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AREA OF THE COMPLEMENT OF THE FAST ESCAPING SETS OF
A FAMILY OF ENTIRE FUNCTIONS
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Abstract

Let f be an entire function with the form f(z) = P(e”)/e”, where P is a polynomial
with deg(P) >2 and P(0) #0. We prove that the area of the complement of the fast
escaping set (hence the Fatou set) of f in a horizontal strip of width 2z is finite. In
particular, the corresponding result can be applied to the sine family « sin(z + f8), where
o#0 and peC.

1. Introduction

Let /' : C — C be a transcendental entire function. Denote by f°" the n-th
iterate of f. The Fatou set F(f) of f is defined as the maximal open set in
which the family of iterates {f°":ne N} is normal in the sense of Montel.
The complement of F(f) is called the Julia set of f, which is denoted by
J(f). It is well known that J(f) is a perfect completely invariant set which is
either nowhere dense or coincides with C. For more details about these sets, one
can refer [3], [6] and [17] for rational maps, and [4] and [11] for meromorphic
functions.

Already in 1920s, Fatou considered the iteration of transcendental entire
functions [13] and one of his study object was f(z) = a sin(z) + 5, where 0 < o <
1 and peR. After Misiurewicz showed that the Fatou set of f(z) = e” is empty
in 1981 [18], the dynamics of exponential maps and trigonometric functions
attracted many interests from then on. See [8], [9] and [7] for example. In
particular, in 1987 McMullen [16] proved a remarkable result which states that
the Julia set of sin(oz + f8), o # 0 always has positive Lebesgue area and the
Hausdorff dimension of the Julia set of ie®, 4 # 0 is always 2. From then on a
series of papers considered the area and the Hausdorff dimension of the dynami-
cal objects of the transcendental entire functions, not only for the Julia sets in
dynamical planes (see [29], [14], [15], [30], [23], [2], [21], [1], [20], [27] and the
references therein for example), but also the bifurcation loci in the parameter
spaces (see [19] and [31]).
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Unlike the polynomials, the Julia set of a transcendental entire function f is
always unbounded. Since the Fatou set of f is dense in the complex plane (if
F(f) # 0), it is interesting to ask when the Fatou set of f has finite area. For
the sine function f(z) =sinz, Milnor conjectured that the area of the Fatou
set of f is finite in a vertical strip of width 2z. By applying the tools in [16],
Schubert proved this conjecture in 2008 [24].

For a transcendental entire function f, the escaping set I(f) was studied
firstly by Eremenko in [10]. A subset of the escaping set, called the fast escaping
set A(f), was introduced by Bergweiler and Hinkkanen in [5]. These sets have
received quite a lot of attention recently. Especially for the fast escaping set, see
[25], [22], [26], [28], [12] and the references therein. In this paper, we consider
the area of the complement of the fast escaping sets of a family of entire func-
tions and try to extend the result of Schubert to this class. Our main result is
the following.

THEOREM 1.1.  Let P be a polynomial with deg(P) > 2 and P(0) #0. Then
the area of the complement of the fast escaping set of any function with the form
f(z) = P(e?)/e* is finite in any horizontal strip of width 2.

The method in this paper is strongly inspired by the work of McMullen and
Schubert ([16] and [24]). It is worth to mention that we give also a specific
formula of the upper bound of Area(SN A(f)) in terms of the coefficients of the
polynomial P (see Theorem 3.1), where S is any horizontal strip of width 2z and
A(f)¢ is the complement of the fast escaping set of f. In fact, we believe that
our method can be adopted also to the type of entire functions with the form

@) =" 0 exp(e)
w
completely similarly, where m > 1 is a positive integer, P is a polynomial with
degree deg(P) = m+ 1 and P(0) # 0.
As a consequence of Theorem 1.1 and Theorem 3.1, we have the following
result on the area of the complement of the fast escaping set of the sine family.

THEOREM 1.2. Let S be any vertical strip of width 2rn. Then the area of the
complement of the fast escaping set of f(z) = o sin(z+ ) with o # 0 satisfies

Area(SNA(f)°) < (4n + 4r) <x* + 14 8cet /2 l—r/z) )
— e

where
1 536v2 1

V= = C =
8 o

18K K+1
x* :max{log(l + |i| ),10g<8( |oc_;— )>,610g 2,12+ 2 log c}

and
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with K = max{|«|/2,|f|}. In particular, if f(z) =sinz or cosz, then
Area(SNA(f)) < 361.

Since the fast escaping set of f(z) = P(e”)/e” is contained in the Julia
set (see Corollary 2.11), it means that the complement of the fast escaping set
contains the Fatou set and hence Theorem 1.2 is a generalization of Schubert’s
result. In [24] Schubert proved that Area(SNF(f)) <574 for f(z)=sinz,
where S is a vertical strip with width 2z. See Figure 1.
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FIGURE 1. The Fatou sets (white regions) of f(z) =sinz and f(z) =cosz. Both of these functions
have period 2z. It is shown in Theorem 1.2 that the area of the complement of the fast escaping set
(hence the Fatou set) of f in a vertical strip with width of 2z is bounded above by 361.

We collect some notations which will be used throughout of this paper.
Let N, Z, R and C, respectively, be the set of natural numbers, integers, real
numbers and complex numbers. For any x > 0, we use [x] to denote the integer
part of x. Hence x — 1 < [x] <x. For a subset X of C, we use X° to denote
the complement of X in C. All the distance and diameter in this paper are
measured in the Euclidean metric and the area is regarded as the two-dimensional
planar Lebesgue area. We use D(a,r):={zeC:|z—a| <r} to denote the
round disk with center ¢ € C and radius r > 0.
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Foundation of China (grant Nos. 11671092, 11671191) and the Fundamental
Research Funds for the Central Universities (grant No. 0203-14380013). We
would like to thank Lasse Rempe-Gillen for valuable comments which improved
the statements of the main results in this paper and Liangwen Liao for helpful
conversations.

2. Distortion lemmas and some basic settings

2.1. Distortion quantities. As in [16] and [24], we introduce some quanti-
ties of distortion in this subsection. Let D be a bounded set in the complex



534 SONG ZHANG AND FEI YANG

plane C and let f be a holomorphic function defined in a neighbourhood of
D. We say that f has bounded distortion on D if there are positive constants ¢
and C, such that for all distinct x and y in D, one has

(1) c<|f(x)_f(y)|

=] <C.
The quantity

L(f|p) :=inf{C/c:c and C satisfy (1)}
is the distortion of f on D. By (1) we have

sup|f'(z)| < C and in£|f’(z)\20.

zeD
Therefore, L(f|,) has a lower bound satisfying
sup. . pl/"(2)|
2 L > —S==
( ) (f|D) 1nfzeD|f/(Z)|

The equality holds in this inequality if D is a convex domain.
Let Area(E) be the Lebesgue area of the measurable set E C C. If X and D
are two measurable subsets of the complex plane with Area(D) > 0, we use

. Area(X N D
density(X, D) := Aria(l)))

to denote the density of X in D. If ¢ and C satisfy (1), then ¢ Area(X) <
Area(f(X)) < C? Area(X). This means that

(3) density(f(X), /(D)) < L(f],)* density(X, D).
The nonlinearity of f on D is defined as
()
1£7(2)]

provided the right-hand side is finite. In the following by square we mean a
closed square whose sides are parallel to the coordinate axes. We will use the
following relation between the distortion and nonlinearity on squares.

4) N(flp) := sup{ iz € D} - diam(D),

Lemma 2.1.  Let Q be a compact and convex domain in C (in particular if Q
is a square) and let f be a conformal map defined in a neighbourhood of Q with
N(flg) < 1. Then

L(flg) = T+2N(flp)-
Proof. Since f is conformal, let zy be a point in Q such that

|/ (20)| = sup /()] > 0.
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Since Q is convex, for any ze Q we have

1)~ 1) _ 5 SO A _ sup.colf(2)

|f,(ZO)| B |f’(zo)| - |f/(20)| : ‘Z_ZO|
PN
< spl frg (@) = KUl < 1

Therefore, the image of Q under f”(z) is contained in the disk D(f”(zo),|f"(20)|)
and hence log f'(z) is well-defined on Q.
Since Q is compact, let z; € Q such that

1f(z1)| = inf |f(z)| > 0.

Since Q is convex and log f'(z) is well-defined, we have

tog L(f1g) =log 2% < llog f'(z1) ~Iog ()
1 o o |16
B JZO (logf( )) 5 Jzo f/(Z) «

SN
< E‘SB{ Lo - dam(0) = N(/lo)

Since e* <1+ 2x for x€[0,1), we have
L(flo) <exp(N(flp)) < 1+2N(flo)- O

Remark. McMullen notes in [16] that L(f],) is bounded above by
L+ O(N(flp)) if N(fl|p) is small. After that Schubert states in [24] that
L(f1p) < 1+8N(flp) if N(flp) < 1/4 but without a proof.

Let n be a positive integer. For each 1 <i<n, let D; C C be an open
set and f;: D; — C a conformal map. Let ¢ and M >0 be two constants
satisfying

1" ()]
()]
Furthermore, let Q; C D;, 1 <i<n be squares with sides of length r >0
satisfying Q41 C fi(Q;) for all 1 <i<n—1. Define V := f,(Q,) and

Fi=(fyo-of) 1 V= 0.

Then F is a conformal map. McMullen proved that the distortion of F on V
is bounded above by a constant depending only on o, M and r, but not on f;
and n ([16]). Actually, this upper bound can be formulated in the following
lemma.

|f/(z)] > >1 and <M, where zeD; and 1 <i<n.
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LemMaA 2.2.  If the sides of length r of Q; is chosen such that r < 1/(4M) for
all 1 <i < n, then the distortion of F on V satisfies

L(F|,) <exp <Gi1> .

Proof. Let g; be the inverse of f; which maps f;(Q;) to Q; for 1 <i<n.
Recall that V = f,(Q,). Define V;:=g;o0---0g,(V), where | <i<n. In par-
ticular, V, = g,(V) = Q,. Since |f/(z)| > o >1 for all 1 <i<n, we have

2
diam(V;) < %, for all 1 <i<n.
Note that V; C Q; C D; for 1 <i<n since Qi1 C fi(Q;) for all 1 <i<n-—1.
This means that there exists a square Q) C Q; such that ¥; C Q! and the length of
the sides of Q] is at most V2r/a"~. Hence by (4), the nonlinearity of f; on 0!

satisfies
N(filgy) = <sup U ”‘”') diam(g)) < 2 < L.

zeQ) |fz (Z)l
By Lemma 2.1, we have

AM
L(filg) <1 +J—f for all 1 <i<n.

For any holomorphic functions f and g, it is straightforward to verify that
the distortion of f and ¢ satisfies!

L(fly) = L(f_llf(V)) and  L((go f)ly) < L(f1y)L(gl/r))-

Hence, we have
L(F|y) = L((fuo--ofi)ly)
< L(Aly)L(faly,) - Lkly,) < L(filg)L(flgy) - - L(fulg;)

n—1 n—
<M= 1102)
Since log(1 + x) < x for all x >0, we have
. =\ 1 g
<exp<z ><exp<2)—e p( 1> [
0 i 7'

2.2. Nesting conditions, density and area. In his proof of the existence of
Julia sets of entire functions having positive area, McMullen introduced a system

1We suppose that the inverse of f exists in the first equality.
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of compact sets which satisfies the nesting conditions [16]. We now recall the
precise definition.

DeriNiTION (Nesting conditions). For ke N, let &, be a finite collection
of measurable subsets of C, i.e. & :={Ey;:1 <i<d}, where each Ej; is a
measurable subset of C and dj := #&, < +oo. We say that {6 },-, satisfies the
nesting conditions if & = {Ey 1}, where Ey is a compact connected measurable
set and for all k e N,

(a) every Eji1,;€ 6y is contained in a Ej ; € 6, where 1 <i<d; and

1 <j<dg;
(b) every Ej ;€ & contains a Eyiy ;€ y1, where 1 <i<d; and 1< j<
dy11;

(c) Area(Er;NEy;) =0 for all 1 <i,j<d, with i # j; and
(d) there is p; > 0 such that for all 1 <i<d; and E ;€ &, we have?

dk+l
density(&y+1, Ex.i) == density(U Ei1, Ex, i) > Pr-
j=1

Let {&x},—, be a sequence satisfying the nesting conditions. Define E :=
Mizo k. The following lemma was established in [16, Proposition 2.1].

LemMA 2.3. The density of E in Ey satisfies

density(E, Eo,1) > Hpk.
k=0

Now we give the definition of some regions which are needed in the
following. For x > 0, we define

(5 A(x):={zeC:|Rez| > x}.

For any given m,ne Z and r > 0, we define the closed square by
ort:={zeC:mr<Rez<(m+1)r and nr <Imz < (n+ 1)r}.

Let

(6) 2, = {Q]"" s m.n e Z}

be a partition of C by the grids with sides of length r > 0. Sometimes we write
o' e 2, as Q, if we don’t want to emphasize the superscript of Q".

2Note that & is a collection of measurable sets for k € N.  For simplicity, sometimes we will not
distinguish &} and the union of its elements U,d:‘] Ey ;.
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Lemma 2.4. Let Q C C be a square with sides of length r > 0 and suppose
that f is conformal in a neighbourhood of Q with distortion L(f|,) < co.  For any
x>0 and zp € Q, we have

Area(| {0, € 2.: 0,0 (3(Q) U (GAM) N £(0)) #0}) < e,
where ¢ =16 + 12\/§L(f|Q)|f'(zo)|.

This lemma was established in [24, Lemma 2.3] with a different coefficient
¢. For completeness we include a proof here and the argument is slightly
different.

Proof. If y C C is a vertical line with length /; > 0, it is clear that

21
(7) #Qre2: 0Ny £0} <4+
Let y C C be a continuous curve with length 1, = 2v/2kr >0, where k is a
positive integer. We claim that

(8) k' = #{Qregr : Q;ﬂy¢(b} <4+ 8k.

Indeed, if k = 1, then it is easy to see k' < 12. Assume that k = n and in this
case k' <4+8n. If k=n+1, let y(¢) : [0,1] — C be a parameterization of y
such that the length of y([0, 1)) is 2v/2nr while the length of y([to,1]) is 2v/2r,
where 0 < #p < 1. Since y([ty, 1]) can intersect at most 8 squares while ([0, ])
can intersect at most 4 4 8n by the assumption, it follows that k' <4 +8(n+ 1) if
k=n+1. Hence the claim (8) is proved.
For the general case, we assume that y C C is a continuous curve with length
I3 >0. Let [x] be the integer part of x > 0. By (8), we have
l 2V21;5
< .
5 \/Er} +8< 12+ .
Since f is a conformal map in a neighbourhood of Q, we conclude that
of (Q) = f(0Q). From (2), the length of df(Q) satisfies

©) #{Qrew@riQrﬁV¢®}§4+8[

(10) him | el = [ 1@ < sup ) 4
70 20 ze0
<4L(fIQIf (o)l
Similarly, the length of dA(x) N f(Q) satisfies
(11) Is <2 diam f(Q) <2 sug|f’(z)| -diam(Q)

< 2V2L(f|)lf " (z0)lr-
By (7), (9), (10) and (11), we have
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#{0, € 2,: 0,N (3 (0Q) U (3A(x) N £(Q))) # 0}
< <4+2—£5> + <12+2\?I4> = 16+m

< 16 + 12V2L(f|,)f"(z0)]-

The proof is finished if we notice that the area of each Q, is r’. O

2.3. Basic properties of the polynomial and entire function. For N > 2, let
P be a polynomial with degree at least 2 which has the form

Pz)=ay+ayz+---+ayz",

where a; € C for 0 <i< N and apay #0. In the rest of this article, the
polynomial P will be fixed. We denote

(12) K := max{|a|, |ai|, ..., |an|} > 0.
LEmMMa 2.5. Let ¢>0 be any given constant. The following statements
hold:

K
@ If lzZl =14+=—>1, then
glan|

|P(z) — anz"| < elay]|z|";
elao|

(0) 1f |2 < 0

<1, then
+ ¢lao|

|P(z) — ao| < é|ao]-

K
Proof. By the definition of K in (12), if |z| > 1 +—— > 1, then

glay|
N N-1 21" N
|[P(z) —anz"| < K(1 +|z| +--- + || )<K\z|—1 < élay]||z|".
. &laol
On the other hand, if |z| < ——— < 1, then
K + ¢lao|
zZ
P~ al < K|+ 1) < K < sl 0
Note that
N-1

P(2))z=apz " 4 a)+ -+ ayz""

is a rational function. Let D(a,r):={zeC:|z—a| <r} be the open disk
centered at @ € C with radius r>0. For each R>0 and 6,¢¢€[0,2n), we
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denote a closed domain

U(R,0,¢) ::{zeC:|z| > R and 9—% < arg(z) g@—i—g}.

LEMMA 2.6.  For every 6 € [0,2n), the rational function P(z)/z is univalent in

a neighborhood of U<2R1,9,ﬁ) and D(0, Ry/2), where
jao|

4K
Ri=1+— d Ry=-————.
! WET2T AR ]

lan|

Proof. (a) If |z| > Ry, by Lemma 2.5(a) we have

P(z B 1 _
70— | < Glavl !
z 4

Then one can write P(z)/z as

(13) P =P8 — a1 ),

where ¢(z) is holomorphic in C\{0} and |p(z)| < 1/4 if |z| = R;.
Let wy e C\{0}. For any we dU(|wg|/2,arg(wy), ), we have

1
(14) [w = wo| > 7 (jwl + [wol).

Let g(z) := z"¥~1. For each z; € C such that |zy| > 2R, we define wy := g(z0) =
z'~!. Note that g~'(U(|wo|/2,arg(wo),n)) consists of N —1 disjoint closed
domains:

2kn i1
D, :— 2—1/(N-1) ikt
k U( |ZO|7arg(20)+N_17N_1 5

where 0 <k <N —2. Then for 0 <k <N —2, z; := zoe?/(N-1 is contained
in the interior of Dy.

For any z € 0Dy with 0 <k < N —2, we have zV=1 € dU(|wy|/2, arg(wo), 7).
Combining (13) and (14), we have

EREEE- AR (\zl Y fzolV T > 2V 0(z) — 20 (o)

Define p,(2) == a (! ~ =) and ps() = P(2) -
—ayzy (14 ¢(z0)). By Rouché’s theorem, ¢,(z) =0 and ¢,(z) =0 have the
same number of roots in each Dj, where 0 <k <N —2. Since ¢;(z) =0 has
exactly one root zx in each Dy, this means that ¢,(z) = 0 has exactly one root in
each Dy, where 0 <k <N —2.

Pi(z0) = ayz"""(1+ 9(2))
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On the other hand, (14) holds also for we dU(|wy|/2, —arg(wo), 7). By
Rouché’s theorem again, ¢,(z) =0 has no root in each —Dj, where 0 <k <
N —2. By the arbitrariness of zo, it means that P;(z) = P(z)/z is univalent in a

neighborhood of U 2R1,9,N7i1>, where 6 € [0,27).
(b) Similarly, by Lemma 2.5(b) one can write P(z)/z as
P(z) a
P ="E -0y ),

where V(z) is holomorphic in C and |y(z)| <1/4 if |z| < R,. For each zpe
D(0,R»/2)\{0} and z € dD(0, R,), we have

1
|z —zo| > 4_1(|Z| + |20])-

Hence

I 1

3 1 |z| + |zo|
z 20

4 |zzo]

S Y(z) _¥(z0)|

z Zo
Define Y, (z) :=ao(1/z —1/zp) and ,(z) := Pi(z) — Pi(z0) = ?(1 +y(z)) —

?(1 +¥(z9)). By Rouché’s theorem, i;(z) =0 and ,(z) =0 have the same
0

number of roots in D(0,R;). Since ;(z) =0 has exactly one root zp in
D(0, R;), this means that y,(z) =0 has exactly one root in D(0,R;). By the
arbitrariness of zj, it means that P;(z) = P(z)/z is univalent in a neighborhood
of D(0,R,/2). O

Since P is a polynomial, it is easy to see that P(e®)/e” is a transcendental
entire function. We now give some quantitative estimations on the mapping
properties of f(z) = P(e”)/e” by applying some properties of P(z)/z obtained
above. Recall that A(x) ={zeC:|Rez| > x} for x >0. We denote

(15) Ko := min{|ao], |ay|} > 0.

COROLLARY 2.7. Let

n 8K
1 = R; =1 24+—.
(16) ro ] and R og( + K0>
Then for any square Q C A(R3) with sides of length r <ry, the restriction of
f(z) = P(e?)/e* on a neighbourhood of Q is a conformal map.

Proof. We have |e?| > 2R; if Rez >1log(2R;) and |e’| < R,/2 if Rez <
log(R,/2). Let Q C A(R3) be a square with sides of length n/(N —1). It is
easy to see that exp is injective in a neighbourhood of Q and exp(Q) is contained
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.= n
in D(0, R,/2) or U(2R1,9,m

P(e?)/e* is conformal in a neighborhood of Q by Lemma 2.6. O

for some 0 € [0,27). This means that f(z) =

We will use the following lemma to estimate |f'(z)| and |f"(z)/f'(z)| for

[(z) = P(e7) /e

LemMma 2.8.  Suppose that |z| = R4 or |z| < Rs, where

2K+4 K [ 2N?
R4:1+max{ a ,—( N +1>} and

lany| “lan] \N =1
o |aol 1 flao|
Rs _mm{2(KN+2)’2N K[
Then

/ P(z) Z2P"(z)

P'(z) . >2 and P(5 = P() I|<N.
Proof. A direct calculation shows that

N N
'"(z) = Zkakzk_l and P(z Zk — Dagz*

k=1 k=2

This means that

(17) P'(z) - @ = Zkakzk’I - Zakz Z — Dayz*
=0

k=1 k=0
and
2pn N _ k N _1\2, -k
(18) z"P"(z) 1= 2 ko k(k — Dayz 1= 2ok — 1) @z '
zP'(z) = P(2) Sl — Dagzk SV (k= Dagzk
2K +4
If |z] =1+ * >3, by (17) we have
la|
/ P(z) N-1 N-2
(19) P(z)—7 >lay|(N=D|z|" 7 = KN =1)(|z2]" "+ +1z|+ 1)
N1 K
> (v = DA (lavl - )
> @W*l > @m > 2.
If |z] |6170|<l we have
T 2(KN+2) 2
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P(z do _
(20) P'(z) - (Z) > %—K(N—l)(|z|+--~+|z|N h
> @—K(N—1)>@ > KN +2 > 2.
2] 2|z

. o K [ 2N?
For the second inequality, if |z| > 1 +|a—\ (ﬁJr l> > 8, by (18) we have
v _

2P'(z) 1‘ N1 N e = 1)(N = k)ayz*
zP'(z) = P(z) |7 Sk = Dagzk
KN2 N-1
<N-1+ : AZH adlti o
N =1 Jay||z|" = K(lz] + -+ 217 )
KN? 1 1
<N-1 : <N--<N.
= TN U (A =Dk =" 2°
1 1
If |z] < ﬁ\/|ao\/K<§, by (18) we have
N
IZZP”(Z) - 1‘ 1 k;Zk(k— Dayz*
zP'(z) — P(2) S ok — Dagzk
KN?(|2)* + -+ 7|™)
jao| — KN(|z* + - + |z ")
2KN2|z|? N 5
— <1+ <Z<N. O
|ag| — 2KN|z|? 2N -1 3

COROLLARY 2.9. Let
(21) R¢ := max{log R4, —log Rs}.
Then for any z € A(Rg), the function f(z) = P(e®)/e® satisfies

. 1)
lf'(z2)| >2 and 70| < N.

Proof. Denote Pi(w) := P(w)/w. Therefore, f(z) =P(e”)/es =Py o
exp(z). It is easy to check that
f'(z) = Pj(e*)e* and ["(z) = P(e*)e* + Pj(e)e”.
Let w=e¢®. By a straightforward computation, we have

(22) f'(z) = Pi(w)w = P'(w) —
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and
1) P{(w)w?+P{(w)w  w?P"(w)
f(z) Pi(w)w — wP'(w) — P(w)
Then the result follows from Lemma 2.8 immediately. O

2.4. FEscaping and fast escaping sets. Let f be a transcendental entire
function. A point a € C is called an asymptotic value of f if there exists a
continuous curve y(7) C C with 0 < 7 < oo, such that y(f) — c0 as t — o0 and
f(y(t) — a as t — oo.

LemMmA 2.10.  The entire function f(z) = P(e®)/e* does not have any finite
asymptotic value.

Proof. Assume that a € C is a finite asymptotic value of f(z). Then by
definition, there exists a continuous curve y(f) C C with 0 < ¢ < oo, such that
y(t) — o0 as t — oo and f(y(f)) — a as t — co. This means that

lim @ o’ = 4.

t—oo W

Denote y(f) = x(¢) +iy(¢) and let wy,wa,...,wy be the N roots of the equation
P(w) =aw. We define the set Y :={argw;+2kn:1<i<N,keZ}. If x(7)
is unbounded as 7 — oo, then f(y(¢)) is also unbounded and this is a contra-
diction. Hence |x(f)| < A for some constant 4 > 0 for all 7. Since y(¢) — oo
as t — oo, this implies that y(¢#) — oo as t — oo. Therefore, for each y; € R\ 'Y,
there exists a sequence {z,} C y(¢f) such that Imz, — o0 as n— oo and
lim, ., e'™ = ¢V, Since |x(f)] < 4, it follows that lim, .., e*? 0. This
implies that lim,_., f(z,) =lim,_,, P(e®)/e’" # a, which is a contradiction.

O

Let f be a transcendental entire function. The set
(23) I(f) ={zeC: f"(z) > 0 as n — o0}

is called the escaping set of f. We use sing(f~!) to denote the set of singular
values of f which consists of all the critical values and asymptotic values of f
and their accumulation points.

COROLLARY 2.11. The escaping set I(f) of f(z) = P(e®)/e® is contained in
the Julia set J(f).

Proof. Tt is clear that the set of the critical values of f(z) = P(e”)/e” is
finite. From Lemma 2.10, it follows that sing(f~') is bounded. According to
[11, Theorem 1], we have I(f) C J(f). O
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Actually, we will estimate the areca of the complement of the fast escaping
set in next section. Let f be a transcendental entire function. The maximal
modulus function is defined by

We use M°"(r,f) to denote the n-th iterate of M(r, f) with respect to the
variable r > 0, where ne N. The notation M(r, f) is written as M(r) if the
function f is known clearly. A subset of the escaping set, called the fast
escaping set A(f) was introduced in [5] and can be defined [22] by

(24) A(f) := {z : there is /€ N such that |[f°"+)(z)] > M°"(R) for neN}.

Here R >0 is a constant such that M°"(R) — oo as n — co. It is proved in
[22, Theorem 2.2(b)] that A(f) is independent of the choice of R such that
M°"(R) — o0 as n — 0.

LemMa 2.12. Let R>0 be a constant and define uy:= R For n>1,
define u, inductively by u, == Re®1. Let vyeR and define v, inductively by
v, :=2e"/2 for n>1. Then there is / € N such that v,., > 4Ru, for all n e N.

Proof. By the definition of v,, we can obtain that there exists / € N such
that v; > 4Rug = 4R>. Suppose that n = k and in this case vy > 4Rux. If n =
k+1, we hope to obtain that vg,;.; > 4Rury;. Note that v = 2e%+/? >
202Rue = JR=1eRuy . It is sufficient to obtain Ruy >log(2R?). This is true
since u; > R for all ke N and R? > log(2R?) for all R > 0. O

COROLLARY 2.13.  Let zy € C and suppose that z, = f°"(zy) satisfies |z,| > &,
for all ne N, where &, >0 is defined inductively by

&, =2exp(&,_1/2) with & > 0.
Then zo is contained in the fast escaping set of f(z) = P(e®)/e".
Proof. Recall that N > 2 is the degree of the polynomial P and K > 0 is

defined in (12). According to Lemma 2.5, there exists o > 1 such that if J > Jy,
then the maximal modulus function of f satisfies

M(0) = M(9, f) < 2KeN=10,

On the other hand, there exists d; > 0 such that for all J >J,, then M°"(J) is
monotonically increasing as n increases. Since the Julia set of f is non-empty,
this means that M°"(5) — o0 as n — oo if J > 9.

Define

R :=max{2K, (N — 1)dy,d:} > 1.

We denote up = R and for n > 1, define u, inductively by u, = Re®*-1. Then
we have M°"(R) <u, for all ne N. By the definition of &,, we have &, =
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2 exp™(&y/2). According to Lemma 2.12, there exists £/ € N such that for all
neN,

|f0(n+/)(20)| = |Zn+/‘ = él1+/ = Uy = MO”(R)_

By the defintion of R, we have M*"(R) — o0 as n — co. This means that zj is
contained in the fast escaping set of f. O

3. Proof of the theorems

3.1. Proof of Theorem 1.1. Recall that N > 2 is the degree of the poly-
nomial P. Let r > 0 be fixed such that

1
2 < —.
(25) "=aN
We define
(26) x'" := max{R;, R¢, 6 log 2},

where R; and Rg are constants introduced in Corollary 2.7 and Corollary 2.9
respectively.

Recall that A(x) = {z e C:|Re z| > x} is the set defined in (5) for all x > 0.
Let Qp be a square in A(x) with sides of length r, where x > x’. Since r < rg =
n/(N — 1), from Corollary 2.7 we know that f is conformal in a neighbourhood
of Qyp. For keN, define

(27) X =2 exp*(x/2).

In particular, xp=x>x’ and we have x;y =2 exp(xx/2) > x; > x' since
2¢%/2 > x for all x e R. Recall that 2, is a collection of grids with sides of length
r> 0 defined in (6). For any subset £ of Qp in A(xp) and k € N, define

pack(fok(E)) ={0,€2:0,C fok(E) NA(xg)}-

We now define a sequence of families of measurable sets satisfying the
nesting conditions based on the square Qy. Let & := {Qo} and for k > 1, define
inductively

&= {Fx C Qo : Fx C Ex_1 € &1 and f°*(Fy) € pack(f " (Ex_1))}.

It is clear that & is a finite collection of measurable subsets of C for all k € N.
Denote the elements of & by Ej; where 1 <i < dy.

By definition, for all k € N, we have f°*+*D(E ;) = f(QF), where® QF is a
square with sides of length r and Q¥ C A(x;). From (4), Corollary 2.9 and (25),

3Note that QF C A(xy) is a square depending also on the subscript ‘i’ of Ej ;, where k € N and
1 <i<d. We omit this index here for simplicity.
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we have

N(flge) < NV2r < ‘/Ti

By Lemma 2.1, the distortion of f on QF satisfies
(28) L(f|Qrk)£1+2N(f|Q’k)<2.

For every ke N, let z; be any point in Q¥ C A(x;). From (2) and (28) we
have

(29) Area(f(Qr")):J @I dedy = inf |£'(2)] - Area(Q)
ok ze QF
‘f’(zk)|2 o2 l (V|22
= (L(f‘Q’A))Z r >4‘f ( k)l ¥
and
(30) diam(f(Q))) < _Sugc .f'(2)] - diam(Qf)

< L(flgo)lf" (2l - V2r < 2V2|f"(zi)Ir.

Recall that Ky = min{|ag|, |ay|} > 0 is the constant defined in (15). By (19), (20)
and (22), we have

1 1
(31) /(@] > 5 Koelte > = Koe™.

For ke N and 1 <i <d,, we denote
B = {0 €2, 0 € fWD(Ei) N (C\A(ei1)))

and

By :=|J{0r€ 2, : 0 ("I (Er) U (0A(xiesr) N SV (B 1)) # 0.
Recall that f°k*D(E; ;) = f(QF) for some square QF in A(x;) with sides of
length r, where ke N and 1 <i<d. From (29), (30) and (31), we have

Area(Bl) < 2xk+1 diam(f"’(k“)(Ek,,'))
Area(fWHD(Er;)) = Area(foRHD(E ;)

_ 2xp41 diam(f(Q))) _ 1672241 _ 32v2 X
Area(f(Q})) £l Kor e

Note that x;,; > x; = 2¢*/? for all ke N and x > 6log2 by (26). By Lemma
2.4, (28), (29) and (31), we have

(32)
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Area(B>) - (16 + 12\/§L(f|Q,,k)|f/(Zk)D”2

Area(f 1 (Ex,:)) — Area(f(Q}F))
R0+ 3V2f'(z)) . 256 192v2
)] Kjers Ko

<<128 1 962 1) Xps1

K ont TR en

J(L 123 e
4Kg Ky ek
For all keN and 1 <i<d, by (32) and (33), we have

(34)  density (| pack(/ " (E). /D ()
_ Area(U{Q,e 2, : 0N SV (E i) #0)  Area(B1) + Area(By)

. e

Area(f D (E ;) Area(f°kD(E ;)
k+1 Xie+1
>1_ eXk Zl_lexk7
where
322 1 12v/2
(35) Cc] = Cp = \/— — \/_

Kor +4K§ + Ky
Comparing (26), we assume that x* >0 is a fixed constant such that
(36) x* > max{R3, R¢,6log 2,12+ 2 log ¢ }.
Moreover, we suppose that the sequence {x;}, .y in (27) is chosen such that the
initial point satisfies xp = x > x*. Then, all the statements above are still true
since x* > x’.

By a straightforward induction, one can show that for all £k e N and x € R,

exp®®(x) > exp(k) exp(x).
Since xiy1 = 2e*/2, we have
X+l 2 o 2

(37) eXk  exk/2 expo(k+‘)(x/2)
On the other hand, by (36), we have e¥/? > cje® > 6¢je* since x > x*. There-
fore,

1
ex/z :

<2
=

2 1,2 1
e—km < cie m<§

L 4 Xk+1 4
(38) cie —exk < cie
Define V:= f(Q%) and let G:=f~* V.V - Qy be the inverse of

fo® D], where keNand 1 <i<d. By Lemma 2.2, Corollary 2.9 and (25),
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the distortion of G on V satisfies

(39) L(G|V) < eXp <%) = ez.
From (3) and (39), we have

density (&1, Ex,i)
= 1 — density(Ex, \&k+1, Ex.i)

=1- density(G(fo(kH)(Ek,i\gkﬂ))» G(fo(kﬂ)(Ek,i)))
> 1 — L(G];)? density ( SEIE N pack(foF Y (Ex ), f°<k+”(Ek,,~)>
> 1 - ¢ (1 density (| pack(/***) (i 1), 4V (Ei ) ).

Therefore, by (34) and (38), we have

Y

(40) density(&yt1, Exi) =1 — ¢ e das

ek

2
3 )
where ke N and 1 <i <d. For all ke N, by setting

4 Xk+1

ek’

(41) Pi = 1 —ce

it is easy to see that {&;},, satisfies the nesting conditions.

Define E = (., 6x. Recall that A(f) is the fast escaping set of f defined
n (24). Since every point z € Ej; satisfies f°/(z) € A(x;) for 0 < j <k and
X — +oo as k — oo, it means that E is contained in the fast escaping set A(f)
by (27) and Corollary 2.13. According to Lemma 2.3, we have

density(A(f), Qo) > density(E, Qo) > ﬁpk.
k=0

Note that log(l —¢) > —2¢ for te(0,1/2). By (38) and (41) we have

O 0
log<Hpk> Zlog( 1—ce* k+l> Z xk“
k=0 =
deret 1 8cie?
2= L
Since e™" > 1 — 1 for all 1€ R, we have
i 8cre? 8cie?
) density(A(/), 0o) > exp(— —/) S

for all x > x* and all square Qp C A(x) with sides of length r.
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THEOREM 3.1. Let S be any horizontal strip of width 2n. Then the area of
the complement of the fast escaping set of [(z) = P(e®)/e* satisfies

(43)  Area(SNA(f)) < (4n+4r) (x* + 7+ 8cre* /2 1_};r/2) < oo,

where r, ¢y and x* are any positive constants satisfying (25), (35) and (36)
respectively.

Proof. Define the half strip S, by
S, ={zeC:0<Imz <2 and Re z > 0}.
We take
(44) mo=[x"/r]+1 and ny=[2n/r]+ 1,
where [x] denotes the integer part of x > 0. Recall that Q" is defined as

O :={zeC:mr<Rez< (m+1)r and mr <Imz < (n+ 1)r},

where m,ne Z. Since Q" C A(x*) for all m > my, we get

8ciet

(45) density(A(f), Q") > 1 — exp(mr/2)

for all m > my by (42). So

Area(S, NA(f)°) <Area(<0 LOJ o ”)\ )

3

< 373" Area(Q\A(f)
m=0 n=0

< 3 (1 — density(A(f), O™")) - Area(Q™").
m=0 n=0

By (44) and (45), we obtain

my—1 ng 0
Area(S. NA(f)°) (Z Z I+ Z Zexsc;fr/z )

m=0 n=0 m=my n=0

* L A—x")2 r
£(27'C+2}’)(X +r+861€ X/m>

This means that Area(S; NA(f)“) < oo for every fixed r > 0 satisfying (25).
Similarly, one can obtain

Area(S_NA(f)) < 2n+2r) (x* + 74 8¢t /2 17r/2>7
—e A
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where S_ ={zeC:0<Imz <27 and Rez <0}. Since f(z) = f(z+ 2xi), for
any horizontal strip S of width 2z, we have

Area(SNA(f)°) < (4n + 4r) (x* + 7+ 8¢t /2 ﬁ) :
—e 7
This completes the proof of Theorem 3.1 and hence Theorem 1.1. O

3.2. Proof of Theorem 1.2. Consider the quadratic polynomial

P(z) :%zz—l—i/)’z—%, where o # 0 and feC.
We then have
_PeF) oL a
f(z):= o =5¢ +if 5¢

Note that « sin(z + f) is conjugated by z +— i(z+ ) to f(z). In order to prove
Theorem 1.2, it is sufficient to prove the corresponding statements on f.

Now we collect all the needing constants in the proof. Note that the degree
of P is deg(P) =N =2. By (25) we fix the choice of r > 0 by setting

r=1/8.
By (15), we have Ky = |«|/2. From (35), we fix
536v2 1
cg=¢=——"+—3.
el o

By (16), we have
1

K
R; = 10{;,(24—%)7 where K = max{|«|/2,[|}.

According to Lemma 2.8, we have
4(K +2) 18K . |ot] L /o
Ry = 1 1 d Rs= ——— /-
4 max{ + o] 1+ o] } an 5 mm{S(K+l)’4 K

Since K > |o|/2 > 0, we have

8(K+1) 8£> 271{ 8(K+1)747K 4(K+2) l+4(K+2)
ot oo =\ ol o ot ot |ot]
and
18K 16K K 16K
l+——=1+—+ >24+—.
|ot] lof /2 ||

Hence by (36), we can fix

18K 8(K + 1
x* = max{log(l +W>,log<%>,6 log 2,12 4+ 2 log cl}.
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By Theorem 3.1, the proof of Theorem 1.2 is finished module the statement on
the sine and cosine functions.

Let S be a vertical strip with width 2z. If « =1 and =0, then K =1/2
and

(46)  r=1/8, ¢, =536V2+1 and x*=12+21log(536v2+1).
From (43) we have

Area(S N A(sin 2)€)

1\ /97 1
If =1 and f =x/2, then K = /2 and we still have (46). Also from (43) we
have

Area(S N A(cos z)) < 361.
This finishes the proof of Theorem 1.2. O
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