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Asymptotic expansion and central limit
theorem for quadratic variations of
Gaussian processes
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Cohen, Guyon, Perrin and Pontier have given assumptions under which the second-order quadratic varia-
tions of a Gaussian process converge almost surely to a deterministic limit. In this paper we present two new
convergence results about these variations: the first is a deterministic asymptotic expansion; the second is
a central limit theorem. Next we apply these results to identify two-parameter fractional Brownian motion
and anisotropic fractional Brownian motion.
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Introduction

In this paper we consider second-order quadratic variations of a Gaussian process X . From Cohen
et al. [10] we know that it converges to a deterministic limit under convenient conditions on the
covariance function of the process. First we sharpen this result: we show that if an asymptotic
expansion of the covariance function is known, we get an asymptotic expansion of the second-
order quadratic variation. Next we establish a central limit theorem related to the previous result.
We apply these results to two-parameter fractional Brownian motion, which is a generalization
of fractional Brownian motion that has non-stationary increments, and to anisotropic fractional
Brownian field, which is a multidimensional anisotropic generalization of fractional Brownian
motion.

In the first section, we state the notation. In the second section, we prove the main theo-
rems about the second-order quadratic variation. In the third section, we study the case of two-
parameter fractional Brownian motion. In the fourth section, we consider anisotropic fractional
Brownian motion.

1. Notation

Let X = {X;;t €0, 1]} be a Gaussian process. We denote by ¢ — M; its mean function and by
(s,t) — R(s,t) its covariance function.
We define the second-order increments of R as

STR(s,t) = R(s +h,t) + R(s — h, 1) — 2R (s, 1),
S8R(s,1) = R(s,t +h) + R(s,t — h) — 2R(s, 1).
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For fractional processes (i.e., processes whose properties are close to those of fractional Brown-
ian motion), we use the second-order quadratic variation

n—1

2
Va(X) = E [X&+1y/n + X=1y/n — 2Xi/n]" (D
k=1

because the standard quadratic variation does not satisfy a central limit theorem in general.
To be sure that V,,(X) converges almost surely to a deterministic limit, we need to normalize
this quantity. A result of the form

n——+o00

1
lim n'7"V,(X)= / g)ydr  as. )
0

is expected, where y is related to the regularity of the paths of X, and g is related to the non-
differentiability of R on the diagonal {s = ¢} and is called the singularity function of the process.
In this paper, we consider a class of processes for which a more general normalization is needed.
Moreover, we present a better result because we give an asymptotic expansion of the left-hand
side of (2).

We will say that a Borel function v : ]0, a[ — R (a > 0) is regularly varying with index g € R
if Y (h) = hPL(h), where L is a slowly varying function

. L(Ax)
Vi>0 lim =
x—0t L(x)

Let d € N*. Standard fractional Brownian motion (FBM) B = {B/';+ € R}, with Hurst in-
dex H €]0, 1[, is the unique continuous centered Gaussian process, which has the covariance
function

vs,teRY  Cov(BY, By = L(Is/ + 1t —|s — 121, 3)

where | - | denotes the Euclidean norm.
In next section, we use the notation (we drop the superscript index n wherever it is possible)

AX = Xavyn + Xa—nm = 2Xeme  k=1,on—1,

and

dy) =E(AXax{"),  jk=1,..n-1 @

2. The results

In this section we sharpen (2). First, we prove a deterministic asymptotic expansion of V,,(X)
under certain conditions on the covariance function. Second, we prove a central limit theorem.

Examples of the application of Theorem 2.1 with a non-trivial slowly varying function L (k)
can be found in Section 4.2.
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2.1. Asymptotic expansion

Theorem 1. Assume that X satisfies the following statements:

1. t — M; =EX; has a bounded first derivative in [0, 1].
2. The covariance function R has the following properties:
(a) R is continuous in [0, 1]%.
(b) The derivative % exists and is continuous in 10, 112\ {s = t}. There exist a constant
C >0, areal y €]0,2[ and a positive slowly varying function L:]0, 1[ — ]0, 400
such that

4 —
Vs, t €10, 11>\ {s =1} ‘313 ‘ L(ls —1])

as2ar D = C T ®)
(c) There exist g + 1 functions (q € N) go, g1, ..., 8¢ from 10, 1] to R, g real numbers
0 <vy <--- < v, and a function ¢ : 10, 1[ — ]0, +o0[ such that:
() ifg>1,thenV0<i <q — 1, g; is Lipschitz on 10, 1[;
(ii) g4 is bounded on 10, 1[;
(>iii) we have

G o8t RY(1,1)

sup h=0"
h<t<l—h h?>=v L(h)

q
—go) =Y g |"= o@h)).  (6)

i=1

where if ¢ = 0, then ?:1 gi®p(h)" =0 and ¢p(h)"s = 1; else if ¢ # 0, then
lim,_, o+ ¢ (h) =0.
3. If g # 0, we assume that
1
im e
n=10 nep (1/m)"

4. If Xis not centered, we make the additional assumption

=0. )

lim :
n—+oo n¥ L(1/n)¢(1/n)"

=0, @®)

where if g =0, then ¢ (1/n)V1 = 1.
Then, for all t € [0, 1], we have almost surely

HI*V s +00 1 4 1 1\ 1\ Ve
Ly &)= /ogO(x)der;(/o gi(x)dx>¢<ﬁ> +0<¢<Z> ) ®

Remarks. (i) If the assumption (6) is fulfilled for g, then it is fulfilled for all ¢ € {0, 1, ..., g}
too with the truncated sequences (g;)o<i<4 and (v;)o<i<q. The maximal value of ¢ is given by
the assumption (8), which yields an upper bound for the value of v, .

(i1) Assumption 2 in Theorem 1 implies that the functions g;, 0 <i < ¢, are continuous and
bounded on ]0, 1[, and so they are Riemann integrable on this interval.
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(iii) In the case y > 1, the assumption (8) is a consequence of the assumption (7) and of Kara-
mata’s representation of positive slowly varying functions (see Bingham, Goldie and Teugels [7],
Theorem 1.3.1).

Proof of Theorem 1. We set vy = 0 and fix the convention that ¢(h)" = 1. Moreover, in the
entire proof K denotes a positive constant whose value does not matter. First we assume that X is
centered.

We prove the following asymptotic expansion for the expectation of V,,(X):

nl=v n—+00 I ! 1\ 1\"
a0 R awa)e(G) we(e(G) )0

We have
k
]k_((sl/n l/nR)<J n) an
and
n—1
EVa(X) =) di. (12)
k=1

Moreover, the assumption (6) yields

dix i k 1\
n2L(1/n) iZg,-(;)(ﬁ(;)

"”=+°°o(¢<l) q). (13)
n

k:l?.l.l.r,)n—l e
Therefore,
al-v a1 1\
W St m | T ) _2_8/0 i) dw(E)
- . (k 1\"
SR <1/n)v Z( = n§gf(2>"’(2) )‘
q 1 1 =1 k 1\
T S Z(/o g"<’“)d"‘z,§g"(z>>¢<z) ‘
=L+ L.
We get
il dii 1 (k) [1\"
b= Z(ny TL(1/n) Z;gl(E)‘/’(E) )
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drk 1 k 1\
nV—ZL(l/n)_ggi<E>¢<E) ‘

0

< limsup —————— up
n—+oo @(1/n)" y—1 -1

Thus (13) implies that L1 = 0.
For L,, notice that

=limsup —————

n—>+00 ¢(1/ )"

i(/ g1 dx — %gg<§>>¢<%>

q (n—=1)/n 1 n—1 k 1\V
< limsup Z /0 gi(x)dx — p Zgl(;> ¢<;>
=0 k=1

n—+oo ¢(1/n)% i

q i pt

¢(1/n)" / ;@
+ E limsup ————— gix)dx=L," + L5".
i—0 n—+o00 ¢(1/n)vq (n—1)/n l 2 2

The term Léz) is obviously equal to O due to (7) and the fact that the functions g; are bounded.

Moreover the assumption 2(c)(i) in Theorem 1 implies that there exists K > 0 such that for all
O<i<g-1,

(n=1)/n
‘/ gl(x)dx__zgz< )

n—1 .k/n k/n K
= g'(x)—g-< ) dx <K / (——x)dxf—.
];—/(k—l)/n ' ' Z (k—1)/n n
Consequently,
1 & pibin 1S (k] /)"
(1
Ly’ =limsup ————- / i(x)dx — — (—) <—>
H+o£’¢><1/nwz o ";g’ )P\

1
< limsup

(n=1)/n 1=l k 1\ VY

- () dx — — = —

n—-+o0 (1/m)" =|Jo sitade=y ,;g<n) ‘b(n)
(n—1)/n 1=l k

+ lim su / (x)dx — — (—)

n—>+og 84 n kzz;gq n

< 1 1\"
<K limsup ——— -
<KD limsup ¢><1/n>“4¢( )

i=0
(n=1)/n 1=k
+ limsu / (x)dx — — <—> ,
P 84 n,;gq n
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where the first term of the right-hand side is equal to 0 because of (7) and the assumption 2(c)(i)
in Theorem 1, and the second term is equal to 0 according to classical results on Riemann sums.

Therefore, L;l) = 0. This proves the asymptotic expansion (10).
Next we prove that almost surely
-y 1\ %
n n—+00
Va(X) —EV, (X - . 14
L(l/n)( (X)) = EV, (X)) 0<¢<n> ) (14)

Application of Cochran’s theorem to the Gaussian vector yields

nl-v
Vo s AXe
¢(1/n)*L(1/n)

So there are n — 1 nonnegative real numbers (i1, ..., Un—1,n) and one (n — 1)-dimensional
Gaussian vector Y, such that its components are independent Gaussian variables A/(0, 1) and

-y

n—1
n (2
—V,(X) = E in(Yn . 15
L(1/n) = j:]M/, (") (1>

As in Bégyn [5], Hanson and Wright’s inequality (see Hanson and Wright [12]) yields that, for
all0<e <1,

nl=r 1\
P(—|VH(X)—IEVn(X)| za) §Zexp<—K82n¢<;> ) (16)

L(1/n)p(1/n)%
»_ 2logn (1 Y
on = Kn ¢<n> ’

So if we set

it follows from (7) that

Y
nl}r_’r_loosn—o and Z <W|Vn(x)—EVn(X)|28n><+007

and the Borel-Cantelli lemma yields (14).
Now let us examine the case of non-centered X. Set M = {M;; ¢ € [0, 1]}. From assumption 1,

n—>+oo 1
£ 00" rzizm )

nl=v
L(1/n)
and by adding (8) we obtain
-y

nl>+oo L(1/n )V”(M)
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So, if we apply the theorem to the centered process X + = X; — E(X;), using the arguments of
Baxter [3], we obtain the result for X. O

In the sequel, we apply these results to the identification of some fractional models. We will
obtain strongly consistent estimators that will be more interesting in practice if they are asymp-
totically normal. Therefore, we establish a central limit theorem for V,,(X).

2.2. Central limit theorem

Jj+1 u k+1 x 1
P (j,k):/ du/ dv/ dx/ ———dy 17
Y j u—1 k -1 (v =Y

with j — k > 2 is absolutely convergent when y < 2. Because it depends only on the difference
J — k, we denote it p), (j — k).
By considering = j —k >2 and 0 < y < 2, we obtain the following equalities: If y # 1,

The integral

(=277 — 4 — 17 4 6P — 4l + 11277 + )1 +227)

py (1) = (18)
v y =2 -Dyy+1
ify=1,
p1(1) = A(1l —2|log|l — 2| — 4|l — 1| log|l — 1|+ 6]I|log |/|
— 4|1+ 1|1og |l + 1|+ |1 + 2| log|l +2]). (19)

Moreover, we notice that (17) yields the existence of a constant K > 0 such that, for all [ > 2,
we have |p, ()| < KI=277. For y €]0, 2[, set

+o00
oy 17 =" py (O, (20)

=2

We may now prove a central limit theorem with additional assumptions. The preceding formulas
will be useful to compute the asymptotic behavior of d ji.

Theorem 2. Assume that X is centered and satisfies the following statements:

1. R is continuous in [0, 1]2.
04
2. Let T ={0 <t <s < 1}. We assume that the derivative 352% exists in |0, 1]2 \ {s =1},
and that there exist a continuous function C: T — R, a real y €10, 2[ and a positive slowly

varying function L :10, 1] — R such that
(s —0)*7 3*R
L(s—1t) 052012

V(s,1) €T (s.1) = C(s, 1), @1

where ]O’ denotes the interior of T (i.e., ]O’= {0<t<s<1}).
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3. We assume that there exist g + 1 functions (q € N) go, g1, ..., 84 from 10,1[ to R, g real
numbers 0 < vy < --- < v, and a function ¢ : 10, 1[ — 10, +o0[ such that:
(@) ifg>1,then¥Y0<i <q — 1, g; is Lipschitz on 10, 1[;
(b) g4 is (1/2 + ag)-Holderian on 10, 1] with 0 < ay < 1/2;
(c) there exists t €10, 1[ such that go(t) # 0;
(d) we have

G o8t R, 1)
h2=7 L(h)

q
—g0() — Y gi(p(h)"
i=1

1
lim — su =0, 22
h—0+ /h (hszgrl)—h ) 22

where if g =0, then Zq 1 & ()P ()" =0, and where if g # 0, then limy,_, g+ ¢ (h) =
(e) there exists a bounded function g :10, 1{ — R such that

G o 8ERY(t + I, 1)

lim  sup 27 L)

h—0% p<t<1-2h

- §(t)' =0. (23)

Then we have

(20— [Mawa=3 [ awad (1) EN0.D, 4
Tim X /Ogox —2/0 g0 dr g~ (
where
1 1 1
azzzf go(x)zdx+4/ §(x)2dx+4||,0y||2/ C(x, x)*dx. (25)
0 0 0

Remark. (i) In Theorem 1, there was no minimum value for the integer ¢, but this is not the
case in the assumption (22): we must choose ¢ large enough such that the bias is negligible with
respect to the stochastic error.

(i1) Assumption (22) yields that the functions g;, 0 <i < ¢, are continuous on ]0, 1].

Proof of Theorem 2. In all the proof, K denotes a positive constant whose value does not matter.
To simplify notation, choose the convention vg = 0 and VA €10, 1[, ¢ (h)"0 = 1. Set

q 1 1\ Y l—y ~
b":Z/o gi(X)dxqﬁ(r—L) : T,,=«/EL"(1/n)Vn(X), Ty =T, —E(Tn). (26)
i=0

We split the proof into three steps: in the first and second steps, we prove the convergence when
n — +oc of T}, toward a centered Gaussian law with variance o%; in the third step, we prove the
conclusion of Theorem 2.

Step 1. We note that V,(X) is the square of the Euclidean norm of a (n — 1)-dimensional
Gaussian vector whose components are

nl=-v
L(1/n)

AXy, 1<k<n-1.
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Hence, by the classical Cochran theorem, we can find a, = n — 1 positive real numbers
(A ,ns - -+ Ag,,n) and one a,-dimensional Gaussian vector Y,,, such that its components are inde-
pendent Gaussian variables A(0, 1) and

VaX) =Y aja (1)’ @7)
j=1

with the convention that the empty sum is equal to zero.
We set

Sn(X) = Vn(X) _Evn(X)~

We want to apply the Lindeberg central limit theorem to S, (X). We must verify that

)L;‘; = max Aj, = 0(‘/Var S,,(X)). (28)

]ijan
We have

nl-v n—1
A< K max dirl.
n="T(1/n) 15;@_1;' ikl

With the same methods as in Bégyn [5], we can check that
)L* n—>=+oo O <l)
n n °

n—1

E[V,(X)’1= Y E[(AX;)*(AX0)*].
jk=1

We have

Because the vector (AX)1<k<n—1 1s Gaussian, Isserlis formulas yield (see Isserlis [14])

E[(AX)*]=3(E[(AX)])

and, if j #£k,
E[(AX )3 (AX1)?] =E[(AX )X IE[(AX)?] + 2(E[AX ; AXi])2
Therefore,
n—1
VarV,(X)=2) dy+4 Y. dj (29)

k=1 I<k<j<n—1
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and, consequently,

n—1

Var S, (X) > 2Zd,§k.

k=1
Moreover, the assumption (22) yields
. 8/"" 08" R)(k/n, k/n) k
lim  sup 5 - - )|=0
n—>+00 | <k <p—| n?=2L(1/n) n

and, because g is bounded on ]0, 1],

8,"" 0 8)" R)(k/n, k/n) 2 kY
( ' 2L(1/n) >g°(n)

With the same ideas as in the proof of (10), we can show that the previous limit yields

lim  sup =0.

n——+00 I<k<n—1

_ -1
n3 2 1

1
> d; =/0 g3(x) dx.

lim ——
noo L(1/n)? & kk
Therefore,
n372y 1
liminf ———— Var S, (X) > 2/ g5 (x)dx > 0.
n—+00 L(l/n)2 0
Thus there exists K > 0 such that

*
oo i K
JVarS,(X) ~— /n

which yields (28).
Consequently, the Lindeberg central limit theorem yields that when n — 400,

SiX) w0y
+/ Var S, (X)

Equivalently, we have shown that when n — 400,

N, 1).

\/Vif LN, 1. (30)
ar T,

Step 2. Let us prove that
lim Var7, =o, @31

n——+o0o

where o2 was defined in (25).
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We have seen (29):

n—1
VarS,(X)=2) di+4 Y dy.
k=1 1<k<j<n—1
Step 2.1. Let us prove that
n3-2v 1 5 oo 5
lim —— d? _/ C(x,x)"dx py(D~.
n—+00 L(l/n)2 ]<k<jZ;nl ik 0 ; 4
j—k>3

Ifj#1,k+#1and j —k > 3, then

k
]k_((sl/n l/n)R(J )

nn

(j+1)/n u (k+1)/n X 34R
:/ du/ dv/ dx/ -5, »)dy
j/n u—(1/n)  Ji/n x—(1/n) 98- 01

(+D/n u (k+1)/n x C
=/ du/ dv/ dx/ L)Z))L(v—y)dy.
j/n u—(1/n) k/n x—(1/n) (v— y) v

We set

Jj k
en=supy |C(v,y) —C i

Because C is uniformly continuous on the compact set 7',

—1 i+1 k—1
;3§j—k§n—lJ §v§J+, <y=
n n n

lim ¢g,=0.
n——+00

Moreover, we set

(+1)/n u (k+1)/n X Lv—y)
rn(j,k)=/ du/ dv/ dx/ 7z+dy
j/n u—(1/n)  Jik/n x—(1/m) (V—=y)=T
Jj+1 k+l L((U— )/Vl)
—pv2 y
=n / du/ dv/ / w_ )2+y dy,

and because it depends only on j — k, we denote it r,, (j — k).
We have

e
djk—C<i,—)rn(J—k)‘
n n

<éenrn(j — k).

(32)

(j+D/n u (k+1)/n X C —C(i k
/ du/ dvf dx/ ©.y) (;/m /n)L(v—y)dy
j/n u—(/n)y  Ji/n x—(1/n) (v —y)=tr
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So we must find an upper bound for r,, (j — k). Let us note that the function ¥ (h) = h=Y2L(h) is
regularly varying of index —y /2 < 0. Therefore, the Karamata theorem of uniform convergence
(see Bingham et al. [7], Theorem 1.5.2) yields

Y(zh) 1

e vy

uniformly in z € [3, 4-o00][.
As a consequence, there exists K > 0 (which depends only on L and y) such that for n large

enough,
z 1
s v(Z)emn(l) o
n n
However, we have

k+1
y((v—y)/n)
rn(j — k) =n"7?" 2/ du/ dv/ dx/x (= )2 dy.

Therefore, (17) yields

n?=2L(1/n)
(] —k— 2)2+(}//2) .

2. (1 .
r(j —k) < Kn” 2L<;>ﬁy/2(] -k =K

Consequently, we have

n?~2L(1/n)
(j—k —2)2+@/2”

ok .

djk - C<i, _>rn(] _k)’ <Kgy,
non

and because C is bounded,

j kY
djz'k_c(_’_> rn(j_k)2 <K
n n

Using the same perturbation argument as in Bégyn ([5], pages 10-11), we can check that it is
still true whenever j = 1 or kK = 1. Consequently,

n?¥=4L(1/n)?
En——F————-
"= k=2

3 n—2n—1-[ n—2 n—1-1 k+1 k 2
2
) D IRGHED ST R Gty
L(l/n) =3 k=1 =3 k=1 n n
n—2n—1-1 +00 1
<K < S —
" ; 2 - >4+V— Ken 2 T2y

and the right-hand side is convergent because 4 4+ y > 1. This yields

n—2 n—1-1

3_ n—2n—1-1 ) k+1 k
n—1>+ooL(l/n)2 Z Z ALyies = Z’"(l) Z C( n) =0. (34)

=3 k=1 =3 k=1
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Moreover,
n—1-1

1 k+1 K\ 1" kN !
lim - Z C( ,—) = lim - Z C<—,—> =/ C(x,x)2dx,
n—+oon 1 n n n—-+oon 1 nn 0

thanks to the uniform continuity of C.
In addition, because L is slowly varying, the theorem of dominated convergence yields (using
inequality (33))

im _nd )
n—>+oo n¥~2L(1/n) = Py
Hence for all [ > 3,

n—1-1

D21 k+1 k\? 1
" 3 C<T,;> :py(l)z/(; Clx, x)2dx,

nBIJIrloo n2=4L(1/n)2 n —

and (using (33)) we can check that VI > 3,

n—1-1

0?1 k+1 k\? > K
A A C —) <Kpyp)r<—n .
n2v=4L(1/n)?n l; n 'n) ~ pria)” = (I —2)+r

Consequently, the theorem of dominated convergence for series yields

n3_2y n—2 2n—l—l k+l k 2 1 5 +00 5
A fa 207 2 (55 0) = [ etmaras E oo

k=1 =3

With (34), we obtain

n3—2y n3_27’ n—2n—1-1
im — 2 — lim ———— 2
A L) 2. djp=lim 7 1/n)2Z 2 ik
I<k<j<n—1 =3 k=1
j—k=>3
1 +00
Z/ Cx,x)%dx Y p, (2.
0 1=3
Step 2.2. Let us prove that
n= 2 2 ! 2
lim —— ds, = p,(2) / C(x,x)“dx. 35)
n—-—+oo L(l/n)2 1<k<]Z<n—1 Jk 14 0
j—k=2

With the perturbation argument of Bégyn [5], we can check that

k+2 k
ditok — C<—, _>rn(2)
n 'n

1
< Keyn? 2L (—),Oy/z(2)
n
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and, consequently,

k+2 k\*
d,?_ﬂ,k—C(—n ,;> ra(2)?

Therefore, using the same arguments as in Step 2.1, we have

1 2
< Ken®’'~ 4L( ) oy 2(2)%.

n372y 5 3,2 n—3
lim —— d5, = lim
n=+oo L(1/m)? 1<k<JZ<n—1 T koo L(l/n)2 Z e

J—k=2

-3

o m@? 1 k+2 k
= W 2L (1) 4L(1/n)nZ < )

py(Z)z/(; C(x,x)dx.

Step 2.3. Let us prove that

232 Z ) 1 ,
lim —— a2, = / 2002 dx. (36)
— 2 Jk
n—>too L(1/m) l<k<j<n—1 0
j—k=1

This is a consequence of the assumption (23).
Step 2.4. Let us prove that

3 —2y n— 1 2
8 L(1/n)? £ Z ke = / golx)"dx ©7
This is a consequence of

(8" o8t R)(t, 1)
L(h)h2~r

lim  sup
h—=0% p<t<1—n

—go(t)‘ =

which comes from the assumption (22).
The preceding four steps imply (31). Let us remark that (30) and (31) yield that

T (ﬁ)

— N(0,0). (38)
Step 3. To prove Theorem 2, we use the decomposition
T, — /by = T, + ET, — /nb,. (39)
Let us prove that
lim |ET, —/nb,| =0. (40)

n—+00
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We have

nl—y n—1 q t 1\ Vi
E(Tn)—\/f_lbn=x/ﬁ<L(l/n);dkk—g/(‘) gi(x)dx¢<;> )

On the one hand,

1

nl=v "‘ld I 1\ [k

L(l/n); kk_ﬁ§¢<ﬁ) ,;g’(ﬁ)
dik il k 1\

anL(l/n)_ggi<;>¢(;> '

NG

<+ sup

k=1,..., n—1

Therefore, the assumption (22) yields
nl=r 2 1 1\ sk
dek——2¢<—) Z&(—)‘:o. (41)
L(1/n) P nio\n P n
Moreover, if we choose 0 <i <g — 1, we have

1 1\ sk 1\ ! 1\ 1
;¢(;> ];g,(;)—qb(;) /Ogi(x)dx §K¢<;) ﬁ,

due to the fact that g; is bounded and Lipschitz on ]0, 1[ (see the Proof of Theorem 1).

Furthermore,
1\" (1\"
=xof;) ()
n n

11\ [k 1% [
() Zealy) o) [ o

knowing that g, is bounded and 1/2 + «,-Hdlderian on ]0, 1[. Consequently,

1 q 1 y; n—1 k 1 1 Vi
5§<¢(5> I;g,(;)—/o g&x)dxqb(;) )’=o. 42)

0

lim +/n

n——+00

N

Jn

lim +/n

n—-+00

To finish the proof, just note that (40) is a consequence of (41) and (42).
Next, by combining the Prokhorov theorem, all the preceding steps and the Slutzky lemma
with (39) and (40), we get (24). O

In the sequel, we consider estimators of some functions of the parameters y, which are con-
structed with both second-order quadratic variations V,,(X) and V5, (X). So the preceding theo-
rem is not sufficient to prove the asymptotic normality of the estimators.
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The next theorem will be useful to prove the asymptotic normality of our estimators. We de-
fine the following constants, which appear in the asymptotic covariance of the two quadratic

variations:

1 1 1
Ufcov=2/0 §(t)2dt+4py(2)/(; go(t)C(t,t)dt+4,0y(3)/0 TOC(@t, 1) dr

1 +o0
+4/ Ct,0*dt Y py (Dpy (1 —2),
0

=4

1 1
03 oy =4 /0 go(Ng(1)dr +4p,(2) /0 gOC (@, 1)dt

| +00
+4[ C(t.0*dt Y py(Dpy (1= 1)
0

=3
and

2 _ 2 2 2
Oy = 307+ O1,cov + 4'02,cov‘

Theorem 3. We use the same assumptions as in Theorem 2. Then we have

nl-v 1 q 1 1\v;
V(X)) = fy go(x)dx — 370, fy gi(x)dx - o ()Y r
V| o l | Nem,

Vo (X) = g g0 dx = XL, [y gi () dx - (3"

where the 2 x 2 matrix X is defined by
2 -2_2
zz[ AP "*]
2o 0°/2
Proof. We set for A, u € R,

nl=r @n)'~r
Vi (X) + p—— o= Vo (X)),

S, (A, =A
=2 L(1/@m)

We begin by showing that when A, u > 0,

q 1 1\ q 1 1\
(5033 [ wware(2) -3 [ awor-o( 1))

2
“ N(O, Ao+ ,uz% + 2V_1)L,uo*2>.

(43)

(44)

(45)

(46)
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First we must prove that

2
lim 7 Var S, G, o) = 3202 + p2 2 + 2" Lo, (47)
n——+00 2
We have
Var Su s 1) = 3221 Nar Va0 4+ 12 =20 N v (30
L(1/n)? L(1/(2n))?
) zl—yn2—2y c
A Vi, (X). Vo (X)).
+ ML(I/n)L(l/(Zn)) OV( n ( ) 2n( ))

In the Proof of Theorem 2 we showed (31):

3-2y ) (2]1)3_2]/

. v _ 2 lan)= _ 2
nETooL(l/n)ZvarV"(X) o and nlir-sr—looL(l/(Zn))zvath(X) o”. 48)

We must compute the term Cov(V,,(X), V2,(X)). We have

(n) _ (2n) (2n) (2n)
AXpw = AXg +AX o 20X,

Therefore,

n—1

V() = J[(AX5) + (AXE")” +4(ax5")”

k=1
@n) (n) (2n) (2n) (2n) (2n)
+ 20X, AXGY +AAX5 Y AXGY +4AX5"Y AXS, ].
Moreover,
2n—1 5
_ (n)
Von(X) = Z(ij ).
j=1

To simplify, we will set the notation AX; for AXI(Z") and dj, for dl(;n). To compute E[V, (X) x
V2, (X)], we use the Isserlis formulas (see Isserlis [14]), which yield

Cov[(AX))*, (AX;)*]=2[E[AX;AX;])* =2d];

and
Cov[AX,AX ), (AXj)z] =2E[AX;AXIE[AX ,AX ;] =2d);d,;.

So we can check that

6
Cov(Va(X), Vau(X)) = > 8;.
i=1
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with
n—12n—1 n—12n—1
2 2
S=2 Y, S=2Y Y dy,
k=1 j=1 k=1 j=1
n—12n—1 n—12n—1
S3=8Y Y dj ;. Se=4Y "> dy1,jdut1 .
k=1 j=1 k=1 j=1
n—12n—1 n—12n—1
S5=8 Z Z k41, jdok, js Se = 82 Z dog—1,jdok,j-
k=1 j=1 k=1 j=1
However, using the same techniques as in the Proof of Theorem 2, we obtain the formulas
217)/ 32y
lim ;Sl =2r"32,
n—+oo L(1/m)L(1/(2n))
Zl—y 32y
lim ;&; = V_ZO—IZCOV’
n—-+co L(1/n)L(1/(2n)) ’
217)/ 32y
lim ;% = 27’*102200\,
n—+oo L(1/m)L(1/(2n)) :
and, likewise,
21—y 3-2y
lim —— g =735,
n—+oo L(1/n)L(1/(2n))
2177/ 32y
lim 5y =2lo?,
n—+oo L(1/n)L(1/(2n))
21—y 32y
lim —— " §e=2""102, .
n—+oo L(1/n)L(1/(2n)) :
Hence,
2]7)/ 3-2y
lim ;COV(VH(X), Van(X)) =27 202, (49)
n—+oo L(1/n)L(1/(2n))

Therefore, (47) is a consequence of (48) and (49).

Now we apply the Lindeberg central limit theorem to S, (X, i) in the same manner as in

Theorem 2. We set

Sp(uy 1) = Sy (A, 1) — ES, (A, ).
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Because A > 0 and i > 0, we can consider S, (A, u) as the Euclidean norm of the Gaussian
vector (G;;1<i<3n-—2):

AT A x
L(1/n) !

@n)l=r (@n) :
Gi= |p—t—AX® | <i<3n-2
VR Ly S RIS

Therefore, Cochran’s theorem yields

i = ; l<i=n-—1,

ay )
SuGe ) =Y i (v47)?

=1

with a,, 7 ,, T, and Y,ij ) as in the Proof of Theorem 2. This yields

Sy =Y ra[(v))’ - 1].

j=1
Also, we notice that
3n—-2
77 < max E(Z:Z))
1<j<3n-2 Z IEC |

Moreover,if ]l <i<n—1land1<j<2n-—1,

E(AXVAX) =E[(AXSY, + AXEY, +2AX5")Ax ]

—d® a2

2i1,j T 2,
SO
L1 n—1 -1
TjiKL(l/n)(  Jax 12|d(”)|+ul<§n<g§ 1Z| ai”
| S+ L 2l
<jsn—1 4

n—1
V| S 1457, 24
i=1

1<j<

2n—1

n'”v <0 ©n)
‘Kuwm<@$§1§}i|+Kﬁ§]§:W |
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Therefore, with the arguments of Bégyn [5], we can checked that

7, < Kn”_2L(l>.
n

*

Thus

Tn

O< — 2 < £
T SVarS, () T /i

Using the Lindeberg central limit theorem, we obtain

Sn(, ) —ES, (A, 1) (L)
Nason VoD

Hence, as in the Proof of Theorem 2, we establish the convergence announced in (46). With a
generalization of the Cramér—Wold arguments, based on the properties of the Laplace transform
that can be found in Istas and Lang ([15], page 431), we ascertain that the Laplace transform of
the vector

n'7r

L V0 = o go) dr = L fy g0 dr - o (v

)Y 1 1 ,
T VanX) = fo o) di = XL, fo i dr - 9 (5"
tends on R? to the Laplace transform of a Gaussian centered law with covariance matrix X. This
proves the result. O

As we stated in the Introduction, we want to apply these results to estimate the parameters
of some fractional processes. To explain how to use these results, we apply them to the FBM,
even though the consequences are not new in this case. We refer to Sections 3 and 4 for original
consequences.

2.4. Application to fractional Brownian motion

We study the example of the FBM B, We can check that the theorems of Section 2 can be
applied with y =2 —2H, L(h)=1,q =0, go(t) =4 — 2> and ¢ (h) = h.
By applying Theorem 1, it follows that almost surely (see Cohen et al. [10])

lim n*f- 'y, (BH)=4—-2°H, (50)

n—+00
Next, if we apply Theorem 2, then we obtain (see Coeurjolly [9])
L
(2T, (BT — (4 — 22M)) 2L N0, o 1) 1)
with

+(H)*(2H — 1)*(2H — 2)*(2H — 3)*||p2—2m 1%, (52)
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because, when computed, C(s, 1) = —HQ2H — 1)(2H —2)(2H —3) and 3(t) = 2*H+2 -7 —
328y /2.
Because of Theorem 3, we get

2H—1 H 2H
n Va(B7) —(4=277) '\ £
n ((zn)ZH—l V2n (X) _ (4 _ 22H)) — N(Ov ZFBI\/I,H) (53)
with
2 —2H 2
2
ZFBM,H = < _;FB%H _ l“gFBM’H) (54)
270 mmr 27 YfBMom
and
+00
O covrmm = QH) QH — 1)*QH —2)*QH —3)*> " pp au(Dp2-2u(l = 2)
=2
+o00
03 covmm,r = QH)QH — 1)*QH = 2)*QH = 3)* Y " pa au(pr—2u( — 1)
=2
+2(4 - 22 —7 - 321, (56)
2 2 2 2
O FBM,H = 3OFBM,H T O1.cov,FBM,H T 403 cov,FBM, H - 57
The § method yields that the statistic
= 1 V2 (B7) .
H, =~ —log———"(2log2
n 2 Og Vn(BH) ( Og )

is a strongly consistent estimator of H and that (see Coeurjolly [9])

2 2-2H 2
— (L) 3opgm.r — 2 04 FBM, H
H,— H) — N|{0, . : : .
Vin(Hy = H) ( 4(4 —22H)og2 )

3. Two-parameter fractional Brownian motion

Two-parameter fractional Brownian motion was introduced by Houdré and Villa [13] as an ex-
ample of a quasi-helix. Two-parameter fractional Brownian motion B"-X = { B,H K.re R} is
defined, for H €]0, 1[ and K €]O0, 1], as the unique continuous centered Gaussian process with
covariance function

1
_((SZH F 2K g t|2HK).

Vs.reR o RIK(s, 1) =Cov(BM, B =
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The process B”-X is H K -self-similar, it has a critical Holder exponent equal to HK in the
sense of Adler [1], itis, for K = 1, the standard fractional Brownian motion and it has stationary
increments if and only if K = 1.

We refer to Houdré and Villa [13] for the proofs. In their paper, they introduced the
process B™-K under the name bifractional Brownian motion. We suggest here to call it two-
parameter fractional Brownian motion, because it is a monofractal process (the pointwise Holder
exponent of its trajectories is a.s. constant) and the term ‘bifractional’ may imply that it is a mul-
tifractal process with two values for its pointwise Holder exponent.

Theorems 1 and 2 yield estimators of H and K, the relevant quantities in the study of B#-X . To
determine the estimators, that we assume that we dispose of the observation of one path of B#-X
on the interval [T, T3], where T1, T» € R, T1 < T. This process is considered to be indexed by
[0, 1]. Therefore, we introduce the process Y defined by

viel0,1] Y, =BYK(z@)  witht@t)=(Th—T)r +Ti.

We obtain a new process Y, which is centered, Gaussian and has covariance function
rH-K (s, 1) = Cov(Ys, Y;) = R®-K (1 (s), T(1)), and we dispose of the observation of one path of ¥
on [0, 1]. The results of Section 2 can be applied to Y under the condition [77, T>] C ]0, +o0l.

3.1. The results
First we study the almost sure convergence of the second-order quadratic variations.

Proposition 4. We have when n — 400,

22HK

n?HK=ly (v) &5 (T, — Ty)*K. (58)

2K—1
Next we study the weak convergence.

Proposition 5. We have, when n — +o0,
4 _ 22HK

vn (nm‘le) - (B — T1>2HK)

© (T, — Ty)*K
7 N<O’ xR OrBM.AK ) 49

where GI%BM,HK was defined in (52).
As in the case of the FBM, we can deduce an estimator of H K.

Proposition 6. The statistic

i 1 ) Vo (Y)

-1
3 og V.0 (2log2) (60)
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is a strongly consistent estimator of HK and when n — 400,

) 22—2HK 2

— 3013BM HK — 0% FBM,HK 4HK

where UFzBM,HK and UE,FBM,HK were defined in (52) and (57).

A. Begyn

(61)

The quantity HK is relevant in the study of B-X but it does not characterize the law of this
process. For this characterization, we need to know both parameters H and K. A refinement
of the previous results enables us to construct strongly consistent and asymptotically normal

estimators of these quantities.

Proposition 7. The statistic

. 1 nZITI-Rnfl
K,=1- log< — — V,,(Y))
log?2 (4 — 22HK ) (Ty — Ty)2HK»

is a strongly consistent estimator of K and when n — +00,

2
= (L) OFBM, HK
n(K, — K)—= N|{0, - )
Vn(Kn = K) ( (4 — 22HK )2 |og? 2)

where UFZBM, y x was defined in (52). Moreover the statistic

—

~ HK,
H, = —
Ky

is a strongly consistent estimator of H and when n — +00,

o \4HK
S, — o)L N(o, wnz)

22(K—1)

with

, H? 1 2H

n =F771 +F712—ﬁ773
and

2K—2,2
2 OFBM,HK

T (4—22HK)210g? 2(T, — T1)*HK

m

2 2-2HK _2
K_13%FBM HK — 2 O« FBM,HK

4(4 — 22HK)og2 ’

=2

_2HK 2 2
k-2 2 O« FBM,HK — 9FBM,HK

2(4 — 22HK)210g2 (T, — Ty)2HK’

(62)

(63)

(64)

(65)
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where 0>i<2,FBM,HK was defined in (57).

3.2. Proofs of the results for two-parameter FBM

Proof of Proposition 4. We apply Theorem 1 to the process Y. We need to show only that
assumptions 2(b) and 2(c) (in Theorem 1) are satisfied (the other assumption is obvious).

For assumption 2(b), it is clear that the derivative % (s, 1) exists on 10, 1]% \ {s =t}. More-
over, we can check that, Vs, t €]0, 1]2 \ {s =1},
g4rH.K 2HKQHK —1)QHK —2)2HK —3)

S D= % (Ty — Ty)* MK |s — o PHE4

+ (T — T Y (2(5), T(0)), (66)

where ¥ (7 (s), T(¢)) is continuous on [0, 112. Therefore, the assumption 2(b) (in Theorem 1) is
satisfied with L(h) =1l and y =2 —-2HK.
For assumption 2(c) (in Theorem 1), computations yield

"o trfHKy(, 1) 4 —22HK onk . &(h)
n2HK T T ok-1 (T =T)™" + L2HK (67)
and we can check that &, (0) = £;(0) = ¢/(0) = et@) (0) = 0. So that Taylor formula yields
h h— 3
Vh<t<l—h &)= / %ef‘)(x)dx.
0 .
Therefore, we have
.
sup  sup ’554)(x)| " o),
h<t<1-h0<x<h
which yields
(81 0 84rH-K)(t,1) 24— 225 o 4-2HK
— (I - T, —| = O . 68
h;glﬁ_h WIHK (I, —T) S ( ) (68)
Therefore, the assumption 2(c) (in Theorem 1) is fulfilled with
_ D2HK SHK
go(t) = 21<——1(T2 —-T) . (69)
Consequently, we can appply Theorem 1 to Y and obtain (58). ([

Proof of Proposition 5. We apply Theorem 2 to the process Y. As in the Proof of Proposition 4,
we need to show only that the assumptions 2 and 3 (in Theorem 2) are satisfied.
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For assumption 2 (in Theorem 2) the previous proof showed formula (66), which yields that
for all s, 7 €]0, 17> \ {s =1},

K 2HKQHK —1)QHK —2)2QHK —3) SHEK S HK 4
W(s,t):— oK (I —T) ls — 1]
+ (T = T Y (), (),
where v (z(s), T(t)) is continuous on ]0, 112. Therefore, the assumption (21) in Theorem 2 is

satisfied with L(h) =1,y =2 —2HK and

Cosut) = 2HKQHK — 1)(221;11( —2)QHK —3) Ty — T1HE

+ (T = T)Ms — t1*72HE g (1(s), T (1)). (70)

For assumption 3 (in Theorem 2), formula (68) of the previous proof shows that the assump-
tion 3(d) (in Theorem 2) is fulfilled with ¢ = 0, go(r) = 82" and &g = 1/2. Moreover, we

can check that

n: (h)

Orodyr™ Ky, 1 +n) 02HKF2_32HK _q
= n2HK

With the same arguments as those used for ¢; (%) in the previous proof, we obtain

h—01
sup (W)= OY).
h<t<l—h

This shows that the assumption 3(e) (in Theorem 2) is satisfied with

22HK+2 _ 32HK _

% (T, — T))*"K. (1)

gt =

Consequently, we can appply Theorem 2 to Y and obtain (59). ]

Proof of Proposition 6. We apply the § method with the C! function

_ 1 log(y/x)
f(X,y)—z 210g2
to the convergence announced in (44) to yield the result. ]

Proof of Proposition 7. First we establish a refinement of Proposition 4. Because of (68), we
have, for all @ € ]0, 1],

22HK+1

8 —
(T = T8 ——— "= o(h®).

(81 0 85rH-K) (s, 1)
h2HK -

sup
h<t<l—h
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Therefore, the assumption 2(c) of Theorem 1 is fulfilled with g = 1, go(¢) = (T2 — Tp)2HK «
4;,%#, g1(t) =0, ¢ (h) =h and v = «. It yields that almost surely
_ —+ 4 - 22HK 1
Y, (00 "= (1 = TP e o ).
Taylor expansions yield that almost surely
— 1
HK," 2 HK + a< )
nv
and
2HK,—1
n N 1
nzHK 1 =400 | +0( Ogn)‘
n - n%
With o = 3/4, we obtain that almost surely
n2HK,—1 nes 400 1 N logn 72)
— — = 0 .
n2HK=1(4 — 22HKu)(T, — Ty)2HKn (4 = 22HEY(T, — T)2HK n3/4

In addition, we have (44):

( n2HK=1Y, (7) = 45555 (1 — 1)K ) ) N( (T, = T)*E )
HK — s 5w _1,  &~FBM,HK |-
@) K=V, (1) — 5251, — 1)K 22K

If we apply the § method with the C! function

X
fx,y)= (1 _ log(y/x) ) ;
2 2log2
then the Slutsky lemma and (72) yield that there exists a 2 x 2 real matrix A such that

n2HKn—1
V,(Y) — L (L) (T, — T,)*HK
2HK ), 2HK, ' 1 2K—1
f<<4 2HKn)(T—T1) —= N| o0, K- Al

By again applying the § method with the C! function
1 — logx
fl,y)= ( y1°g2>,

we obtain

o~

K,—K \ © (T, — ¥
ﬁ(HK,, - HK) — N<O’ 2K C
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C:(Ul 713)‘
n n2

This proves (63). A final application of the § method with the C! function

with

fay=2
X

yields (65). O

4. Anisotropic fractional Brownian motion

Letd e N*. Let H:R? — ]O, 1[ be a Borelian function that is homogeneous of degree zero,
Ve e RE VA R\ {0}  H(E) = H(E),

that can be identified with an even function from the sphere S~! into R that we denote H
as well. We assume, moreover, that H takes its values inside the interval [H, H] C10, 1[, with
H =essinf H and H =esssup H.

We define the anisotropic fractional Brownian motion (AFBM) with directional Hurst in-
dex H, denoted AU, by the harmonizable representation formula

el(.8) _ 1

. de(é), (73)

vueR? AW () =f

R

where (-, -) is the canonical scalar product and W is a complex random measure in the sense

of Samorodnitsky and Taqqu ([16], 325-328). It is a Gaussian field with stationary increments.

Bonami and Estrade [8] showed that A“)) has a critical Holder exponent equal to H. More-

over, they showed that the field A is locally asymtotically self-similar (.a.s.s.) of order H at

any point of R? (see Definition 8) if and only if Leb({H (8) = H}) > 0, where Leb(-) denotes
indifferently the Lebesgue measure on R? or the Lebesgue measure on S9!,

Let us recall the definition of the l.a.s.s. property (see Benassi, Jaffard and Roux [4]):

Definition 8. Let 8 > 0. A process {X,; u € R?} is locally asymptotically self-similar (l.a.s.s.)
of order B at point ug € RY if the finite-dimensional distributions of the process

{X(uo—H»u)—X(uo);ueRd}
AB

converge to the finite-dimensional distributions of a non-zero Gaussian process when A — 0.
The limit process is called the tangent process at point uy.

Our purpose is to identify the function H when we consider one realization of the field A7),
For that we apply the theorems shown in Section 2 and restrict the field to some segment of RY.
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Y

O X

Figure 1. Geometry of the problem.

To simplify the computations we assume next that d = 2. Note that in this case we can identify
H with an even 7 -periodic function on R. We consider one realization of A¥), which is observed
in axes denoted by Oxy. We assume too that these axes of observation are equal to the axes of
definition of AU,

Let [A, B] be the radial segment of length L € ]0, +oo[ such that the distance between O
and A is equal to Le (with ¢ > 0) and the angle between [A, B] and the axes Ox is equal to
w € [0, 2w[. See Figure 1 for more details on the geometry of the problem (and note that the
angle are oriented anticlockwise).

We use the following parametrization of the point u = (u1, u3) € [A, B]:

uy=L({t+¢e)cosw,
(74)
ur =Lt + ¢)sinw,

where ¢ goes over the interval [0, 1]. Next we consider the restriction of the field AW to the
segment [A, B] with the parametrization (74). Hence we obtain a new process Z indexed by
te[0,1]:

L(t +¢)cosw
_ A(H)
Zi=A <L(t+8)sinw>'

It is clear that Z is a centered Gaussian process with stationary increments.
To apply the theorems of Section 2, we must compute the covariance function R of Z that is
given by the following lemma.

Lemma 9. The covariance function of the process (Z;)c[0,1] is given by, for all s, t € [0, 1],

T
R(s, 1) =4/ AO[Is + PO 41t +PHO — |5 — 12 O] dg, (75)
0
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with

CULHO) 2
8C(2, H)?

where for all d € N* and for all H €10, 1,

Vo €[0,21]  A®O) = |cos(0 — w) 2@, (76)

(d-‘rl)/ZF H 1/2 1/2
n (H+1/2) ) 77

Cd H)= (HF(ZH) sin(Hm)['(H +d/2)

and T denotes the Euler gamma function.

Proof of Lemma 9. First we compute the variogram v of the field A%¥). For all u € R?, we have

1 1 ‘
v(u) = ZE[(A(H)(“))Z] -2 /Sl C, HO) (s y) PO dy

1

27
= 8CO.H)? C(1,H(® ) (@) 2H® g
80(2,@2/0 (1, H(8))|u1 cos(8) + uz sin(9)|

Because the field A has stationary increments and is vanishing a.s. at the origin, its covariance
function is given by

Yu,u' € R?, Cov(A (), A (w)) =2(v(u) + v(') — v(u —u")).
If we take u, u’ in the segment [A, B] with u parametrized by s and u’ by ¢, we obtain
R(s,1) = Cov(A") (u), A (")
21
= 2/ A@)[Is + PO 4|t + PO — s — 2 O] ag.
0
Because the functions A and H are m-periodic, we obtain (75). O

By applying theorems of Section 2 to the process Z, we are able to estimate H, the Holder
critical exponent of A?), We distinguish two cases.

4.1. The l.a.s.s. case

In this subsection we assume that
Leb{H (/) =essinfH} > 0

and we use the notation

B
VH €10, 1] Jg = 8/ AO) 1y @)y=H)do. (78)
0
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Proposition 10. We have, when n — +00,
n-ly,(z) &5 @4 - 22y gy, (79)

For the central limit theorem we must study the asymptotic of
LY
hi> 8/ A@O) (4= 22O PHOD 1y yoy<mt1/4,d0
0

when h — 0. For this purpose, we need to sharpen the assumption on the function H. We get
two kinds of central limit theorem.
Case 1. Assume that

Leb({H < H(6) <H +1/4}) =0.
Proposition 11. We have, when n — +00,
Vi(n*BT,(2) — @4 - 225y ) WY, 0. J508Mm. 1)- (80)

From these results, we can deduce a strongly consistent estimator of H that is asymptotically
normal.

Corollary 12. The statistic

~ 1 Vo (Z) -
H =-—log———2log2 81
H, =7 —log Vn(z)( 0g2) 1)
is a strongly consistent estimator of H and
2 2—2H 2
—~ (L) 3ogemu — 2 O mM.H
H,—H N(O0,J — —= ], 82
\/E(_n _)—> ( H 4(4—22ﬂ)10g2 (82)

where oFZBMYH and af rBM. g are as defined in (52) and (57).

Case II. Assume that
Leb({H < H(6) < H + 1/4}) > 0.

Proposition 13. We have almost surely

s o)
with

T
¢(h) =8 / AO)(4 = 22HOY) 2 HOD Yy 9)<p41/4yd6.
0
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Moreover, when n — 400,
1
ﬁ<n2ﬂ—1 Va(Z) — (4— 22y gy — ¢<—)> LN, T2 020 1)- (84)
H 0 H H

As in Case I, we can deduce a strongly consistent estimator of H that is asymptotically normal.

Corollary 14. The statistic

—~ 1 Vou(2) _1
H =-—1 2log?2 85
H,=7—log Vn(z)( og2)”, (85)

is a strongly consistent estimator of H and

_ 4 =27y +¢(1/(2n)) .
ﬁ<ﬂ"_ﬂ+1°g( @—27H) 1y + p(1/n) )Qk’gz) )

2 2-2H 2
30FBM,§ -2 EG*,FBM,E
4(4 — 22y ]og?2

Y (0, In (86)

Remark. In general, we have

i, Jog

<(4 — 222y j +¢(1/(2n))

~1 _
@—22H) Jy + ¢(1/n) )(Zbgz) =0

but the limit

lim +/nlog

n—-+00

(4 =222y +¢(1/(2n)) .
( 4—22H) ], + ¢(1/n) )(210g2)

does not exist in general.

Example. We assume that
H(6) = H1j0,60{(0) + H1g, ((6)

with H < H and 0 < 6y < 7.

Ifg > H + 1/4, this is Case L.

If H = H + 1/4, this is Case II. We can check that ¢ (h) = (4 — 22HF1/2) 1 ,4h'/2, which
implies

=222 s 142

li 1 '
im +/nlog 4-22H)Jy  22log2

n—-+00

((4 —222) Jp + ¢ (1/(2n))

-1 _
@—22H) ], + ¢(1/n) >(210g2) -

Therefore, the Slutsky lemma yields that /N, (E, — H) converges in law to a Gaussian random
variable with mean equal to the opposite of the right-hand side of the previous formula.
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If H < H + 1/4, then this is also Case II and we have ¢ (h) = (4 — 22ﬁ)Jﬁh2<ﬁ—ﬂ>, which
implies
“=22Jy +¢(1/2n)
(4—22yJy +¢(1/n)

In this case, the bias term becomes infinite, so in practice it cannot be ignored.

lim \/ﬁlog( >(2log2)‘ = 400.
n——+o00

4.2. The non-l.a.s.s. case

In this subsection we assume that
Leb({H (9) =essinf H}) = 0.

Next, we add the following assumptions:

1. H is of class C? on R and there exists a unique point 6 € [0, xt[ such that H(6,) = H =
infH.

2. H is decreasing on 10, — 1/2,6,[ and H is increasing on 16y, 6, + 1/2[. Moreover,
H"(6,) > 0.

3. The angle w is such that @ # 6, 4+ /2 (mod ).

These assumptions are classical when the Laplace method is applied. It is well known that they
can be weakened, but we skip the technical details (see Dieudonné [11], page 125).

Proposition 15. For all ty € R, the finite-dimensional distributions of

A (19 + et) — AT (4
{<—1ogs>‘/4 xer) (0);f€R2} 87)
e
converge when & — OV to the finite-dimensional distributions of the process
Ca,H( 1 \'" , 5
— B* 1);teR"¢, 88
{ : (H,/(e*)> (P, (1)) (88)

where pg, (t) is the orthogonal projection of t on the straight line {reé®, r e R} and B is a
standard FBM of Hurst index H .

Consequently, the field A" is no longer l.a.s.s. and we have shown that a normalization with
a logarithm factor yields a non-trivial limit field. We will see in the sequel that we have the same
behavior for the second-order quadratic variations.

For this section we use the notation

T
Go, =8A04), | 77—
O (0x) H'(0,)
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Proposition 16. We have, when n — +00,
n?H2=1 flognV, (Z2) L5 (4 — 221Gy, . (89)

Now we want to show a central limit theorem. For that we must strengthen assumptions on H
that were demonstrated in the beginning of Section 4.2:

1. H is of class C*° and there exists a unique point 0, € [0, %[ such that H(0,) = H =inf H.
2. H is decreasing on 160, — 1/2,0,[ and H is increasing on 10y, 6, + m/2[. Moreover,
H"6,) > 0.

3. H is analytic in the neighborhood of the point 6,:

06 =
H©O) =" H+) Hi0 -6

i=2

4. The angle w is such that w # 0, + /2 (mod m).

The assumptions imply that the function A is also analytic in the neighborhood of the point 6,:

+o0 )
IO IV SICETH
i=0

In this case, we use the extended Laplace method (see Wong [17]).
Proposition 17. Forall g € N, g > 1, we have, almost surely,
q .
2H—1 n—> 400 r'G@i+1)/2)0; 1
+7Y/1 Vo(Z2) =716y ——————t — ],
" e () z;: (logn)i/2 o (logn)a/?

where the coefficients o; can be expressed in terms of H; and A;.

Remark. We can give that explicit forms for the coefficients o; (see Wong [17]). For instance,
the first two coefficients are given by

4 2%
[ WGG*’ (90)
2 (A/(Q*)(4 — 2% H<3>(9*)A(9*>>
o1 = — 1)
H"(6,) 2 3H"(0s)

Proposition 18. We have, when n — 400,

,/nlogn(nzﬂ_lvn(z) - /“ A4~ 22H(0))<l
0

2(H(0)—-H)
)

Lin@<m+1/4) d9)

(£)
> N(0. G5, opm.p1)- (92)
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Theorem 3 and the Slutsky lemma yield that when n — +o0,

Jnlogn ( n?H1V,(2) — 5 A@) (@ = 22H OGP HO DY 9 gy 4174 dO )
Q) =1y, (Z) — [ AO) (4 = 22HOYGHN2HO-IY o) 4174y dO

(L)
— N(0, G3, ZrMm, 1)- 93)

As in the previous case, we obtain an estimator of H that is strongly consistent and asymptoti-
cally normal.

Corollary 19. The statistic

_1_10 V2n(Z)
AR

)

(2log2)~! (94)

is a strongly consistent estimator of H and

_ G, +$(1/Q2N) »
ﬁ<ﬂ" ﬂ“"g( Go, + $(1/Nn) )mogz) )

302 —22-2H ;2
(L) /\/(O, Go. FBM, H *,FBM,Q) 5)

— 44— 22H)log2

with
T
¢ (h) =8y/— IOgh/O A©) (4 —22HO) P HO=D Y o) 4174y dO
— (4 —220)Gy,.

Let us note that because Z is Gaussian and has stationary increments, we can apply the results
of Istas and Lang [15] to estimate H. To do so we must assume that Leb({H (6) = H}) > 0 and
H > 3/4. Moreover, we need observations of Z along an infinite interval, which is not the case
in our assumptions (¢ € [0, 1]). In this sense, we have improved the result of Istas and Lang [15]
in the case of the AFBM.

Let us note that the estimation of the function H was performed by Ayache et al. [2] and
Biermé [6].

4.3. Proof of the results in the l.a.s.s. case

Proof of Proposition 10. We must check that the assumptions of Theorem 1 are satisfied. For
assumption 2(a) (in Theorem 1), note that the functions H and A are bounded functions that can
be deduced by the Lebesgue theorem of continuity under the symbol integral.

For assumption 2(b) (in Theorem 1), we must compute the derivative dj;% For the same
reasons as above, the Lebesgue theorem of differentiability under the symbol integral shows the
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existence of this derivative on 10, 1]% \ {s = ¢} and yields the formula

9*R
952912

s — t|2+)/

(s, 1)
- —4/]T AO)2HO)(2H®) — 1)(2H(6) —2)(2H () = 3)|s — t*HTO~H q9,  (96)
0

where y = 2(1 — H). Because the right-hand side is bounded, this proves that the assumption 2(b)
(in Theorem 1) is satisfied with L(h) = 1.
Computing (8’11 o 8’21R)(s, 1), we get

8} o 84 R) (s, 1)
T
24/ A(Q)(_|S —1— 2h|2H(0) +4)s —t — h|2H(9) —6|s — t|2H(9)
0
+4|S —t+h|2H(9) _ |S —t +2h|2H(9)) do.
Thus
bl
(6? oaé‘R)(t,t) = 8/0 A(9)|h|2H(9)(4_22H(9))d9’
S0
ot Rt 1)

T
— =8| A@O)PHOD (4 _22HO)) 49 97)
|h|>—Y 0

withy =2 —2H.
Setting go(f) = (4 — 21) Jp, we have

S} o 4R)(t, 1)

T

Therefore, the Lebesgue theorem and the fact that the right-hand side does not depend on ¢ yield

. "o 8tRY1,1)
lim sup |———— —
|h|>=Y

h—0% p<t<1—h

go(1)| =0.

Hence the assumption 2(c) (in Theorem 1) is fulfilled.
So if we apply Theorem 1 to Z, we obtain (79). O

Proof of Proposition 11. We apply Theorem 2 to Z. We must show that the assumptions 2 and 3

(in Theorem 2) are satisfied. For assumption 2 (in Theorem 2), we must compute the derivative
3*R

FIETeR As in the proof of Proposition 10, the Lebesgue theorem of differentiability under the
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symbol integral shows the existence of this derivative on ]0, 1] \ {s = ¢} and yields the for-
mula (96),

4

24y
ls — 1]
9s2 912

(s,1)
= _4/7[ AO)2HO)(2H(©) — 1)(2H(©) —2)(2H (0) — 3)|s — t*H O~ g9,
0

where y = 2(1 — H). Hence the assumption 2 (in Theorem 2) is satisfied with L(h) = 1 and
C (s, t) equal to the right-hand side of (96) (the continuity of C on {s = t} is obtained by applying
Lebesgue theorem).

Next we deal with the assumption 3 (in Theorem 2). We have proved (97):

o8t R)(t,1)

T
_ 2HO)—H) (4 _ 2HO)
e _8/0 A)|h] (4 —22H®) g

Wesetqg =0, ag=1/2 and

T
g0(t) = 8(4 — 22H) /0 AO o)) 46 = (4 — 22 1.

‘We have

G o8t R)(t,1)

T
s —go(t) = Sf A@O)RPHOD (4 — 21OV )2 4174y dO.
0

Therefore, the Lebesgue theorem yields

(8 o 84R)(2,1)
it

lim —

—go()|=0
h—0F \/Ehftfl—h 80

and assumption 3(d) (in Theorem 2) is fulfilled.
Moreover, we have

T
I o 82RY(t + h,1) = 4/ AO) RO (4.22HO) _32HO) _7)dp,
0

SO
(8" oS8Rt +h,1)
|h|2=Y

- 4/71 AO)|hPHO—H) (4 2HO) _ 32HO) _7) g,
0
Consequently, the theorem of dominated convergence yields

(81 o8I R)(t + h, 1)
|n>=7

lim  sup gt)| =0,

h—=0% p<t<1—n



748 A. Begyn

where
g(r) =@M 321 _ 7y,
Thus, the assumption 3 (in Theorem 2) is fulfilled. O

Proof of Corollary 12. The almost sure convergence is a straightforward consequence of (79).
To get (82), we just apply the 8 method with the C! function:

_log(y/x)

TN == 10g2 O

Proof of Proposition 13. We apply Theorem 1 to Z to obtain a refinement of Proposition 10. We
must show that Assumptions 2(b), 2(c) and 3 (in Theorem 1) are satisfied. For assumption 2(b)
(in Theorem 1), we use the same arguments as in Proposition 11 and obtain the same function
C(s,t) withy =2 —2H and L(h) = 1.
Next we deal with assumption 2(c) (in Theorem 1). Assumption 2(c)(iii) (in Theorem 1) is a
straightforward consequence of the Lebesgue theorem.
Moreover, we have proved (97):
@} 053 R) (2, 1) _ 8/7[ A@)[HPHOI (4 _ 2HO) gp,
|h|2=Y 0
Wesetg=1,01=1/2,vi=1and

T
go(t) =8(4 — 22&)/ AO N 0)=py 4 = T (4 — 2°H),
0
g1t) =1,
T
¢(h) =8 /0 A@)(4=22HO)nPHOY Y ygy<pt1/aydb.

We have

(8" o 8hR)(t, 1)

v go(t) — g1()¢ (h)

T
=8/0 A@O)(4 —22HOY R PHOD 4 o)) dO

"2 (i),

thanks to Lebesgue theorem. Because the right-hand side does not depend on f, assump-
tion 1(c)(v) (in Theorem 1) is fulfilled.
Moreover, we have

T
¢(h) =8 f AO)(4—22HOY) P HOD Yy 49y <pi41/4yd6.
0
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Therefore, for 4 enough small,
¢ (h) = Kh?EHVAH) — g /p

which yields that the assumption 2(c)(iii) (in Theorem 1) is satisfied too. The last inequality
yields that the assumption 3 (in Theorem 1) is fulfilled.

Therefore, (83) is a consequence of Theorem 1 applied to Z. To prove (84), we apply Theo-
rem 2. We need to check that assumptions 3(d) and 3(e) (in Theorem 2) are fulfilled. Assump-
tion 3(d) (in Theorem 2) is a straightforward consequence of previous computations. For as-
sumption 3(e) (in Theorem 2), we use the same arguments and the same function g(¢) as in
Proposition 11. (]

Proof of Corollary 14. The almost sure convergence is a straightforward consequence of (79).
n2HK=1y, (z) ) and ((4*22£)Jg+¢(%))

To prove (86), we apply the § method between the points ( Qn2HK-1Vy (7) 42 Tt ()
n —2)Jat+é (5,

to the C! function:

_ log(y/x)

2log2 B

flx,y)=

4.4. Proofs of the results in the non-l.a.s.s. case

Proof of Proposition 15. Thanks to Proposition 9, we can compute the variogram of A% for
all t € R%:

27
v() =% / C(1, H(6))*|t1 cos(6) + 1 sin(6)[* @ dp.
0
We use the polar coordinates and we parametrize r € R \ {(0, 0)} by (o (1), a(2)):

1= p(t)cosa(r),

thy = p(t) sina(t).

We set v, (f) = e 2y (et), & > 0, and use the polar parametrization and the m-periodicity of the
function H to obtain
Ox+1/2
V() = %f C(1, H))*p(1)*O|cos(a(t) — 6)| P 2HO-D gq.
0,

—T0/2

We assume that p(¢) # 0 and «(?) # 6, + 7/2 (mod 7). The Laplace method (see Dieudonné
[11], Theorem IV.2.5, page 125) yields

e—0+ C(1, H)? /
ve (1) < %,O(t)zﬁkos(a(t) —9*)|2ﬂ m-
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Therefore,

) 1\ 1 Cc(, H)? 2H T
L, ‘°g<5>sz—ﬂ”“’> =5 PO eosle ~6)[T s

With a refinement of the Laplace method, we can check that this is still true if p(f) =0 or
a(t) = 604 + 1/2 (mod 1), which are the cases where the limit is vanishing.

Moreover, because A is a Gaussian processes with stationary increments and vanishing
limits at the origin, we have

vs,teRY Cov(AM), ATD) = 2(v(s) + v(t) — v(s —1)).

We are able to conclude that the finite-dimensional laws of the process (87), with g = 0, converge
toward those of the process defined in (88). Because AU has stationary increments, we have the
same result for all 75 € R4, O

Proof of Proposition 16. As in Proposition 10, we must check that the assumptions of Theo-
rem 1 are satisfied. For assumption 2(b), in Proposition 10 we showed formula (96),

R
9s2 012

s — l|2+y

(s, 1)
=4 /]T AO)2H©O)(2H©®) — 1)(2H6) —2)(2H(0) — 3)|s — t*HO = gg,
0

where y =2(1 — H). We set L(h) = ﬁ, where L is slowly varying, and write

ls — 17t 3*R

S ’l‘
Ls —1]) 202 &1

=—4 /n A0)2H(0)(2H(©®) — 1)(2H(0) —2)(2H () —3)
0

x /log(|s — t])|s — t|*HO—H) 49 (99)
It H# % the Laplace method yields that the right-hand side goes to

T
H"(6y)

A(0:)2H(2H — 1)(2H —2)(2H - 3) (100)

when |s — | — 0. A refinement of the Laplace method allows us to check that it is still true if
H= % This implies that the right-hand side of (99) is a continuous function of (s, ¢) on the set

[0, 1]2. Therefore, it is bounded and the assumption 2(b) (in Theorem 1) is satisfied.
For assumption 2(c) (in Theorem 1), we have seen in (97) that

h o sh
(8] °|:|221_3))/(t, 1) _ S/n A@)|hPHO=ID (4 _22HO) 4g
0
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with y = 2(1 — H). We want to study the asymptotic behavior of the preceding integral, so we
denote by I (h) the right-hand side of (97). The Laplace method yields

27

h_’)\lo+ __n2H _—
1(h) 8A(0:)(4—2 )\/(_logh)ZH”(Q*)'

Therefore, we obtain

‘/ (—logh)I (h) = 8A(6y) (4 — 2%

H//(e )

As in the Proof of Proposition 10, because /(—log k) (h) does not depend on the variable ¢, we
have

"o 8tRY(1, 1)
lim sup |————m——
hﬁ0+h<[<] —h L(h)lhl Y

—go()| =

where go(t) = (4 — 22£)G9*. Therefore, the assumption 2(c) (in Theorem 1) is fulfilled with
q = O. |:|

Proof of Proposition 17. We apply Theorem 1. The difference from the proof of Proposition 16
comes from assumption 2(c) (in Theorem 1). We must compute an asymptotic expansion of the
expression, which is a consequence of (97),

o8t RY(1,1)
L(h)|h|>7Y

27w
=4y = logh/ AO)|hPHO=m) (4 _22HO)) g9
0

with y = 2(1 — H). The m-periodicity of the functions H and A yields

O+

8\/7/ A@)(4 22H(9))e2(y(9)_m)loghde‘

810 84R) (1, 1)
L(h)|h|*>~Y

Here we cut this integral into two parts (we integrate on [0y, 6, 4+ 7t /2] and on [0, + 11 /2, 6, + 7])
and use Theorem II.1.1 from Wong [17] on the extended Laplace method. We obtain

G} o IR(, 1) hsot | T+ 1)/2)0i ( 1 )
— = 21716 101
Z 0 ( (101)

L(h)|h|>7 (—logh)i/? —logh)4/?

where the coefficients o; can be expressed in terms of H; and A;.
Because these quantities do not depend on the variable ¢, the assumption 2(c)(iii) of Theorem 1
is fulfilled with

1

i+1
(1) =16I" i i=1/2, h) = ———, ; =1.
gi(0) ( : )a =1/ o) =~ =i O



752 A. Begyn

Proof of Proposition 18. We apply Theorem 2 to Z. We must show that assumptions 2 and 3 (in
Theorem 2) are satisfied. As in Proposition 16, we can check that assumption 2 (in Theorem 2)
is fulfilled with C (s, t) equal to the right-hand side of (99).

For assumption 3 (in Theorem 2), we have proved (97):

h o oh
Gy od R 1) 8/” A@) P HO-D (4 _ 22H©) g
|h|>—Y 0
Wesetq =0, =1/2,vi=1and
() = (4 —21)Gy,,

g1 =1,
T
¢ (h) =8y/—logh / A©)(4 =22 O)pPHOEDY gy gy 174y d6
0

— @4 -2MG,,.
We have

G o 8AR) (2, 1)
L()|h|>Y

7
=8y — logh/ A(@)(4 — 22H(9)) |h|2(H(9)7ﬂ)1{&+1/4<H(9)} do
0

h—;O+ O(«/Z),

thanks to the theorem of dominated convergence. Because the right-hand side does not depend
on ¢, assumption 3(d) (in Theorem 2) is fulfilled.
Moreover, we have

—8o(1) — g1(M)¢(h)

T
M o88RY(t +h,1)= 4/ AO) AP O (4.22HO) _32HO) _7) 49
0

and so

G o 8tRY(t + 1, 1)
L(h)|h|>~Y

T
=4w/—10gh/ AO)|hPHO=H) (4 20O _32HO) _7) g,
0

Consequently, the Laplace method and the theorem of dominated convergence yield

Mo 8iRY(t+h,t
fim  sup | Q2%2R ) 4A 42— 3 7
h—=0% p<r<1—h L(h)|h|>77 H"(0,)

Thus, the assumption 3(e) (in Theorem 2) is fulfilled with

42284 _32H _ 7

)= —Goy,.
g() > 0, O
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