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Denote by H(t) = (Hy(1),..., Hy(t)) a function in € RY with values in (0, DV. Let {B#®) (1)} =
(BHO 1) 1 e Rﬁ } be an (N, d)-multifractional Brownian sheet (mfBs) with Hurst functional H (¢). Under
some regularity conditions on the function H (), we prove the existence, joint continuity and the Holder
regularity of the local times of { B () (£)}. We also determine the Hausdorff dimensions of the level sets of
{BH ® (1)}. Our results extend the corresponding results for fractional Brownian sheets and multifractional
Brownian motion to multifractional Brownian sheets.

Keywords: Hausdorff dimension; level sets; local times; multifractional Brownian sheets; one-sided
sectorial local non-determinism

1. Introduction

A one-dimensional fractional Brownian motion (fBm) £% = {£%(¢), t € R} with Hurst index o €
(0, 1) is a real-valued, centered Gaussian process with covariance function given by

E[%()E()] = SlIs ™ + [¢]** — |t —s**]  Vs,teR. (1.1)

It was introduced, as a moving average Gaussian process, by Mandelbrot and Van Ness [31].

Fractional Brownian motion has interesting properties such as self-similarity of order « €
(0, 1), stationary increments and long-range dependence (when « > 1/2), which make it a good
candidate for modeling different phenomena in, for example, finance and telecommunication.
However, this model may be restrictive, due to the fact that all of its regularity and fractal proper-
ties are governed by the single Hurst parameter . To model phenomena whose regularity evolves
in time, for example, Internet traffic or image processing, Lévy-Véhel and Peltier [28] and Be-
nassi, Jaffard and Roux [7] independently introduced multifractional Brownian motion (mfBm)
in terms of moving average representation and harmonizable representation, respectively. Mul-
tifractional Brownian motion is governed by a Hurst functional «(#) with certain regularity in
place of the constant Hurst parameter « in fBm.

Several authors have studied sample path and statistical properties of mfBm. For example,
Benassi, Jaffard and Roux [7] considered the sample path Holder regularity of mfBm and de-
termined the Hausdorff dimension of its graph. Ayache, Cohen and Lévy-Véhel [2] and Herbin
[22] studied the covariance structure of mfBm from its harmonisable representation. Recently,
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Boufoussi, Dozzi and Guerbaz [13,14] studied the existence, joint continuity and Holder reg-
ularity of the local time of mfBm and established Chung’s law of the iterated logarithm for
mfBm. The main tool they applied to derive their results is the property of one-sided local non-
determinism of mfBm.

There are multiparameter extensions of fBm, among which, two typical examples are multi-
parameter Lévy fBm £% = {£%(¢), t € RV} (whose covariance function is given by (1.1) with | - |
being the Euclidean norm in RN ) and fractional Brownian sheets, where the former is isotropic,
while the latter are anisotropic in general. Since they were introduced by Kamont [24] (see also
Ayache, Léger and Pontier [4]), fractional Brownian sheets (fBs) have been studied extensively as
a representative of anisotropic Gaussian random fields in recent years. See, for example, Dunker
[18], Mason and Shi [32], @ksendal and Zhang [33], Xiao and Zhang [45], Ayache and Xiao [6],
Ayache, Wu and Xiao [5], Wu and Xiao [39] and the references therein for further information.
Still, the regularity of fBs does not evolve in the N-dimensional ‘time’ parameter ¢ € Rﬁ .

To model anisotropic Gaussian random fields whose regularity evolves in time, such as im-
ages, Ayache and Léger [3] and Herbin [22] introduced so-called multifractional Brownian sheets
(mfBs) in terms of their moving average representations and harmonisable representations, where
the constant Hurst vector of fBs is substituted by Hurst functionals. Furthermore, they showed
that mfBs have a continuous modification and determined the pointwise and local Holder expo-
nent of mfBs. They also proved that mfBs are locally self-similar. We refer to Ayache and Léger
[3] and Herbin [22] for the definitions of the corresponding concepts and results.

In studying anisotropic random fields, Xiao [44] suggested that it is more convenient to use
the following metric p, on RV:

N
pes.=D Ise—1el®  Vs,reRY, (1.2)
=1

where K = (K1, ..., Ky) € (0, D" is a fixed vector. Denote by H(t) = (Hi(t),...,Hy(1)) a
functionint € Rﬁ with values in (0, 1)"V. We say that H (¢) satisfies Condition A if there exist a
positive number « € (0, 1) and a vector (K, ..., Ky) € (0, D™ such that

A.l. forevery £ € {l,..., N}, o < Hy(t) < K forall t e RY;
A2. He(t) (£=1,..., N)satisfies a p, -Lipschitz condition on every compact set, that is, for
every compact subset / C RY | there exist positive constants ¢, =c,(I) and § such that

|He(t) — He($)| < c,pg(s,1) Vs,t € I with |s —t]| <é.

Now, we are ready to define multifractional Brownian sheets via their moving average repre-
sentations.

Definition 1.1. Let H(t) = (H((t), ..., Hy(t)) be a function in t € Rﬁ with values in (0, )N
satisfying Condition A. A real-valued multifractional Brownian sheet {B(I)q @ )} = {Béf (t)(t),
te Rﬁ } with functional Hurst index H(t) is defined as the following moving average Wiener
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integral:
l 12 12
Hy(t)— Hy(t)—
BHO (1) = fRN TTlc - up) O ()02 @y vieRY, (1.3)
=1

where sy = max{s, 0}, and where W = {W(s),s € RV} is a standard real-valued Brownian
sheet.

Remark 1.2. Our Definition 1.1 generalizes the definition in Ayache and Léger [3], where they
define Hy(-) as a function of t, € Ry (¢ =1, ..., N). Herbin [22] defines multifractional Brown-
ian sheets by using the following moving average representation (cf. [22] Definition 2, page
1261):

N
B()H(’)(t)z/RNH[W—ug|Hf<f>*1/2—|ug|Hf<‘>*1/2]W(du) vieRY. (1.4
=1

Based on Dobri¢ and Ojeda [16] (see also Stoev and Taqqu [35]), we know that the multifrac-
tional Brownian sheet defined by (1.3) and the multifractional Brownian sheet defined by (1.4)
have different correlation structures in general, even if N = 1. Our definition is more convenient
to use than that of Herbin’s when we derive the one-sided sectorial local non-determinism for
multifractional Brownian sheets in Section 2. The form (1.3) is preferred in some applications in
the one-dimensional case because it is easier to separate the future from the past.

Define the Gaussian random field {B# ) (1)} = {BH® (1) :+ € RY} with values in R by
BHIOw = (B (0),...,B) (1))  vieRY, (1.5)

where {BlH(I)(t)}, ...,{Bf(')(t)} are d independent copies of {Bé{(l)(t)}. Then {BH® (1)t €
Rﬁ} is called an (N, d)-multifractional Brownian sheet with functional Hurst index H ().

Note that if N = 1, then {B”® ()} is a multifractional Brownian motion in R? with Hurst
index Hi(t) € (0,1); if N > 1 and H,(t) = H,,..., Hy(t) = Hy, then {B®(#)} is an
(N, d)-fractional Brownian sheet with Hurst index H = (Hy, ..., Hy), which will be denoted
{BH(t),t e RY}.

In this paper, we will study the existence and regularity of the local times of multifractional
Brownian sheets. Our main technical tool is the property of one-sided sectorial local non-
determinism. This property is more general than the sectorial local non-determinism which was
first introduced by Khoshnevisan and Xiao [27] for the Brownian sheet and then extended by Wu
and Xiao [39] to fractional Brownian sheets. See Section 2 for more information.

Our results show that multifractional Brownian sheets are similar to fractional Brownian sheets
in many ways. They admit jointly continuous local times when the indices H; (¢) stay in the range
for which the fractional Brownian sheet has jointly continuous local times. We also establish a
Hausdorff dimension result and, essentially, the dimension of the level set is the same as for the
constant parameter case, except that we take the supremum of the constant parameter formula.
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We also show that the supremum can be taken locally, to establish that the fractal dimension of the
random field varies in space. Hence, multifractional Brownian sheets are useful in applications
such as composite materials, or porous media flow, when the material properties vary in space.
They may also find useful applications in image processing.

The rest of this paper is organized as follows. In Section 2, we prove some basic results on
mfBs that will be useful to our arguments. In Section 3, we provide a sufficient condition for
the existence of L2-local times of the (N, d) mfBs and prove that the condition also implies the
joint continuity of the local times. We prove the Holder regularity of the local times in Section 4.
Finally, we derive the local Hausdorff dimensions of the level sets of {B¥()(¢)} in Section 5.
Our results extend the results of Ayache and Xiao [6] and Ayache, Wu and Xiao [5] for fractional
Brownian sheets and Boufoussi, Dozzi and Guerbaz [13,14] for multifractional Brownian motion
to multifractional Brownian sheets.

We end the Introduction with some notation. Throughout this paper, the underlying parameter
space is RN or RY = [0, 00)V. A parameter ¢ € RV is written as 7 = (1, ..., y), or as {c), if
HhH=---=ty=c. Foranys,teRN such thats; <t; (j =1,..., N) (we denote this by s < 1),
we define the closed interval (or rectangle) [s, t] = ]_[;V:l[s j»tj]. We use A to represent the
collection of closed intervals [s, ¢] with s, 7 € [e, A]Y for some fixed positive numbers & and A.
For any integer m > 1, we always write 1, for the Lebesgue measure on R” and use (-, -) and
| - | to denote the ordinary scalar product and the Euclidean norm in R™, respectively.

Throughout this paper, an unspecified positive and finite constant will be denoted by ¢, which
may not be the same in each occurrence. More specific constants in Section i are numbered as
¢ ., C

i1 Cinsenns

2. Preliminaries
In this section, we will provide some lemmas that are useful for proving our main results. Lemma
2.1 is an extension of Boufoussi et al. [13], Lemma 3.1 from fractional Brownian motion to

fractional Brownian sheets.

Lemma 2.1. Let 0 <& < A and 0 <a <y < 1 be fixed constants. Let {Z(t), (t,k) € Rﬁ X

[, Y1V} be a real-valued Gaussian random field defined by equation (1.3) with H(t) = k. There
then exists a constant Cy = cla,y,e, A, N) > 0 such that

EZ) (1) — Z) OF <c,, 18— B @.1)
forallt e[e, A1V and all B, B’ € [a, y]V.
Proof. Forany B, B’ € [, y]", we define «* = B and k/ = (81, ..., B Bj+t, ... By) for j =

1,...,N.Clearly, kN = B'. Since

N - ,_
EIZ) (1)~ 0P <N E[z§ (1) - z§ 0, 2.2)
j=1
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it suffices for us to prove that for j € {1, ..., N} fixed,

EIZ§" (1) - 2§ OF < ca.y.e. A N)IB; — B} 2.3)
By using the moving average representation of f{Bs (equation (1.3)), we have that

ELzE " (1) -z (1)

j—1

Bi—1/2 By—1/2
= [ [Tree —uey " = (—u)y 7P
RN-1
=1
r 1/2 1/2
< [T e —u?™" = (a1 dii 2.4
t=j+1
i—1/2 i—1/2 Bi—1/2 Bi—1/2\12
[T =7 = P = (=2 = Py
R
=11 x Dy,
whereﬁj=(u1,...,uj,l,ujﬂ,...,uN).
A change of variables shows that
j—1 N
n=c[[" [ & 2.5)
=1 t=j+1

which is bounded for all 7 € [¢, A]Y and B, B’ € [a, y]V.
Next, we estimate /. Without loss of generality, we may assume 8; > /3}. We rewrite I as
the following summation:

tj ’_
12=/ [t —up)P =2 —tj —up)Pi™ 2P du;
0

0
[ = upP 2 = )

—00

) ) ) (2.6)
— (=) = )P )] du
=11 + II,.
By the mean value theorem, we have that for some ,3;- <mn;1 < B;j (n;1 may depend on ¢;),
g 1—1/2 2 '
My = | [ —up)™™"In(tj —uj)|Bj — B;1" du,
’ @7

/12
< czyz|ﬁj _ﬁjl
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forall 7 € [¢, A]Y and B, B €la, y]N . In the above, the last inequality follows from a change of
variables.
Similarly, we have that for some ,3} <nj2<Bj,

0
I, = / () —uj)">~ 2 In(t; —uj) — (—u )"~ P In(—u )PP |B; — B)1% du,
o0

5 (2.8)
< Cz.3|ﬁj - ﬁ;'

for all € [, A]Y and B, B’ € [, y]V. Equation (2.3) is proved by combining (2.4)—(2.8). This
proves Lemma 2.1. O

Combining Lemma 2.1 and Lemma 8 of Ayache and Xiao [6], we have the following result.

Lemma 2.2. Let {B: ® ()} be a multifractional Brownian sheet in R. There exist positive
constants § > 0, c¢,, and Cys such that for all s,t € [e, ATY with s —t| <8, for any u €
]_[évzl[sz Atg, Se Vte], we have

N N

2
O e — e <E[BI O (0) = B O] <ey5 D e — s (2.9)
=1 =1

Proof. By the elementary inequalities
3a@*+ b+ = (a+b+c)? > %aZ —4b — 47,
we have that
3E[BE™ (1) — B ()] +B[BE V(1) — BE™ )] +E[BI ) (s) — B (5)]?)
>E[BI V@) — B! (9)] -
> 1E[BI™ 1) - BI'™ ()] — 4E[B{' V(1) — BE“ )] =1
—4B[BI (s) — B ()]

The first term on the right-hand side of (2.10) is the variance of the increment of a fractional
Brownian sheet with Hurst index H (1). By Lemma 8 in Ayache and Xiao [6], there exist positive

constants c, ¢ and Cy1s depending only on ¢, y = max{Ky, ..., Ky}, ¢ and N, such that
N s N
H H
Crp I Mt = se P <E[BY (1) = By ()] < cpp Y Ite — s @11
=1 =1

Meanwhile, by Condition A and Lemma 2.1, there exists § > 0 small such that for all 5,7 €
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[e, ATV with |s — f] < 8, we have |u — 5| < &, which implies

E[BI " (s) — B ()] < ¢, |H () — H(s)?

(2.12)
N N
=, Y [He() = Hi )P <y 3 lte — sel K
=1 =1
and, similarly,
) N
E[By (1) = By (O] <cyp Y lte — sePK. (2.13)
=1

Combining (2.10) with (2.11), (2.12) and (2.13), and noting that sup,, H¢(z¢) < K, (still by
Definition 1.1), we can see that there exists 6 > 0, which depends only on «, y, ¢, A and N, such
that for |s — 7] < 8, (2.9) holds. This completes the proof of Lemma 2.2. ([l

Remark 2.3. For any fixed ¢ € [e, ATV and any fixed unit vector n € RV let us consider the
increment
H H
Y, () = By 4+ ) — B (0).

In light of Lemma 2.2, it would be interesting to compute the bounds on the correlation function

ELY,( + )Y, ()]

Tin(s) = (2.14)
JE ¢+ 9)2 LY, (2]
and its time- and direction-varying spectral density (or Wigner—Ville distribution)
fin(€) = / e 8, (s)ds (2.15)
RN

since those are the properties of the random field that are usually used to model natural phenom-
ena.

As we mentioned in the Introduction, the main technical tool of this paper is the property of
sectorial local non-determinism. Hence, it will be helpful to say a few words about the history of
various forms of local non-determinism and briefly recall some of the definitions. The concept
of local non-determinism, which provides a powerful tool for dealing with the complex depen-
dence structure of Gaussian processes, was first introduced by Berman [11] to unify and extend
his methods for studying local times of real-valued Gaussian processes, and then extended by
Pitt [34] to Gaussian random fields. The notion of strong local non-determinism was later in-
troduced by Cuzick and DuPreez [15] for Gaussian processes (i.e., N = 1) and can be extended
in various ways to Gaussian random fields (see Xiao [43]). The simplest is the following. Let
X = {X(¢),7 € RV} be a real-valued Gaussian random field with 0 < E[X (¢)2] < oo for all
t € I, where I € A is an interval. Let ¢ be a given function such that ¢ (0) =0 and ¢(r) > 0
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for r > 0. Then X is said to be strongly locally ¢-non-deterministic (SL¢ND) on [ if there exist
positive constants c, ,, and ro such that for all 7 € / and all 0 <r < min{|¢|, ro},

Var(X ()| X(s):s € I, r <|s —t]| <ro) = ¢, (). (2.16)

Here, Var(X(#)|X(s),s € S) denotes the conditional variance of X(¢), given X(s),s € S.
Pitt [34] proved that fractional Brownian motion £% is SL¢ND with ¢ (r) = r2%_ When N = 1
and Var(X ()| X (s):s € I,r <t —s5 <rg) > ¢, ,,¢(r), X is said to satisfy one-sided strong local
¢-non-determinism. The properties of strong local non-determinism have played important roles
in studying the regularity of local times, small ball probabilities, uniform Hausdorff dimension
results and other sample path properties of Gaussian processes and Gaussian random fields. We
refer to Xiao [43,44] for more information on applications of SL$ND, as well as other forms of
local non-determinism.

It is well known that the Brownian sheet does not satisfy the property of local non-determinism
in the sense of Berman and Pitt (hence, it does not satisfy (2.16) either). Recently, Khosh-
nevisan and Xiao [27] introduced the concept of sectorial local non-determinism and proved
that the Brownian sheet has the property of sectorial local non-determinism. Wu and Xiao [39]
extended the result of Khoshnevisan and Xiao [27] and proved that the fractional Brownian sheet
{Bgl (1), te Rﬁ}, where H = (Hy, ..., Hy) € (0, 1), also has the property of sectorial local non-
determinism. Namely, for any fixed positive number ¢ € (0, 1), there exists a positive constant
Cyits depending only on ¢, H and N, such that for all positive integers n > 2, and all o
€ le, oo)N, we have

N
H H,1 H n—1 . k\2H;
Var(By' (t")|By' (t°), ..., By (t"77)) = ¢, - 1052151{’1_1“;? e 2.17)
j:

where 19 = 0.

The concept of sectorial local non-determinism opens the door to unifying the previously
different treatments for the Brownian sheet and fractional Brownian motion, and can also be
used to prove new results about fractional Brownian motion. See, for example, Khoshnevisan,
Wu and Xiao [26], Wu and Xiao [39] and Ayache, Wu and Xiao [5] for studies on sample path
properties of the Brownian sheet and fractional Brownian sheets by using the sectorial local
non-determinism property.

It is not known whether the multifractional Brownian sheet {B(I)q ® (1)} is sectorially locally
non-deterministic. To study the local times of (N,d)-mfBs {BY (1)}, we will work with
multifractional Liouville sheets (mfLs) at first and prove that they can be well approximated
by Gaussian processes which have the property of one-sided strong local non-determinism
(see (2.22) and (2.23) below). For a function H(t) = (H(t), ..., Hy(t)) satisfying Condition
A, the real-valued, centered Gaussian random field {X éq ® O} ={X é{ (l)(t), te Rﬁ } defined by

N
Xy (0 = /[0 ae—so™ 0w, rery, @.18)
=1
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is called a multifractional Liouville sheet with functional Hurst index H (¢). One parameter mfLs
were first introduced by Lim and Muniandy [30] as an extension of fBm; see Lim [29] for more
properties on one parameter mfLs.

It follows from (1.3) that for every ¢ € RY,

N
BIO@) = X104 4 / [T gete sow@s), (2.19)
(—o0. 0.1

where

Hy(1)—1/2 -
ge(te, se) = ((te — s0)+) (T2 (—sp) 0172

and the two fields on the right-hand side of (2.19) are independent. We will show that in studying
the regularity properties of the local times of {Bé{ (t)(t)}, the Liouville sheet {Xéq (l)(t)} plays a
crucial role and the second field in (2.19) can be neglected. More precisely, we will make use of
the following property. For all integers n > 2, th ... e R_’X and uy,...,u, € R, we have

Var(Z ung”"j)(tf)) > Var(z qugI(tj)(tj)) . (2.20)

J=1 J=1

Next, we use an argument in Ayache and Xiao [6] to provide a useful decomposition for
{Xéi (t)(t)}. For every ¢ € [, AN, we decompose the rectangle [0, ¢] into the following disjoint
union of subrectangles:

N
[0.1=10.]" U JRe() U A(e. 1), 221
=1

where Ry (t) = {r € [0, AV:0<r <eifi #*#U0,e <rg <t} and A(e, t) can be written as a
union of 2V — N — 1 subrectangles of [0, ¢]. Denote the integrand in (2.18) by g(z, r). It follows
from (2.21) that for every ¢ € [, o0)",

X3 "0 =/

[0,e]

N
g(t,r)W(dr)—i—Z/ g(t,r)W(dr)—i—/ g(t, YW(dr)
N =1 JRe(t) Ale,1)

N
=X 0+ Y _Yet) + Z(e.1). (2.22)
=1

Since the processes X (¢, ¢), Y¢(t) (1 <€ < N)and Z (¢, t) are defined by the stochastic integrals
with respect to W over disjoint sets, they are independent Gaussian random fields.

The following lemma shows that every process Y, (¢) has the property of strong local non-
determinism along the £th direction. It will be essential to our proofs.
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Lemma2.4. Let I € Aandlet € € (1,2, ..., N} be fixed. For all integersn > 2 andt', ... 1" €
I such that

1 2 n
f<tp <<ty

we have
Var(Ye(t")|Ye(t7):0 < j <n—1) > ¢, ,ltf — g~ 2D, (2.23)

where t? =0and c, , > 0 is a constant depending only on & and 1.

Proof. The proof is in the same spirit as the proof of Lemma 2.1 of Ayache, Wu and Xiao [5].
Working in the Hilbert space setting, the conditional variance in (2.23) is the square of the L2 (PP)-
distance of Y;(¢") from the subspace generated by Y;(¢/)(0 < j <n — 1). Hence, it is sufficient
to show that there exists a constant c, ,, such that

n—1 2
E(Yg(t") - aqj Yg(l‘j)> >, ,ltf —1p~HPH (2.24)
j=1

forallaj e R(j=1,...,n— 1). However, by splitting R,(¢") into two disjoint parts and using
the independence, we derive that

n—1 2 2
B(rnen - Y arah) =E( | 8" YW (dr)
=0 Re(t")\Re (1"~ 1)
e t e N "
> / .. / .. / 1_[([]? _ rk)ZHk(t )—1 dr (225)
0 0! 0 ji

n o n—1,2Hy(t")
=z plty — 1| :

This proves (2.24) and hence Lemma 2.4. (Il

Combining Lemma 2.2 and Lemma 2.4 with the proofs of Lemma 2.1 and Lemma 8.1 in
Berman [11] (see also Boufoussi, Dozzi and Guerbaz [13], Theorem 3.3), we have the following.

Proposition 2.5. For every integer n > 2, there exist positive constants C,, and & (both of these
may depend on n) such that for every £=1,..., N,

Var(Z ui[Ye(t)) — Yg(tf_l)]> > Cp Y _uf Var[Ye(t)) = Yo (/7)) (2.26)

j=1 j=1

forall (uy,...,u,) €eR" andallpointstl,...,t" € I satisfying tel <--- <t} witht} —tel < 4.
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The following lemma relates the multifractional Brownian sheet {BOH (t)(t)} to the indepen-
dent Gaussian random fields Y, (¢ =1, ..., N), which is a direct extension of Ayache, Wu and
Xiao [5], Lemma 2.2.

Lemma 2.6. Let I € A. For all integers n > 2, th ... f"elanduy,... u, €R, we have
n ) N n
i )
Var(Z By )(tf)> > ZVar(Zqug(tf)). (2.27)
i=1 =1 j=1

Consequently, for all k € {1, ..., N} and positive numbers p, ..., pr > 1 satisfying Z]E:1 p[l
=1, we have

1 c’

< 21 . (2.28)
[detCOV(B(fI(tl)(ll), o, Bé'l(f")(tn))]l/Z - 41:[1 [detCOV(Yg(l]), e, Yg(l‘n))]l/(zm)

where detCov(Zy, ..., Z,) denotes the determinant of the covariance matrix of the Gaussian
random vector (Z1, ..., Zy).

Remark 2.7. By (2.27) and Lemma 2.4, we derive that {Bgl (t)(t)} satisfies the following prop-
erty: for all integers n > 2 and t!, ..., " eI such that #/ < ¢" for every j <n—1,

— th)2Hih), (2.29)

n
O<k<n—1 7

N
Var(B (") B§ (). ... B @) = ¢, ,, Y min (¢
j=1

This property is weaker than (2.17) and will be referred to as one-sided sectorial local non-
determinism.

We will also make use of the following technical lemmas, among which Lemma 2.8 is from
Xiao and Zhang [45], Lemma 2.9 is proved in Ayache and Xiao [6] and Lemma 2.10 and
Lemma 2.11 are from Ayache, Wu and Xiao [5].

Lemma 2.8. Let 0 < h < 1 be a constant. Then for any § > 2h, M > 0 and B > 0, there exists a
positive and finite constant c, |,, depending only on 8, &, B and M, such that for all 0 <a < M,

1 1
/ dr/ [a+|s—r*Pds < 02’14(a7(ﬂ71/8) + l). (2.30)
&€ &

Lemma 2.9. Let o, B and n be positive constants. For A > 0 and B > 0, let

de
(A+19)B(B+1)n

1
J = J(A,B):/ 2.31)
0

There then exist finite constants c, s and c, s, depending only on «, B and n, such that the
following hold for all reals A, B > 0 satisfying A/* < c, 15 B:



876 M. Meerschaert, D. Wu and Y. Xiao

(1) ifaB > 1, then

1
J=c WQ (2.32)
(i) ifaB =1, then
1 —1/a

J =€y log(l+ BA™TE):; (2.33)

(i) if0<aB <land af +n #1, then

1

T =6\ gaprar T1) (2.34)

Lemma 2.10. Let (p, ..., py) S (0, DN. Forany ¢ [0, Y0, p; . letT €{l, ..., N} be the
integer such that

1 1
—§q<Z—, (2.35)

with the convention that Z(l?=l pi := 0. There then exists a positive constant Ay < 1, depending
f4

only on (p,, ..., py), such that for every A € (0, A;), we can find T real numbers py > 1 (1 <
£ < 1) satisfying the following properties:

T
1
Y=t 21wt (2.36)
=1 pe pPe
and
0,4 P
1-8)) "“<pg+r—) = (2.37)
=1 Pe =1 Py

Furthermore, if we let o, :== ;_, é — g > 0, then for any positive number p € (0, g—;), there
existsan £y € {1, ..., T} such that
Py, 4
Py

+2p,p < 1. (2.38)

Lemma 2.11. For all integers n > 1, positive numbers a, r, 0 < b; < 1 and an arbitrary sg €
[0,a/2],

n
/ [T =sjmnPidsi--dsy < o any VW Eim bzl Xiabi (239
’ ,

=s|=--<sp=a-+r j=1
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where ¢, , > 0 is a constant depending only on a and the b;’s. In particular, if b; = a for all
j=1,...,n,then

n

/ H(sj —sj—1) “dsp-e-dsy < (n)o~1prd=0=1/me) (2.40)
a<s|<--<sp<a-+r =1 '

Finally, we conclude this section by briefly recalling some aspects of the theory of local times.
For excellent surveys on local times of random and deterministic vector fields, we refer to Geman
and Horowitz [20] and Dozzi [17].

Let X (1) be a Borel vector field on RY with values in R?. For any Borel set I C RV, the
occupation measure of X on I is defined as the following measure on R:

w (@) =An{tel:X (1) €eo}.

If 1, is absolutely continuous with respect to A4, we say that X (¢) has local times on I and
define its local times, L(e, I), as the Radon—-Nikodym derivative of u, with respect to A4, that
is,

d
Lx.T)= dT’:'l(x) Vx e RY,

In the above, x is the so-called space variable and I is the time variable. Sometimes, we write
L(x,1t)in place of L(x, [0, ¢]). Note that if X has local times on /, then for every Borel set J C I,
L(x, J) also exists.

By standard martingale and monotone class arguments, one can deduce that the local times
have a measurable modification that satisfies the following occupation density formula (see Ge-
man and Horowitz [20], Theorem 6.4): for every Borel set I € RY and every measurable function
fRY SRy,

/f(X(t))dt:f F(x)L(x, I)dx. (2.41)
1 R4

Suppose we fix a rectangle [ = ]_[fvzl[ai, a; + h;]. Then, whenever we can choose a version
of the local time, still denoted by L(x, ]_[fv=1 [a;, a; +t;]), such that it is a continuous function of
(x,t1,...,15) € R x ]_[lN=1 [0, h;], X is said to have a jointly continuous local time on I. When
alocal time is jointly continuous, L(x, e) can be extended to be a finite Borel measure supported
on the level set

X ')y ={tel: X)) =x); (2.42)

see Adler [1] for details. In other words, local times often act as a natural measure on the level
sets of X. Hence, they are useful in studying the various fractal properties of level sets and inverse
images of the vector field X. In this regard, we refer to Berman [10], Ehm [19] and Xiao [41].
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It follows from Geman and Horowitz [20], ((25.5) and (25.7)) (see also Pitt [34]) that for all
x,yeR? I e Aand all integers n > 1,

_ (hmy-nd _
E[L(x, )"l = (2n)~ / Andexp< 12 ul x)

j=1

X ]Eexp( Z ul, X (1)) )dﬁd? (2.43)

and for all even integers n > 2,

E[(L(x, 1)~ L(y,D)"] = @m)™ / / [ 1ufx>_e—i<uf,y>}
" ]Rnd

(2.44)
n
x Eexp(iz W, X(tj))) du dr,
j=1
where u = (ul, oouM), = (tl,'...,t”)'and eachu/ eR4, /el C (O, oo)N. In the coordinate

notation, we then write u/ = (u{, e, ufi).

3. Local times: existence and joint continuity

In this section, we consider the existence and regularity of local times of mfBs. Theorem 3.1 and
Corollary 3.2 provide sufficient conditions for the existence of local times. Then in Theorem 3.4
we prove that, under the same condition as in Theorem 3.1, the local times of mfBs have a jointly
continuous version.

ForI € A, let H = (ﬁl, e, FN) be the vector defined by

Eg:maIXHg(t) for¢=1,...,N. (3.1)
te

The index H depends on 1, but, for simplicity, we have deleted / from the notation.

Theorem 3.1. Let I € A and H be the vector defined in (3.1). If d < Z[ 15 , then mfBs
{BHD ()Y admits an L*-integrable local time L(-, I) almost surely.

Proof. Without loss of generality, we may, and will, assume that § = diam(/) is sufficiently
small that (2.9) holds for all s, 7 € I. In particular, we assume § < 1.

To prove the existence of local time on /, by Geman and Horowitz [20] Theorem 21.9, it
suffices to prove that

//(E[Bé*“)(t) — B ©)]) " dsdr < 0. (3.2)
1J1
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It follows from (2.9) and a change of variables that

N —d/2
//(E[B(f’(’)(t) _ B P dsdr < C//(ZW —sg|2H‘(S)) ds dr
/)i 1\

N o\ 42
503,1//<Z|tg—Sg|2H5> ds dt.
1JI =1

Since d < Z?]:l ﬁL, we can estimate the last integral in a way similar to the proof of Xiao and
€

(3.3)

Zhang [45] Theorem 3.6. Namely, by applying Lemma 2.8 repeatedly, we derive that the last
integral is finite. This proves (3.2) and hence Theorem 3.1. (]

The following is a consequence of Theorem 3.1 which gives a more natural condition for the
existence of local times of mfBs.

Corollary 3.2. Let I € A be fixed. If Y0, % >d forall t € I, then mfBs {B O (t)} admits

an L?-integrable local time L(-, I) almost surely.

Proof. Since the functions Hj(¢), ..., Hy(t) are uniformly continuous on I/, we can _divide 1
into subintervals {/,} such that for each I,, we have Zévzl ﬁ > d, where Hy(p) =
4

max;es, Hy(). It follows from Theorem 3.1 that on every I, mfBs {BE®(+)} has an L2-

integrable local time L(-, I,,) almost surely. This implies that {BH®W (1)} has an Lz—integrable
local time on /, which concludes the proof of Corollary 3.2. (]

Remark 3.3. The condition in Corollary 3.2 is almost the best possible, in the sense that, if d >
Zévzl % for some ¢ € I, then it can be proven using Geman and Horowitz [20] Theorem 21.9

that {BZ® (1)} has no L2(R? x Q)-integrable local times on /. In the case when d < ZQ’: 1 %
forall ¢t € I, but the equality only holds for # in a set of Lebesgue measure 0, the existence of local
times is rather subtle and requires the imposition of further assumptions on (Hi(t), ..., Hy(t)).
Hence, it will not be discussed here.

We now consider the joint continuity of the local times of {BH®(1)}. For convenience, we first
prove that under the same condition as in Theorem 3.1, the local time of { B ) (¢)} has a version
that is jointly continuous in both space and time variables. We then apply the same argument as
in the proof of Corollary 3.2 to show that the same conclusion holds, provided Z?]:] % >d
for all ¢ € I. Our results extend those of Ehm [19] for the Brownian sheet and of Ayache, Wu and
Xijao [5] for fractional Brownian sheets.

Theorem 3.4. Let {B® (1)} = {BH® (1)1 € Rﬁ} be a multifractional Brownian sheet with

values in R?. Let I € A and let H be the vector defined in (3.1). If d < Zévzl ﬁL, then {BE® (1)}
14

has a jointly continuous local time on I .
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The main idea for proving Theorem 3.4 is similar to those in Ehm [19], Xiao [41] and Ayache,
Wu and Xiao [5]. That is, we first apply the Fourier analytic arguments to derive estimates for
the moments of the local times and then apply a multiparameter version of the Kolmogorov
continuity theorem (cf. Khoshnevisan [25]). As in Ayache, Wu and Xiao [5], the ‘one-sided’
sectorial local non-deterministic properties of multifractional Liouville sheets proved in Section 2
(see Lemma 2.4 and Proposition 2.5) will play important roles in deriving moment estimates in
Lemmas 3.5 and 3.7 below. However, due to the non-stationarity and the lack of two-sided local
non-determinism of multifractional Brownian sheets, we need to make several modifications in
our proofs.

For convenience, we further assume

O<H|<---<Hy<1. (3.4
Lemma 3.5. Assume the conditions of Theorem 3.4 hold. Let t be the unique integer in
{1,..., N} satisfying

—1 T

1 1
Z —<d<d —. (3.5)
= He 1= He

Al

There then exists a positive constant c; ,, depending only on N, d, H and I, such that for all
X € Rd, all subintervals T = [a,a + (h)] C I with h > 0 small and all integers n > 1,

EIL(x,T)"1 <}, (n)NPrnPe, (3.6)
where By =N —t — H.d+Y ,_ H:/Hy.

Proof. For later use, we will start with an arbitrary closed interval 7 = ]_[9/:1 [ag,ae +he] S 1.
It follows from (2.43) and the fact that {BlH (t)(t)}, e, {BdH(t) (#)} are independent copies of
{Bg’ (t)(t)} that for all integers n > 1,

d n .
E[L(x,T)"] < 2m) ™" / ]’[{ f exp|:—%Var(Zu,{BgI(ﬂ)(tj)>:|dUk}d?, (3.7)
™o R

Jj=1

where Uy = (u}c, ...,uy) €eR". Fix k =1,...,d and denote the inner integral in (3.7) by N.

Then by Lemma 2.6, we have
N n
[—% ar(ZukYg(tf)):| dUy

/ (3.8)
/ [ ! (Zu Yg(tf))i|dUk.
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Since (3.5) holds, we apply Lemma 2.10 with A =n~! and ¢ = d to obtain T positive numbers

Pl, ..., pr = 1 satisfying (2.36) and (2.37).
Applying the generalized Holder inequality (Hardy [21] page 140), we derive that

Ny < ]‘[{/ exp|:——Var<ZukY@(tf)>:|dUk}l/m

T

=, [ JldetCov (¥, ... Ye(t™)1~/@P0), (3.9)
=1
where the last equality follows from the fact that (Y, (1), ..., Ye(t™)) is a Gaussian vector with

mean 0. Hence, it follows from (3.7) and (3.9) that

T
E[L(x,T)"] < ¢, / l_[[detCov(Yg Y, .. Yo" P g, (3.10)
’ Tn
=1
To evaluate the integral in (3.10), we will first integrate [dtl1 .- -dt,z‘] for £ =1,..., 7. To this

end, we use the following fact about multivariate normal distributions: for any Gaussian random
vector (Z1,...,2Zy),

n
detCov(Zy,...,Z,) =Var(Zl)HVar(Zjlzl,...,Zj_l). (3.11)
j=2
By the above fact and Lemma 2.4, we can derive that for every £ € {1,..., t} and for all

L"eT = ]_[évzl[ag, ag + hg] satisfying
ag < 7'V <P < <t <ap + by (3.12)

for some permutation ry of {1, ..., N}, we have

n
i— 7 (J)
detCov(Ye(th). ... Yo(@™) = ¢ T (e — 1jeU D)™

= (3.13)

n

zczs H(tZe(J) ﬂé(j_l))2ﬁi’

j=1

where téw O (recall the decomposition (2.22)).

We choose ¢ < % min{ag, 1 <€ < N} so that Lemma 2.11 is applicable. It follows from (3.12)
and (3.13) that

/ [detCov(Y,(r'), ..., Yot~/ PO dr} ... de}
[ag,apg+h]
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n
1
< c"/ : ___ dr}---def  (3.14)
%: ap=t]*"W <<t <aythy 11:[1 (té”'(’) — tZ‘f(Fl))sz/m

SC:ﬁ(n!)ﬁld/pghz(l*(1*1/n)sz/pe).

In the above, the last inequality follows from (2.40) (recall that H,d/pe < 1).
Combining (3.10) and (3.14), we have

T _ N
E[L(X, T)n] < C;lj(}’l!)zz:l Hd/pg th(l—(l—l/n)sz/Pé) . l_[ hz (315)
=1 {=1+1

We now consider the special case when T = [a,a + (h)], that is, h1 = --- = hy = h with
h<38,(3.15) and (2.37) with A=n"'andg =d together yield

E[L(x, T)"] < ¢!, (n)=i=1 Hed/pepn(N—=(1—=n~") Y3_ Hed/ pe)

N (3.16)
< C;g (n)N =P pbe

This proves (3.6). O

Remark 3.6. In the proof of Lemma 3.5, if we apply the generalized Holder inequality to the
first integral in (3.8) with N positive numbers py, ..., py defined by

then the above proof shows that if T C I € A, then, similarly to (3.15), the following inequality
holds:

E[L(x,T)"]1<c" (n)N"an(T)"0—V), (3.17)

— 3,10

where v =d/ (ZQ’:I ﬁ%) € (0, 1). We will apply this inequality in the proof of Theorem 3.4
below.

Lemma 3.7. Assume the conditions of Theorem 3.4 hold. Let t be the unique integer in
{1,..., N} satisfying (3.5). There then exists a positive and finite constant cy, depending on
N,d, H, I and n, such that for all subintervals T =[a,a+ (h)] C I with h > 0 small, x,y € R4
with |x — y| <1, all even integersn > 1 and all y € (0, 1 A g—;),

E[(L&x, T)—L(y,T))"] < cnlx — y|nY prBe—Hey) (3.18)

where ar =Y ;_, ﬁi —d.
¢
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Proof. Lety € (0,1 A ;‘—;) be a constant. Note that by the elementary inequalities

e — 1] <27 |u|¥  forallueR (3.19)
and |u 4+ v|” < |ul” + |v|”, we see that forall u', ..., u" x,y € R4,
n A . . . ; n .
1_[|e—1(u/,x) o e—l(u-I’)y> < 2(1—y)n|x _ y|nVZ 1_[ |u]J(/ |)/’ (320)
j=I j=1
where the summation Z/ is taken over all the sequences (ki, ..., k,) € {1,...,d}".

It follows from (2.44), (3.20) and Lemma 2.6 that for every even integer n > 2,

E[(L(x,T) - L(y. T))"]

, n n ) )
§|x—y|"VZ/ d?/ I Iukmmlyexp|:—%Var<Z<u/,BH(tJ)(t/))>]dﬁ
TN Rndm:l =
, n d B n )
— i J H
=|x—y|nyZ/ dt/ ) [T 1w " [exp —%Var( ul B >(r-/)) du
T" R~
m=1 k=1 L j

=1
(3.21)
, n d B N n ) ‘
Sl =ymy / d?/ [Tl 1 ] exp| -3 ZVar(Zu,{Yg(ﬂ)ﬂ du
nIR k=1 L =1 j=1
, n d B T n )
<l =y / df/ [T 1w 1" exp| -2 Var<2u,iyg(zf))}dﬁ
™ IR k=1 L =1 =1
, d n ] ; T n )
=|x—y|’WZ/ d?l_[/ [T 1uf7 exp| =3 " Var( > up ety ) | dUs,
me= YR o =1 i=1
where n,{ =1if k =k; and n,{ = 0 otherwise. Note that for every j € {1,...,n}, we have

4 /
Y= =1 _

Wetake g =H; (1 <£<N),A=1/nandg=d in Lemma2.10 and let p, ({ =1,..., 1)
be the constants satisfying (2.36) and (2.37). Observe that since y € (0, g—;), there exists an
o e{l,..., t}such that

Heyd
Pe
Combining (3.21) with the generalized Holder inequality, we have that

+2Hy < 1. (3.22)

E[(L(x,T) - L(y, T))"]

<l —ymy. f dt
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(3.23)
d n . n 1/1320
o . )
X H{ </ 1_[ |u,j<|y"k1”0 exp|:—%Var(Z uiYgo(l])>:| dUk>
k=1 L\/R" ;4 =1
T n ) 1/pe
X l_[(/ exp|:—%Var<ZuiYg(tf)>:|dUk) }
et \'R" j=1
For any n points th ..., "eT, letn,...,ny be N permutations of {1, 2, ..., n} such that
forevery ] <¢ <N,

tz'f/é(l) < téTZQ) <...< IZZ(H)' (324)

Let
n . j n .
My, = / l—[ |”l]< |V e Plo eXp|:—% Var(z ”l]c Yy, (tj)>] dUy. (3.25)
R j=1 j=1
By changing the variables of the above integral by means of the transformation

ey () j+1 . . ey (n)
u =v —v j=1,...,m u =y,

we have that
n . . n . . .
Z”iyfo(t]) = ZUI{ (Yey (17107) — Y, (170 =D)),
j=1 j=I

where ™0 = (.
Furthermore, by the elementary inequality that for £ > 0, |a — b|¢ < c5(|a|s + |b|§), where
ce =2571if £ > 1 and 1 if £ < 1, we have that

n . n—1

7oy )y pe ity 1
l_“”k o ¥ ibto — l_[ o] — v} 7Pt |y |7 TPt
j=1 j=1

(3.26)

n—1 . .
- i j n
< | |(|v1{|ynkpzo + |v]i+1|y’7kp‘50)|v,f|y'7kp‘0.

j=1

. . i ynl .
Moreover, the last product is equal to a finite sum of terms, each of the form ]—[?:1 |vj |V TkPto®i
where g; =0, 1, or2and 3>}, Y nle;j=n.

Leto? ; =E[(Yg, (1™ W)y — ¥, (™Y~ 1)2]. By Proposition 2.5, we know that M, is dom-
inated by the sum over all possible choices of (e1, ..., &,) € {0, 1,2}" of the following terms

n n
-~ _ C ;
/Rn [ ] 1w 17mereocs exp(—Tn » (u,{)%go,j) dvi, (3.27)
j=1

j=1
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where V; = (v,l,...,v}:) € R". By another change of variable, w,{ = Ugo,jv,{, the integral
in (3.27) can be represented by

0 _
—l—ynlpeye;
o | ||w PPt exp ——§ :(wk)2 AWy
n

j=1
. » (3.28)
—l—ynlpeye;
= Cp.1 Hg/éo,j kER0RT
where
n j C n
_ J YR Py _=n J\2
Cui —A;nl—[|wk| k Pty Jexp( > Z(wk) )de
j=1 j=1
is a constant depending on n. Thus, we have obtained that
" 1-
1=y} peye;
My, < cn H% PR (3.29)

The other integrals for £ # £ in (3.23) are easier and can be estimated similarly.
Combining (3.23) with Lemma 2.4 (which gives lower bounds for oez j), (3.28), (3.29) and the
definition of 7', we have

E[(L(x,T) - L(y, T))"]

Tfl (]) 7oy (J—D\—(Hy,d —yHyye;
=cnlx — |"VZ {/ ’ 600 ) (Hegd/peo) =y Heg® dtﬁlo . 'dtgo (3.30)
ZO j=l1

N
1 ] . )
X 1_[/ () ﬂe(j*l))ﬁzd/p@ dey ---dry x 1_[ h"

007 e =1 (1 f=r+1

In the above, I1, = {ae < t”((]) -< t,;”(") <ag+hg)forevery 1 <f <rt.
We now take h = =hy = h < § in (3.30). Then by Lemma 2.11 and noting that (3.22)
holds, we have

E[(Lx,T) - L(y.T))"] < cplx — y|"th<N—<l—%>Zzzl Hod/pe—Heyy) a1
< Cnlx _ yanh”(.Br_ﬁrV)’ .

where the last inequality follows from Lemma 2.10 and the fact that H, < H. (]

The proof of Theorem 3.4 is similar to the proofs of Xiao and Zhang [45] Theorem 4.1 and
Ayache, Wu and Xiao [5] Theorem 3.1; we include it here for completeness.
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Proof Theorem 3.4. Let I = [a, b] € A be fixed and assume that (3.5) holds. It follows from
Lemma 3.7 and the multiparameter version of Kolmogorov’s continuity theorem (cf. Khosh-
nevisan [25]) that for every T C I, the mfBs {BY 3 has almost surely a local time L (x, T') that
is continuous for all x € R9.

To prove the joint continuity, observe that for all x, y € R9 and s, t € I with |s —t| < 8, where
§ > 0 is the same as in Lemma 2.2, we have

E[(L(x, [a,s]) — L(y,[a.t])"]

(3.32)
< 2" ME[(L(x,[a,s]) — L(x,[a,1D)"] + E[(L(x, [a,]) — L(y,[a,1D)"]}.

Since the difference L(x, [a, s]) — L(x, [a, t]) can be written as a sum of a finite number (which
only depends on N) of terms of the form L(x, T;), where each T; € A is a closed subinterval
of I with at least one edge length < |s — #|, we can use Lemma 3.5 and Remark 3.6 to bound
the first term in (3.32). On the other hand, the second term in (3.32) can be dealt with using
Lemma 3.7, as above. Consequently, for some small y € (0, 1), the right-hand side of (3.32)
is bounded by c: L (x =yl +Is —¢[)", where n > 2 is an arbitrary even integer. Therefore,
the joint continuity of the local times on / again follows from the multiparameter version of
Kolmogorov’s continuity theorem. This finishes the proof of Theorem 3.4. (|

Similarly to the proof of Corollary 3.2, we derive from Theorem 3.4 the following, more
general, result.

Corollary 3.8. Let I € A be fixed. If Y, % >d forall t € I, then mfBs {BH® (1)} has a
Jjointly continuous local time on I almost surely.

The next corollary is a direct consequence of Corollary 3.8 and the continuity of the Hurst
functionals. We state it to emphasize that the joint continuity of the local time is a local property
depending on H (t).

Corollary 3.9. Let 10 € [¢, A1V be fixed. If I, m > d, then mfBs {B* (1)} has a jointly

continuous local time on U (t°, ry) for some ro > 0 almost surely, where U (t°, ry) is the open
ball centered at t° with radius ry.

Remark 3.10. Let {73\51 (t)(t), te Rﬁ} be a real-valued multifractional Brownian sheet defined
by the harmonizable representation (cf. Herbin [22])

B = f

He()+1/2
RY 5 7 1Al

eil@)»g -1 -
W(dx),Vr e RY, (3.33)

where W is the complex-valued Gaussian random measure in R" with the Lebesgue mea-
sure Ay as its control measure. Based on Dobric and Ojeda [16] (see also Stoev and Taqqu

[35]), {Egl (t)(t)} and {B’ (I;I (t)(t)} defined by equation (1.4) are equivalent up to a multiplica-

tive deterministic function. For {§é{ (t)(t)}, we can prove a similar result as in Lemma 2.2 (cf.
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Boufoussi, Dozzi and Guerbaz [13], Wu [38]). Hence, the existence of local times of the (N, d)-
multifractional Brownian sheet {B¥ (1)} defined by (1.5), where (B[’ (1)}, ..., {B) " (1)}

are independent copies of {§(§1 (t)(t)}, can be proven as in Theorem 3.1 and Corollary 3.2. How-

ever, we have not been able to prove that {73? (t)(t)} is (even one-sided) sectorial locally non-
deterministic (since the Fourier analytic technique employed in Wu and Xiao [39] for proving
that fractional Brownian sheets are sectorial local non-deterministic fails when H (¢) varies in t).
It is an open problem to establish the joint continuity of the local times of {E HO (1.

4. Holder conditions for L(x, e)

In this section, we investigate the local and global asymptotic behavior of the local time L(x, -)
at x as arandom measure on Rﬁ. Results in this section carry information about fractal properties
of the sample functions of mfBs; see Section 5.

By applying Lemma 3.5, we can prove the following technical lemmas, which will be useful
in this section.

Lemma 4.1. Under the conditions of Lemma 3.5, there exists a positive and finite constant c,
depending only on N,d, H and I, such that for all a € I and hypercubes T = [a,a + (r)] C I
with r < §, where 8 > 0 is the same as in Lemma 2.2, x € R? and all integersn > 1,

E[L(x+B"“(a), T)"] <! (n)V~FrrPr. .1

Proof. The proof is similar to the proof of Ayache, Wu and Xiao [5] Lemma 3.11 and we
include it here for completeness. For each fixed a € I, we define the Gaussian random field
Y ={Y(t),t € RY} with values in R by Y (1) = B (r) — BH@(a). It follows from (2.41)
that if {BH(’) ()} has a local time L(x,S) on any Borel set S, then Y also has a local time
I:(x, S) on S and, moreover, L(x + BE@ (q), §) = Z(x, S). With a little modification, the proof
of Lemma 3.5 works for the Gaussian field Y. Hence, we derive that (4.1) holds. O

The following lemma is a consequence of Lemma 4.1 and Chebyshev’s inequality.

Lemma 4.2. Under the conditions of Lemma 3.5, there exist positive constants c, ,, b (depending
onlyon N, d, I and H) such that foralla € I, T = [a,a + (r)] withr € (0, 8), where § > 0 is
the same as in Lemma 2.2, x € R? and u > 1 large enough, we have

P{L(x + B (a), T) = ¢, ,rPru™ P} <exp(~bu). 4.2)

Let U(t, r) be the open ball centered at ¢ with radius r, let HY be the vector defined by (3.1)
with I = U (¢, r) and let T (U) be the positive integer satisfying the corresponding condition (3.5).
By applying Lemma 3.5 and the Borel-Cantelli lemma, one can easily derive the following law
of the iterated logarithm for the local time L(x, -): there exists a positive constant c, ; such that
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for every x e R? and 1 € (0, 00)",

L(x,U(t,
lim sup L& UGr) <c,s (4.3)
r—0 Py (r) '
where ¢, (r) = rf*® (loglog(1/r))N =P« with
r(U)
U
,Br(U) —1(U) — r(U)d + Z r( )-
Because of the continuity of Hy(¢) (1 <£ < N), it can be verified that
t(U)—t() and Brw)— Bro asr — 0, 4.4
where 7 (t) is the unique integer satisfying
(t)—1 1 T(t) 1
> T sd<) o 4.5)
—l o (1) = (1)
and
(1)
Heyny (1)
=N-—1(0) — Hy((t)d —_— . 4.6
B (1) — Hey (1) +e§ TR0 (4.6)

It follows from Fubini’s theorem that with probability one, (4.3) holds for almost all ¢ €
(0, 00)N. We now prove a stronger version of this result, which is useful in determining the
Hausdorff dimension of the level set.

Theorem 4.3. Let I € A be a fixed interval and assume that d < Zfzv:l ﬁ% For any fixed x € R¢,

let L(x, ") be the local time of {B"® (1)} at x which is a random measure supported on the
level set. There then exists a positive and finite constant c, ,, independent of x, such that with
probability 1, the following holds for L(x, -)-almostall t € I:

L(x,U(t,
lim sup M <Cu4s 4.7)
r—0 @, (r) '

where ¢,(r) = rBro (loglog(1/r)N =P and where B () is defined by (4.6).

Proof. Forevery integer k > 0, we consider the random measure L (x, e) on the Borel subsets C
of I defined by

KIBHEO (1) — 52
Lk(x,C)zf(znk)d/zexp(—$) dt
C

f/ exp<—ﬂ+(g,BH@(t)—x))dsdt.
Rd

(4.8)
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Then, by the occupation density formula (2.41) and the continuity of the function y — L(y, C),
one can verify that almost surely L (x, C) = L(x, C) as k — oo for every Borel set C C I.

For every integer m > 1, let f,,,(t) = L(x, U (¢,27"™)). From the proof of Theorem 3.4, we can
see that almost surely the functions f,,(¢) are continuous and bounded. Hence, we have, almost
surely, for all integers m,n > 1,

JitnorLean = tim [0 Licr.an. “9)

It follows from (4.9), (4.8) and the proof of Pitt [34], Proposition 3.1 that for every positive
integer n > 1,

E /I LT L(x. d1)

|\ (D o
“\om exp| —i ) (x.u! 4.10
(2”) /I/[;([,zm)n /R<n+1)d p( Z< )) ( )

j=1
n+1 ) ) ]
X Eexp(i Z(u’, BH(S/)(SJ)>) duds,
j=1

where # = (u', ..., u"t") e R#*D4 and 5 = (¢, s', ..., s"). Similarly to the proof of (3.6), for
sufficiently large m, we have that the right-hand side of equation (4.10) is at most

ds
), :
Wy (detcov(BE O ), BISD 51y, ..., BECD (57142

4.11)
< 024 (n)N—Prw)=mnbrwy

where ¢, , is a positive finite constant depending only on N, d, H, and I.
Let y > 0 be a constant, the value of which will be determined later. We consider the random
set

In(@)={t€l: fn(t) =y, 27"}

Denote by u,, the restriction of the random measure L(x, ) to I, thatis, u,(E) = L(x, ENIT)
for all Borel sets E € Rﬁ. We now take n = [logm ], where |y| denotes the integer part of y.
Then by applying (4.11) and by Stirling’s formula, we have

E [;0fn 1" L(x, dt)
(Yo, 21"
!, (n))N—Frw)2—mnbrw)

Euw(n) <
(4.12)
-2

)

<m
- ynz_m”ﬁr(U) (logm)n(N_ﬁr(U)) -
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provided y > 0 is chosen large enough, say, y > c,,. This implies that

E(Z uw(1m>> < 0.

m=1
Therefore, with probability 1 for u,-almost all ¢ € I, we have

L, U, 2™
limsup 2% VE:271) c,- (4.13)

m—00 Py 2-m) -

By (4.4), we can see that for m sufficiently large, there exists a constant ¢, ; > 0 such that
@y (27™) < c, 59,(27™). Therefore, we have

L(x,U(¢,27™
limsup 2 VG2 Cro. (4.14)
m—00 @, 2-m) '

Finally, for any » > 0 small enough, there exists an integer m such that 27" < r < 27"+! and
(4.13) is applicable. Since ¢, is increasing near 0, (4.7) follows from (4.13) and a monotonicity
argument. ]

Recall that the pointwise Holder exponent of a random field {X (r), t € RV} at a point t € RV
is defined by

ax(t) = sup{a : |}}Iim w =0}.

m e (4.15)

By Theorem 4.3, and noting that L(-, t) vanishes outside some compact set U (depending on w),
we have the following corollary.

Corollary 4.4. For every x € RY, the pointwise Holder exponent ay of L(x, 1) at t satisfies

ar(t) = B a.s. (4.16)

5. Hausdorff dimensions of the level sets

Forx e R?,let T, = {t € (0, 00)N : B (¢) = x} be the level set of the multifractional Brownian
sheet {B”® (1)}. In this section, we determine the Hausdorff dimension of I',. We remark that the
corresponding problem of finding the Hausdorff dimensions of the level sets of multifractional
Brownian motion has been investigated by Boufoussi et al. [13] and the Hausdorff dimensions of
the level sets of fractional Brownian sheets were studied in Ayache and Xiao [6]. As shown by the
following theorem, the fractal structure of I, is much richer than the level sets of multifractional
Brownian motion and is locally reminiscent of the level sets of a fractional Brownian sheet.
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Theorem 5.1. Let {BH® (1)} = (BAD (1), 1 € Rﬁ} be an (N, d)-multifractional Brownian sheet
with Hurst functionals Hy(t) (£ =1, ..., N). For any interval I € A, let t* € I be a point satis-

fying

N N 1
2 Hg(t*) 1}12;({; Hg(t)}

=1
and
O0<H(t"Y< ---<Hy@*) < 1.

IfZéV:l % < d, then for every x e R, we have T', N[ = & a.s. IfZévzl W > d, then for
any x € R?, with positive probability,

dimy, (Ty N 1) = Bre). (5.1)
where
‘ H(t) |
— *
Br(+) = min EE H(z*) N—k—Ht"d,1<k<Ny.

Remark 5.2. 1t can be verified that if (4.5) holds for ¢ = ¢*, then B+ is the same as in (4.6)
with ¢ replaced by ¢*. In the special case where H(¢) = H is a constant, f;(+) reduces to the
form derived in Ayache and Xiao [6] for the Hausdorff dimension of the level sets of a fractional
Brownian sheet.

When Zévzl % = d, we believe that for every x € R, I'y NI = @ a.s. However, the
method of this paper is not sufficient for proving this statement.

Proof of Theorem 5.1. We will follow the proof of Ayache and Xiao [6] Theorem 5.
First, we prove

k
. . H (t%)
dim, (T, NI) < rnln{;=1 () +N—k—H(t"d, 1 <k < N} a.s. (5.2)

and I'y N I = @ a.s. when the right-hand side of (5.2) is negative.

Without loss of any generality, we may assume that I = [a,a + (h)] and & is small so that
Lemma 2.2 is applicable. For an integer n > 1, divide the interval [ into m, < nZ/?]:l(H@(’ !
subrectangles R, ; of side lengths n~V/H R (. =1,...,N). Let 0 < o < 1 be fixed and let
kn,j be the lower-left vertex of R, ;. Define p(s,t) = (E[BH®D (1) — BE®) (5)]1%)1/2, denote by
Ny(Ry,j, €) the smallest number of p-balls of radius & needed to cover R, ; and denote by D
the diameter of R, ;, that is,

D :=sup{p(s,t):s,t € Ry ;}.
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By Lemma 2.2, we have

D
/ 910g Ny (Ry,j,e)de < en!
0

Combining the above inequality with Talagrand [36], Lemma 2.1 gives

IE”{ max |B#®(s) — BAO (1) > n(‘g)} <emen®, (5.3)

S,LERy |
Then for n sufficiently large, we have, for any fixed x € I,

Plx e |B#“ ), u € Ry ;}}

< IP{ max ’BH(S)(S) — BH(’)(I)| <pn -0,y ¢ {BH(“)(u), ue Rn,j}}

S,IER,,J

S,ERy |

—HP{ max |BH® (s) — BHO(1)| >n_(1_9)} (5.4)

= ]P){|BH(Kn,j)(Kn’j) _xi < n*(lfg)} —i—e*"”zg

<c¢; n1mod,

In the above, we have applied the fact that Var(Bé{ (t)(t)) > ¢ for all ¢t € I to derive the last
inequality.

If Z?’:l m < d, we choose o > 0 such that (1 — p)d > Zévzl m Let N, be the number
of rectangles R, ; such that x € {(BEW ), u e Ry ;}. It follows from (5.4) that

E(N,) < csylnZévzl(Hf(’*))_ln_(l_Q)d -0  asn— oo. (5.5)

Since the random variables N,, are integer-valued, (5.5) and Fatou’s lemma imply that a.s. N, =0
for infinitely many n. Therefore, I'y N [ = & a.s.

‘We now assume Z?,:l % >d.Forevery k € {1,2,..., N}, define
k
Hi (t*
Z K N k= )
= Hz(l‘*)

By Ayache and Xiao [6], Lemma 7, we have n, > 0. Define a covering {R;l’j} of 'y N1 by
R, i =Ru if x e {(BHF®W W), u e R, ;} and R;l.j = @ otherwise. R;l.j can be covered by
nE ekt (@)™ =He ()™ cubes of side length n=HE) ™ Thus, we can cover the level set
I'y N I by a sequence of cubes of side length n=H (T p Let o € (0, 1) be small and let

k
H *
000) = 3 et N = k= H(t*)(1 = ).
=1
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Clearly, n, (¢) > n, > 0. In the following, we prove that the Hausdorff dimension of I'y N I is
bounded above by 7, (¢) almost surely. To this end, by (5.4), we have

mp
E[Z iyt (i)™ =He )™ (anka*)—' ) ©
j=1

<c, 2,12?:1 He() ™ 4+ 30 g () ™ = He ) ™) =, (@) Hk 1) ™' = (1—0)d

:ﬂ-{xe{BH(”)(u),ueRn,j}}

(5.6)
=cC5,-

Fatou’s lemma implies that the 7, (0)-dimensional Hausdorff measure of I'y N / is finite a.s. and
thus dimy (I'y N 1) < n, (o) almost surely. Letting o | 0 along the rational numbers, we obtain
dim,, (I'y N 1) <7, and therefore (5.2).

To prove the lower bound in (5.1), we assume t(t*) = k, that is,

k—1

- k
Zl H, (t*) Zl Hz(t*)

By Condition A, there exists a positive number ¢ such that forall # € I := [t* — (), t* + (c)]N
I, we have

k—1 1 k 1
Z:§d<2:, (5.7)
=1 ¢ =1 ¢

where Hy (1 < ¢ < N) are defined as in (3.1) with I ¢ in place of I. Note that (5.7) and Ayache
and Xiao [6], Lemma 3.3, imply that

K H,
Z: +N—k—Hide(N—k N—k+1].

k —_—
Hy
yi=Y = +N—k-Hi(l+0d>N—k (5.8)

It is sufficient to prove that there is a constant ¢, ; > 0 such that
P{dim,(I'y NIc) >y} >cs 5. (5.9)

Our proof of (5.9) is based on the capacity argument due to Kahane [23]. Similar methods have
been used by Adler [1], Testard [37] and Xiao [40], to mention just a few.

Let M;r be the space of all non-negative measures on R" with finite y-energy. It is known
(cf. Adler [1]) that M;r is a complete metric space under the metric

d d
||u||y—/ / LA p(ds) (5.10)

lt —sl”
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We define a sequence of random positive measures (i, on the Borel sets C C I by

H®) (1) _ |2
Mn(C)Z/(zﬂn)d/zexp(—M) dr
C

2
=// exp(—ﬂ+i(s,BH“>(r)—x)>dgdz.
Cc JR4 2]’1

It follows from Kahane [23] or Testard [37] that if there are positive and finite constants c; ,
and ¢, 5, independent of ¢ and such that

.11

E(lunl) =5, E(lmal® <css. (5.12)
E(llunlly) < +o0, (5.13)

where ||, |l = wn(lc), then there is a subsequence of {i,}, say {i,,}, such that p,, — w in
M;‘ and p is strictly positive with probability > 652_ ./ (2¢5 ). Tt follows from (4.8) that  has its
support in I'y N I almost surely. Hence, Frostman’s theorem yields (5.9).

It remains to verify (5.12) and (5.13). Let o2(t) = Var(BE®D (1)). By Fubini’s theorem, we
have

2
E(||Mn||)—/ / —iE.x) exp< 'i' )Ee p(if, B (1)) d& dr

:/I /I‘Qd e~ 16.x) exp<—%(nl +52(t))|§|2> d& dt
-/ (24>/ (—L)d,
I AVEETE0) R ETTR R EI0)
) e

_,/;g m exXp _202(t) = Csy

Denote by I, the identity matrix of order 2d, by Cov(BHEG) (s), BH® (1)) the covariance matrix
of (BH® (5), BEO (1)), let ¥ =n~"'1y + Cov(BH® (s5), BE® (1)) and denote by (£, ) the
transpose of the row vector (&, n). Then

. 1
E(lla]l?) = / / f / e_‘@””‘)eXp(——(é,n)E(E,n)/>dEdndsdt
1. J1. Jrd Jrd 2

// et x< L nz1( )’)d dr (5.15)
——(x,x X, X s .
/1. Jdet P 2

/ / @my! dsdt
1 1 [detCov(BE W (s), BE®O (tyy1e2

(5.14)
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By applying Lemma 2.4 and the regularity of the H (-), it can be proven that for s, € I,

N N
detCov(By' ) (s). B! (1)) 2 ¢56 D Ise — telP0 > e Y fse — 1271 (5.16)
=1 =1

Combining (5.7), (5.15), (5.16) and repeatedly applying Lemma 2.8, we obtain

1
Bl = / / = dsdi:=c¢;5 < o0. (5.17)
n 57 1.1 [Z?/:l |sg — to|2He]d/2 5.5

Thus, we have shown that (5.12) holds.
Similarly to (5.15), we have

ds dt . 1
_ —i(§+n,x) _ - /
E(llltnlly)—flg f] =L exp( z(S,n)E(E,n)>d$dn

1
cof | _—
1001 (0 Ise — 1e))Y (L Ise — te|2Heydr2

S S 1
< cig/ dtN-~-/ — dr,
0 0 (Tt 1)

where the two inequalities follow from (5.16) and a change of variables. By using Lemma 2.9 in

the same way, we see that (||, ||,,) < +oo for any y defined in (5.8). This proves (5.13).
Finally, by letting o | 0, the lower bound for the Hausdorff dimension in (5.1) follows from

(5.9) and we have therefore proven Theorem 5.1. U

s dt (5.18)

The proof of Theorem 5.1 suggests that we can consider the Hausdorff dimension of the level
set in any neighborhood of a point ¢ € (0, 0o), provided Z?’Zl % > d. However, in order

to obtain an almost sure result, we have to consider Ty at a random level x = B¥® (r). The
following corollary can be considered as a local Hausdorff dimension result for the level sets of
mfBs.

Corollary 5.3. Let {BH® (1)} = (BD(1),t € RY} be an (N, d)-multifractional Brownian
sheet with Hurst functionals Hy(t) (€ =1,...,N). If t° € (0, 00)"N satisfies Zévzl m >d,
then there exists ro > 0 such that

IP’{ lir%dimH (Tgrwgy U, 1)) = Bro) forae.t e U, ro)} =1, (5.19)
r—
where B ) is defined by (4.6) with 19 in place of 1.

Proof. For any A= (0, oo)N such that ZQ’:] m > d, there exists a positive number ry such
that for all s € U(t°, ry), we have Z/Izv=1 % > d. By Corollary 3.9, mfBs {B”®(¢)} has a
jointly continuous local time on U (1%, rp).
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By (5.2), we have that for every 0 <r <rg and x € R,

dim, (T, NU@°, 1) < max oy  as. (5.20)
seU@0,r)

By (5.20) and Fubini’s theorem, we see that

IP’{dimH(Fx NU@, ) < max B, ae x e Rd} =1. (5.21)

seUY,r)

Since {BH® (1)} has a local time on U (t°, ro), the occupation density formula (2.41) and (5.21)
together imply that

P{dimH(FBHm(t)ﬂU(tO,r))5 max  Pr(s) a.e.teU(tO,ro)}=1. (5.22)
seU9,r)

On the other hand, by using an argument similar to the one used in the proof of Berman [9]
Theorem 2.1 (see also the proof of Xiao [42] Theorem 1.1), we can show that for every ¢ > 0
and r € (0, rp) small enough,

]P’{dimH (FBH(t)(l) N U(to, r)) > max P —€aete U(to, ro)} =1. (5.23)
)

seU@0,r

By letting r | 0 and ¢ | 0 along the rational numbers, we see that (5.19) follows from (5.22) and
(5.23). O

Remark 5.4. Corollary 5.3 shows the explicit way in which the fractal properties of the multi-
fractional Brownian sheet vary in space. In short, the local Hausdorff dimension is derived from
the constant parameter formula. Fractional Brownian sheets are essentially fractional integrals of
Brownian sheets (cf. Benson et al. [8] and Biermé, Meerschaert and Scheffler [12]). The term
“multifractional” indicates that the order of fractional integration varies in space. It would be
interesting to explore the connection between multifractional Brownian sheets and multifrac-
tals. For example, are the level sets of the mfBs multifractals and, if so, how do their structure
functions depend on the Hurst index function H (¢)?
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