—(x—mh(t+v)—Y1)2/(2h(t+v))( x—=n GJv )
0<h<l

Vh(t +v)3/2 + V1—v

_swgze gl i
- N/ Ju(t +v)

From Lebesgue’s dominated convergence theorem, we then obtain

_G(h) _ EGy) ([ _ 1
llm——AFY(X)mA/ mdvdt—zAFy(x),

h—0 h

|GI.

where A Fy(z) = Fy(z) — Fy(z—). This identity achieves the proof of step 3.

2.2. Existence of the derivative at £ > 0

Our task now is to show that the distribution function of z, is differentiable on R*} and to compute
its derivative. For this purpose we split the probability P(r < 7, <t + h), according to the values
of N1, — N;, into three parts:
Pt <tx <t +h Nepp =Ny =0)+ Pt <tu <t +h, Nippp — Ny =1)
+P@ <ty <t+h Nipp—Ne =22)
= Bi(h) + Ba(h) + B3(h).

Since B3(h) < P(Ny4+; — Ny > 2), we have limj_¢ B3(h) =0.

By the Markov property at ¢, Bx(h) = E(1 Tx>t}IP’ (tx—x, < h, Ny = 1)), where P'(-) =
PC|F).

By (3), 22 converges to §[2 — Fy (x — X;) — Fy ((x — X)) )1+ §[Fy(x — X;) = Fy((x —
X;)-)] and is upper bounded by P(N;;_l)
gives

= qe9h < a. The domlnated convergence theorem

i By (h)
m

3a
Jim = = a]E(l{rX>z}(1 —Fy)(x — Xt)) + TE(I{TX>I}AFY(X — Xt))~
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However, the jumps set of Fy is countable and X has a density (see [6], Proposition 3.12,
page 90). Thus, E(1(¢, =/ AFy(x — X;)) =0 and lim; ¢ BZT(}‘) =aEyr >y (1 — Fy)(x — X;)).
It thus remain to prove that

Bi(h) h—0 -
lh — ]E(I{Tx>TN,}f(l — TN, x — X1y, )). )

Since Ty, is not a stopping time, we cannot apply the strong Markov property. We split

o0
Bi(h)y=P(t <ty <t+h<T)+Y Plt<t <t+hTi<t<t+h<T).
k=1

On the set {Tx < t}, we have X; = X7, + X;_7, o 07, hence on the set {t, > T;}, we have
T, =Ty + Tx—Xp, © 07, . Moreover, on the set {7} < min(z, 7y)},
Vi cro<itn i<t <t+h<Te) = W<y V=1, <2, <t4h—Ti <Si11) © 013
and the strong Markov property at Ty gives
Bi(h) =e TP < 5, <t +h)

[e.¢]

+ Y E(lge<nlin-rge TR (L-ni<toxy <ith-1))-
k=1

The F7,-conditional law of 7,_ X1, has the density (possibly defective) f (wx — X7,), thus

a(—Ty) _

since e ]ETk(l{Tk+I ~1}), we have

t+h -
Bi(h) = e—“"/ E(Ljo<r<7}) f(u, x)du
t

X ptth 5
+eh Z/ E(Lin <<t Vs f (0 — Teo x — X7,)) du &)
k=171

t+h
= e_ah/ E(I{TN;<fx}f(u — TN[, X — XTN[ )) dl/l
t

Since f is continuous with respect to u, for all # > 0, almost surely,

t+h

.1 = ~
}HB&E I{TNt<Tx}f(u - TN;v-x - XTNt)du = I{TNt<‘L’x}f(t - TNtsx - XTN;)'
t

According to Proposition A.2 in the Appendix, the family of random variables (% tt+h fu—
Tn—t,x — X1y, ) du)o<n<1 is uniformly integrable. We then obtain

i By (h)
mm

Jim — =E(1{IX>TN,}f(t—TN,,x—XTN,)).
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Using (4), we deduce that

Pt <tx <t+h) hso ~
— = aB (Lo (1 — F)(x — X0) + E(Lz, 1, f (¢ = T, x — X13,).

The proof of Theorem 2.1 is thus complete.

Appendix
We prove the following on f given in (1).

Lemma A.1. Let G be a Gaussian random variable N'(0, 1) and let u e R, 0 € Ry, p > 1 and
xT =max{x, 0}. Then, for every u € R,

E[fu, u+0GC) 110650/

1 u(1-2p)/2e=pu—mu)*/2(po*+u))

V2P P (po? +u)P+hi2
- p
XE|:<O’G+ lzi(u—mu)+m,/u(p02+u)> :|
po-—+u n

Proposition A.2. Foreveryt>0and 1 <p <3/2,

1 t+h 5 p
sup E[(Z/ I{TN,<Tx}f(u —Tn,, x — XTN,)d”) ] < 4o00.
0<h<l t
Proof. Let 7(h) be
1 t+h B
I(h)ZE/t 1{TM<TX}f(u—TNl,x—XTNl)du.

Using Jensen’s inequality, the following estimate holds:

1 t+h B
BUM) <5 [ Bl 07 = Tyx = X, )7)
t

Conditioning by the filtration generated by N and Y;, i € N, it becomes, where G is a standard
Gaussian random variable independent of N and Y;, i € N,

1 t+h
Py < _
E(I (") = h/, £ l{xfmTMfo\;'lYif Tn, G>0}

N, P
x f(u — Ty, x —mTy, — > —,/TN,G> )du.
i=1
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Note that for u € [t,t +h], t =Ty, <u—Ty, <1+t —Tn,, pTn, +1t — Ty, > t and if
Cp =sup, g+ /xPe=P*/2 then, from Lemma A.1,

- 2
37~ N
P t P
EI(R)) = «/21’7;/71@(0 - TN,)P—I/Zt(p+1)/2E(|G| )+ (t — Tn,)P=D/2¢1/24p Cr

+ |m|

» 1
t1/2(r — TN,)(P_I)/2 )

Observe that for every ¢ > 0 and (c, y) € ]-1, 0] x [0, 4+o0[, the random variables (¢ — Ty, )“ T]z,’t
are integrable (see the details below), which completes the proof of Proposition A.2.
Note that

E(¢ - TNt)"‘TNVt) <14 iE(lDTi (t —T)*T]) < 4o0. (A.6)
i=1
However, for i > 1, T; admits as density the function u +— (if—il)!ui_le_“”, thus
at t ) a t )
E(le-r) = T)*T)) = 7, /0 e — W du < e /0 (t —w)*u? ™'~ du
_ al yrita Ly +DT @+ 1)
i—1! Ly +i+a+1)

Consequently, the sum in the right-hand term of inequality (A.6) is finite and the random
variable (t — Ty,)* TNV, is integrable. O
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