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TWISTED ALEXANDER POLYNOMIALS OF GENUS ONE

TWO-BRIDGE KNOTS
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Abstract

Morifuji [14] computed the twisted Alexander polynomial of twist knots for

nonabelian representations. In this paper we compute the twisted Alexander polyno-

mial and Reidemeister torsion of genus one two-bridge knots, a class of knots which

includes twist knots. As an application, we give a formula for the Reidemeister torsion

of the 3-manifold obtained by
1

q
-Dehn surgery on a genus one two-bridge knot.

1. Introduction

The twisted Alexander polynomial, a generalization of the Alexander poly-
nomial, was introduced by Lin [10] for knots in S3 and by Wada [19] for finitely
presented groups. It was interpreted in terms of Reidemeister torsion by Kitano
[9] and Kirk-Livingston [5]. Twisted Alexander polynomials have been exten-
sively studied in the past ten years by many authors, see the survey papers [2, 13]
and references therein.

In [14] Morifuji computed the twisted Alexander polynomial of twist knots
for nonabelian representations. In this paper we will generalize his result to
genus one two-bridge knots. In a related direction, Kitano [6] gave a formula

for the Reidemeister torsion of the 3-manifold obtained by
1

q
-Dehn surgery on the

figure eight knot. In [17] we generalized his result to twist knots. In this paper
we will also compute the Reidemeister torsion of the 3-manifold obtained by
1

q
-Dehn surgery on a genus one two-bridge knot.

Let Jðk; lÞ be the knot/link in Figure 1, where k, l denote the numbers of
half twists in the boxes. Positive (resp. negative) numbers correspond to right-
handed (resp. left-handed) twists. Note that Jðk; lÞ is a knot if and only if kl is
even. It is known that the set of all genus one two-bridge knots is the same as
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the set of all the knots Jð2m; 2nÞ with mn0 0, see e.g. [1]. The knots Jð2; 2nÞ
are known as twist knots. For more information on Jðk; lÞ, see [3].

From now on we fix K ¼ Jð2m; 2nÞ with mn0 0. Let XK ¼ S3nK be the
complement of K in S3. The knot group of K , which is the fundamental group
of XK , has a presentation p1ðXKÞ ¼ ha; b jwna ¼ bwni where a; b are meridians
and w ¼ ðba�1Þmðb�1aÞm. A representation r : p1ðXKÞ ! SL2ðCÞ is called non-
abelian if the image of r is a nonabelian subgroup of SL2ðCÞ. Suppose
r : p1ðXKÞ ! SL2ðCÞ is a nonabelian representation. Up to conjugation, we
may assume that

rðaÞ ¼ s 1

0 s�1

� �
and rðbÞ ¼ s 0

2� y s�1

� �
where s0 0 and y0 2 satisfy rðwnaÞ ¼ rðbwnÞ. By [16] this matrix equation is
equivalent to a single equation fKðs; yÞ ¼ 0, called the Riley equation of K . We
also call fKðs; yÞ A C½sG1; y� the Riley polynomial of K . It will be computed
explicitly in Section 2. Note that y ¼ tr rðab�1Þ.

Let SkðvÞ be the Chebychev polynomials of the second kind defined by
S0ðvÞ ¼ 1, S1ðvÞ ¼ v and SkðvÞ ¼ vSk�1ðvÞ � Sk�2ðvÞ for all integers k.

Let x :¼ tr rðaÞ ¼ sþ s�1 and z :¼ tr rðwÞ ¼ 2þ ðy� 2Þðyþ 2� x2ÞS2
m�1ðyÞ.

Theorem 1. Let K ¼ Jð2m; 2nÞ with mn0 0. Suppose r : p1ðXKÞ ! SL2ðCÞ
is a nonabelian representation. Then the twisted Alexander polynomial of K is
given by

DK ;rðtÞ ¼ ðt2 þ 1� txÞ SmðyÞ � Sm�2ðyÞ � 2

y� 2

� �
SnðzÞ � Sn�2ðzÞ � 2

z� 2

� �
þ txSm�1ðyÞSn�1ðzÞ:

Theorem 2. Let K ¼ Jð2m; 2nÞ with mn0 0. Suppose r : p1ðXKÞ ! SL2ðCÞ
is a nonabelian representation. If x0 2 then the Reidemeister torsion of K is
given by

trðKÞ ¼ ð2� xÞ SmðyÞ � Sm�2ðyÞ � 2

y� 2

� �
SnðzÞ � Sn�2ðzÞ � 2

z� 2

� �
þ xSm�1ðyÞSn�1ðzÞ:

Figure 1. The knot/link Jðk; lÞ.
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Now let M be the 3-manifold obtained by
1

q
-surgery on the genus one two-

bridge knot Jð2m; 2nÞ. The fundamental group p1ðMÞ has a presentation

p1ðMÞ ¼ ha; b jwna ¼ bwn; alq ¼ 1i;

where l is the canonical longitude corresponding to the meridian m ¼ a.

Theorem 3. Let K ¼ Jð2m; 2nÞ with mn0 0. Suppose r : p1ðXKÞ ! SL2ðCÞ
is a nonabelian representation which extends to a representation r : p1ðMÞ !
SL2ðCÞ. If x B f0; 2g then the Reidemeister torsion of M is given by

trðMÞ ¼
�
ð2� xÞ SmðyÞ � Sm�2ðyÞ � 2

y� 2

� �
SnðzÞ � Sn�2ðzÞ � 2

z� 2

� �

þ xSm�1ðyÞSn�1ðzÞ
�

4� x2 þ ðyþ 2� x2Þðy� 2ÞS2
m�1ðyÞ

x2ðy� 2Þ2S2
m�1ðyÞ

 !
:

Remark 1.1. (1) Theorem 1 generalizes the formula for the twisted
Alexander polynomial of twist knots by Morifuji [14].

(2) Theorem 3 generalizes the formulas for the Reidemeister torsion of the

3-manifold obtained by
1

q
-surgery on the figure eight knot by Kitano [6] and on

twist knots by the author [17].

The paper is organized as follows. In Section 2 we give a formula for the
Riley polynomial of a genus one two-bridge knot, and compute the trace of a
canonical longitude. In Section 3 we review the twisted Alexander polynomial
and Reidemeister torsion of a knot. We prove Theorems 1, 2 and 3 in Section 4.

We would like to thank the referee for helpful comments and suggestions.

2. Nonabelian representations

In this section we give a formula for the Riley polynomial of a genus one
two-bridge knot. We also compute the trace of a canonical longitude.

2.1. Chebyshev polynomials. Recall that SkðvÞ are the Chebychev poly-
nomials defined by S0ðvÞ ¼ 1, S1ðvÞ ¼ v and SkðvÞ ¼ vSk�1ðvÞ � Sk�2ðvÞ for all
integers k. The following lemma is elementary. We will use it many times
without referring to it.

Lemma 2.1. We have S2
k ðvÞ � vSkðvÞSk�1ðvÞ þ S2

k�1ðvÞ ¼ 1:

Let PkðvÞ :¼
Pk

i¼0 SiðvÞ. The next two lemmas are proved in [17].
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Lemma 2.2. We have PkðvÞ ¼
Skþ1ðvÞ � SkðvÞ � 1

v� 2
:

Lemma 2.3. Suppose V ¼ a b

c d

� �
A SL2ðCÞ. Then

V k ¼ SkðvÞ � dSk�1ðvÞ bSk�1ðvÞ
cSk�1ðvÞ SkðvÞ � aSk�1ðvÞ

� �
;ð2:1Þ

Xk
i¼0

V i ¼ PkðvÞ � dPk�1ðvÞ bPk�1ðvÞ
cPk�1ðvÞ PkðvÞ � aPk�1ðvÞ

� �
;ð2:2Þ

where v :¼ tr V ¼ aþ d. Moreover, we have

det
Xk
i¼0

V i

 !
¼ Skþ1ðvÞ � Sk�1ðvÞ � 2

v� 2
:ð2:3Þ

2.2. The Riley polynomial. Recall that K ¼ Jð2m; 2nÞ with mn0 0. The
knot group of K has a presentation p1ðXKÞ ¼ ha; b jwna ¼ bwni where a, b are
meridians and w ¼ ðba�1Þmðb�1aÞm, see [3]. Suppose r : p1ðXKÞ ! SL2ðCÞ is a
nonabelian representation. Up to conjugation, we may assume that

rðaÞ ¼ s 1

0 s�1

� �
and rðbÞ ¼ s 0

2� y s�1

� �
where s0 0 and y0 2 satisfy rðwnaÞ ¼ rðbwnÞ. By [16], this matrix equation is
equivalent to the Riley equation fKðs; yÞ ¼ 0. We now compute fKðs; yÞ.

Since rðba�1Þ ¼ 1 �s
s�1ð2� yÞ y� 1

� �
and y ¼ tr rðba�1Þ, by Lemma 2.3 we

have

rððba�1ÞmÞ ¼ SmðyÞ � ðy� 1ÞSm�1ðyÞ �sSm�1ðyÞ
s�1ð2� yÞSm�1ðyÞ SmðyÞ � Sm�1ðyÞ

� �
:

Similarly

rððb�1aÞmÞ ¼ SmðyÞ � ðy� 1ÞSm�1ðyÞ s�1Sm�1ðyÞ
sðy� 2ÞSm�1ðyÞ SmðyÞ � Sm�1ðyÞ

� �
:

Hence rðwÞ ¼ rððba�1Þmðb�1aÞmÞ ¼ w11 w12

ð2� yÞw12 w22

� �
where

w11 ¼ S2
mðyÞ þ ð2� 2yÞSmðyÞSm�1ðyÞ þ ð1þ 2s2 � 2y� s2yþ y2ÞS2

m�1ðyÞ;

w12 ¼ ðs�1 � sÞSmðyÞSm�1ðyÞ þ ðs�1 þ s� s�1yÞS2
m�1ðyÞ;

w22 ¼ S2
mðyÞ � 2SmðyÞSm�1ðyÞ þ ð1þ 2s�2 � s�2yÞS2

m�1ðyÞ:

Let z ¼ tr rðwÞ. Since S2
mðyÞ � ySmðyÞSm�1ðyÞ þ S2

m�1ðyÞ ¼ 1 (by Lemma
2.1), we have
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z ¼ w11 þ w22 ¼ 2ðS2
mðyÞ � ySmðyÞSm�1ðyÞ þ S2

m�1ðyÞÞ

þ ð2s2 þ 2s�2 � 2y� s2y� s�2yþ y2ÞS2
m�1ðyÞ

¼ 2þ ðy� 2Þðy� s2 � s�2ÞS2
m�1ðyÞ:

By Lemma 2.3 we have rðwnÞ ¼ SnðzÞ � w22Sn�1ðzÞ w12Sn�1ðzÞ
ð2� yÞw12Sn�1ðzÞ SnðzÞ � w11Sn�1ðzÞ

� �
.

Hence

rðwna� bwnÞ ¼ 0 fKðs; yÞ
ð2� yÞfKðs; yÞ 0

� �
where fKðs; yÞ

¼ SnðzÞ � fðs� s�1Þw12 þ w22gSn�1ðzÞ

¼ SnðzÞ � fS2
mðyÞ � ðs2 þ s�2ÞSmðyÞSm�1ðyÞ þ ð1þ s2 þ s�2 � yÞS2

m�1ðyÞgSn�1ðzÞ

¼ SnðzÞ � f1þ ðy� s2 � s�2ÞSm�1ðyÞðSmðyÞ � Sm�1ðyÞÞgSn�1ðzÞ:

Remark 2.4. Similar formulas for fKðs; yÞ were already obtained in [11, 15].

2.3. Trace of the longitude. By [3] the canonical longitude of K ¼
Jð2m; 2nÞ corresponding to the meridian m ¼ a is l ¼ w nwn, where w is the
word in the letters a, b obtained by writing w in the reversed order. We now
compute its trace. This computation will be used in the proof of Theorem 3.

Let a ¼ 1þ ðy� s2 � s�2ÞSm�1ðyÞðSmðyÞ � Sm�1ðyÞÞ.

Lemma 2.5. We have

a2 � zaþ 1 ¼ ðy� s2 � s�2ÞS2
m�1ðyÞð2� s2 � s�2 þ ðy� s2 � s�2Þðy� 2ÞS2

m�1ðyÞÞ:

Proof. By a direct calculation we have

a2 � zaþ 1 ¼ ðy� s2 � s�2ÞS2
m�1ðyÞf2� yþ ðy� s2 � s�2Þ

ðS2
mðyÞ � ySmðyÞSm�1ðyÞ þ ðy� 1ÞS2

m�1ðyÞÞg:

The lemma follows, since S2
mðyÞ � ySmðyÞSm�1ðyÞ þ S2

m�1ðyÞ ¼ 1. r

Lemma 2.6. We have

S2
n�1ðzÞ ¼ fðy� s2 � s�2ÞS2

m�1ðyÞð2� s2 � s�2 þ ðy� s2 � s�2Þðy� 2ÞS2
m�1ðyÞÞg

�1:

Proof. Since s0 0 and y0 2 satisfy the Riley equation fKðs; yÞ ¼ 0, we
have SnðzÞ ¼ aSn�1ðzÞ. Hence

1 ¼ S2
n ðzÞ � zSnðzÞSn�1ðzÞ þ S2

n�1ðzÞ ¼ ða2 � zaþ 1ÞS2
n�1ðzÞ:

The lemma then follows from Lemma 2.5. r
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Proposition 2.7. We have

tr rðlÞ ¼ 2� ðsþ s�1Þ2ðy� 2Þ2S2
m�1ðyÞ

2� s2 � s�2 þ ðy� s2 � s�2Þðy� 2ÞS2
m�1ðyÞ

:

Proof. We have rðw Þ ¼ w 11 w 12

ð2� yÞw 12 w 22

� �
where

w 11 ¼ S2
mðyÞ � 2SmðyÞSm�1ðyÞ þ ð1þ 2s2 � s2yÞS2

m�1ðyÞ;

w 12 ¼ ðs� s�1ÞSmðyÞSm�1ðyÞ þ ðs�1 þ s� syÞS2
m�1ðyÞ;

w 22 ¼ S2
mðyÞ þ ð2� 2yÞSmðyÞSm�1ðyÞ þ ð1þ 2s�2 � 2y� s�2yþ y2ÞS2

m�1ðyÞ:

By Lemma 2.3 we have

rðw nÞ ¼ SnðzÞ � w 22Sn�1ðzÞ w 12Sn�1ðzÞ
ð2� yÞw 12Sn�1ðzÞ SnðzÞ � w 11Sn�1ðzÞ

� �
:

By a direct calculation, using S2
mðyÞ � ySmðyÞSm�1ðyÞ þ S2

m�1ðyÞ ¼ 1, we
have

tr rðlÞ ¼ trðrðw nÞrðwnÞÞ

¼ 2S2
n ðzÞ � 2f2þ ðy� 2Þðy� s2 � s�2ÞS2

m�1ðyÞgSnðzÞSn�1ðzÞ

þ f2� ðsþ s�1Þ2ðy� 2Þ2ðy� s2 � s�2ÞS4
m�1ðyÞgS2

n�1ðzÞ

¼ 2� ðsþ s�1Þ2ðy� 2Þ2ðy� s2 � s�2ÞS4
m�1ðyÞS2

n�1ðzÞ:

The lemma then follows from Lemma 2.6. r

3. Twisted Alexander polynomial and Reidemeister torsion

In this section we briefly review the twisted Alexander polynomial and the
Reidemeister torsion of a knot. For more details, see [10, 19, 2, 13, 4, 12, 18].

3.1. Twisted Alexander polynomial of a knot. Let L be a knot in S3 and
XL ¼ S3nL its complement. We choose a Wirtinger presentation for the knot
group of L:

p1ðXLÞ ¼ ha1; . . . ; al j r1; . . . ; rl�1i:

The abelianization homomorphism f : p1ðXLÞ ! H1ðXL;ZÞGZ ¼ hti is given
by f ða1Þ ¼ � � � ¼ f ðalÞ ¼ t. Here we specify a generator t of H1ðXL;ZÞ and
denote the sum in Z multiplicatively.

Let r : p1ðXLÞ ! SL2ðCÞ be a representation. The maps r and f naturally
induce two ring homomorphisms ~rr : Z½p1ðXLÞ� !M2ðCÞ and ~ff : Z½p1ðXLÞ� !
Z½tG1� respectively, where Z½p1ðXLÞ� is the group ring of p1ðXLÞ and M2ðCÞ is the
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matrix algebra of degree 2 over C. Then F :¼ ~rrn ~ff defines a ring homomor-
phism Z½p1ðXLÞ� !M2ðC½tG1�Þ.

Consider the ðl � 1Þ � l matrix A whose ði; jÞ-component is the 2� 2 matrix

F
qri

qaj

� �
A M2ðZ½tG1�Þ;

where q=qa denotes the Fox’s free calculus. For 1a ja l, denote by Aj the
ðl � 1Þ � ðl � 1Þ matrix obtained from A by removing the jth column. We
regard Aj as a 2ðl � 1Þ � 2ðl � 1Þ matrix with coe‰cients in C½tG1�. Then
Wada’s twisted Alexander polynomial [19] of a knot L associated to a repre-
sentation r : p1ðXLÞ ! SL2ðCÞ is defined to be

DL;rðtÞ ¼
det Aj

det Fðaj � 1Þ :

Note that DL;rðtÞ is well-defined up to a factor t2k ðk A ZÞ.

3.2. Torsion of a chain complex. Let C be a chain complex of finite
dimensional vector spaces over C:

C ¼ ð0 ��! Cm ��!qm Cm�1 ��!qm�1 � � � ��!q2 C1 ��!q1 C0 ��! 0Þ
such that for each i ¼ 0; 1; . . . ;m the followings hold

� the homology group HiðCÞ is trivial, and
� a preferred basis ci of Ci is given.
Let Bi � Ci be the image of qiþ1. For each i choose a basis bi of Bi. The

short exact sequence of C-vector spaces

0! Bi ! Ci !
qi

Bi�1 ! 0

implies that a new basis of Ci can be obtained by taking the union of the vectors
of bi and some lifts ~bbi�1 of the vectors bi�1. Define ½ðbi [ ~bbi�1Þ=ci� to be the
determinant of the matrix expressing ðbi [ ~bbi�1Þ in the basis ci. Note that this
scalar does not depend on the choice of the lift ~bbi�1 of bi�1.

The torsion of C is defined to be

tðCÞ :¼
Ym
i¼0
½ðbi [ ~bbi�1Þ=ci�ð�1Þ

iþ1
A Cnf0g:

Remark 3.1. Once a preferred basis of C is given, the torsion tðCÞ is
independent of the choice of b0; . . . ; bm.

3.3. Reidemeister torsion of a CW-complex. Let M be a finite CW-
complex and r : p1ðMÞ ! SL2ðCÞ a representation. Denote by ~MM the universal
covering of M. The fundamental group p1ðMÞ acts on ~MM as deck transforma-
tions. Then the chain complex Cð ~MM;ZÞ has the structure of a chain complex of
left Z½p1ðMÞ�-modules.
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Let V be the 2-dimensional vector space C2 with the canonical basis
fe1; e2g. Using the representation r, V has the structure of a right Z½p1ðMÞ�-
module which we denote by Vr. Define the chain complex CðM;VrÞ to be
Vr nZ½p1ðMÞ� Cð ~MM;ZÞ, and choose a preferred basis of CðM;VrÞ as follows. Let

fui
1; . . . ; u

i
mi
g be the set of i-cells of M, and choose a lift ~uui

j of each cell. Then

fe1 n ~uui
1; e2 n ~uui

1; . . . ; e1 n ~uui
mi
; e2 n ~uui

mi
g is chosen to be the preferred basis of

CiðM;VrÞ.
The Reidemeister torsion trðMÞ is defined as follows:

trðMÞ ¼
tðCðM;VrÞÞ if r is acyclic;

0 otherwise.

�

Here a representation r is called acyclic if all the homology groups HiðM;VrÞ are
trivial.

For a knot L in S3 and a representation r : p1ðXLÞ ! SL2ðCÞ, the Reide-
meister torsion trðLÞ of L is defined to be that of the knot complement XL.

The following result which relates the Reidemeister torsion and the twisted
Alexander polynomial of a knot is due to Johnson.

Theorem 3.2 ([4]). Let r : p1ðXLÞ ! SL2ðCÞ be a representation such that
detðrðmÞ � IÞ0 0, where m is a meridian of L. Then the Reidemeister torsion of
L is given by

trðLÞ ¼ DL;rð1Þ:

4. Proof of main results

4.1. Proof of Theorem 1. Recall that K ¼ Jð2m; 2nÞ and p1ðXKÞ ¼
ha; b jwna ¼ bwni, where a, b are meridians and w ¼ ðba�1Þmðb�1aÞm.

Let r ¼ wnaw�nb�1. We have DK ;rðtÞ ¼ det F
qr

qa

� �
=det Fðb� 1Þ. It is

easy to see that det Fðb� 1Þ ¼ t2 � tðsþ s�1Þ þ 1 ¼ t2 � txþ 1.
For an integer k and a word u (in 2 letters a, b), let dkðuÞ ¼ 1þ uþ � � � þ uk.

Lemma 4.1. We have

qr

qa
¼ wn 1þ ð1� aÞdn�1ðw�1Þw�1

qw

qa

� �
where

w�1
qw

qa
¼ ða�1bÞmðdm�1ðb�1aÞb�1 � dm�1ðab�1ÞÞ:

Proof. The lemma follows from direct calculations. r
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Let

W1 ¼ rðdn�1ðw�1Þða�1bÞmÞ;

W2 ¼ ft�1rðdm�1ðb�1aÞb�1Þ � rðdm�1ðab�1ÞÞgðI � trðaÞÞ:

Then by Lemma 4.1 we have

det F
qr

qa

� �
¼ detðI þW1W2Þ ¼ 1þ trðW1W2Þ þ detðW1W2Þ:

Lemma 4.2. We have

W1 ¼
bPn�1ðzÞ � gPn�2ðzÞ �Sm�1ðyÞðs�1Pn�1ðzÞ � sPn�2ðzÞÞ

ð2� yÞSm�1ðyÞðsPn�1ðzÞ � s�1Pn�2ðzÞÞ gPn�1ðzÞ � bPn�2ðzÞ

� �
where b ¼ SmðyÞ � Sm�1ðyÞ and g ¼ SmðyÞ � ðy� 1ÞSm�1ðyÞ.

Proof. By Lemma 2.3 we have

rðða�1bÞmÞ ¼ SmðyÞ � Sm�1ðyÞ �s�1Sm�1ðyÞ
�sðy� 2ÞSm�1ðyÞ SmðyÞ � ðy� 1ÞSm�1ðyÞ

� �
and

rðdn�1ðw�1ÞÞ ¼
Pn�1ðzÞ � w11Pn�2ðzÞ �w12Pn�2ðzÞ
ðy� 2Þw12Pn�2ðzÞ Pn�1ðzÞ � w22Pn�2ðzÞ

� �
:

The lemma then follows by a direct calculation. r

Lemma 4.3. We have

W2 ¼
ðstþ s�1t�1 � 2ÞðPm�1ðyÞ � Pm�2ðyÞÞ ðt� s�1ÞPm�1ðyÞ þ ðt�1 � sÞPm�2ðyÞ
ð2� yÞðst� 1Þðt�1Pm�1ðyÞ � s�1Pm�2ðyÞÞ ðs�1tþ st�1 � yÞðPm�1ðyÞ � Pm�2ðyÞÞ

� �
:

Moreover

det W2 ¼ ðtþ t�1 � xÞ2 SmðyÞ � Sm�2ðyÞ � 2

y� 2

� �
:

Proof. By Lemma 2.3 we have

rðdm�1ðab�1ÞÞ ¼
Pm�1ðyÞ � Pm�2ðyÞ sPm�2ðyÞ
s�1ðy� 2ÞPm�2ðyÞ Pm�1ðyÞ � ðy� 1ÞPm�2ðyÞ

� �
;

rðdm�1ðb�1aÞÞ ¼
Pm�1ðyÞ � ðy� 1ÞPm�2ðyÞ s�1Pm�2ðyÞ

sðy� 2ÞPm�2ðyÞ Pm�1ðyÞ � Pm�2ðyÞ

� �
:

The formula for W2 then follows by a direct calculation. The one for det W2 is

obtained by using the formula PkðyÞ ¼
Skþ1ðyÞ � SkðyÞ � 1

y� 2
in Lemma 2.2. r
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We now complete the proof of Theorem 1 by computing the determinant
and the trace of the matrix W1W2. By Lemma 2.3 we have det W1 ¼
SnðzÞ � Sn�2ðzÞ � 2

z� 2
. Hence

detðW1W2Þ ¼ ðtþ t�1 � xÞ2 SnðzÞ � Sn�2ðzÞ � 2

z� 2

� �
SmðyÞ � Sm�2ðyÞ � 2

y� 2

� �
:ð4:1Þ

By a direct calcultion, using the matrix forms of W1 and W2 in Lemmas 4.2

and 4.3 and the formula PkðyÞ ¼
Skþ1ðyÞ � SkðyÞ � 1

y� 2
, we have

trðW1W2Þ ¼ fðtþ t�1Þx� x2 þ ðx2 � 2� yÞðSmðyÞ � ðy� 1ÞSm�1ðyÞÞg

� Sm�1ðyÞðPn�1ðzÞ � Pn�2ðzÞÞ þ ð2� yÞðx2 � 2� yÞS2
m�1ðyÞPn�2ðzÞ

¼ fðtþ t�1Þx� x2 þ ðx2 � 2� yÞðSmðyÞ � ðy� 1ÞSm�1ðyÞÞg
� Sm�1ðyÞSn�1ðzÞ þ ðz� 2ÞPn�2ðzÞ

¼ fðtþ t�1Þx� x2 þ ðx2 � 2� yðSmðyÞ � ðy� 1ÞSm�1ðyÞÞg
� Sm�1ðyÞSn�1ðzÞ þ Sn�1ðzÞ � Sn�2ðzÞ � 1:

Since Sn�2ðzÞ ¼ f1� ðyþ 2� x2ÞSm�1ðyÞðSm�1ðyÞ � Sm�2ðyÞÞgSn�1ðzÞ we get

trðW1W2Þ ¼ ððtþ t�1Þx� x2ÞSm�1ðyÞSn�1ðzÞ � 1:ð4:2Þ

Finally, by combining the equations (4.1), (4.2) and

DK;rðtÞ ¼
1þ trðW1W2Þ þ detðW1W2Þ

t2 � txþ 1

we obtain Theorem 1, since DK ;rðtÞ is defined up to multiplication by a factor
t2k ðk A ZÞ.

4.2. Proof of Theorem 2. Note that detðrðbÞ � IÞ ¼ 2� x. Since trðKÞ ¼
DK ;rð1Þ for x0 2, Theorem 2 follows directly from Theorem 1.

4.3. Proof of Theorem 3. Let M be the 3-manifold obtained by
1

q
-surgery

on the genus one two-bridge knot K ¼ Jð2m; 2nÞ. Suppose r : p1ðXKÞ ! SL2ðCÞ
is a nonabelian representation which extends to a representation r : p1ðMÞ !
SL2ðCÞ. Recall that l is the canonical longitude corresponding to the meridian
m ¼ a. If tr rðlÞ0 2, then by [6] (see also [7, 8]) the Reidemeister torsion of M
is given by

trðMÞ ¼
trðKÞ

2� tr rðlÞ :ð4:3Þ

95t.a.p. of genus one two-bridge knots



By Theorem 2 we have

trðKÞ ¼ ð2� xÞ SmðyÞ � Sm�2ðyÞ � 2

y� 2

� �
SnðzÞ � Sn�2ðzÞ � 2

z� 2

� �
þ xSm�1ðyÞSn�1ðzÞ

if x0 2. By Proposition 2.7 we have

tr rðlÞ � 2 ¼ � x2ðy� 2Þ2S2
m�1ðyÞ

4� x2 þ ðyþ 2� x2Þðy� 2ÞS2
m�1ðyÞ

:

By Lemma 2.6 we have Sm�1ðyÞ0 0. This implies that tr rðlÞ0 2 if and only if
x0 0. Theorem 3 then follows from (4.3).
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