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Abstract

In this paper, we study the Deligne’s sovereign structure theorem on the finite

dimensional weak Hopf algebras, and give a necessary and su‰cient condition for a

finite dimensional (co)quasitriangular weak Hopf algebra H with bijective antipode to

admit a (co)ribbon structure. As an application we discuss the ribbon structures over

the Drinfeld doubles of some weak Hopf algebras to verify our theory.

Introduction

In 1996, Böhm and Szlachányi ([3]) introduced and studied weak Hopf
algebras (or quantum groupoids) as a generalization of ordinary Hopf algebras
and groupoid algebras. The axioms are the same as the ones for a Hopf
algebra, except that the coproduct of the unit, the product of counit and the
antipode condition are replaced by the weaker properties. General theory for
the weak Hopf algebras was subsequently developed in [3], [14], [15], [16], etc..

A ribbon structure (see [10], and also see [18]) in a rigid braided category
C is a self-dual twist (or a self-dual balanced structure), which is a natural
isomorphism from the identity functor to itself and compatible with the duality
and the braiding. A sovereign structure (or a pivotal structure) in an auton-
omous category (see [1], and also see [8]) is a monoidal natural isomorphism from
the left duality functor to the right duality functor. In 1992, Deligne ([20],
Proposition 2.11) showed that there is a twist in a rigid braided category C if
and only if C admits a sovereign structure. Thus a ribbon structure in C must
be a sovereign structure satisfying some axioms. From the reconstruction
theoretical point of view, a ribbon (resp. sovereign) category is equivalent to
the category of (co)modules over a (co)ribbon (resp. sovereign) Hopf algebras
(or its generalizations) (see [1], [4], [17]). This leads us to a natural question:
how to represent the Deligne’s Theorem in the Hopf algebra (or its general-
izations) language?
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In 1993, Kau¤man and Radford ([11], Theorem 1) gave a bijective map
between the ribbon elements and the sovereign elements (notice that they did not
use the word ‘‘sovereign’’) satisfying suitable axioms related with the Drinfeld
element in a quasitriangular Hopf algebra. That provides us a Hopf algebra
view of Deligne’s Theorem (also see Theorem 1.3, [6]). In 2001, Bichon ([1])
introduced the (co)sovereign Hopf algebras and described the relation between
the cosovereign Hopf algebras and coquasitriangular Hopf algebras. In 2007,
Bruguières and Virelizier provided the Hopf monad version of Deligne’s Theorem
(see [4], Theorem 8.14). A natural idea is to discuss how this theorem appears in
a weak Hopf algebra version. This is the motivation of our paper.

In this paper, we first review some basic definitions. In Section 2, we
discuss the relation between the ribbon elements and sovereign elements in a
weak Hopf algebra, and give the definition of a (co)sovereign weak Hopf algebra.
As the main result of this section, we mainly find a necessary and su‰cient
condition based on Deligne’s Theorem for a (co)quasitriangular weak Hopf
algebra to be (co)ribbon. Finally, as an application, we consider the Drinfeld
doubles for the 2-dimensional, 3-dimensional and Sweedler’s 5-dimensional weak
Hopf algebras (note that these examples are in fact face algebras introduced by
Hayashi in [9]), and discuss whether they admit the ribbon structures or sovereign
structures.

1. Preliminaries

Throughout this article, we always work over a fixed field k satisfying
char k0 2. All algebras, linear spaces etc. will be taken over k. We use
Sweedler’s natation for coproduct on a coalgebra H : DðhÞ ¼ h1 n h2, for all
h A H, where summation is understood.

In this section we recall some basic definitions and results related to our
paper.

1.1. Sovereign categories and ribbon categories
Let ðC;n; I ; a; l; rÞ and ðC 0;n0; I 0; a 0; l 0; r 0Þ be two monoidal categories.

A natural transformation a : F ) G : C ! C 0 is called monoidal if a satisfies

aXnY � F2ðX ;Y Þ ¼ G2ðX ;YÞ � ðaX n aY Þ; and G0 ¼ aIF0;

or equivalently ([7], Definition 1.5.1), if a satisfies

aXnY � F2ðX ;YÞ ¼ G2ðX ;YÞ � ðaX n aY Þ; and aI is an isomorphism:

Definition 1.1. A sovereign structure on an autonomous category C is a
monoidal natural isomorphism g : ðÞ� ! �ðÞ, where ðÞ� means the left dual
functor and �ðÞ means the right dual functor. A sovereign category is an
autonomous category with a sovereign structure.

Note that there is another definition of a sovereign structure in [8] and [20]
which used the monoidal natural isomorphism from �ðÞ to ðÞ�.
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Recall from [1] that in the earlier definition by Freyd and Yetter (see [8],
[20]) there is a redundant axiom, which was proved by Maltsiniotis (see [13],
Proposition 3.2.3).

Recall from [[19], Remark 4.12] that one can equivalently define a sovereign
category as an autonomous category equipped with a monoidal natural transfor-
mation i : id ! ðÞ�� (in [8] and [19] it is called a pivotal structure).

Let ðC;n; I ; a; l; r; cÞ be a braided monoidal category. Recall from [10] (or
[19]) that a twist (or a balanced structure) on C is a family yV : V ! V of natural
isomorphisms indexed by the objects V of C satisfying

yVnW ¼ cW ;VcV ;W ðyV n yW Þ:

A twist y on an autonomous category C is self-dual if yV � ¼ ðyV Þ� (or
equivalently, y �V ¼ �ðyV Þ).

A ribbon category is a braided autonomous category endowed with a self-
dual twist.

Deligne’s Theorem ([20], Proposition 2.11, or [19], Lemma 4.20). Let
C be a braided autonomous category. Then giving a twist yV : V ! V on C
(making C into a balanced category) is equivalent to giving a sovereign structure
iV : V � ! �V (making C into a sovereign category).

1.2. (Co)Ribbon weak Hopf algebras
Recall from [3] that a weak Hopf algebra ðH;m; h;D; e;SÞ is both an associa-

tive algebra and a coassociative coalgebra with an antipode S : H ! H satisfying
the following conditions: for all x; y; z A H,

ð1Þ DðxyÞ ¼ DðxÞDðyÞ;
ð2Þ D2ð1Þ ¼ ðDð1Þn 1Þð1nDð1ÞÞ ¼ ð1nDð1ÞÞðDð1Þn 1Þ;
ð3Þ eðxyzÞ ¼ eðxy1Þeðy2zÞ ¼ eðxy2Þeðy1zÞ;
ð4Þ x1Sðx2Þ ¼ eð11xÞ12; Sðx1Þx2 ¼ 11eðx12Þ; Sðx1Þx2Sðx3Þ ¼ SðxÞ:

8>>><
>>>:
For a weak bialgebra H, define the maps et; es : H ! H by the formulas

etðxÞ ¼ eð11xÞ12; esðxÞ ¼ 11eðx12Þ:

Denote the image etðHÞ by Ht and the image esðHÞ by Hs, where Ht and Hs are
called the target algebra and source algebra of H.

Recall from [14] that an element g A H is said to be group-like if it is
invertible and satisfies

DðgÞ ¼ Dð1Þðgn gÞ ¼ ðgn gÞDð1Þ:

Group-like elements of H form a group denoted by GðHÞ. Note that for any
g A GðHÞ, we have etðgÞ ¼ esðgÞ ¼ 1 and the element SðgÞ ¼ g�1 is also group-
like.
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Suppose that H is a finite dimensional weak Hopf algebra. Then the linear
dual H � is also a finite dimensional weak Hopf algebra with structure maps m̂m,
ĥh, êe, D̂D, ŜS (see [3]).

A quasitriangular weak Hopf algebra ([16]) is a pair ðH;RÞ where H is a
weak Hopf algebra and R ¼

P
Rð1Þ nRð2Þ A Dopð1ÞðHnHÞDð1Þ such that

(1) there exists R A Dð1ÞðHnHÞDopð1Þ with

RR ¼ Dopð1Þ; RR ¼ Dð1Þ;
(2) for all h A H, we have

DopðhÞR ¼ RDðhÞ;
ðidnDÞR ¼ R13R12;

ðDn idÞR ¼ R13R23;

8><
>:

where R12 ¼ Rn 1, R23 ¼ 1nR, etc.
Let ðH;RÞ be a quasitriangular weak Hopf algebra. If there is an invertible

central element n A H, such that

DðnÞ ¼ R21Rðnn nÞ and SðnÞ ¼ n;

then n is called a ribbon element and H is called a ribbon weak Hopf algebra.
A coquasitriangular weak Hopf algebra ([5]) ðH; sÞ consists of a weak Hopf

algebra H and a map s : HnH ! k satisfying the following conditions:
(1) there exists a map s : HnH ! k (called a weak inverse of s) such that

eða1b1Þsða2 n b2Þeðb3a3Þ ¼ sðan bÞ;
and

sða1 n b1Þsða2 n b2Þ ¼ eðbaÞ; sða1 n b1Þsða2 n b2Þ ¼ eðabÞ;

(2) for all a; b; c A H, we have

sða1 n b1Þa2b2 ¼ b1a1sða2 n b2Þ;
sðan bcÞ ¼ sða1 n cÞsða2 n bÞ;
sðabn cÞ ¼ sðan c1Þsðbn c2Þ;
eðb1a1Þsða2 n b2Þeða3b3Þ ¼ sðan bÞ:

8>>><
>>>:

Note that the above definition is opposite to Pfei¤er’s one (see [17]). Actu-
ally, they are weak inverse with each other.

Let H be a weak Hopf algebra. A linear form f : H ! k is called
1. convolution invertible if there exists f �1 : H ! k such that for any x A H

we have

f ðx1Þ f �1ðx2Þ ¼ f �1ðx1Þ f ðx2Þ ¼ eðxÞ;

2. dual central if f ðx1Þx2 ¼ x1 f ðx2Þ for any x A H;
3. dual group-like if it is convolution invertible and satisfies for any x; y A H

f ðxyÞ ¼ eðx1 y1Þ f ðx2Þ f ðy2Þ ¼ f ðx1Þ f ðy1Þeðx2 y2Þ:
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Let ðH; sÞ be a coquasitriangular weak Hopf algebra. If there is a con-
volution invertible and dual central linear form t : H ! k satisfying the following
conditions

tðxyÞ ¼ sðy1 n x1Þsðx2 n y2Þtðx3Þtðy3Þ; and tðSðxÞÞ ¼ tðxÞ;

for any x; y A H, then t is called a ribbon form of H, and H is called a coribbon
weak Hopf algebra.

1.3. The representations of weak Hopf algebras
Let RepðHÞ be the category of representations of a weak Hopf algebra H,

whose objects are finite dimensional left H-modules and whose morphisms are
H-linear homomorphisms.

For any V ;W A RepðHÞ, define their tensor product by

V nt W ¼ Dð1HÞðV nk WÞ;

and the module structure is given by

h � ðvnwÞ ¼ h1 � vn h2 � w; for any h A H; vnw A V nt W ;

then recall from [15] that RepðHÞ is a rigid category through the following
statements:

� Ht is the unit object of RepðHÞ, where the action of H on Ht is given by

h � x ¼ etðhxÞ; h A H; x A Ht;

and the unit constraints are given by

lV : Ht nV ! V ; xn v 7! x � v; l�1
V : V ! Ht nV ; v 7! Sð11Þn 12 � v;

rV : V nHt ! V ; vn x 7! S�1ðxÞ � v; r�1
V : V ! V nHt; v 7! 11 � vn 12;

� for any V A RepðHÞ, set V � ¼ homkðV ; kÞ, with the action of H on V �

given by

ðh � f ÞðvÞ ¼ f ðSðhÞ � vÞ; h A H; f A V �; v A V ;

and V � is a left dual of V via

coevV : Ht ! V nV �; x 7! x �
X

qa � ei n ei
� �

;

where ei and ei are bases of V and V � respectively, dual to each other, and

evV : V � nV ! Ht; f n v 7! f ð11 � vÞ12;
� for any V A RepðHÞ, set �V ¼ homkðV ; kÞ, with the action of H on �V

given by

ðh � f ÞðvÞ ¼ f ðS�1ðhÞ � vÞ; h A H; f A �V ; v A V ;
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and �V is a right dual of V via

gcoevcoevV ðxÞ ¼ x �
X

ei n ei

� �
; eevevV ðvn f Þ ¼ f ðS�1ð11Þ � vÞ12:

Recall from [15] that a weak Hopf algebra H is a quasitriangular weak
Hopf algebra if and only if RepðHÞ is a braided category with the braiding

cV ;W : V nW ! W nV ; vnw 7!
X

Rð2Þ � wnRð1Þ � v;

and a weak Hopf algebra H is a ribbon weak Hopf algebra if and only if RepðHÞ
is a ribbon category with the twist

yV : V ! V ; v 7! n � v:

2. Sovereign weak Hopf algebras and ribbon weak Hopf algebras

Assume that H is a finite dimensional weak Hopf algebra with the bijective
antipode S. In this section, we will introduce the notion of a (co)sovereign
weak Hopf algebra, and consider the (co)representation category over it and give
a necessary and su‰cient condition for a finite dimensional (co)quasitriangular
weak Hopf algebra to admit a (co)ribbon structure through the (co)sovereign
structure. This work generalizes [[11], Theorem 1] and [[1], Proposition 2.9 &
2.10].

Let ðÞ� be the left dual functor, �ðÞ be the right dual functor over RepðHÞ,
F be the underlying functor from RepðHÞ to Veck. Let W denote the collection
of all natural transformations from F � ðÞ� to F � �ðÞ.

Lemma 2.1. There is a bijective map between W and H.

Proof. Define a map

P : W ! H; i 7! PðiÞ ¼ g :¼ iHðaiÞð1HÞai;

where ai and ai are bases of H and H �, respectively, dual to each other, and
define

Q : H ! W; g 7! QðgÞ ¼ i;

where g A H and i satisfies

iM : M � ! �M; f 7! f 0; where f 0ðmÞ ¼ f ðg �mÞ;

for any m A M A RepðHÞ. It is easy to check that i is a natural transformation.
Obviously P and Q are inverse with each other. r

From now on, assume that i A W and g A H are in correspondence with each
other.
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Lemma 2.2. i is H-linear if and only if g satisfies

S2ðhÞ ¼ ghg�1; for all h A H:

Proof. ): Since iH is H-linear, for any h; x A H, f A H �, we have

iHðh � f ÞðxÞ ¼ h � ðiHð f ÞðxÞÞ;
which implies

f ðS�1ðhÞgxÞ ¼ f ðgSðhÞxÞ:

Thus SðhÞgx ¼ gS�1ðhÞx. Take x ¼ 1H , we get S2ðhÞ ¼ ghg�1.
(: Straightforward. r

Lemma 2.3. i is a natural isomorphism in W if and only if g A H is invertible.

Proof. ): Assume that i�1 : �ðÞ ! ðÞ� is the inverse of i, then the inverse
element of g is g 0 ¼ i�1

H ðaiÞð1HÞai.
(: Suppose g�1 is the inverse of g, define i 0 : �ðÞ ! ðÞ� by

i 0Mð f ÞðmÞ :¼ f ðg�1 �mÞ;
for any m A M A RepðHÞ, f A �M. Obviously i 0 is the inverse of i. r

Since the objects in RepðHÞ are all finite dimensional, we obtain that
V � nW � ¼ ðW nVÞ� for any V ;W A RepðHÞ, which means ðÞ�2 ¼ id. Simi-
larly, �ðÞ2 ¼ id. Thus if i A W is a monoidal natural transformation, we have
iV n iW ¼ iVnW .

Lemma 2.4. i is a monoidal natural transformation if and only if g is
invertible and satisfies DðgÞ ¼ ðgn gÞDð1HÞ.

Proof. It is a direct computation to check that i is monoidal i¤ g satisfies
DðgÞ ¼ ðgn gÞDð1HÞ. From Lemma 2.3, i is an isomorphism if and only if g is
invertible. Thus the conclusion holds. r

Definition 2.5. Let H be a finite dimensional weak Hopf algebra with the
bijective antipode S. A sovereign element of H is a group-like element g such
that S2ðhÞ ¼ ghg�1 for any h A H. A sovereign weak Hopf algebra is a weak
Hopf algebra with a sovereign element.

Theorem 2.6. Let H be a finite dimensional weak Hopf algebra with the
bijective antipode S. Then H is a sovereign weak Hopf algebra if and only if
RepðHÞ is a sovereign category.

Proof. Let g A H. If DðgÞ ¼ ðgn gÞDð1HÞ, g is invertible and S2ðhÞ ¼
ghg�1 for any h A H, we immediately get that ðgn gÞDð1HÞ ¼ Dð1HÞðgn gÞ.
Thus from Lemma 2.1–Lemma 2.4, we obtain the conclusion.
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Assume that ðH;RÞ is a finite dimensional quasitriangular weak Hopf
algebra. Define the Drinfeld element u ¼ SðRð2ÞÞRð1Þ. Recall from [15] that the
following identities hold

u�1 ¼ Rð2ÞS2ðRð1ÞÞ; DðuÞ ¼ RR21ðun uÞ ¼ ðun uÞRR21;

and

SðuÞ ¼ Rð1ÞSðRð2ÞÞ; S2ðhÞ ¼ uhu�1

for all h A H.
Recall from [[15], Proposition 7.3] that RepðHÞ is a ribbon category if and

only if H is a ribbon weak Hopf algebra, and Deligne’s Theorem said that the
twist is equivalent to a sovereign structure in an autonomous category. Thus we
get the following theorem.

Theorem 2.7. Let ðH;RÞ be a finite dimensional quasitriangular weak Hopf
algebra with the bijective antipode S. Let h ¼ u�1SðuÞ. Then H has a ribbon
element if and only if there exists a sovereign element g A H, such that g2 ¼ h�1.

Proof. Let E ¼ fg A GðHÞ j g2 ¼ h�1;S2ðxÞ ¼ gxg�1; Ex A Hg, and F be the
collection of the ribbon elements in H. Define a map P 0 : E ! F by P 0ðgÞ ¼
u�1g. On the one hand, since S2ðxÞ ¼ uxu�1 for any x A H, we have u�1gx ¼
xu�1g which implies u�1g is the central element in H.

On the other hand, recall from [[15], Proposition 5.7] that ðHop; cop;R21Þ is
also a quasitriangular weak Hopf algebra with the Drinfeld element u�1, thus
we immediately get

Dðu�1Þ ¼ ðu�1 n u�1ÞR21R ¼ R21Rðu�1 n u�1Þ:

Hence we have

Dðu�1gÞ ¼ Dðu�1ÞDðgÞ

¼ Dðu�1ÞDð1HÞðgn gÞ

¼ R21Rðu�1gn u�1gÞ;

and

Sðu�1gÞ ¼ g�1SðuÞ�1 ¼ gu�1

¼ u�1S2ðgÞ ¼ u�1g

for any g A E. That means u�1g A F, i.e., P 0 is well defined.
Conversely, define Q 0 : F ! E by Q 0ðnÞ ¼ un for any n A F. Firstly, from

[[15], Lemma A.1], we have n2 ¼ u�1SðuÞ�1. Thus we get

ðunÞ2 ¼ un2u ¼ SðuÞ�1
u ¼ h�1:
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Secondly, we have

DðunÞ ¼ DðuÞDðnÞ ¼ ðun uÞRDopð1ÞRðnn nÞ
¼ ðun uÞDð1Þðnn nÞ
¼ ðunn unÞDð1Þ ðSince n is a central elementÞ
¼ Dð1Þðunn unÞ ðSince ðun uÞDð1HÞ ¼ Dð1HÞðun uÞÞ:

Since un is invertible, un A GðHÞ.
At last, by n A ZðHÞ, it is easy to get that S2ðxÞ ¼ unxðunÞ�1. Thus Q 0 is

well defined, and it is the inverse of P 0. r

Dually, we have the following definition and theorems which generalize [[1],
Definition 2.7] and [[1], Proposition 2.9 & 2.10], respectively.

Definition 2.8. Suppose that H is a finite dimensional weak Hopf algebra
with the bijective antipode S. A sovereign character on H is a dual group-like
linear form b such that S2 ¼ b � id � b�1. A cosovereign weak Hopf algebra is a
weak Hopf algebra with a sovereign character on it.

Theorem 2.9. Let H be a finite dimensional weak Hopf algebra with the
bijective antipode S. Then H is a cosovereign weak Hopf algebra if and only if
CorepðHÞ is a sovereign category.

Thus we get the following theorem which is dual to Theorem 2.7.

Theorem 2.10. Let ðH; sÞ be a finite dimensional weak Hopf algebra with
the bijective antipode S and the coquasitriangular structure s. Then H is a
coribbon weak Hopf algebra with the ribbon form t if and only if there exists a

sovereign character b : H ! k, such that b � b ¼ ðl�1 � SÞ � l.

3. Applications

In this section we give some examples of ribbon weak Hopf algebras and
sovereign weak Hopf algebras. The examples of coribbon weak Hopf algebras
and cosovereign weak Hopf algebras can be obtained by the duality.

Let H be a finite dimensional weak Hopf algebra. On the k-linear space
H �cop nk H define a multiplication by

ðfn hÞðjn gÞ ¼ fjðS�1ðh3Þ?h1Þn h2g;

where f; j A H �cop, g; h A H. The linear span I of the elements

fn esðxÞg� fðe ( xÞn g;

fn etðxÞg� fðx * eÞn g;
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is a two-sided ideal inH �cop nk H. LetDðHÞ be the factor-algebra ðH �cop nk HÞ=I
and fn h denote the class of fn h in DðHÞ. Then recall from [2] that DðHÞ is a
weak Hopf algebra with unit en 1, and its comultiplication, counit, and antipode
are given by

Dðfn hÞ ¼ ðf2 n h1Þðf1 n h2Þ;
eðfn hÞ ¼ fð11Þeð12hÞ;

Sðfn hÞ ¼ ðenSðhÞÞðŜS�1ðfÞn 1Þ:

Recall from [15] that DðHÞ is a quasitriangular weak Hopf algebra with the
R-matrix R ¼

P
iðen eiÞn ðei n 1Þ, where ei and ei are dual bases in H and H �.

Thus the Drinfeld element in DðHÞ is u ¼ ŜS�1ðeiÞn ei.

3.1. The Drinfeld double of a 2-dimensional weak Hopf algebra
Let H2 be a weak Hopf algebra with a basis f1; eg and the following

structures:
H21) the multiplication is given by

H2 1 e

1 1 e
e e e

H22) the comultiplication is given by

Dð1Þ ¼ ð1� eÞn ð1� eÞ þ en e; DðeÞ ¼ en e;

H23) the counit is given by

eð1Þ ¼ 2; eðeÞ ¼ 1;

H24) the antipode is given by S ¼ id.
It is easy to get that es ¼ et ¼ id.

Suppose that the dual basis of f1; eg in H �
2 is fI ;Eg, thus H �

2 have a weak
Hopf algebra structure as follows:

CH21) the multiplication is given by

H �
2 I E

I I �I
E �I 2I þ E

CH22) the comultiplication is given by

D̂DðIÞ ¼ I n I ; D̂DðEÞ ¼ I nE þ En I þ EnE;

CH23) the unit element is 1H �
2
¼ e ¼ 2I þ E;
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CH24) the counit is given by

êeðIÞ ¼ 1; êeðEÞ ¼ 0;

CH25) the antipode is given by ŜS ¼ id:

Proposition 3.1. H �
2 is isomorphic to H2 as weak Hopf algebras.

Proof. Define a map y : H2 ! H �
2 by

yð1Þ ¼ 2I þ E; yðeÞ ¼ I þ E:

It is easy to check that y is an isomorphism of weak Hopf algebras. r

Now consider DðH2Þ ¼ H
�cop
2 nH2. Since fn esðxÞg ¼ fðe ( xÞn g for

any f A H �
2 , x; g A H2, we can get

I n e ¼ I n e � 1 ¼ Iðe ( eÞn 1 ¼ 0;

En e ¼ En e � 1 ¼ Eðe ( eÞn 1 ¼ I n 1þ En 1;

which implies fI n 1;En 1g is a basis of DðH2Þ.
Furthermore, it is easy to get that DðH2Þ is isomorphic to H

�cop
2 ¼ H2 by the

canonical homomorphism jH : H �cop
2 ! DðH2Þ defined by jHðfÞ ¼ fn 1 for all

f A H
�cop
2 .

Theorem 3.2. H2 is a ribbon weak Hopf algebra.

Proof. Since DðH2Þ is isomorphic to H2 via I n 1 7! e, En 1 7! 1� 2e,
and DðH2Þ is a quasitriangular weak Hopf algebra with the R-matrix

R ¼ ðen 1Þn ðI n 1Þ þ ðI n 1Þn ðEn 1Þ þ ðEn 1Þn ðEn 1Þ;

then H2 is also a quasitriangular weak Hopf algebra with the R-matrix R ¼ Dð1Þ.
Furthermore, the Drinfeld element u ¼ 1.

Obviously 1 is the unique group-like element in H2 and satisfies Theorem 2.7.
Thus H2 is a ribbon weak Hopf algebra with the ribbon element 1. r

3.2. The Drinfeld double of a 3-dimensional weak Hopf algebra
Let H3 be a weak Hopf algebra with a basis f1; e; f g where
H31) the multiplication is given by

H3 1 e f

1 1 e f
e e e f
f f f f
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H32) the comultiplication is given by

Dð1Þ ¼ ð1� eÞn ð1� eÞ þ en e;

DðeÞ ¼ en e; Dð f Þ ¼ en f þ f n e� 2f n f ;

H33) the counit is given by

eð1Þ ¼ 2; eðeÞ ¼ 1; eð f Þ ¼ 0;

H34) the antipode is given by S ¼ id.
It is easy to get that in H3

esð1Þ ¼ etð1Þ ¼ 1; esðeÞ ¼ etðeÞ ¼ e; esð f Þ ¼ etð f Þ ¼ 0:

Suppose that the dual basis of f1; e; f g in H �
3 is fI ;E;Fg, thus H �

3 has a
weak Hopf algebra structure:

CH31) the multiplication is given by

H �
3 I E F

I I �I 0
E �I 2I þ E F
F 0 F �2F

CH32) the comultiplication is given by

D̂DðIÞ ¼ I n I ; D̂DðEÞ ¼ I nE þ En I þ EnE;

D̂DðFÞ ¼ I nF þ F n I þ EnF þ F nE þ F nF ;

CH33) the unit element is 1H �
3
¼ e ¼ 2I þ E;

CH34) the counit is given by

êeðIÞ ¼ 1; êeðEÞ ¼ êeðFÞ ¼ 0;

CH35) the antipode ŜS ¼ id.

Remark. H �
3 and H3 are isomorphic as weak Hopf algebras. The bijection

b : H3 ! H �
3 is given by

bð1Þ ¼ 2I þ E; bðeÞ ¼ I þ E; bð f Þ ¼ � 1

2
F :

Now consider DðH3Þ ¼ H
�cop
3 nH3. Since fn esðxÞg ¼ fðe ( xÞn g for

any f A H �
3 , x; g A H3, we can get

I n e ¼ I n e � 1 ¼ Iðe ( eÞn 1 ¼ 0;

I n f ¼ I n e � f ¼ Iðe ( eÞn f ¼ 0;

En e ¼ En e � 1 ¼ Eðe ( eÞn 1 ¼ I n 1þ En 1;

F n e ¼ F n e � 1 ¼ Fðe ( eÞn 1 ¼ F n 1;

which implies fI n 1;En 1;En f ;F n 1;F n f g is a basis of DðH3Þ.
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Furthermore, the weak Hopf algebra structure of DðH3Þ is as follows:
DH31) the multiplication and counit are given by

DðH3Þ I n 1 En 1 En f F n 1 F n f

I n 1 I n 1 �I n 1 0 0 0
En 1 �I n 1 2I n 1þ En 1 En f F n 1 F n f
En f 0 En f En f F n f F n f
F n 1 0 F n 1 F n f �2F n 1 �2F n f
F n f 0 F n f F n f �2F n f �2F n f

e 1 0 0 0 0

DH32) the comultiplication is given by

DðI n 1Þ ¼ ðI n 1Þn ðI n 1Þ;

DðEn 1Þ ¼ ðI n 1Þn ðEn 1Þ þ ðEn 1Þn ðI n 1Þ þ ðEn 1Þn ðEn 1Þ;

DðEn f Þ ¼ ðI n 1Þn ðEn f Þ þ ðEn 1Þn ðEn f Þ þ ðEn f Þn ðI n 1Þ

þ ðEn f Þn ðEn 1Þ � 2ðEn f Þn ðEn f Þ;

DðF n 1Þ ¼ ðI n 1Þn ðF n 1Þ þ ðEn 1Þn ðF n 1Þ þ ðF n 1Þn ðI n 1Þ

þ ðF n 1Þn ðEn 1Þ þ ðF n 1Þn ðF n 1Þ;

DðF n f Þ ¼ ðI n 1Þn ðF n f Þ þ ðEn 1Þn ðF n f Þ þ ðEn f Þn ðF n 1Þ

� 2ðEn f Þn ðF n f Þ þ ðF n 1Þn ðEn f Þ

þ ðF n f Þn ðI n 1Þ þ ðF n f Þn ðEn 1Þ

� 2ðF n f Þn ðEn f Þ þ ðF n 1Þn ðF n f Þ

þ ðF n f Þn ðF n 1Þ � 2ðF n f Þn ðF n f Þ;

DH33) the antipode is given by S ¼ id.

Theorem 3.3. DðH3Þ is a ribbon weak Hopf algebra.

Proof. It is straightforward to check that GðDðH3ÞÞ is the product of two
cyclic groups of order 2. Actually, the group-like elements in DðH3Þ are

g0 ¼ 1DðH3Þ ¼ 2I n 1þ En 1;

g1 ¼ 2I n 1þ En 1� 2En f þ F n 1� 2F n f ;

g2 ¼ 2I n 1þ En 1þ F n 1;

g3 ¼ 2I n 1þ En 1� 2En f :

8>>><
>>>:
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and they satisfy Theorem 2.7 since the Drinfeld element of DðH3Þ is

u ¼ 2I n 1þ En 1þ F n f :

Thus DðH3Þ is a ribbon weak Hopf algebra. Moreover, the ribbon elements in
DðH3Þ are

n1 ¼ 2I n 1þ En 1þ F n f ;

n2 ¼ 2I n 1þ En 1� 2En f þ F n 1� F n f ;

n3 ¼ 2I n 1þ En 1� 2En f � F n f ;

n4 ¼ 2I n 1þ En 1þ 2F n 1� F n f :

8>>><
>>>:

r

3.3. The Drinfeld double of the Sweedler’s 5-dimensional weak Hopf
algebra

Let H5 be the Sweedler’s 5-dimensional weak Hopf algebra with a basis
f1; e; c; x; yg satisfying the following:

H51) the multiplication is given by

H5 1 e c x y

1 1 e c x y
e e e c x y
c c c e �y �x
x x x y 0 0
y y y x 0 0

H52) the comultiplication is given by

Dð1Þ ¼ 1n 1� 1n e� en 1þ 2en e;

DðeÞ ¼ en e; DðcÞ ¼ cn c;

DðxÞ ¼ cn xþ xn e; DðyÞ ¼ en yþ yn c;

H53) the counit is given by

eð1Þ ¼ 2; eðeÞ ¼ eðcÞ ¼ 1; eðxÞ ¼ eðyÞ ¼ 0;

H54) the antipode is given by

Sð1Þ ¼ 1; SðeÞ ¼ e; SðcÞ ¼ c; SðxÞ ¼ y; SðyÞ ¼ �x:

It is easy to get that

esð1Þ ¼ etð1Þ ¼ 1; esðeÞ ¼ etðeÞ ¼ e;

esðcÞ ¼ etðcÞ ¼ e; esðxÞ ¼ etðxÞ ¼ esðyÞ ¼ etðyÞ ¼ 0:

Suppose that the dual basis of f1; e; c; x; yg in H �
5 is fI ;E;C;X ;Yg, then H �

5

has a weak Hopf algebra structure as follows:
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CH51) the multiplication is given by

H �
5 I E C X Y

I I �I 0 0 0
E �I 2I þ E 0 0 Y
C 0 0 C X 0
X 0 X 0 0 0
Y 0 0 Y 0 0

CH52) the comultiplication is given by

D̂DðIÞ ¼ I n I ;

D̂DðEÞ ¼ EnE þ I nE þ En I þ CnC;

D̂DðCÞ ¼ I nC þ Cn I þ EnC þ CnE;

D̂DðX Þ ¼ I nX þ X n I þ EnX þ X nE þ Y nC � CnY ;

D̂DðY Þ ¼ I nY þ Y n I þ EnY þ Y nE þ X nC � CnX ;

CH53) the unit element is 1H �
5
¼ e ¼ 2I þ E þ C;

CH54) the counit is given by

êeðIÞ ¼ 1; êeðEÞ ¼ êeðCÞ ¼ êeðX Þ ¼ êeðYÞ ¼ 0;

CH55) the antipode is given by

ŜSðIÞ ¼ I ; ŜSðEÞ ¼ E; ŜSðCÞ ¼ C; ŜSðXÞ ¼ �Y ; ŜSðYÞ ¼ X :

Now consider DðH5Þ ¼ H
�cop
5 nH5. Similar to DðH2Þ and DðH3Þ, we can

get that DðH5Þ is a 17-dimensional weak Hopf algebra with a basis fx00 ¼ I n 1,
x11 ¼ En 1, x12 ¼ En c, x13 ¼ En x, x14 ¼ En y, x21 ¼ Cn 1, x22 ¼ Cn c,
x23 ¼ Cn x, x24 ¼ Cn y, x31 ¼ X n 1, x32 ¼ X n c, x33 ¼ X n x, x34 ¼ X n y,
x41 ¼ Y n 1, x42 ¼ Y n c, x43 ¼ Y n x, x44 ¼ Y n yg.

Furthermore, the weak Hopf algebra structure of DðH5Þ is given as follows:
DH51) since fn h ¼ ðfn 1HÞðen hÞ for all f A H �cop and h A H, and there

are two canonical weak Hopf algebra homomorphisms: iH : H ! DðHÞ defined
by iHðhÞ ¼ en h and jH : H �cop ! DðHÞ defined by jHðfÞ ¼ fn 1H , we only
need to give the products under the form ðen hÞðfn 1HÞ. Moreover, we have

ðcn aÞðjn bÞ ¼ ðcn 1HÞðen aÞðjn 1HÞðen bÞ
¼ ðcn 1HÞð f n 1HÞðen cÞðen bÞ
¼ ðcf n 1HÞðen cbÞ;
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for any c; j A H �cop, a; b A H, where f n c ¼ ðen aÞðjn 1HÞ obtained by fol-
lowing

DðH5Þ I n 1 En 1 Cn 1 X n 1 Y n 1

en 1 I n 1 En 1 Cn 1 X n 1 Y n 1
en e 0 En c Cn c �X n c �Y n c
en c 0 En c Cn c �X n c �Y n c
en x 0 Cn x En x I n 1þ En 1

�En cþ yn x
�Cn c� Cn 1

þX n x
en y 0 Cn y En y I n 1þ En 1

�En c� Y n y
Cn cþ Cn 1

�X n y

DH52) since Dðfn hÞ ¼ Dðfn 1ÞDðen hÞ, we only need to give the cop-
roducts under the form Dðfn 1Þ and Dðen hÞ:

DðI n 1Þ ¼ ðI n 1Þn ðI n 1Þ;

DðEn 1Þ ¼ ðI n 1Þn ðEn 1Þ þ ðEn 1Þn ðI n 1Þ
þ ðEn 1Þn ðEn 1Þ þ ðCn 1Þn ðCn 1Þ;

DðCn 1Þ ¼ ðI n 1Þn ðCn 1Þ þ ðEn 1Þn ðCn 1Þ
þ ðCn 1Þn ðI n 1Þ þ ðCn 1Þn ðEn 1Þ;

DðX n 1Þ ¼ ðX n 1Þn ðI n 1Þ þ ðX n 1Þn ðEn 1Þ þ ðCn 1Þn ðY n 1Þ
� ðY n 1Þn ðCn 1Þ þ ðEn 1Þn ðX n 1Þ þ ðI n 1Þn ðX n 1Þ;

DðY n 1Þ ¼ ðI n 1Þn ðY n 1Þ þ ðEn 1Þn ðY n 1Þ þ ðY n 1Þn ðI n 1Þ
þ ðY n 1Þn ðEn 1Þ þ ðCn 1Þn ðX n 1Þ � ðX n 1Þn ðCn 1Þ;

Dðen 1Þ ¼ 2ðI n 1Þn ðI n 1Þ þ ðI n 1Þn ðEn 1Þ þ ðEn 1Þn ðI n 1Þ
þ ðEn 1Þn ðEn 1Þ þ ðCn 1Þn ðCn 1Þ
þ ðI n 1Þn ðCn 1Þ þ ðEn 1Þn ðCn 1Þ
þ ðCn 1Þn ðI n 1Þ þ ðCn 1Þn ðEn 1Þ;

Dðen eÞ ¼ ðI n 1Þn ðI n 1Þ þ ðI n 1Þn ðEn 1Þ þ ðEn 1Þn ðI n 1Þ
þ ðEn 1Þn ðEn 1Þ þ ðCn 1Þn ðCn 1Þ
þ ðI n 1Þn ðCn 1Þ þ ðEn 1Þn ðCn 1Þ
þ ðCn 1Þn ðI n 1Þ þ ðCn 1Þn ðEn 1Þ;

Dðen cÞ ¼ ðEn cÞn ðEn cÞ þ ðCn cÞn ðCn cÞ
þ ðCn cÞn ðEn cÞ þ ðEn cÞn ðCn cÞ;
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Dðen xÞ ¼ ðEn cÞn ðEn xÞ þ ðEn xÞn ðEn 1Þ þ ðEn xÞn ðI n 1Þ

þ ðCn cÞn ðCn xÞ þ ðCn xÞn ðCn 1Þ þ ðEn cÞn ðCn xÞ

þ ðCn cÞn ðEn xÞ þ ðCn xÞn ðEn 1Þ

þ ðCn xÞn ðI n 1Þ þ ðEn xÞn ðCn 1Þ;

Dðen yÞ ¼ ðI n 1Þn ðEn yÞ þ ðEn 1Þn ðEn yÞ þ ðEn yÞn ðEn cÞ

þ ðCn 1Þn ðCn yÞ þ ðCn yÞn ðCn cÞ þ ðEn 1Þn ðCn yÞ

þ ðI n 1Þn ðCn yÞ þ ðCn 1Þn ðEn yÞ

þ ðCn yÞn ðEn cÞ þ ðEn yÞn ðCn cÞ;

DH53) the unit element is 1DðH5Þ ¼ 2I n 1þ En 1þ Cn 1;
DH54) the counit is given by

eðI n 1Þ ¼ 1; eðEn cÞ ¼ 1;

eðxijÞ ¼ 0; for any ði; jÞ0 ð0; 0Þ and ði; jÞ0 ð1; 2Þ;

DH55) since Sðfn hÞ ¼ ðenSðhÞÞðŜS�1ðfÞn 1Þ, the antipode of DðH5Þ is
immediately determined by H54), CH55) and the table of the product.

Theorem 3.4. DðH5Þ is a sovereign weak Hopf algebra, but not a ribbon
weak Hopf algebra.

Proof. On the one hand, it is a direct computation to check that GðDðH5ÞÞ
is the product of two cyclic groups of order 2. Actually, the group-like elements
in DðH5Þ are

1DðH5Þ ¼ 2I n 1þ En 1þ Cn 1;

g1 ¼ I n 1þ En cþ Cn c;

g2 ¼ I n 1þ En c� Cn c;

g3 ¼ 2I n 1þ En 1� Cn 1;

and g1, g3 are sovereign elements.
On the other hand, since the quasitriangular structure of DðH5Þ is R ¼P

iðen eiÞn ðei n 1Þ, we can get that the Drinfeld element

u ¼ 2I n 1þ En 1þ Cn c� X n yþ Y n x;

and

u�1 ¼ 2I n 1þ En 1þ Cn c� X n x� Y n y:
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Then we have

u�1SðuÞ ¼ I n 1þ En c� Cn cþ 2Y n y:

Thus there is no group-like element g in DðH5Þ satisfing g2 ¼ u�1SðuÞ. r
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