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By means of white noise analysis, we prove some limit theorems for nonlinear functionals of a given
Volterra process. In particular, our results apply to fractional Brownian motion (fBm) and should be com-
pared with the classical convergence results of the 1980s due to Breuer, Dobrushin, Giraitis, Major, Surgailis
and Taqqu, as well as the recent advances concerning the construction of a Lévy area for fBm due to Coutin,
Qian and Unterberger.
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1. Introduction

Fix T > 0 and let B = (B;);>0 be a fractional Brownian motion with Hurst index H € (0, 1),
defined on some probability space (€2, 3, P). Assume that B is the completed o-field generated
by B. Fix an integer k > 2 and, for ¢ > 0, consider

T
Buie — B
Gszs_k(l_H)/ hk(%)du. (1.1)
0

Here, and in the rest of this paper,
dk
he(x) = (=Dke" 2 (72 (1.2)
dxk

stands for the kth Hermite polynomial. We have A, (x) = x> — 1, h3(x) = x3 — 3x and so on.
Since the seminal works [3,6,7,19,20] by Breuer, Dobrushin, Giraitis, Major, Surgailis and
Taqqu, the following three convergence results are classical:

o if H<1— 5, then

_Hy— L
((B)rero,y, X1 1/2G8)ﬂ6((3,>,e[o,n,zv), (1.3)

E—>

where N ~ N (0, T x k!fOT p¥ (x) dx) is independent of B, with p(x) = 4 (Ix + 1?7 4 |x —
1P =212,
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o if H=1— L then

ﬁ’
Gg Law
B , — B ,N), 1.4
(( )re[0,T] log(l/s)> 5—_)6(( 1)tel0,T] ) (1.4)
where N ~ N (0, T x 2k!(1 — ﬁ)k(l — %)k) is independent of B;
o if H>1— 5, then
2
G. Li%) z®, (1.5)
E—>

where Z (Tk ) denotes the Hermite random variable of order k; see Section 4.1 for its definition.

Combining (1.3) with the fact that supy_, - E[|ek0-H=1/2G_|P] < oo for all p > 1 (use the

boundedness of Var(e¥!=#)=1/2G,) and a classical hypercontractivity argument), we have, for
all n € L*(Q) and if H < 1 — 5, that

=112 G, ] — EMN)=EMEN)=0
£e—

(a similar statement holds in the critical case H =1 — ﬁ). This means that e¥1-H)-1/2¢G,
converges weakly in L*(S2) to zero. The following question then arises. Is there a normalization
of G ensuring that it converges weakly towards a non-zero limit when H <1 — %? If so, then
what can be said about the limit? The first purpose of the present paper is to provide an answer
to this question in the framework of white noise analysis.

In [14], it is shown that for all H € (0, 1), the time derivative B (called the fractional white
noise) is a distribution in the sense of Hida. We also refer to Bender [1], Biagini ef al. [2] and
references therein for further works on the fractional white noise.

Since we have E (B4, — Bu)* =21 observe that G, defined in (1.1) can be rewritten as

T ok
B —B
G.= [ (Ls > du, (16)
0 &
where (...)° denotes the kth Wick product. In Proposition 9 below, we will show that for all
HeG—1 D,
T ok T
B,+c — B .
lim (*87> du :/ B%* du, (1.7)
e—=0Jo & 0

where the limit is in the (S)* sense.

In particular, we observe two different types of asymptotic results for G, when H € ( % -
%, 1- 21—k): convergence (1.7) in (S)* to a Hida distribution, and convergence (1.3) in law to a
normal law, with rate ¢!/2=*(1=H) 'On the other hand, when H € (1 - i, 1), we obtain from
(1.5) that the Hida distribution fOT Bfk ds turns out to be the square-integrable random variable

Z (Tk ), which is an interesting result in its own right.
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In Proposition 4, the convergence (1.7) in (S)* is proved for a general class of Volterra
processes of the form

t
f K(t5)dW,, 120, (18)
0

where W stands for a standard Brownian motion, provided the kernel K satisfies some suitable
conditions; see Section 3.

We also provide a new proof of the convergence (1.3) based on the recent general criterion
for the convergence in distribution to a normal law of a sequence of multiple stochastic integrals
established by Nualart and Peccati [15] and by Peccati and Tudor [17], which avoids the classical
method of moments.

In two recent papers [9,10], Marcus and Rosen have obtained central and non-central limit
theorems for a functional of the form (1.1), where B is a mean zero Gaussian process with
stationary increments such that the covariance function of B, defined by o2(|t — s|) = Var(B; —
By), is either convex (plus some additional regularity conditions), concave or given by o2(h) =
h" with 1 < r < 2. These theorems include the convergence (1.3) and, unlike our simple proof,
are based on the method of moments.

In the second part of the paper, we develop a similar analysis for functionals of two indepen-
dent fractional Brownian motions (or, more generally, Volterra processes) related to the Lévy
area. More precisely, consider two independent fractional Brownian motions B! and B® with
(for simplicity) the same Hurst index H € (0, 1). We are interested in the convergence, as ¢ — 0,
of

T 2) (2)

~ B — By,

G, Z:/ 351)7M+8 du (1.9)
0 &

and

(1) (D 2 2

. wpl) _ B B\Y —B

Gg;zf (/ vte Y dv) ute " du. (1.10)
0 0 & £

Note that 55 coincides with the e-integral associated with the forward Russo—Vallois integral
fOT BW d~B?); see, for example, [18] and references therein. Over the last decade, the conver-
gences of 58 and ée (or of related families of random variables) have been intensively studied.
Since ¢! fou (3528 — B(l))dv converges pointwise to B( ) for any u, we could think that the
asymptotic behaviors of Gs and G, are very close as ¢ — 0. Surprisingly, this is not the case.
Actually, only the result for Gs agrees with the seminal result of Coutin and Qian [4] (that is, we
have convergence of G, in L%(Q) if and only if H > 1/4) and with the recent result by Unter-
berger [21] (that is, adequately renormalized, Ge converges in law if H < 1/4). More precisely:

e if H < 1/4,then

((B(l) B(Z)) Sl/2-2H % ) Law ((B(l) B(Z))

et0.11 = cor V) (LD
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where N ~ N (0, T53) is independent of (BV, B®) and

1
42H + 1)(2H +2)

&k = /(|x+1|2H~I—|x— 12 —21x )
R
x (2|x|2H+2 _ |x + 1|2H+2 _ |x _ 1|2H+2)d.x;

o if H=1/4, then

O p@ é*? Law 1 p@
B ) B y T — B 5 B N N N 1.12
(( t t )ze[O,T] 10g(l/8)> 8—_)6 (( t t )te[O,T] ) ( )
where N ~ N (0, T/8) is independent of (B, B®);
e if H > 1/4, then
. 2 [T ] T
Ge L—(Q/ B o B2 du:/ BV dB®); (1.13)
e—=0 Jo 0
e forall H € (0, 1), we have
T
. (S)* .
G£Q>/ BW o B® du. (1.14)
e—=0Jo
Howeyver, for 58, we have, in contrast:
e if H <1/2, then
1 p@) 1/2—H > \ Law 1 p@
((B;". B, )te[O,T]’ e!/21G,) o ((B,". B, )te[O,T]’ N x §), (1.15)

where

e’} T
5=// (|x+1|2H+|x—1|2H—2|x|2H)dxX/ (BM)? du
0 0

and N ~ N (0, 1), independent of (B(V, B®);
e if H>1/2, then

~ 12 T . r
Gfﬁi)/ B;‘)oBf)du:/ BV dB®; (1.16)
e—0 Jo 0
e forall H € (0, 1), we have
T
~ (S) .
GSQ/ BM o B du. (1.17)
e—0Jo

Finally, we study the convergence, as ¢ — 0, of the so-called e-covariation (following the
terminology of [18]) defined by

&

du (1.18)

ey )] 2) (2)
~ /T Bu—i—s — By > BLI+8 — By
0 & &
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and we get:

o if H <3/4, then

((B(l) B(z)) 322HG );i":) ((Bz(])’ Bt(2)) N) (1.19)

1[0, 7]’ 1[0, 7]

with N ~ N (0, TG )mdependent of (BD, B@) and
Gk = /(|x+ 1 4 — 1127 —2x)?H)2 dx;

e if H=23/4, then

N p@ Ge Law (1) 5(2)
<(B’ B 0y log(1/8)> o (B B oy N) - (120)
with N ~ N (0,97 /32) independent of (B, B®);
e if H > 3/4, then
-~ 2 T . .
G. Lﬁ?)/ B o B du (1.21)
e—0 Jo
e forall H € (0, 1), we have
T
~ (S)* . .
G. i_:?) B 6 B du. (1.22)

The paper is organized as follows. In Section 2, we introduce some preliminaries on white
noise analysis. Section 3 is devoted to the study, using the language and tools of the previous
section, of the asymptotic behaviors of G, Gg and G ¢ in the (more general) context where B is
a Volterra process. Section 4 is concerned with the fractional Brownian motion case. In Section 5
(resp., Section 6), we prove (1.3) and (1.4) (resp., (1.11), (1.12), (1.15), (1.19) and (1.20)).

2. White noise functionals

In this section, we present some preliminaries on white noise analysis. The classical approach
to white noise distribution theory is to endow the space of tempered distributions S’(R) with
a Gaussian measure [P such that, for any rapidly decreasing function n € S(R),

/ eilr 1 p(dy) = e~ 13/2.
S'®)

Here, | - |o denotes the norm in L?(R) and (-, ) the dual pairing between S’(R) and S(R). The
existence of such a measure is ensured by Minlos’ theorem [8].

In this way, we can consider the probability space (€2, 5, P), where Q2 = §’(R). The pair-
ing (x,&) can be extended, using the norm of L%(Q), to any function & € L%(R). Then,
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W; = (-, 1j0,1]) is a two-sided Brownian motion (with the convention that 19 ;) = —1;,01 if t < 0)
and for any & € L2(R),

<-,E>=/ EdW =1,(8)

is the Wiener integral of £.
Let ® € L?(R2). The classical Wiener chaos expansion of & says that there exists a sequence
of symmetric square-integrable functions ¢, € L%(R") such that

o
Q=" L), @.1)
n=0
where I, denotes the multiple stochastic integral.

2.1. The space of Hida distributions

Let us recall some basic facts concerning tempered distributions. Let (&,);,2, be the orthonormal
basis of L?(R) formed by the Hermite functions given by

£,(x) = n V420" 26 2, (), xeR, (2.2)

where h,, are the Hermite polynomials defined in (1.2). The following two facts can immediately
be checked: (a) there exists a constant K; > 0 such that ||€,]lcc < K1(n + 1)~1/12; (b) since
£ = \/gén,l -/ %Snﬂ, there exists a constant K» > 0 such that || [|lcc < Kon*/!2.
Consider the positive self-adjoint operator A (whose inverse is Hilbert—Schmidt) given by
2
A= _d‘i—z + (1 4+ x2). We have A&, = 2n + 2)&,.
For any p > 0, define the space S, (R) to be the domain of the closure of A”. Endowed with
the norm |£|, := |AP&|o, it is a Hilbert space. Note that the norm | - |, can be expressed as
follows, if one uses the orthonormal basis (&,):

e¢]

612 =) (€, &2 2n+2)*".

n=0
We denote by S;, (R) the dual of S, (R). The norm in S;, (R) is given by (see [16], Lemma 1.2.8)
o o0
€2, =D 1€ APEN =) (E.8)°Qn+2)77F
n=0 n=>0

for any & € S;, (R). One can show that the projective limit of the spaces S,(R), p > 0, is S(R),
that the inductive limit of the spaces S,(R)’, p > 0, is S’(R) and that

S(R) c L*(R) c S'(R)
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is a Gel’fand triple.
We can now introduce the Gel’fand triple

(S) c L*(Q) C (S,

via the second quantization operator I"'(A). This is an unbounded and densely defined operator
on L%(R) given by

LA =" 1,(A%"¢,),

n=0

where @ has the Wiener chaos expansion (2.1). If p > 0, then we denote by (S),, the space of
random variables ® € L2(2) with Wiener chaos expansion (2.1) such that

o]

@15 := EIT (AP @LPT=Y nllgnls < 0o

n=0

In the above formula, |¢,|, denotes the norm in S, (R)®". The projective limit of the spaces
(S)p, p =0, is called the space of test functions and is denoted by (S). The inductive limit of
the spaces (S)_p, p > 0, is called the space of Hida distributions and is denoted by (S)*. The
elements of (S)* are called Hida distributions. The main example is the time derivative of the
Brownian motion, defined as W, = (-, 6;). One can show that |§;|, < oo for some p > 0.

We denote by {(®, W) the dual pairing associated with the spaces (S) and (S)*. On the other
hand (see [16], Theorem 3.1.6), for any ® € (S)*, there exist ¢, € S(R")" such that

(@, W) =" nlign, ¥n),

n=0

where ¥ = ZZOZO I, (Yr,) € (S). Moreover, there exists p > 0 such that

@12, Zn'|¢n|_

Then, with a convenient abuse of notation, we say that ® has a generalized Wiener chaos expan-
sion of the form (2.1).

2.2. The S-transform

A useful tool to characterize elements in (S)* is the S-transform. The Wick exponential of a
Wiener integral 11(n), n € L2(R), is defined by

ceh) . — ohim=Inlg/2.
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The S-transform of an element ® € (S)* is then defined by

S(®) (&) = ((@,:e"1® 1)),

where £ € S(R). One can easily see that the S-transform is injective on (S)*.
If ®e LZ(SZ), then S(®)(&) = E[D: el1®) :]. For instance, the S-transform of the Wick ex-
ponential is

S(: el :) €)= NUEIS

Also, S(W;)(§) = [y &(s)ds and S(W;)(€) = £(1).
Suppose that ® € (S)* has a generalized Wiener chaos expansion of the form (2.1). Then, for
any £ € S(R),

o0

S(@)E) =) (dn, E°"),

n=0

where the series converges absolutely (see [16], Lemma 3.3.5).
The Wick product of two functionals W = ZZOZO I,(Y,) and & = Z?,O:o 1,,(¢,) belonging to
(S)* is defined as

Vod= Z Ly (Y ® ).

n,m=0
It can be proven that W ¢ ® € (S5)*. The following is an important property of the S-transform:
S(P o P)(§) =S(P)E)S(W)(E). (2.3)
If ¥, ® and ¥ ¢ ® belong to LZ(Q), then we have E[V¥ ¢ ®] = E[V]E[D].

The following is a useful characterization theorem.
Theorem 1. A function F is the S-transform of an element ® € (S)* if and only if the following

conditions are satisfied:

(1) forany &,n €S, z+— F(z& + n) is holomorphic on C;
(2) there exist non-negative numbers K, a and p such that for all § € S,

|F(€)] < K exp(al€l).
Proof. See [8], Theorems 8.2 and 8.10. O

In order to study the convergence of a sequence in (S)*, we can use its S-transform, by virtue
of the following theorem.

Theorem 2. Let ®,, € (S)* and S, = S(®,). Then, ®,, converges in (S)* if and only if the
following conditions are satisfied:

(1) limy,— o S, (&) exists for each & € S,
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(2) there exist non-negative numbers K, a and p such that for alln e N, & € (S),

1,(8)] < K exp(al€]?,).

Proof. See [8], Theorem 8.6. O

3. Limit theorems for Volterra processes
3.1. One-dimensional case

Consider a Volterra process B = (B;);>0 of the form
t
5= [ Kw.saw. G.1)
0

where K (t, s) satisfies fot K, s)2 ds < oo for all t > 0 and W is the Brownian motion defined
on the white noise probability space introduced in the last section. Note that the S-transform of
the random variable B; is given by

t
S(By)(§) =f0 K(r,5)5(s)ds (3.2)

for any £ € S(R). We introduce the following assumptions on the kernel K :

(H1) K is continuously differentiable on {0 < s < ¢ < 0o} and for any ¢ > 0, we have

/’ 0K
0

— (1, t—ys)d 00;
oy 19)|(E—s5)ds <

Hp) k() = f(; K (¢, 5) ds is continuously differentiable on (0, 00).
Consider the operator K defined by

t

, oK
K &) =k (1)E() +f0 E(t,r)(é(r) —&())dr,

where ¢ > 0 and & € S(R). From Theorem 1, it follows that the linear mapping & — K &(¢) is
the S-transform of a Hida distribution. More precisely, according to [14], define the function

) 19K
C@t) =k (1)l +/ E(t,r) (t —r)dr, 1>0, (3.3)
0
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and observe that the following estimates hold (recall the definition (2.2) of &,):
KL E@)] < COUE lloo + 1€ ll00)

<CO Y IE &) lEnlloo + 161 1loo)

n=0

<COM Y1 E)ln+ 1)1 (3.4)

n=0

<COM | Y IEENPC+21T0 | (n+1)72

n=0 n=0
=C@O)MIE]17/12

for some constants M > 0 whose values are not always the same from one line to the next.
‘We have the following preliminary result.

Lemma 3. Fix an integer k > 1. Let B be a Volterra process with kernel K satisfying the con-
ditions (Hy) and (Hy). Assume, moreover, that C defined by (3.3) belongs to L*([0, T1). The
function & +— fOT(K+§(s))k ds is then the S-transform of an element of (S)*. This element is

denoted by fOT BS* du.

Proof. We use Theorem 1. Condition (1) therein is immediately checked, while for condition (2),
we just write, using (3.4),

T T T
’ | kasontas| < [k as < Mighon [ cHoas -

Fix an integer k > 1 and consider the following, additional, condition.

(H];) The maximal function D(f) = supg_,, % f;“ C(s) ds belongs to LK([0, TY) for any
T > 0 and for some &y > 0.

We can now state the main result of this section.

Proposition 4. Fix an integer k > 1. Let B be a Volterra process with kernel K satisfying the
conditions (Hy), (Hp) and (Hé‘). The following convergence then holds:

T ok T
B — B * .
/a ( u+te u) du(S) /ﬂ Bﬁkdu.
0 & e—0 Jo



1272 S. Darses, I. Nourdin and D. Nualart

Proof. Fix &£ € S(R) and set

r Bu a_Bu ok
SE(S)=S<f (7+ ) du)(&).
0 £

From linearity and property (2.3) of the S-transform, we obtain

r S Bu e Bu k
se@):/ (S(Bure =~ BIE) 43)
0 &
Equation (3.2) yields
ute u
S(Buse — Bu)(E) = / K (u+ e, nE(r) dr — / K (u, nEr) dr. (3.6)
0 0
We claim that
u+te u u+e
/ Ku+e,r)é@)dr —/ K@u,r)é(r)dr =/ Ki&(s)ds. 3.7
0 0 u
Indeed, we can write
u+e u+e u+e S OK
/ Ki&(s)ds = / k' (s)E(s)ds ~|—/ (/ g(s, r)(é(r) — S(s)) dr) ds
u u u 0 (38)
=AM+ 49,
We have, using Fubini’s theorem, that
u+te
A® = / ds/ dr —(s r)/ do£'(0)
(3.9
=—/ d@é(@)/ dr K(u—i—s ry—K(@® Vu, r))
0
This can be rewritten as
A’(42) = /”(K(u +ée,r)— K(u, r))(E(u) - ?,-'(r)) dr
0 (3.10)
u+e %
—/ dOS’(Q)/ dr(K(u~|—£,r)—K(9,r)).
u 0
On the other hand, integration by parts yields
AD =§(u+8)/u EK(u +e,r)dr
0 G.11)

u u+e K
—S(u)/ K(u,r)dr—/ ds&’(s)/ dr K (s, r).
0 u 0
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Therefore, adding (3.11) and (3.10) yields
u+e u
AP+ AP =+ s)f K@u+e¢,r)dr— S;‘(u)/ K(u,r)dr
0 0
u
- [ (Katen - Kun)ew o) ar
u+e 6
—/ dQE’(Q)/ K@ +e,r)dr
u 0
Note that, by integrating by parts, we have
u+e 0
—/ d@é’(@)/ K(u+e,r)ydr
u 0
u+te u
:—5(14—}—8)/ K(u+5,r)dr+§(u)/ K(u+e,r)dr
0 0

u+e
—|—/ Ku+e,r)é(r)dr.
u
Thus, substituting (3.13) into (3.12), we obtain
u+e u
AP +AD = / K(u+e,r)E(r)dr — f K (u, r)E(r)dr,
0 0
which completes the proof of (3.7). As a consequence, from (3.5)—(3.7), we obtain

T 1 u-+te k
Se(6) = / (— / K+E(s)ds) du.
0 € Ju

On the other hand, using (3.4) and the definition of the maximal function D, we get

1 [ute - 1 [ute k
_f Ki&(s)ds| < MMER; 1, sup (E/ C(s)ds)
u

u O<e<eq

k

sup
O<e<gg

= M¥[§ 117, D" ().

Therefore, using hypothesis (Hé) and the dominated convergence theorem, we have

T
lim 5.(6) = / (K E(s)H ds.
£— 0

1273

(3.12)

(3.13)

(3.14)

(3.15)

Moreover, since |S¢(§)] < M"|§|’1‘7/12 fOT D¥(u) du for all 0 < & < g¢ (see (3.14)), conditions (1)
and (2) in Proposition 4 are fulfilled. Consequently, ek fOT (By+e — B.)%* du converges in (S*)

ase — 0.
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To complete the proof, it suffices to observe that the right-hand side of (3.15) is, by definition
(see Lemma 3), the S-transform of fOT Bfk ds. U

In [14], it is proved that under some additional hypotheses, the mapping t — B, is differen-
tiable from (0, c0) to (S)* and that its derivative, denoted by By, is a Hida distribution whose
S-transform is K4 £(¢).

3.2. Bidimensional case

Let W = (W;);cr be a two-sided Brownian motion defined in the white noise probability space
(S'(R), B,P). We can consider two independent standard Brownian motions as follows: for

t >0, we set W,(l) = W; and W,(2) =W_;.
In this section, we consider a bidimensional process B = (B'", Btm)zzo, where B and B®
are independent Volterra processes of the form

. t .
B}”:/ K(t,9)dwl, — 1>0,i=1,2. (3.16)
0

For simplicity only, we work with the same kernel K for the two components.
First, using exactly the same lines of reasoning as in the proof of Lemma 3, we get the follow-
ing result.

Lemma 5. Let B = (Bt(l), B,(Z)),Zo be given as above, with a kernel K satisfying the condi-
tions (Hy) and (Ha). Assume, moreover, that C defined by (3.3) belongs to L*([0, T) for any
T > 0. We then have the following results:
(1) the function & +— fOT(f(;‘ K &(—y)dy)K&(u)du is the S-transform of an element of
(S)*, denoted by fOT BV o B? du;
(2) the function & — fOT K &(—u)K &(u)du is the S-transform of an element of (S)*, de-
noted by fOT BV o B du.

We can now state the following result.

Proposition 6. Ler B = (B,(l), B,(z))tzo be given as above, with a kernel K satisfying the condi-
tions (Hy), (Hy) and (H%). The following convergences then hold.

T 2 _ p® « T
[ g Bute =B S f BY o 5O du,
0 0

& e—0
T M ) 6 ®) . T
/ (/u Buye = Bu dv) Buve =~ Bu du (S—)> / B,ﬁl) o Bl(lz) du,
0 0 3 & e—0 Jo

T ) p()  p@ _ p@ . T
/ Bu+£ B, % Bu+8 B, du (S_)) / B;l) <>BIEZ) du.
0 & & e—0 Jo
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Proof. Set

T gD gO T B _ p®
G5=/ B;I)Mduzf B o Zute W g,
0 € 0 €

From linearity and property (2.3) of the S-transform, we have

T
NEAG) =§ fo S(BM)©)S(B, — BP)(©) du

- T u 1 u-+te
S@Ga)(E) = /0 (/0 K+s<—y>dy)(; / K+5(x>dx)du

Therefore, using (3.4) and (3.14), we can write

so that

S@0©)] = Mg )1, ( 0 C(t)dt)D(u)du
§M2|§|%7/12/ ( ) D(t)dt)D(u)du

1
= EM2|g|%7/,2(/0 D(u)du)

T
—M2|g|%7/12/0 D?(u) du.

Hence, by the dominated convergence theorem, we get

- T u
ehf})S(Gg)@):/O (/0 K+§(—y)dy>K+S(u)du.

1275

(3.17)

The right-hand side of (3.17) is the S-transform of fOT B,El) o B,Sz) du, due to Lemma 5. Therefore,

by Theorem 2, we obtain the desired result in point (1).

The proofs of the other two convergences follow exactly the same lines of reasoning and are

therefore left to the reader.

4. Fractional Brownian motion case

4.1. One-dimensional case

d

Consider a (one-dimensional) fractional Brownian motion (fBm) B = (B;);>¢ of Hurst index

H € (0, 1). This means that B is a zero mean Gaussian process with covariance function

Ry(t,s) = E(BBy) = A(t*" + 5™ — |t — s 7).
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It is well known that B is a Volterra process. More precisely (see [5]), B has the form (3.1) with
the kernel K (¢, s) = Ky (t, s) given by

_ H-1/2 t
Ku(t.s) :CH[<t(t S)) B (H _ %)SI/Z—H/ WH=32(, _S)H—l/zdu]
N K

Here, cp is a constant depending only on H. Observe that

9K 1 1/2—H
a—tH(t,s)ch(H—§>(t—s)H—3/2(;> fort > s > 0. (4.1)

Denote by & the set of all R-valued step functions defined on [0, co). Consider the Hilbert
space $) obtained by closing & with respect to the inner product

(110,u1, l[o,v])jﬁ = E(By,By).

The mapping 1jp,;] = B; can be extended to an isometry ¢ — B(¢) between §) and the Gaussian
space H; associated with B. Also, write H®k to indicate the kth tensor product of . When
H > 1/2, the inner product in the space $) can be written as follows, for any ¢, ¥ € &:

(¢, V)5 =HQH — 1)/w/m¢(s)w(s’)|s — PP 2 dsds’.
0 0

By approximation, this extends immediately to any ¢, ¥ € S(R) U §.

We will make use of the multiple integrals with respect to B (we refer to [13] for a
detailed account on the properties of these integrals). For every k > 1, let H; be the kth
Wiener chaos of B, that is, the closed linear subspace of L?($2) generated by the random
variables {hx(B(9)), ¢ € 9, |l¢lls = 1}, where hi is the kth Hermite polynomial (1.2). For
any k > 1, the mapping I (¢®) = hi(B(p)) provides a linear isometry between the symmet-
ric tensor product HOK (equipped with the modified norm VE -l @ek) and the kth Wiener
chaos Hy.

Following [12], let us now introduce the Hermite random variable Z (Tk ) mentioned in (1.5). Fix
T > 0 and let £ > 1 be an integer. The family (¢;).~0, defined by

T
g =k f 184 du, (4.2)
0
satisfies
lim (@s, oy)gex = HXQH — DF / ls — s/ |2k ds s = ¢ T CH-DK+2 (4.3)
&,n—0 [0,7]2

. k —_ k . . .
with ¢y g = T Hk—/i l(fg vt ,ile T This implies that ¢, converges, as € tends to zero, to an ele-

ment of .‘?)‘X’k. The limit, denoted by 71{‘[0 7y can be characterized as follows. For any &; € S(R),
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i=1,...,k, we have

( 1o.r)? gl ® - ®$k)ﬁ®k
= lim (g £1 ® -+ ® &) gox

r ok
= lim S_kfo du H(l[u,u%s]’ gi)yj
i=1

e—0

T k u+te T
=lims’ka(2H—l)k/ dul_[/ ds/ dr|s —r*H72(r)
e—0 0 i Ju 0
T k T
:Hk(ZH—l)k/ dun/ dr |u — r|*1 728 (r).
0 i1 70

We define the kth Hermite random variable by Z (T )= Iy (nl ) Note that, by using the isometry
formula for multiple integrals and since G, = I} (¢;), the convergence (1.5) is just a corollary of
our construction of Z(Tk ), Moreover, by (4.3), we have

2 —
E[(Z(Tk)) ]=Ck,H > t(2H 2)k+2.
We will need the following preliminary result.

Lemma 7.

(1) The fBm B verifies the assump.tions Hy), Hy) and (Hg) ifand only if H € (% — %, 1).

) If H e (% - %, 1), then fOT B,fk du is a well-defined element of (S)* (in the sense of
Lemma 3).

3) Ifwe assume that H > %, then fOT B,fk du belongs to L2(Q) ifandonly if H > 1 — ﬁ

Proof. (1) Since

K (1) =kpy(t) = (H + 5)er (H)t71/2 (4.4)
and
t t
/ aK—H(t,s) (t—s)ds = / aK—H(t,s)(t—s)ds =y (H)tHH1/2 4.5)
0 0 o Ot

for some constants ¢y (H) and c>(H), we immediately see that assumptions (H;) and (Hy) are
satisfied for all H € (0, 1). It therefore remains to focus on assumption (H’;). Forall H € (0, 1),
we have

1 t+¢
sup —/ sH=1245 <712y (1 4 g9) 172 (4.6)
t

O<e<gg 2
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and

1 t+¢

sup — / sHH2dg < (1 + ) HT1/2, (4.7)
0<e=<gg & Ji

Consequently, since foT t*H—k/2 4t is finite when H > % — %, we deduce from (4.4)—(4.7) that

(Hg) holds in this case. Now, assume that H < % — % Using the fact that D(¢) > C(t), we obtain

T T 1 k T
f Dk(t)dtz/ Ck(t)dt:<H+§> c1(H)k/ tRH=KI2 41 — 00
0 0 0

Therefore, in this case, assumption (H’g) is not verified.
(2) This fact can be proven immediately: simply combine the previous point with Lemma 3.
(3) By definition of fOT B,jk du (see Lemma 3), it is equivalent to show that the distribution

r{‘[ orp’ defined via the identity fot Bfk ds = Ik(rlk[o t]), can be represented as a function belonging

to L2([0, TT%). We can write

T
(e, 618 @ &) = / K £1(5) - K £(s) ds

-fenf

for any &, ..., & € S(R). Observe that K &(s) = [ *Ki (s, r)&(r) dr because K (s,s) =0
for H > 1/2. Using Fubini’s theorem, we deduce that the distribution r{‘w 5 Can be represented

as the function

L (s.r)E () dr

T K g

a
(S,X])"'
N

Kn
or](xl’ e Xk) = 1o e (X1, - .,xk)/ " (s, xg) ds.

max(xy,..., Xk) el

We then obtain
2
”Tfm 7] H L2([0, T]k)

aKH aKH
(s, x1) -+ (s, xk)
[0,T1F Jmax(xy,...,xx) ¢ max(xy,...,xg) ds ds

oK oK
H(r,x1)~~—H (r,xx)dsdrdxg--- dxg
as as

k
Kn (r, X) dx) drds.

r/\YaK
o A R
0,712 \Jo

Using the equality (4.1) and the same computations as in [13], page 278, we obtain, for s <r,

f‘yﬂ( 02 H(r,x)dx:H(2H— 1)(r — )22, (4.8)
0
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Therefore,

T T
2 k B
”rf[o,r] ||L2([0,T]k) = (H(ZH - 1)) /0 /0 |r — SIZH]‘ 2k qr ds.

We immediately check that ||‘L'l < oo if and only if 2Hk — 2k > —1, that is, H >

” L2( 0, T
1-— ﬁ Thus, in this case, the Hlda dlstnbutlon fOT B;”‘ ds is a square-integrable random variable
with

T 2
ok -k 2 _ 2Hk—2k+2
E[(/O B ds) :| = || Tiory ||L2([0,T]’<) =ck,uxT . 0

Remark 8. According to our result, the two distributions rl - and 711 should coincide when

H > 1/2. We can check this fact by means of elementary arguments Let E, eSM),i=1,... k.
From (3.7), we deduce that

u+te
(l[u,u+s]a Ei)g = f K+Ei (s)ds
u
and then
hm (1['4 u+els §z) =K & ).
Using (3.14) with k = 1 for each &; and applying the dominated convergence theorem, since the

fractional Brownian motion satisfies the assumption (H’g) when H € ( % — %, 1), we get, for ¢,
defined in (4.2),

T
lim(@e. &1 @ - ® &k) g =/0 K1 &1 (u)- - Ky (u) du,

. . k _ k
which yields Mo = Tl
We can now state the main result of this section.

Proposition 9. Let k > 2 be an integer. If H > 5 — 1 (note that this condition is immaterial for
k = 2), the random variable

T ok T
G.— / (Bque - Bu) du = ¢~ K(1=H) / Iy (BqusH— B, > du
0 2 0 2

converges in (S*), as ¢ — 0, to the Hida distribution fOT B,fk du. Moreover, G, converges in
L*(Q) ifand only if H > 1 — ﬁ In this case, the limit is fOT Blfk du = Z(Tk).

Proof. The first point follows directly from Proposition 4 and Lemma 7 (point 1). On the other
hand, we already know (see (1.5)) that G, converges in L%(Q) to Z(Tk) when H > 1 — ﬁ This
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implies that when H > 1 — ﬁ, fOT Bﬁk ds must be a square-integrable random variable equal to
Z(Tk ) Assume, now, that H <1 — ﬁ From the proof of (1.3) and (1.4) below, it follows that
E(Gg) tends to 400 as ¢ tends to zero, so G, does not converge in L2(Q). U

4.2. Bidimensional case

Let BV and B@ denote two independent fractional Brownian motions with (the same) Hurst
index H € (0, 1), defined by the stochastic integral representation (3.16), as in Section 3.2.

By combining Lemma 7 (point 1 with k = 2) and Lemma 5, we have the following preliminary
result.

Lemma 10. For all H € (0, 1), the Hida distributions fOT B,ﬁl) o B,ﬁz) du and fOT B,ﬁl) o 35152) du
are well-defined elements of (S)* (in the sense of Lemma 5).

We can now state the following result.

Proposition 11.

(1) Forall H € (0,1), Gg defined by (1 9) converges in (5*), as ¢ — 0, to the Hida distribu-
tion f B(l) 3 B(z) du. Moreover, Gs converges in L*(2) if and only if H > 1/2.

(2) Forall H € (0, 1), Gs defined by (1. 10) converges in (S§*), as € — 0, to the Hida distrib-
ution fo BL(,I) B(z) du. Moreover, G converges in L>(2) if and only if H > 1/4.

(3) Forall H € (0, 1), Ge defined by (1. 18) converges in (S*), as ¢ — 0, to the Hida distrib-
ution fo B(l) B(2) du. Moreover, G(s converges in L>(Q2) if and only if H > 3/4.

Proof. (1) The first point follows directly from Proposition 6 and Lemma 7 (point 1 with k = 2).
Assume that H < 1/2. From the proof of Theorem 12 below, it follows that E (G2) — o0 as ¢
tends to zero, so G, does not converge in L2(2). Assume that H = 1/2. By a classical result
of Russo and Vallois (see, for example, the survey [18]) and since we are, in this case, in a
martingale setting, we have that G, converges in L(£2) to the Itd integral fOT Bf,l) dBL(,Z). Finally,
assume that H > 1/2. For ¢, n > 0, we have

1
EG.G n) = Pen(u —u" )Ry (u, u")dudu’,
€n Jio, 772

where
ey (x) = 5l1x +e*H + |x — 7 — |x 7 — |x + & —n*"]. 4.9)

Note that as ¢ and 7 tend to zero, the quantity (en)~! Pe.n(u —u') converges pointwise to (and is
bounded by) H(2H — 1)|u — u'|27-2 Then, by the dominated convergence theorem, it follows
that E(G,G,) converges to

HQH—1) u —u' PP 2Ry (u, u) dudu’
[0,T]
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as ,n — 0, with f[o,T]Z lu —u' P2\ Ry (u, u')| dudu’ < 0o, since H > 1/2. Hence, G, con-
verges in L*().

(2) The first point follows directly from Proposition 6 and Lemma 7 (point 1 with k = 2).
Assume that H < 1/4. From the proof of Theorem 13 below, it follows that £ (Gg) — 00 as &
tends to zero, so és does not converge in L%(Q). Assume that H > 1 /4. For ¢, n > 0, we have

1 u u/
E(Gs 17) = 55 du du/,os,,,(u — u/)/ dS/ ds/ ps’n(s — S/)
77 [0,T]2 0 0

with o, given by (4.9). Note that, as ¢ and 7 tend to zero, the quantity (en)~! Pe,n(u —u') con-
verges pointwise to H(2H — 1)|u —u'|*' =2, whereas (e1) ! f” ds fou ds’ pe, (s —s’) converges
pointwise to Ry (u, u’). It then follows that E (G G,,) converges to

——(2H—1)/ 142 4y du —i—H/ @'+ (T —w? 1) du

as g, n — 0 and each integral is finite since H > 1/4. Hence, G converges in L*().

(3) Once again, the first point follows from Proposition 6 and Lemma 7 (point 1 with k = 2).
Assume that H < 3 /4. From the proof of Theorem 14 below, it follows that E (Gz) — 00 as &
tends to zero, so Gg does not converge in L%($2). Assume, now, that H > 3/4. For ¢, > 0, we
have

N 1
EG.G )=—/ pe.n(u —u')? du du’
o e2n? [0,T]2 o

with o, ; given by (4.9). Since the quantity (877)’1 Pe,n(U — u’) converges pointwise to (and is
bounded by) H(2H — 1)|u — u'|*=2 we have, by the dominated convergence theorem, that
E(G.Gy) converges to

H’Q2H — 1)2/ lu — o' |4 dudu’
[0,T]?

as g,n — 0, with f[o TP lu — u’|4H—4 dudu’ < oo, since H > 3/4. Hence, (A?g converges in
L3(R). O

S. Proof of the convergences (1.3) and (1.4)

In this section, we provide a new proof of these convergences by means of a recent criterion for
the weak convergence of sequences of multiple stochastic integrals established in [15] and [17].
We refer to [9] for a proof in the case of more general Gaussian processes, using different kind
of tools.

Let us first recall the aforementioned criterion. We continue to use the notation introduced in
Section 4.1. Also, let {¢;,i > 1} denote a complete orthonormal system in §). Given f € HOk
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and g € 99! for every r =0,...,k A, the contraction of f and g of order r is the element of
HOUH=2r) defined by

o0

f&g= > (fei® ®e)ger® (g€ ® - ®e;,)ger.

(Note that f ®p g = f ® g equals the tensor product of f and g while, for k =1, f ® g =
(fs 8)gek.) Fix k > 2 and let (F¢)ex0 be a family of the form Fe = Iy (¢.) for some ¢, € HOk,
Assume that the variance of F, converges as ¢ — 0 (to o2, say). The criterion of Nualart and
Peccati [15] asserts that F; ﬂ N ~ N(0,0?) if and only if ||¢. ®, ®ell o2 — O for any

r=1,...,k—1.Inthis case, due to the result proved by Peccati and Tudor [17], we automatically
have that
L
(Bl‘lﬂ‘-"Blk’FE)ﬂ) (Btlv""BlkaN)

forall tp > --- > t; > 0, with N ~ N (0, 02) independent of B.
For x e R, set

p(x) = 2(x + 112 + |x — 112 —20x*H), (5.1)

and note that p(u — v) = E[(By+1 — Bu)(By+1 — By)] for all 4, v > 0 and that fR lp(x)|*dx is
finite if and only if H < 1 — 5 (since p(x) ~ H(2H — 1)|x|*#72 as |x| — o0).

We now proceed with the proof of (1.3). The proof of (1.4) would follow similar arguments.
Proof of (1.3). Because e/ =H)=1/2G, can be expressed as a kth multiple Wiener integral, we

can use the criterion of Nualart and Peccati. By the scaling property of the fBm, it is actually
equivalent to considering the family of random variables (F;).~q, where

T/e
F€=\/E/ hx(By+1 — By) du.
0

Step 1. Convergence of the variance. We can write

T/e T/e
E(F}) = ak!f du/ ds p(u — s)*
0 0

T/e
ekt [ o (r/e Ixiya.
—T/e
where the function p is defined in (5.1). Therefore, by the dominated convergence theorem,
lim E(F?) = Tk!/ o(x)Xdx.
el0 R

Step 2. Convergence of the contractions. Observe that the random variable hx(By+1 — By)

coincides with the multiple stochastic integral Ik(lﬁlfu +1]). Therefore, F, = I (¢.), where ¢ =



Limit theorems for nonlinear functionals of Volterra processes via white noise analysis 1283
Ve [y P18k L du.Letr € {1,... .k — 1}. We have
e e (1860 g 1®*=D
r r
D O ¢s—£/ / l[u ] @ o] ),o(u—s)rduds
As a consequence, ||¢: Q@ ¢¢ ||?j®(2k72,) equals
82/ pw—s5)pW —s) pu—u)"p(s—sH"dsds’ dudu'.
[0,T/e]*

Making the changes of variables x =u — s, y =u’ — s’ and z = u — u’, we obtain that ||¢, ®,
be ||%®(2k,2,) is less than

A =e/ @ eI e 1oy + 2 —x)|F " dx dydz,
D,
where D, =[—T /e, T /¢]>. Consider the decomposition
Ap = sf I eI o@D @y +z—x)F " dxdydz
DeN{lx|V[y|VIzI<K}
+ 8/ L oW o@D oy + 2 — 0K dxdydz
DeN{lx|VIy|VIzl>K)

- BS,K + CS,K-

Clearly, for any fixed K > 0, the term B, x tends to zero because p is a bounded function. On
the other hand, we have

DN {|x|V |yl VIz| > K} C D¢ g U Ds,K,y UDg k.,

where D g » ={|x| > K} N{|y| < T/e}N{lz| < T/e} (D¢ k,y and Dg g . being defined simi-
larly). Set

Cekr= ef L oW o@D @y + 2z — )K" dx dydz.
Dsl(r

By Holder’s inequality, we have

r/k
ce‘K,xsaU |p<x>|k|p<y>|kdxdydz>
DE‘K)(

1-r/k
x(/D |p(z)|"|p(y+z—x>|"dxdydz)
e, K, x

2—r/k r/k
< 2T<f |p<t)|"dt) (/ |p(x)|kdx) .o
R |x|>K K— 00
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Similarly, we prove that C; x y — 0 and C; g ; — 0 as K — oo. Finally, it suffices to choose K
large enough in order to get the desired result, that is, ||¢s ®; ¢l geer-2n — 0 as e — 0.
Step 3. Proof of the first point. By step 1, the family

((B)iero, 11+ gl/2—2H G,)
is tight in C([0, T']) x R. By step 2, we also have the convergence of the finite-dimensional
distributions, as a by-product of the criteria of Nualart and Peccati [15] and Peccati and Tudor

[17] (see the preliminaries at the beginning of this section). Hence, the proof of the first point is
complete. (Il

6. Convergences in law for some functionals related to the Lévy
area of the fractional Brownian motion

Let BV and B® denote two independent fractional Brownian motions with Hurst index H €
(0, 1). Recall the definition (1.9) of G,:

_ T @ _p®
g, 2/ B Zue ~ Py,
0 &

Theorem 12. Convergence in law (1.15) holds.
Proof. We fix H < 1/2. The proof is divided into several steps.

Step 1. Computing the variance of ¢'/>~H Gs. ~
By using the scaling properties of the fBm, first observe that ¢!/2~# G, has the same law as

- T/e
F.= 81/2“’/0 BV (B, — B®) du. (6.1)

For p(x) = $(Ix + 112H 4 |x — 112 —2|x?#), we have

~ T/e T/e
E(F?) =s‘+2H/O du/o ds Ry (. $)p (it — )
=0 — ,35,

where

T/e T/e
Ol5=81+2H/ duuZH/ ds p(u—s),
0 0

T/e u
,38=8]+2H/0 du/o ds(u—s)ZHp(u—s).
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Let us first study S,. We can write
T/e
Be =& f 22 p(x)(T — ex) dx.
0

The integral [;° x> p(x)dx is convergent for H < 1/4, while fOT/ “x2H p(x)dx diverges as
—1log(1/e) for H =1/4 and as H(2H — 1)T*#~1e!=*# for 1/4 < H < 1/2. The integral
fOT/s xZH“,o(x) dx diverges as H(2H — T4 g=4H Therefore,

li =0.
Jim Be

Second, let us write o as

T/e T/e
oy = gl t2H / duu®f / ds p(u—s)
0 0

T/e u T/e T/e
=gl+2H</ duu2Hf dS,O(M—s)+f dMM2H/ dSP(“—S)>
0 0 0 u

T/e
f p(x)(T2H+1 _ (8x)2H+1 + (T _ SX)2H+1)d.X.
0

T2H+1

Hence, by the dominated convergence theorem, we have

2T2H+1 00
lim o, = / p(x)dx
0

e—0 2H +1

so that

Y s ~ 2T2H+l 00
li T“ME[Gi]=1lim E[F ] = dx.
lim ¢ (Gl lim [F] 2H+1f0 p(x)dx
Step 2. Showing the convergence in law in (1.15).

By the previous step, the distributions of the family

((Bl(l)’ Bl(z)) 81/271158)

te[0,T]’ e>0

are tight in C ([0, T1%) x R and it suffices to show the convergence of the finite-dimensional
distributions. We need to show that forany A e R,any 0 <t <--- <f, any 61, ...,6; € R and
any i, ..., 4k € R, we have

sk 1) . xk 2 . ~
limE[ele:lngtj e‘Zj=1MjBrj el)\sl/z_HGg]
el0
k @ k ) 62)
_ ¢ , ik g 262
_ E[e (/D) Var(Xj_y 1By, )]E[elz/:lejBlj oS /2]’
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where S = \/2 Jo~ p(x)dx fOT (B")2 du. We can write
DI B(” IZ —11jB <.> ire!/2-HG,
Ele e ‘]
Yk 0 B“) Yk uiB t) ire!/ 270G, | p(1)
=E[e E[e e “[8V]]
[ iz’;zlejB,f/?>e—xal/2—” ioinifo BUEBE xB B /e du

_ k 2
—02/e! 2 [ o BV BV pe(u—v) du dve—(l/Z) Var(YG_ i) B,_/))]

with ps (x) = 2 (Ix +&|? + |x — &|?# —2|x|#). Observe that

/ i BVBY p,(u — v)dudv >0
0.7}

B,Ez))(BQ) — Béz))] is a covariance function. Moreover, for any

, 2
since pe(u — v) = E[(BL(,JZE vte

fixed t > 0, we have

T B(z) _B(z)
f B;UE(B,(Z) x L) du
0

&
1 (7T 2H L 2H py2H oy — e2H
:_/ Bf,l)((”“) u ol ol el >du
2 Jo & £
E—>

Since H < 1/2, this implies that
1 2 2 2
—ae 2k ) By >E(B< )x(BP . —BP)/e)du as, L
e—0
Hence, to get (6.2), it suffices to show that

Sk g p() ooy oy ) ik 9.0 2 /9 52
[612121918,], R A2/2)e f[o.T]ZB B pe(u— v)dudv]_>E[612/:19/Brj e~ (A7/2)S ] (6.3)

e—0

We have

)

k T
= E|:exp<i Q,’B(l) Ael™ 2H/ BV (/ L(tl)x,og(x)dx> >:|
— 0

J

k
Ce :=E|:exp<iZOJ-B,(j1) el ZH/ (I)B(l)p (u—v)dudv)]
[0,772
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k T T
E[exp<i29j3fj‘>—ﬁsl‘”’/o ,%(x)(/ BB" du) dx>:|
X

j=1

. o [T T p
E|exp(i) 0,B/] —A/O p(x)(f B;>BM_€xdu>dx ,
EX

Jj=1

the last inequality following from the relation p,(x) = £* p(x/¢). By the dominated conver-
gence theorem, we obtain

k [e'e) T
C, — E[exp(iZQjBt(jl) —AZ/O p(x)dx X/o (B,El))zdu>:|

e—0 -
j=1
k )\2
— : p _ M @2
= E|:exp<1ZQJBtj 2 S >:|,
j=1
that is, (6.3). The proof of the theorem is thus completed. O

Recall the definition (5.1) of p and the definition of ée:

. T u B(l) _ B(l) B(Z) _ B(z)
Gg=f (/ ke - dv) ute 1 du.
0 0 & &

Theorem 13. Convergences in law (1.11) and (1.12) hold.

Proof. We only show the first convergence, the proof of the second one being very similar. By
using the scaling properties of the fBm, first observe that £!/272H G has the same law as

T/e u
= 1 2
F€=\/§/0 (/0 (B, —B,S”)du>(i_;;+)l — B?) du.

We now fix H < 1/4 and the proof is divided into several steps.
Step 1. Computing the variance of F,. We can write

E(F}) = e/

0,7/

u u'

dudu’ p(u —u/)/ dv/ dv' p(v =)
0 0

with p(x) = 2 (Jx + 112 + |x — 1/ —2|x|>H). We have

/udv/wdv/ v—2)= W —u) = W) — V') +2
0 0 g B 2QH +1)(2H +2) '

where

W(x) =2|x)PHH2 — e + 1)PHF2 - x — 1202, (6.4)
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Consider first the contribution of the term W (u — u"). We have

limsf ,o(u—u/)\ll(u—u/)dudu/zT/ p(x)W¥(x)dx.
e—0 [O,T/S]z R

Note that p(x) ~ HQH — 1)|x|*#~2 and W (x) ~ —(2H +2)(2H + 1)|x|* as |x| — oo so that
fR |p(x)W¥(x)|dx < oo because H < 1/4. On the other hand, we have

T/e u
ef p(u—u’)\ll(u)dudu’zsf du \If(u)/ dx p(x)
[0,7/¢]? 0 u—T/e

and this converges to zero as ¢ — 0. Indeed, since p(x) ~ HQH — DxZH=2 35 x — o0, we
have fuoo,o(x) dx ~ Hu?"~! as u — oo; hence, since [ p(x)dx =0, H < 1/4 and W (u) ~
—(QH +2)2H + Du?" as u — oo, we have

u

ul_i)rrolo\IJ(u) p(x)dx:—uli)rgolll(u)f p(x)dx =0.

—00

Also, we have

lime/ p(u—u’)dudu’:/p(x)dx:O.
e—>0 [0,T/e]? R
Therefore, lim,_, o E (Ii?) = 6%,.

Step 2. Showing the convergence in law (1.11). We first remark that by step 1, the laws of
the family ((Bt(l), Bt(z))te[oj], gl/2—2H G£)8>0 are tight. Therefore, we only have to prove the
convergence of the finite-dimensional laws. Moreover, by the main result of Peccati and Tudor
[17], it suffices to prove that

Law

/22 G T E Y v 0, T5Y)  ase— 0. (6.5)

We have

o B e
AFey _ ()] @\ (p® 2
E@*) = E(exp{—T /[0 o Bait = B) (B = B

X (/u/u p(v—v/)dvdv/>dudu’}>.
0o JO
Since p(v — V') = E[(B(])

vl — B,(,]))(Bs,lil - Bél))] is a covariance function, observe that the
quantity inside the exponential in the right-hand side of the previous identity is negative. Hence,
since x > exp(— %x.,r) is continuous and bounded by 1 on R, (6.5) will be a consequence of the
convergence

A X T2 ase—0 (6.6)



Limit theorems for nonlinear functionals of Volterra processes via white noise analysis 1289

with

u pu
Ag = s/ (By+1 — Bu)(Buy1 — BM/)(/ f o —v")dv dv’) dudu’,
(0.7/¢1 0o Jo

B denoting a fractional Brownian motion with Hurst index H. The proof of (6.6) will be achieved
by showing that the expectation (resp., the variance) of A, tends to T&121 (resp., zero). By step 1,
observe that

E(A;) = E(F}) - Ts

as ¢ — 0. We now want to show that the variance of A, converges to zero. Performing the
changes of variables s = u¢ and t = u'¢ yields

s/e pt/e
Ap=¢ ! / 2(BS/EH — Bye)(Bi/e+1 — Bije) </ f p(v—v)dv dv’) ds dt,
[0,T] 0 0

which has the same distribution as
s/e pt/e
Ce=e"'72M / (Byte — Bo)(Biye — Bz)</ / p(u—u")du du’) ds dr
[0,T]? 0 0
=12 / (Byte — B (Brye — BAo(s, 1) ds dr,
[0,T1?
where Ag(s, 1) = f(f/a fot/s p(u —u’) dudu’. This can be written as
Cs =a—1—2H/ ByB, 3. (s, 1)ds dr,
RZ

where

2e(8,8) =1 7161 e, 7] (DA (s — &, — &) — Lo, 71() Ve, T+e) () Ae (5,2 — &)

— 1, 7461 L0, 71 (D) A (s — &, 1) + Ljo,71(s) 1[0, 77(F) Ae (s, ).

6.7)

Moreover,

C.,— E(C,)=¢"1721p, (/ 10.5] ® 1j0.1 Ze (s, 1) ds dt>,
RZ

where I, is the double stochastic integral with respect to B. Therefore,

2
Var(C,) = 2624

/ 1j0,5) ® 1{0,,1 26 (s, 1) ds dt
R2

582

=2s—2—4H/ Ru(s, SRy (t, 1) Ze(s, ) S (s', t)) ds dt ds’ dr’.
R4
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Taking into account that the partial derivatives 35‘% and 3;;# are integrable, we can write

Var(cg)zzg—2—4H/ </S“l(g,s’)da> </[ “lg,ﬂdr)
r+\Jo do o Ot

X (s, 1) Se(s’, t))ds drds’ dt’.

Hence, by integrating by parts, we get

dR AR
Var(C,) = 26241 / O et
Ré 0s at’

s t
x (/ x g (0, 1) do) (/ S (7, 1) dr) dsdrds’dt’.
0 0

N

/o Ze(o, 1) do =110, 77(s) (0,61 (1) — 1[T,T+s](t))/ Ae(o,t —¢&)do.

§—&

(t,1")

From (6.7), we obtain

In the same way,

/ t

t
/0 Te(s', v)dr =110,71(") (110,61 (s") — 1[T,T+s](s/))f Ae(s' — e, 1) dr.

t'—¢
As a consequence,
oR OR $
Var(Cp) = 26 2740 | 22 (o 22y 1) Ag(o,t —&)do
I
R4 as at s—¢

’

t
X </ Ae(s' — e, T)df)l[o,r](S)(l[o,e](t) — 117,744 (1))
t'—e

4

X l[o’T](l‘/) (1[()75] (S/) — 1[T,T+g](sl)) ds dr ds/dt/ = Z Hé,
i=1

where

T pre pe T
H) :/ / / / Ge(s,t,s',t)dsdrds’dr’,
0 0o Jo JO
T pT+e pe pT
ng = —/ / / / Ge(s,t,s',t)dsdrds’ dt’,
0 T 0 JO
T pe pTH+e pT
H} = _/ / / / Ge(s,t,s',t")dsdrds’ dr’,
0 0 JT 0
T pT+e pT+e pT
H;:/ / / / Ge(s,t,s',t")dsdrds’' dt’
0 0 0 0
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and

—2-4n ORH . 5) IRy

as ot’

s t
X (/ Ag(a,t—s)do)</ Ae(s' — ¢, ‘L')d‘L').
s—¢ t'—e

We only consider the term H_! because the others can be handled in the same way. We have, with
W given by (6.4),

e e ) , V(s —1)/e) —W(s/e) —W(t/e) +2
Ae(s,t)—/o /0 plu—uw)dudu = 22H + 1)(2H +2) '

Ge(s,t,s',t') =2¢ (t,1")

Note that

SS_ZH_2|2|S—I|2H+2_|S—t+8|2H+2_| —8|2H+2|

s —1

< C8—2H

for any s, t € [0, T]. Therefore, |Ay(s, t)| < Ce~2H and we obtain the estimate
1Go(s.1,5", 1] < Ce8H (2H-1 4 Is _s/|2H—l)(t/2H—1 - t/|2H—1).

Asa consequence,

T e e T
|H;|5/ /// |Ge(s,t,s", )| ds drds’ df’
0 0 0 0
T & & T
SCE_SH/ / / / (S2H—l+|s_s/|2H—1)
0 0o JOo JO

x (7 4 — ¢ )PH Y ds dr ds dr’

< C8278H,

which converges to zero because H < JT. O

Recall the definition (1.18) of G,

du.

1 1 2 2
o [ 8l
e = X

0 & &

We have the following result.

Theorem 14. Convergences (1.19) and (1.20) hold.
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Proof. We use the same trick as in [11], Remark 1.3, point 4. Let 8 and ﬂ~ be two independent
one-dimensional fractional Brownian motions with index H. Set BV = (8 + E )/~/2and B® =
B— ,5 )//2. It is easily checked that B and B® are also two independent fractional Brownian
motions with index H. Moreover, we have

83/2—21155:183/2—211/ (ﬁu+s ﬂu) 183/2—2H/ (,Bu+£ ﬂu>
2 0 & 2 0 &
_ U [T Bure = Bu U (T (Bute =B\’
_2ﬁ/< = )du—zﬁ/()< = >du (6.8)

ﬂu+s Bu 1 Bute — Bu
=sge ) (P Yo g [ (P

The proofs of the desired convergences in law are now direct consequences of the convergence
(1.3) with k = 2, taking into account that 8 and § are independent. U

Remark 15. As a by-product of the decomposition (6.8), and taking into account (1.5) for k = 2,
we get that fOT B,El) o B,ﬁz) du and (Z(Tz) — Z(Tz))/2 have the same law when H > 3/4, where Z(Tz)

stands for an independent copy of the Hermite random variable Z(TZ).
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