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UNIVERSAL INEQUALITIES FOR EIGENVALUES OF A SYSTEM

OF SUB-ELLIPTIC EQUATIONS ON HEISENBERG GROUP1
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Abstract

In this paper, we study the eigenvalue problem of a system of sub-elliptic equations

on abounded domain in the Heisenberg group and obtain some universal inequalities.

Moreover, for the lower order eigenvalues of this eigenvalue problem, we also give some

universal inequalities.

1. Introduction

It is well known that the ð2nþ 1Þ-dimensional Heisenberg group Hn is the
space R2nþ1 equipped with the non-commutative group law

ðx; y; tÞðx 0; y 0; t 0Þ ¼ xþ x 0; yþ y 0; tþ t 0 þ 1

2
ðhx 0; yiR n � hx; y 0iR nÞ

� �
;

where x; y; x 0; y 0 A Rn and t; t 0 A R, and h ; iRn denotes the inner product in Rn.
The Lie algebra Hn of Hn has a basis formed by the following vector fields

Xp ¼
q

qxp
� yp

2

q

qt
; Yp ¼

q

qyp
� xp

2

q

qt
; T ¼ q

qt
; p ¼ 1; 2; . . . ; n:

We note that the only nontrivial commutators are ½Yp;Xq� ¼ �Tdpq: Thus the
vector fields X1; . . . ;Xn, Y1; . . . ;Yn generate a vector bundle on Hn, the so called
horizontal vector bundle HHn, that is a vector subbundle of THn, the tangent
vector bundle on Hn. Since each fiber of HHn can be canonically identified with
a vector subspace of R2nþ1, each section j of HHn can be identified with a map
j : Hn ! R2nþ1. At each point P A Hn the horizontal fiber is denoted as HPH

n

and each fiber endowed with the scalar product h� ; �iP and the associated norm
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j � jP that make the vector fields X1; . . . ;Xn, Y1; . . . ;Yn orthonormal, hence we
shall also identify a section of HHn with it’s canonical coordinates with respect
to it’s moving frame. In this way, a section j will be identified with the func-
tion j ¼ ðj1; . . . ; j2nÞ : Hn ! R2n such that j ¼

P2n
i¼1 jiXi: As it is common in

Riemannian geometry, when dealing with two sections j and j 0 whose argument
is not explicitly written, we shall drop the index P in the scalar product writing
hj; j 0i for hjðPÞ; j 0ðPÞiP. The same convention will be adopted for the norm.
If W is an open domain of Heisenberg group Hn and kb 0 is a non-negative
integer, the symbols Ck

HðWÞ, Cy
H ðWÞ denote the usual (Euclidean) spaces of real

valued continuously di¤erential functions. We denote by CkðW;HHnÞ the all
Ck-sections of HHn, where the Ck regularity is understood as regularity be-
tween smooth manifolds. The notations of CyðW;HHnÞ is defined analogously.
Now, let us introduce some di¤erential operators on the Heisenberg group Hn.

Let W be an open subset of Hn, if j ¼ ðj1; . . . ; j2nÞ A CkðW;HHnÞ and kb 1
is a positive integer, we define the horizontal divergence of j as

divH j ¼
Xn
i¼1

Xiji þ Yijnþi:

If f A Ck
HðWÞ and kb 1 is a positive integer, we define the horizontal gradient of

f as

gradH f ¼ ðX1 f ; . . . ;Xn f ;Y1 f ; . . . ;Yn f Þ:

If f A Ck
HðWÞ and kb 2 is a positive integer, the real Kohn Laplacian of f is

given by

DH f ¼ divH gradH f ¼
Xn
p¼1

ðX 2
p f þ Y 2

p f Þ:

If j ¼ ðj1; . . . ; j2nÞ A CkðW;HHnÞ and kb 2 is a positive integer, we define

XiðjÞ ¼ ðXij1; . . . ;Xij2nÞ; i ¼ 1; . . . ; n;

YjðjÞ ¼ ðYjj1; . . . ;Yjj2nÞ; j ¼ 1; . . . ; n;

DHðjÞ ¼ ðDHj1; . . . ;DHj2nÞ;
gradH f � gradHðjÞ ¼ ðhgradH f ; gradH j1i; . . . ; hgradH f ; gradH j2niÞ:

Based on the above facts and more results [25, 23, 17, 16, 24] of eigenvalue
problem in the Heisenberg group, in this paper, we consider the following eigen-
value problem of a system of sub-elliptic equations

DHuþ a gradHðdivHðuÞÞ ¼ �su; in W;

u ¼ 0; on qW;

�
ð1:1Þ

where W is a bounded domain in Hn, a is a non-negative constant, and u A
CkðW;HHnÞ.
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In [18], Ilias and Makhoul mentioned the following inverse spectral problem
(see [9]): ‘‘What kind of increasing sequences of non negative numbers can be
the spectrum of the Laplacian of a compact Riemannian manifold (respectively, of
the Dirichlet Laplacian on a domain of a fixed Euclidean space)?’’. In the same
paper, they proposed another question which is less di‰cult than the first one:
‘‘Is there any restrictions on these spectral sequences, which are independent of the
manifold (respectively, the domain)?’’. Such restrictions will be called ‘‘universal’’.
Thus, the universal inequalities are the useful tools to study the inverse spec-
tral problems. In recent years, many universal inequalities for eigenvalues on
Riemannian manifolds have been obtained by many mathematicians, we refer
to [1, 4–8, 10–15, 18–20, 26–28, etc.] and the references therein. In sub-
Riemannian geometry, it is natural to consider the following problem: In sub-
Riemannian manifolds, are there similar results for the eigenvalue problems as
in the Riemannian case? For the eigenvalue problem of a system of elliptic
equations on a Euclidean space Rm, Levine-Protter [21], Levitin-Parnovski [22],
Cheng-Yang [3], and Chen-Cheng-Wang-Xia [2] gave some universal inequalities,
respectively. Our purpose in this paper is to prove a universal inequality for the
eigenvalue problem of a system of elliptic equations on a Heisenberg group Hn

although the noncommutativity of vector fields fXi;Yig makes the discussion of
this problem more complicated than the similar one on the Euclidean space.

Theorem 1.1. Let W be a bounded domain in a ð2nþ 1Þ-dimensional
Heisenberg group Hn and let si be the i-th eigenvalue of the eigenvalue problem
(1.1). Then we have

Xk
i¼1

ðskþ1 � siÞ2 amin
ð2nþ aÞ

n2
;Aðn; aÞ

� �Xk
i¼1

ðskþ1 � siÞsi;ð1:2Þ

where

Aðn; aÞ ¼

8þ ð2nþ 2Þa
ð2nþ aÞð1þ LÞ ; when 0a a < ðnþ 1Þ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðnþ 1Þ2 þ 4

q
;

4þ a2

2nþ a
; when ab ðnþ 1Þ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðnþ 1Þ2 þ 4

q
;

8>>><
>>>:

and L ¼ ð4þ ð2nþ 2Þa� a2Þn2

ð2nþ aÞ2
.

From Theorem 1.1, we can easily get the following

Corollary 1.1. Under the assumption of Theorem 1.1, we have

skþ1 a 1þmin
ð2nþ aÞ

n2
;Aðn; aÞ

� �� �
1

k

Xk
i¼1

si;ð1:3Þ
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and the gap of any consecutive eigenvalues

skþ1 � sk amin
ð2nþ aÞ

n2
;Aðn; aÞ

� �
1

k

Xk
i¼1

si:ð1:4Þ

For the lower order eigenvalues, we can obtain

Theorem 1.2. Under the assumption of Theorem 1.1, we have

X2n
i¼1

ðsiþ1 � s1Þa 4ð1þ aÞs1:ð1:5Þ

2. Preliminaries

In this section, we will prove a lemma which will play a key role in the proof
of Theorem 1.1.

Lemma 2.1. Let W be a bounded domain in an ð2nþ 1Þ-dimensional
Heisenberg group Hn. Let si denote the i-th eigenvalue of the eigenvalue problem
(1.1) and let ui be the i-th orthonormal eigenfunctions corresponding to si, namely,
ui satisfies

DHui þ a gradHðdivHðuiÞÞ ¼ �siDHui; in W;

ui ¼ 0; on qW;Ð
W hui; uji ¼ dij ; i; j ¼ 1; 2; . . .

8><
>:ð2:1Þ

Then for any h A C 2ðWÞVC 1ðqWÞ, we have

Xk
i¼1

ðskþ1 � siÞ2
ð
W

jgradH hj2juij2 þ a

ð
W

hgradH h; uii
2

� �
ð2:2Þ

a
Xk
i¼1

ðskþ1 � siÞkpik
2

and, for any positive constant A,

Xk
i¼1

ðskþ1 � siÞ2 ð1� AÞ
ð
W

jgradH hj2juij2 � Aa

ð
W

jgradH h � uij2
� �

ð2:3Þ

a
1

A

Xk
i¼1

ðskþ1 � siÞ gradH h � gradHðuiÞ þ
1

2
DHhui

����
����
2

;

where pi A CkðW;HHnÞ defined by

pi ¼ 2 gradH h � gradHðuiÞ þ DHhui þ afgradHhgradH h; uiiþ divHðuiÞ gradH hg:
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Proof. Defining vi A CkðW;HHnÞ by

vi ¼ hui �
Xk
j¼1

aijuj;ð2:4Þ

where aij ¼
Ð
W hhui; uji ¼ aji, we have

vijqW ¼ 0;

ð
W

hvi; uji ¼ 0 for any i; j ¼ 1; . . . ; k:ð2:5Þ

From the Rayleigh-Ritz inequality, we have

skþ1

ð
W

jvij2 a
ð
W

ðDHvi � vi þ aðdivHðviÞÞ2Þ:ð2:6Þ

From the definition of vi, we derive

DHvi ¼ DHðhuiÞ �
Xk
j¼1

aijDHuj

¼ hDHðuiÞ þ 2 gradH h � gradHðuiÞ þ DHhui �
Xk
j¼1

aijDHuj

¼ hð�siui � a gradHðdivHðuiÞÞÞ þ 2 gradH h � gradHðuiÞ þ DHhui

�
Xk
j¼1

aijð�siui � a gradHðdivHðuiÞÞÞ

¼ �sihui þ
Xk
j¼1

aijsiui þ 2 gradH h � gradHðuiÞ þ DHhui

� a gradHðdivHðuiÞÞ þ a
Xk
j¼1

aij gradHðdivHðuiÞÞ:

Therefore, we haveð
W

h�DHvi; vii ¼ sikvik2 �
ð
W

hð2 gradH h � gradHðuiÞ þ DHhuiÞ; viið2:7Þ

� a

ð
W

hgradHðdivHðuiÞÞ; vii

þ a
Xk
j¼1

aij

ð
W

hgradHðdivHðuiÞÞ; vii:
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Using integration by parts, we have

�a

ð
W

hgradHðdivHðuiÞÞ; viiþ a
Xk
j¼1

aij

ð
W

hgradHðdivHðuiÞÞ; vii

¼ a

ð
W

ðdivH viÞ2 � a

ð
W

ðdivHðviÞhgradH h; uiiþ divHðuiÞhgradH h; viiÞ

¼ a

ð
W

ðdivH viÞ2 þ a

ð
W

ðhvi; gradHhgradH h; uiiiþ divHðuiÞhgradH h; viiÞ:

By (2.6)–(2.7) and the above equality, we have

ðskþ1 � siÞkvik2 a�
ð
W

hð2 gradH h � gradHðuiÞ þ DHhuiÞ; viið2:8Þ

þ a

ð
W

ðhvi; gradHhgradH h; uiiiþ divHðuiÞhgradH h; viiÞ:

Let us set

bij ¼
ð
W

gradH h � gradHðuiÞ þ
1

2
DHhui; ui

� �
¼ �bji;

and

pi ¼ 2 gradH h � gradHðuiÞ þ DHhui þ afgradHðgradH h � uiÞ þ divHðuiÞ gradH hg:

By the similar computation such as (2.9)–(2.14) in [2], we have

Xk
i¼1

ðskþ1 � siÞ2
ð
W

jgradH hj2juij2 þ a

ð
W

hgradH h; uii
2

� �
a
Xk
i¼1

ðskþ1 � siÞkpik
2;

hence, (2.2) is true.
By the similar computation such as (2.15) in [2], we have

ðskþ1 � siÞ2
ð
W

jgradH hj2juij2 þ 2
Xk
j¼1

aijbij

 !

a ðskþ1 � siÞ2A
ð
W

jgradH hj2juij2 þ
Xk
j¼1

ðsi � sjÞa2ij þ a

ð
W

hgradH h; uii
2

 !

þ ðskþ1 � siÞ
A

gradH h � gradHðuiÞ þ
1

2
DHhui

����
����
2

�
Xk
j¼1

b2ij

 !
:
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In the above inequality, summing over i from 1 to k and noticing aij ¼ aji,
bij ¼ �bji, we obtain

Xk
i¼1

ðskþ1 � siÞ2
ð
W

jgradH hj2juij2 � 2
Xk
i; j¼1

ðskþ1 � siÞðsi � sjÞaijbij

aA
Xk
i¼1

ðskþ1 � siÞ2
ð
W

jgradH hj2juij2 þ a

ð
W

hgradH h; uii
2

� �

þ
Xk
i¼1

ðskþ1 � siÞ
A

gradH h � gradHðuiÞ þ
1

2
DHhui

����
����
2

� A
Xk
i; j¼1

ðskþ1 � siÞðsi � sjÞ2a2ij �
Xk
i; j¼1

ðskþ1 � siÞ
A

b2ij ;

which implies

Xk
i¼1

ðskþ1 � siÞ2
ð
W

jgradH hj2juij2

aA
Xk
i¼1

ðskþ1 � siÞ2
ð
W

jgradH hj2juij2 þ a

ð
W

hgradH h; uii
2

� �

þ
Xk
i¼1

ðskþ1 � siÞ
A

gradH h � gradHðuiÞ þ
1

2
DHhui

����
����
2

;

Thus, (2.3) is true. This completes the proof of Lemma 2.1.

3. Proofs of main results

In this section, we will prove our main results by using Lemma 2.1.

Proof of Theorem 1.1. Let Yp ¼ Xnþp, yp ¼ xnþp, p ¼ 1; . . . ; n, we know
that

XgðxbÞ ¼ dgb; b; g ¼ 1; . . . ; 2n:

Then we can get

X2n
b¼1

jgradH xbj2 ¼ 2n;
X2n
b¼1

hgradH xb; uii
2 ¼ juij2;ð3:1Þ

gradH xb � gradHðuiÞ ¼ XbðuiÞ; DHxb ¼ 0:ð3:2Þ

Using integration by parts, we have
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X2n
b¼1

ð
W

jgradH xb � gradHðuiÞj
2 ¼

ð
W

X2n
b¼1

hXbðuiÞ;XbðuiÞið3:3Þ

¼
ð
W

�
X2n
b¼1

X 2
b ðuiÞ; ui

* +

¼
ð
W

�hDHui; uii

¼
ð
W

hsiui þ a gradHðdivHðuiÞÞ; uii

¼ si � akdivHðuiÞk2:

Taking h ¼ xa in (2.3) and summing over a from 1 to 2n, we have

Xk
i¼1

ðskþ1 � siÞ2
X2n
b¼1

ð1� AÞ
ð
W

jgradH xbj2juij2 � Aa

ð
W

jgradH xb � uij2
� �

ð3:4Þ

a
1

A

Xk
i¼1

ðskþ1 � siÞ
X2n
b¼1

gradH xb � gradHðuiÞ þ
1

2
DHxbui

����
����
2

;

Taking (3.1)–(3.2) into (3.4), we have

Xk
i¼1

ðskþ1 � siÞ2ð2n� Að2nþ aÞÞa 1

A

Xk
i¼1

ðskþ1 � siÞðsi � akdivHðuiÞk2Þ:ð3:5Þ

Taking

A ¼
Pk

i¼1ðskþ1 � siÞðsi � akdivHðuiÞk2Þ
ð2nþ aÞ

Pk
i¼1ðskþ1 � siÞ2

( )
;ð3:6Þ

we have

Xk
i¼1

ðskþ1 � siÞ2 a
ð2nþ aÞ

n2

Xk
i¼1

ðskþ1 � siÞðsi � akdivHðuiÞk2Þ;ð3:7Þ

since akdivHðuiÞk2 b 0, we have

Xk
i¼1

ðskþ1 � siÞ2 a
ð2nþ aÞ

n2

Xk
i¼1

ðskþ1 � siÞsi:ð3:8Þ

Taking h ¼ xa into (2.2) and using (3.1) and (3.2), we have

Xk
i¼1

ðskþ1 � siÞ2 1þ a

ð
W

hgradH xb; uii
2

� �
a
Xk
i¼1

ðskþ1 � siÞkpik
2;ð3:9Þ
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and

pi ¼ 2 gradH xb � gradHðuiÞ þ afgradHhgradH xb; uiiþ divHðuiÞ gradH xbg:ð3:10Þ

Taking (3.10) into (3.9) and summing over b from 1 to 2n, we derive from (3.3)
that

ð2nþ aÞ
Xk
i¼1

ðskþ1 � siÞ2ð3:11Þ

a
Xk
i¼1

ðskþ1 � siÞ

� k2XbðuiÞ þ afgradHhgradH xb; uiiþ divHðuiÞ gradH xbgk2

¼
Xk
i¼1

ðskþ1 � siÞðð4þ a2Þsi � aða2 � ð2nþ 2Þa� 4ÞkdivHðuiÞk2Þ:

We set L ¼ ð4þ ð2nþ 2Þa� a2Þn2

ð2nþ aÞ2
, and

Aðn; aÞ ¼

8þ ð2nþ 2Þa
ð2nþ aÞð1þ LÞ ; when 0a a < ðnþ 1Þ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðnþ 1Þ2 þ 4

q
;

4þ a2

2nþ a
; when ab ðnþ 1Þ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðnþ 1Þ2 þ 4

q
:

8>>><
>>>:

ð3:12Þ

It then follows from the similar discussion as in [2] that

Xk
i¼1

ðskþ1 � siÞ2 aAðn; aÞ
Xk
i¼1

ðskþ1 � siÞsið3:13Þ

By (3.8) and (3.13), we have

Xk
i¼1

ðskþ1 � siÞ2 amin
ð2nþ aÞ

n2
;Aðn; aÞ

� �Xk
i¼1

ðskþ1 � siÞsi:ð3:14Þ

This completes the proof of Theorem 1.1.

Proof of Theorem 1.2. Defining a ð2n� 2nÞ-matrix C :¼ ðcijÞ, where

cij ¼
ð
W

xihu1; ujþ1i; i; j ¼ 1; . . . ; 2n:
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From the orthogonalization of Gram and Schimidt, there exist an upper triangle
matrix R ¼ ðRijÞ and an orthogonal matrix T ¼ ðTijÞ such that R ¼ TC: Thus,
we have

Rij ¼
X2n
k¼1

TikCkj ¼
X2n
k¼1

ð
W

Tikxkhu1; ujþ1i ¼ 0; for 1a j < ia 2n:

Setting gi ¼
P2n

k¼1 Tikxk, we haveð
W

gihu1; ujþ1i ¼ 0; for 1a j < ia 2n:

We put

wi ¼ ðgi � aiÞu1;ð3:15Þ
where ai ¼

Ð
W giju1j2, then it follows that

wijW ¼ 0;

ð
W

hwi; ujþ1i ¼ 0; for 0a j < ia 2n:ð3:16Þ

From the Rayleigh-Ritz inequality, we have

siþ1

ð
W

jwij2 a
ð
W

ð�hwi;DHwiiþ aðdivHðwiÞÞ2Þð3:17Þ

It follows from the definition of gi, the fact that T is an orthogonal matrix, (3.1)
and (3.2) that

X2n
i¼1

jgradH gij2 ¼ 2n;
X2n
i¼1

hgradH gi; u1i
2 ¼ ju1j2;ð3:18Þ

gradH gi � gradHðu1Þ ¼
X2n
k¼1

TikXkðu1Þ; DHgi ¼ 0:ð3:19Þ

Hence, we have

DHwi ¼ ðgi � aiÞDHu1 þ 2 gradH gi � gradHðu1Þ
¼ ðgi � aiÞð�s1u1 � a gradHðdivHðu1ÞÞÞ þ 2 gradH gi � gradHðu1Þ

¼ �s1wi þ ðgi � aiÞð�a gradHðdivHðu1ÞÞÞ þ 2
X2n
k¼1

TikXkðu1Þ

andð
W

�hDHwi;wii

¼ s1

ð
W

jwij2 þ
ð
W

ðgi � aiÞða gradHðdivHðu1ÞÞÞ � 2
X2n
k¼1

TikXkðu1Þ;wi

* +
:
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By (3.17), we have

ðsiþ1 � s1Þ
ð
W

jwij2ð3:20Þ

a

ð
W

ðgi � aiÞða gradHðdivHðu1ÞÞÞ � 2
X2n
k¼1

TikXkðu1Þ;wi

* +

þ a

ð
W

ðdivHðwiÞÞ2:

Since

ð
W

X2n
k¼1

TikXkðu1Þ;wi

* +
¼
ð
W

X2n
k¼1

TikhXkðu1Þ; ðg1 � a1Þu1i

¼ �
ð
W

X2n
k¼1

TikhXkðu1Þ; ðg1 � a1Þu1i�
ð
W

X2n
k¼1

T 2
ikju1j

2;

we have

�2

ð
W

X2n
k¼1

TikXkðu1Þ;wi

* +
¼ 1ð3:21Þ

and ð
W

hðgi � aiÞða gradHðdivHðu1ÞÞÞ;wiið3:22Þ

¼ �a

ð
W

divHðu1Þ divHððgi � aiÞwiÞ

¼ �a

ð
W

divHðu1Þððgi � aiÞ divHðwiÞ þ h‘Hgi;wiiÞ

¼ �a

ð
W

ðdivHðwiÞÞ2 þ a

ð
W

divHðwiÞh‘Hgi; u1i

� a

ð
W

divHðu1Þh‘Hgi;wii

¼ �a

ð
W

ðdivHðwiÞÞ2 þ a

ð
W

h‘Hgi; u1i
2:

Substituting (3.21) and (3.22) into (3.20), we have

ðsiþ1 � s1Þ
ð
W

jwij2 a 1þ a

ð
W

h‘Hgi; u1i
2:ð3:23Þ
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On the other hand, for any positive constant di, we have

1 ¼ �2

ð
W

X2n
k¼1

TikXkðu1Þ;wi

* +
ð3:24Þ

a di

ð
W

jwij2 þ
1

di

ð
W

X2n
k¼1

TikXkðu1Þ
					

					
2

:

Then by the similar discussion as in [3], we have

siþ1 � s1 a 4ð1þ aÞ
ð
W

X2n
k¼1

TikXkðu1Þ
					

					
2

:

Summing over i from 1 to 2n, we have

X2n
i¼1

ðsiþ1 � s1Þa 4ð1þ aÞ
X2n
i¼1

ð
W

X2n
k¼1

TikXkðu1Þ
					

					
2

¼ 4ð1þ aÞ
X2n
k¼1

ð
W

jXkðu1Þj2 a 4ð1þ aÞs1:

Hence, (1.5) is true. This completes the proof of Theorem 1.2.
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