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SUBLINEAR TRACKING IN THURSTON’S METRIC FOR
RANDOM WALKS

HurPING PAN

Abstract

In this paper, we prove the sublinear tracking property in Thurston’s metric for
sample paths of random walks on mapping class group.

1. Introduction

Let S be a closed surface of genus g > 2. A marked Riemann surface of
genus g is a pair (X, f) consisting of a Riemann surface X of genus g and
an orientation-preserving homeomorphism f:S — X. Two marked Riemann
surfaces (X1, f1) and (X3, f>) are equivalent if there exists a conformal map
h:X; — X, in the homotopy class of fyo f;”!. The Teichmiiller space of S,
denoted by T, is the set of equivalence classes of marked Riemann surfaces of
genus g.

The Teichmiiller distance between two equivalence classes [X7, f1] and [X3, f5]
is defined as

dr(1X1, 1, Do, f]) = 5 Tog inf K(/)

where the infimum is taken over all quasiconformal mapping f : X; — X3 in the
homotopy class of f,o f;"! and K(f) is the quasiconformal dilation of f. It
is well-known that the Teichmiiller distance induces a complete Finsler metric
on T,. Moreover, any two points in 7, are connected by a unique Teichmiiller
geodesic.

The mapping class group Mod(S) of S is the group of isotopy classes of
orientation-preserving homeomorphisms of S. It acts isometrically on 7, with
respect to the Teichmiiller metric. There are some other natural (weak) metrics
on T,, e.g. the Thurston metric (see §2 for definition). Unlike the Teichmiiller
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metric, the Thurston metric is asymmetric. Furthermore, geodesics connecting
two points in 7, under the Thurston metric are not unique.

The aim of this paper is to extend a theorem of Tiozzo [18] on sublinear
tracking in Teichmiiller distance for random walks on Mod(S) to the setting of
the Thurston metric. Recently Walsh [20] showed that the Thurston compacti-
fication of Teichmiiller space is homeomorphic to the horofunction compactifi-
cation of the Thurston metric, which is useful to understanding random walks
on mapping class groups [10, 6]. This is one motivation behind our research.

1.1. Random walks on Mod(S). Let u be a probability distribution on
Mod(S), which induces a product probability distribution P := N on the sample
space Mod(S)™ (an infinite product space of Mod(S)). The random walk on
Mod(S) is defined by drawing an element g, each time independently with
probability x from Mod(S) and considering the product w, = g1g2---g,. If we
fix a point x in Ty, then {w,x} is a sequence of points in 7.

We recall a few concepts that will be used later. In the following, d(-,")
would be a metric on the Teichmiiller space such that Mod(S) acts isometrically:

+ The probability distribution y has finite first moment if the average step is
finite, that is,

| o) dutg) < o
Mod(S)

+ A sample path {w,x} has linear drift with respect to the metric d if there
exists a constant 4 > 0 such that

d(x,m,x) 4

lim
n— oo n
+ The random walks has sublinear tracking property if almost every sample
path {w,x} can be approximated by some geodesic ray y:[0,c0) — T, with
sublinear error, i.e.

d(wnx7 y) — 0

lim
n—oo n
If the distribution x4 has finite first moment, it is an immediate conse-
quence of Kingman’s subadditive ergodic theorem that P-a.e. sample path {w,x}
has linear drift (for more details about linear drift, we refer to [9]). In [7],
Kaimanovich and Masur proved that if the subgroup generated by the support of
4 1s non-elementary, then P-a.e. sample path {w,x} converges to some point to
the Thurston boundary of T,. Recently, Tiozzo [18] solved an open question
of Kaimanovich [8] by showing that random walks on Mod(S) has sublinear
tracking property with respect to the Teichmiiller metric:

THEOREM 1.1 ([18, Theorem 18]). Let u be a probability distribution on
Mod(S) with finite first moment with respect to the Teichmiiller metric whose
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support generates a non-elementary group. Then there exists A > 0 such that for
any x € Ty and for P-a.e. sample path {w,x} there exists a Teichmiiller geodesic
ray y: [0, 00) — T, with y(0) = x and such that

lim dT (wnxv V(An))

n—oo n

=0.

1.2. Statement of main results. In this paper, we prove that random walks
on Mod(S) has sublinear tracking property with respect to the Thurston metric.
Since the Thurston metric is asymmetric, we revise the finite first moment condi-
tion by requiring that the probability measure u satisfies the following symmetric
finite first moment property:

J max{d(x, gx),d(gx,x)} du(g) < co.
Mod(S)

THEOREM 1.2.  Let u be a distribution on Mod(S) with symmetric finite first
moment with respect to the Thurston metric and whose support generates a non-
elementary group. Then there exists A > 0 such that for any x € T, and for P-a.e.
sample path {w,x} there exists a stretch ray or anti-stretch ray y:[0,00) — T,
such that

llm K(Cl)”x, V) _ 0 and llm K(y7wnx)

n—oo n n— o0 n

= 0’
where K represents the Thurston metric.

Remark 1.3. 1) A stretch ray y:[0,00) — T, is a geodesic ray of the
Thurston metric, a.e.

K(V(ll),y(lz)) =tH—t, YO<tH <h.

We can extend y to a stretch line y:(—o0,0) — T, and the anti-stretch ray
y*:]0,00) — T, is defined by going backward, that is,

y() = 9(~1), 130,

Since the asymmetry of the Thurston metric, an anti-stretch ray may not be a
geodesic ray.

2) The Teichmiiller metric is an upper bound for the Thurston metric.
However, they are not quasi-isometric [12]. There exist sequences {x,}, {y,} in
Teichmiiller space such that dr(x,, y,) — oo while K(x,, y,) — 0 as n — o0, see
From [4, 13].
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for many useful discussions and corrections during the preparation of this paper.
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2. Preliminaries

2.1. Thurston metric. By the Uniformization Theorem, every complex
structure on S is corresponding to a hyperbolic structure (a complete Rieman-
nian metric of constant curvature —1) on S. As a result, we can define the
Teichmiiller space 7, as the set of equivalence classes of marked hyperbolic
structures on S. For simplicity, we shall always denote the equivalence class of
a marked hyperbolic structure (Riemann surface) in 7, by x, without explicit
reference to the marking or to the equivalence relation.

Let % be the set of isotopy classes of simple closed curves on S. Endow S
with a hyperbolic structure, each o €% has a unique geodesic representation.
For any x € T,, we choose a marked hyperbolic structure (X, f) as a represen-
tation of x and define /() as the length of the geodesic representation of f(a)
on X. The definition of /.(x) is independent on the choice of (X, f) in the
Teichmiiller equivalence class and it defines a function on T, x .%.

The Thurston metric is defined as

(o)
Klxp)=loe sup 15
for any x, y e T,. It satisfies the following properties [19]:

* K(x,y) >0 and K(x,y)=0&g =1

© K(x.2) < K(x.2) + K, );

* There exist x,y e T, such that K(x,y) # K(»,Xx).

Thus, the Thurston metric is asymmetric. Thurston [19] prove that it is
Finsler and any two points in 7, can be joined by a geodesic which is a finite
concatenation of stretch line segments (but in general such a geodesic is not
unique). We shall recall the construction of stretch lines in §3.

Since the Thurston metric is asymmetric, we can define a new metric K* as

K*(xay) :K(yvx)

for any x,y € T,. Generally, K* is not comparable to K. Choi and Rafi [4]
proved that they are comparable on the thick part of 7,. In this paper, we will
use the following lemma.

LemMa 2.1. Fix x e T,, there exists a positive constant C depending on x
and the topology of S such that
(1) K(x,y) <3K"(x, )+ C
for any yeT,

Proof. The proof is similar to that of Proposition 4.1 in [4]. Let /(x) £
inf{l/(o) | € #}. Choose a constant ¢ which is less than /(x) and the Margulis

constant. Let Thick, £ {ze T, |L(x) > ¢ for any o € #}. From Theorem B in
[4], there is a constant C; depending on ¢ and the topology of S such that

2) [K(y,2) =K (y,2)| = G
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for any y,zeThick,. Denote by I', the set of homotopy classes of simple
closed curves whose length on y is less than e. It is clear that any two elements
of I', are disjoint. Extend I', to a pants decomposition I', and parameterize
T, by the Fenchel-Nielsen coordinates (/(ay),#(o1), ..., I[(234-3), t(o34-3)), Where
or,...,034-3 €I, (see [2] for more details about Fenchel-Nielsen coordinates).
The twists parameters #(o;),...,#(a3,—3) are normalized such that #(a;) =1
corresponds to the positive Dehn-twist along o;. To each y e T, we associate
a point y € Thick, as follows. If y e Thick,, then y = y. If y e T,\Thick,, the
Fenchel-Nielsen coordinates of y is obtained from that of y by changing /(a) to
¢ for any o € I'), and keeping the others unchanged. It follows from [4, Lemma
3.3 and Theorem 3.4] that there is a constant C, depending on ¢ and the topology
of S, such that

l—, o
() max{K (3, ), K" (3, )} - sup{log o )} <G
aely ly(a)
It follows that
= Iy () .
4) K(y,y) < supqlog —— >+ C <K*(3,y) + Ca.
ael, ly(OC)

z-,(a)} { P }
1 — 1 <K*
sup {1og {125 = sup {5} < ()
hence

(5) K*(y,y) <K*(x,y) + Ca.

Combining the inequalities above, we get

K(x,y) < K(x,7) + K(3,)
<K'(x,p)+ K (5,y)+C1+ G (by (2) and (4))
< (K%, )+ K'(5,7) + K (5,9)+ Ci+ G (by (4) and (5))
<3K*(x,y)+ C1 +3C,.

Since ¢ depends on x, therefore the constants C;, C, depend on x and the
topology of S. O

We need the following property of the Thurston metric due to Papadopoulos
and Théret.

ProposiTION 2.2 ([15], Proposition 5). For any o € T, and for any R > 0, the
closed balls By(R) 2 {yeT,|K(o,y) <R} and B}(R) £ {yeT,|K(y,0) <R},
centered at o € T, and of radius R, are compact for the usual topology.
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2.2. Measured foliations and Thurston compactification. We briefly recall
the Thurston theory of measured foliations. For details we refer to [5].

A measured foliation (F,u) on the surface S is a foliation F equipped with
a transverse invariant measure u. More precisely, (F,u) is determined by a
finite set {Q;}, called the singularities of F, and an atlas of coordinate charts
(xj,¥;) : Uy — R* on the complement of {Q;} such that the transition functions
satisfy:

X; = fi(Xk, y&), ¥ = £y + Constant

where U; N Uy # 0. Besides, every singularity Q; has p;-prongs with p; > 3.
The leaves of the foliation are given by the lines y; = Constant and the trans-
verse measure u is given by |dy|.

The intersection number of (F,u) with a (isotopy class of) simple closed
curve o is defined by

(P o) = inf | (b,

where o’ is taken over all simple closed curves isotopic to «. For simplicity,
sometimes we write F and i(F,o) instead of (F,u) and i(F,u;a) if there is no
ambiguity about the transverse measure u.

Two measured foliations F; and F, are equivalent if i(Fy,a) = i(F>,a) for
every o €.. Equivalently, F; can be deformed into F, through a homeo-
morphism isotopic to the identity and through Whitehead moves. We denote by
MF (S) the space of equivalence classes of measured foliations on S. It was
shown by Thurston that .#% (S) is homeomorphic to the Euclidean space of
dimension 6g — g.

Let R/ be the space of non-negative functionals on . We endow & with
the dlscrete topology and Ry with the corresponding product topology. The
projective space of Ry will be denoted by 9 ij There is a natural embedding
of .MF(S) into R deﬁned by

MF(S) — RY
F— (i(F,a))

e "

This induces an embedding from the space of projective classes of measured
foliations, denoted by 247 (S), into #R7. The image of 2.4/ (S) in R is
the so called Thurston boundary, which is homeomorphic to a sphere of dimen-
sion 6g — 7.

There is another natural embedding, from 7, to Rf , given by

Ty — Rf
X = (l ((x))ae g

It was observed by Thurston that the prOJectlon of the above map to @R is also
an embedding. Moreover, the closure of the image of 7} in JRy is a compact
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set, called the Thurston compactification of T,. The boundary of the Thurston
compactification is the Thurston boundary, which, as we mentioned above, can
be identified with the space of projective measured foliations 247 (S).

A measured foliation (F,u) is minimal if i(F,u;o) >0 for every simple
closed curve o. (F,u) is uniquely ergodic if the transverse measure x4 admitted on
the underlying foliation F is unique up to a positive scalar.

2.3. Measured laminations. Let us endow S with a hyperbolic structure
my. A geodesic lamination on S is a closed subset of S consisting of disjoint
union of complete simple geodesics (called the leaves) on S. Each leaf is either
a simple closed geodesic or a bi-infinite geodesic. Denote by %, (S) the space
of all geodesic laminations on S. Since geodesic laminations are closed subsets
of S, we use the Hausdorff distance to define the topology on Z(S).

ProposITION 2.3 (see [1]). The space %, (S) with the Hausdorff distance is
compact.

It turns out that the notion of geodesic lamination is independent on the
choice of hyperbolic structure on S. For two different choice of hyperbolic
metrics my and m;, there is a natural homeomorphism between %, (S) and
P, (S). We can use Z(S) to represent the space of geodesic laminations on
S without reference to any particular hyperbolic metric on S.

A measured geodesic lamination is a geodesic lamination L equipped with a
full support transverse invariant measure x, which means that if ¢« and b are
arcs transverse to L and are homotopic through transverse arcs with endpoints
not contained in L then u(a) = u(b). The intersection number i(yu, o) of u with
a simple closed curve o is defined in the same way as that of a measured
foliation. As a consequence, every measured geodesic lamination can be viewed
as a functional on the space of isotopy classes of simple closed curves. So
the space of measured geodesic laminations .#.%(S) can also be embedded into
RY. In fact, there is one-to-one correspondence between .#% (S) and .4/Z(S)
as described by Levitt in [11].

THEOREM 2.4 ([11], Theorem 1, 2). Let X be a closed orientable hyperbolic
surface.

A foliation F on X is canonically associated with a geodesic lamination y(F)
and a family e(F) of leaves of this lamination; this family is at most countably
infinite and contains all isolated leaves of y(F). If F and F’ are topologically
equivalent foliations, then y(F) = y(F') and e(F) = e(F’).

Given a lamination y and a family e of leaves of y as above, there exists a
foliation F such that y(F) =y and e(F) = e. This foliation is unique up to topo-
logical equivalence.

Given a transverse measure u of F, there exists a unique transverse measure
uoof y(F) satisfying i(F,u; o) = i(y(F),u';0) for every simple closed curve o on
S.
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Hence, the space of projective measured geodesic laminations 2.4 % (S) can
also be viewed as the Thurston’s boundary of Tj.

Remark 2.5. There are geodesic laminations which do not admit a full
support transverse invariant measure. In fact, a geodesic lamination admits a
full support transverse invariant measure if and only if it contains no isolated
leaves. Here an isolated leaf o of a lamination L means that for each x €«
there exists a neighbourhood O of x such that ON L has only one connected
component.

DEFINITION (Measure topology on .#%(S) and .47 (S)). Let {w};_, be a
sequence in 4L (S) (resp. MF(S), we say g converges to x4 in the measure
topology if for any simple closed curve o, i(z, o) converges to i(u, o) as k tends
to infinity.

3. Some properties of Teichmiiller space with the Thurston metric

3.1. Stretch lines. We sketch the construction of a “‘stretch line” which is
a special kind of geodesic line under the Thurston metric. Let & be a hyperbolic
structure on S and x4 a complete geodesic lamination on S (a complete geodesic
lamination is a lamination whose complement on S consists of ideal triangles).
We define a L-Lipschitz homeomorphism for every ideal triangle. Each corner
of an ideal triangle can be foliated by horocycles. Extending these foliations
until they fill all but region in the center bounded by three horocycles (see Figure
1(a)). The L-Lipschitz homeomorphism can be constructed by fixing the central

horocycles

squeeze
_

(a) (b)

FIGURE 1. Horocyclic foliation on an ideal triangle. In figure (a) the horocycles foliate the ideal
triangle except the center region; in figure (b), the center region has been squeezed to a “Y” piece and
the desired foliation is obtained.
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region, and mapping a horocycle which has distance ¢ from the central region to
the horocycle with distance Lt. These L-Lipschitz homeomorphisms defines a
L-Lipschitz homeomorphism f(h, u, L) of S to itself, and hence a new hyperbolic
structure 4’ which is the push-forward of g by f(h,u, L). Sometimes, the new
hyperbolic structure 4’ may be equivalent to 4. For example, a L-Lipschitz
homeomorphism on an ideal triangle does not change the hyperbolic structure
on it because all the hyperbolic structures on an ideal triangle are isometric. But
if S is a closed surface with genus g > 2, which is the case we considered here, /4’
is different from 4. Furthermore, the Thurston distance is K(h, /') =log L. Let
L vary among positive numbers, we get a line stretch(h, u, L) in the Teichmiiller
space T,. It is a geodesic line under the Thurston metric and we call it a
“stretch line”.

3.2. Cataclysm coordinate system. In [19], Thurston introduced a cata-
clysm coordinate system for Teichmiiller space.

Fix a hyperbolic structure m on the surface S. For any complete geodesic
lamination g, we denote by .#% (u) the set of measured foliation (class) that are
transverse to u. Here a measured foliation F is transverse to x4 means that no
disk can be bounded by two arcs such that one is from a leaf of F' and the other
is from a leaf of u. As we describe in Section 3.1, the complement of the center
region of an ideal triangle can be foliated by horocycles. If we squeeze the
horocycles with the endpoints in x# unmoved such that the center region becomes
a “Y” piece (see Figure 1(b)), then we get a foliation on each ideal triangle
and hence a foliation F,(m) on the surface S. Furthermore, we can associate
a transverse measure to F,(m) by identifying i(F,(m),y) with the length of p
under the hyperbolic metric m for any arcy contained in a leaf of 4. So we
get a measured foliation (still denoted as F,(m)) on S, which we call horocyclic
measured foliation associated to u. If /1 is a hyperbolic metric which is equivalent
to m, then the horocyclic measured foliation F,(h) is isotopic to F,(m). This
enables us to associate to each m in T, a well-defined element in 4Z% (u). We
denote by ¢, : Ty — .#F (u) the resulting map.

THEOREM 3.1 ([19], §9). For any complete geodesic lamination u on S, the
map ¢, : Ty — MF (w) is a homeomorphism.

The global coordinates for Teichmiiller space that are provided by this map
¢, are called by Thurston cataclysm coordinates.

Now we consider a special kind of complete geodesic lamination, that is,
chain recurrent lamination. A lamination u is called chain recurrent if for any e
and for any x € u there is a closed e-trajectory of u through x, that is, a closed
unit speed path in the surface such that for any interval of length 1 on the path
there is an interval of length 1 on some leaf of u such that the two paths remain
within & of each other in the C' sense. Any measured lamination is chain
recurrent ([19], [16]). Denote by ¥£(S) the set of complete, chain recurrent
geodesic laminations on S. We have the following Theorem.
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THEOREM 3.2 (Cataclysm coordinate system [19], §10). Let U C 4.2(S) x
MTF(S) be a set consisting of pairs (u, F) where F is a measured foliation
transverse to u. If we equip U with the product topology of the Hausdorff
topology on €L (S) and the weak topology on MF(S). Then there exists a
continuous map c¢: U — T,

So for a given pair (u,F) e U, we have a stretch line y, p,

yﬂﬁF(t) £ stretch(c(u, F), u, exp(t))

directed by u and starting at c(u, F). Moreover, the stretch line y, . is the
same as y, r after reparametrization (for more details about cataclysm coordinate
system and stretch lines we refer to [19]).

3.3. Two auxiliary functions. Fix a point o € T;, we define a function D
on U as

D: U—R"
(1, F) = K(yy s 0) = inf K(3,,p(1);0)

where K(,) is the Thurston metric.
ProposiTION 3.3. D is continuous.

Proof. Fix a point m e T,,, we have a hyperbolic structure on S, then €.Z(S)
has a Hausdorff metric (This is the only situation we need m). Let (y,,F,) € U
with (u,, Fu) — (19, Fo), as n— oo. We need to show lim,_. D(u,, F,) =
D(uy, Fo).
Pick the point xo = 1, 7 (t) € 1y, 7, Which realizes D(u, Fy). So xo cor-
responds to ¢(u,exp(ty)F) in the cataclysm coordinates. Choose the points x, =
(tty,exp(to) Fu) € 1y, . We get

Iim x, = xo,
n—o0
limsup D(u,, F,) < hm K(x,,0) = K(x9,0) = D(p, Fo).

n—oo
To prove the opposite direction, we choose a subsequence yx, = ¢(1, , exp(t, ) Fr,)
€ 1y, R, realizing D(gy , Fy,), so that

lim K(yg,,o0) =liminf D(u,, F,).

n—oo

It follows from Proposition 2.2 that {yx,} stays in a compact subset of 7,. Then
there is a subsequence of {#,} converging to some positive number #,. For
simplicity we still denote the subsequence as {#,}. Hence

lim g, = c(pg, exp(t,)Fo) £ Y0 € vy 1y

n—oo

where we use the fact lim,_ . (y,, Fu) = (1o, Fo)-
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Then, we get the opposite inequality
Dy, Fy) < K(yv,0) = lim K(yy,. 0) = liminf D(g,, F,). O

By the one-to-one correspondence between .#.% (S) and .4%(S), we can
replace the domain U of the map D by U'(C €L(S) x #4FL(S)) consisting
of transverse pairs (u,4) where the corresponding measured foliation F(4) of
A defined by Theorem 2.4 is transverse to u. For simplicity, we still denote the
function from U’ to R" as D.

Next, we need to modify D a little bit. For a measured lamination ¢, let
W (&) be the set of complete, chain recurrent geodesic laminations containing
£ By Theorem 1.3.6 in [16], we know that W (&) is not empty for any mea-
sured foliation &. Since the completion only relates to the underlying lami-
nation, W (&) = W (s&) for any positive number s. For convenience, denote by
W ([&]) & W(&), where [£] represents the projective class of &.

Recall that a measured geodesic lamination wu is called uniquely ergodic if
the transverse measure admitted on the underlying geodesic lamination L is
unique up to multiplication by a positive constant. u is said to fill up the sur-
face S if i(u, o) > 0 for any simple closed curve o on S, or equivalently, the
complementary of the underlying geodesic lamination L of x4 on S consists of
several simply connected regions. Let .#LN(S) C PML(S) consist of mea-
sured geodesic laminations which is uniquely ergodic and fills up the surface S.
For any e 4L N (S), we can easily get that if F is a measured foliation
transverse to ¢ and u is an element of W ([&]), then F is also transverse to u. Let
VCHMLN(S)x MLN(S) consist of transverse pairs ([£],[#]). We can define
a map P from V to a set #(I'T,) consisting of collections of stretch lines as
below:

P V- 2(T,)
(€, 1) = Ay - e U(ED}-

The mapping class group Mod(S) acts naturally on 24 %(S) and the inter-
section number is Mod(S)-invariant, i.e.,

i(gé1,9&) = i(&,&,) VYgeMod(S), ¢&1,& e 2AZL(S).

Besides, the mapping class group Mod(S) acts isometrically on Teichmiiller space
T, with respect to the Thurston metric, so the map P is Mod(S)-equivariant, i.e.,

P([g¢], [gn)) = gP((&], 1)) & {9(.) : € W([ED)},

where g € Mod(S) and ([¢],[n]) € V.
Next we define a function Dy on V by:

Do: V —R"

, — inf K(y,0)= inf D(un).
(el n) ye ([ ln) (.0) rew([é]) ()
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LEmMMA 3.4. There is a stretch line ye 2([],[n]) such that Do([&],[n]) =
K(0,7)-

Proof. There is a sequence u, € W([£]) such that

DO([i]? [’7]) = lim K(ovy,u”,n) = nan;lC D(/um}/])

n— oo

By Proposition 2.3, the space %, (S) of geodesic laminations is compact in the
Hausdorff topology. There is subsequence {sx, };—; of {u,},~, such that u,
converges to some geodesic lamination u in the Hausdorff topology. It is clear
that u is also a complete geodesic lamination containing the underlying geodesic
lamination of &, therefore & e W([£]). From Proposition 3.3, it follows

kILH; D(:unka 77) = D(:uv 77) = K(y,u,;yv 0)' O

ProOPOSITION 3.5. Dy is lower semi-continuous and Borel measurable.

Before we prove Proposition 3.5, we need some preparations. For a
measured lamination /, there is a canonically associated set C(1) of geodesic
laminations, consisting of the intersection of the closures in the Hausdorff
topology of its neighbourhoods in the measure topology. C(A) consists of
only A itself if and only if 4 is complete. In [19], Thurston proved the following
propositions.

ProposITION 3.6 (Chain recurrence is closed, [19] Proposition 6.2). Any
compactly-supported lamination which is a Hausdorff limit of a chain recurrent
laminations is chain recurrent.

ProrosiTION 3.7 (Hausdorft closure of neighbourhoods, [19] Proposition 6.3).
C(A) consists of all chain recurrent laminations which contains A.

LemMma 3.8.  Assume n, € ML (S), n=1,2... and n, converges to 1, in the
measure topology as n tends to infinity. Let w, € W([n,]), then the limit points of
{u,} in the Hausdorff topology are contained in W([n,]).

Proof. Let y/ be a limit point of {u,},~, in the Hausdorff topology. There
exists a subsequence {u, } converges to x' in the Haudorff topology. By
Proposition 3.6, x4’ is a complete chain recurrent geodesic lamination.

On the other hand, 7, converges to 7, in the measure topology as n tends
to infinity. From Proposition 3.7 and Theorem 2.3, we know that there exists
a subsequence of 7, , still denoted as 7, for simplicity, converges to a chain
recurrent lamination 7’ € C(7,) in the Hausdorff topology.

Therefore, #' C u/, which means that x’ is a completion of #’ and hence a
completion of 7. Ul
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After the preparations above, we prove Proposition 3.5 now.

Proof of Proposition 3.5. Let ([n,],[£.]) € V' with ([n,],[£,]) converges to
([10],[€0]) as n tends to infinity. There exists s,,r, > 0 such that

SuM, — "o, 1n measure topology,

ré, — &, in measure topology,

as n— 0. Take a subsequence {(sy /&y )} such that
(6) klin;v DO([’/IVUJ’ [é”k]) = hrrlllg;lf DO([”n]v [én])

It follows from Lemma 3.4 that there exist x,, € Ty, t, € R, and u, € W(s,1n,,)
= W(n,,) such that x, :y#nk’,nkénk(tnk) realizes Do([n, ], [¢s]), 1. K(x,,0) =
Do([n,,],[¢s]). By Theorem 2.3 and Lemma 3.8, there is a subsequence of
{mc};—,, which is still denoted as {n;},”, for simplicity, such that x, — u, for
some 1, € W([no) as k — oo.

We claim that {7, } is bounded. In fact,

= Ky e (0). 30 e ()
< K(Vﬂnl{,r,,kg”,,k (0)7 0) + K(Oa yﬂ";{"r”ké”k (tl’l/c))'

It follows from Theorem 3.2 that K(y,

e (0),0) is bounded. On the other
hand, by (6), e

n,

kh‘l:lglc DO([nnk]’ [ém\]) = len; K(yynk,rnké,,k (tﬂk)? 0)'

By Proposition 2.2, the sequence {yﬂ“k_’,,nkénk () }i—, stays in a compact subset of
T,, which means K(O’Vunk,r”kénk(tﬂk)) is bounded. Hence, {7, } is bounded.

There is a subsequence of {m};_,, which is still denoted as {m;};_, for
simplicity, such that #, converges to some 7 € R as k — oo.

As a consequence,

1 — A
khjl;} Xnme = yllo‘fo(to) = X0

Hence
Do), 4]) < K(x0,0) = Jim K(x,0) = liminf Do(fr,],[5,])-
So Dy is lower semi-continuous and hence Borel measurable. O

Recall that the stump of a geodesic lamination x is the maximal sublami-
nation of x admitting a transverse measure. The stretch line y, , () converges to
the projective class [n] of # in 24/ (S) in the positive direction ([14]). But the
convergence of y,,(7) in the negative direction does not alway exist. Neverthe-
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less, if the stump of u is uniquely ergodic, yﬂ_,?(t) converges to the projective
class of the stump in 24 (S) in the negative direction ([17] §3.3 Theorem 7).

ProposiTION 3.9. Let ([&],[n]) € V. Then

L. any stretch line y, ,(t) € P([],[n]) converges to [n] in the positive direction
and converges to [£] in the negative direction;

2. any two stretch lines in P([¢],[n]) are kept in bounded distance.

Proof. For the first part, recall that ¢ is uniquely ergodic and fills up the
surface S. Then the complementary region of ¢ on the surface S are ideal
polygons, which means that every completion u of ¢ is the union of ¢ with finite
isolated, infinite leaves. Since the support of a measured lamination contains
no isolated infinite leaves, the maximal measured lamination contained by u is &,
which is to say that ¢ is the stump of x. Then the stretch line y,,(#) converges
to [€] in the negative direction ([17] §3.3 Theorem 7) and converges to [¢] in the
positive direction ([14]).

The second part of the conclusion follows from Proposition 3.10 and the first
part we just prove. O

ProposiTION 3.10 ([17] §3.6 Proposition 4). Given two measured geodesic
laminations A, y meeting every component of one another and such that y is
uniquely ergodic, we can find a stretch line having [A] as positive endpoint and [y)
as negative endpoint.  This stretch line is unique if and only if [y] is complete. In
any ways, the distance between two such stretch lines is bounded from above.

4. Proof of Theorem 1.2

In this section, we follow Tiozzo’s idea [18] to prove Theorem 1.2. First of
all, we collect some results which will be useful in our proof.
The first one is a technical lemma whose proof can be found in [18].

Lemma 4.1 ([18], Lemma 7). Let Q be a measure space with a probability
measure A, and let T :Q — Q be a measure-preserving, ergodic transformation.
Let f:Q — R be a non-negative, measurable function, and define the function
g:Q—R as

g(@) = f(Tw) - f(w), YoeQ,
If ge LY (Q, A), then, for J-almost every w e Q,
im L") )

n—oo n

The second one concerns the linear drift of the random walk. The result is
a little bit different from the original one, but both of them can be obtained from
Kingman’s subadditive ergodic theorem.
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ProposiTiON 4.2 ([18], Proposition 4). Let u be a distribution on Mod(S)
with symmetric finite first moment, then there is A > 0 such that for each x e T,
and for P a.e. sample path

lim K(w,x, x)

n—oo n

=4.

Remark 4.3. The constant A is only nonnegative in the original statement
in [18] under more general settings. The positivity in this particular setting is
proved in the proof of Theorem 18 from [18].

The last one is about the convergence sample paths in 7.

THEOREM 4.4 ([7], Theorem 2.2.4). Let u be a probability measure on
Mod(S) such that the group generated by the support of u is non-elementary. For
P-a.e. sample path » = {w,} of the random walk and any x € T, the sequence

wpx converges in the Thurston boundary PMF to an uniquely ergodic measured
foliation F(w).

Now, we prove Theorem 1.2.
Proof of Theorem 1.2. The proof will be split into two steps. In step 1,

we will show that for P-a.e. sample path {w,x}, ,, there is a stretch line
y:(—o0,+0) — T, such that

(7) iy, Max{K (@, 7), K(y, 0nx)}

n—oo n

=0.

Then, in step 2, we will show the stretch line y chosen in step 1 can be replaced
by a stretch ray or anti-stretch ray.

STEP 1. Set Q@ = Mod(S)” be the product space of Mod(S). Let T be the
left shift of Q. That is to say, if we let a,(g) £ g, for g € Q, then a,(Tg) = gni1.

By Theorem 4.4, to P-a.e. sample path g = {w,x} we can associate two
points bnd* (g), bnd~(g) € 0X as below:

bnd+(g) = nlinl WpX = nan:i) gi - gnX.

bnd (g) £ lim @,x = lin;o gdo'g g ix

n—oo n—
Then we have

bnd " (7™"g) = lim T"w,x = lim ®,,'g; - g.x = »,,'bnd" (g),
n— oo

n— 00
and

bnd~ (7"g) = o, 'bnd ~(g)
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By Proposition 3.5, we know the function

f(g) £ Do(bnd~(g),bnd ™ (g)) = inf K(y,x)
7€ P(bnd ™ (g),bnd* (g))

is measurable and finite P-a.e.. Further,

T"g) = inf K(y,
f( g) yeP(bnd™ (T™g),bnd* (T™g)) (V X)

= inf K(y,x)
y€P(w,,'bnd™ (g),w,,'bnd* (g))

= inf K(wpy, opnx)
@y € P(bnd ™ (g), bnd ™ (g))

= inf K(y, omx).
7€ P(bnd™(g),bnd ™ (¢))

And
|f(Tg) — f(9)| = inf K(y, 01x) — inf K(y,x)

7€ P(bnd~(g),bnd™ (g)) 7€ P(bnd~(g),bnd ™ (g))

< max{K(g;x,x),K(x,g1x)}.

Hence |f(Ty) — f(g)| is integrable because of the assumption that x4 has sym-
metric finite first moment. Then, we get, by Lemma 4.1,

. T" . . K n
tim 2" _ inf K(y, onx)
n—o N n—=% yeP(bnd™(g),bnd* (g)) n

=0

)

so there exists 7, € P(bnd~(g),bnd " (g)) for each n such that

hm K(ynv wﬂ‘x)

n—oo n

=0.

By Proposition 3.10, any two stretch lines in P(bnd~(g),bnd " (g)) are kept
in bounded distance C, hence

< lim K0 @) T C o pibnd(g), bnd* (g)).

lim K(y, wnx)

n— o0 n n— o0 n

Combining with Lemma 2.1, we get

. K(wpx, . K(x, ;!
lim (@nx,7) = lim @, 7)
n—s 00 n n—oo n
< lim 3K(wn ]ya X) + Cx
n—oo n
K
— lim 3K (y, wpx) + Cy _o.
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Step 2. It follows from Step 1 that there exists #, > 0 such that

(8) lim K(V(tn)awnx)

n— oo n

=0.

From this and Lemma 2.1,

K(onx,y(tn)) K(x, a)n_ly(ln))

®) N L
Ko y(ty),
<3 hmM:o,

Combining (8), (9) and Proposition 4.2, we get

hm w S hm K(y(tn)7 (an) + K(wnx, x) _ A7
n—oo n P n
and
hm M > hm _K(wnx#(l‘n)) + I(((,/)n_)c7 X) _ A
n— oo n H—s 0O n
Hence,
fim KO, %) _
n— oo n
Further,
o KO(0).50) _
n—oo n

By the assumption of symmetric finite first moment, for P-a.e. sample path
{wnx};ila

K(w,x, wy11x) K(wy11x, w,x)

lim =0, lim =0.
n— oo n n— o0 n
Hence
K n . K n ’ n

n— oo n n— oo n

To finish the proof, it suffices to show that there exists N > 0 such that either
t, >0 for all n> N or ¢, <0 for all » > N. Suppose this is not true. Then
there are infinitely many »n; such that 1, <0 and ¢, ; > 0. As a consequence,

K((tm), 7(tn 1)) = K(p(t ), 7(0)) + K (p(0), p(t 1)) > K (), 7(0))-
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Further
K ni )s ny . ni )s
i KO Hte) | o KG(0).0) _
k— o0 Ny k— o0 Ny
which contradicts (10). Ul
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