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PSEUDO ASYMPTOTICALLY PERIODIC SOLUTIONS OF TWO-TERM

TIME FRACTIONAL DIFFERENTIAL EQUATIONS WITH DELAY

Zhinan Xia

Abstract

In this paper, the existence and uniqueness of pseudo S -asymptotically o-periodic

mild solutions of class r for the nonlinear two-term time fractional di¤erential equations

with delay are investigated. The working tools are based on the generalization of the

semigroup theory and fixed point theory. Finally, we present an application to a

fractional partial di¤erential equation with delay.

1. Introduction

The study of the existence of asymptotically o-periodic solutions is one of
the most interesting and important topics in the qualitative theory of di¤erential
equations. From an applied perspective, asymptotically o-periodic systems de-
scribe world more realistically and accurately than periodic ones, one can see
[7, 12, 13, 22, 23] for more details. The notion of S -asymptotic o-periodicity,
introduced by Henrı́quez et al. in [10, 11], is related to and more general than
that of asymptotic o-periodicity. Since then, it has attracted the attention of
many researchers and the interest in this topic still increases [3, 4, 5, 8, 9, 16, 18].
Recently, in [19], the concept of pseudo S -asymptotic o-periodicity and pseudo S -
asymptotic o-periodicity of class r, which generalizes the notion of S -asymptotic
o-periodicity, was introduced and the applications to semilinear first-order
di¤erential equations with delay in Banach spaces were studied.

In this paper, we study the existence, uniqueness of pseudo S -asymptotically
o-periodic solutions of class r for the nonlinear two-term time fractional di¤er-
ential equations with delay

Daþ1
t uðtÞ þ mD

b
t uðtÞ � AuðtÞ ¼ f ðt; utÞ; t A Rþ; 0 < aa ba 1; m > 0;ð1:1Þ

u0 ¼ j1 A C; u 0
0 ¼ j2 A C;
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where A is an ~oo-sectorial operator of angle bp=2 with ~oo < 0, utðyÞ :¼ uðtþ yÞ
for y A ½�r; 0�, rb 0 is a fixed constant, C :¼ Cð½�r; 0�;RÞ denotes the space of
continuous function from ½�r; 0� to R with the supremum norm. The fractional
derivative is understood in the Caputo sense.

Note that fractional di¤erential equations arise in many areas of applied
science, such as physics, engineering, biology, control theory, among other areas.
For this reason, those equations have been of a great interest during the last
few decades. Our motivation to study (1.1) come from recent investigation on
the subject. For (1.1) without delay, the existence, uniqueness of mild solutions
in the special case a ¼ b were studied in [15]; the nonlinear two-term time

fractional di¤usion-wave equation with A ¼ d 2

dx2
, 0 < a < b � 1 was studied in

[20]; asymptotic behavior of mild solutions was studied in [14]; the S -asymptotic
o-periodicity of mild solutions was studied in [6]; the almost periodicity, compact
almost automorphy, almost automorphy and pseudo asymptotic behavior of mild
solutions were studied in [1], but in the case of delay, i.e., (1.1), to the best of
our knowledge, there is no work reported in literature. Moreover, the pseudo S -
asymptotic o-periodicity of (1.1) is quite new and an untreated topic. This is
one of the key motivations of this study.

The paper is organized as follows. In Section 2, some notations and
preliminary results are presented. In Section 3, we explore some properties
of pseudo S -asymptotically o-periodic function of class r, and establish the
composition theorems. Section 4 is devoted to the existence, uniqueness of
pseudo S -asymptotically o-periodic mild solution of class r for (1.1). In Section
5, we present an application to a fractional partial di¤erential equation with
delay.

2. Preliminaries and basic results

Let ðX ; k � kÞ, ðY ; k � kY Þ be two complex Banach spaces and N, R, Rþ, and
C stand for the set of natural numbers, real numbers, nonnegative real numbers,
and complex numbers, respectively. RðuÞ denotes the range of uð�Þ. In order to
facilitate the discussion below, we further introduce the following notations:

� BCðRþ;XÞ (resp. BCðRþ � Y ;XÞÞ: the Banach space of bounded con-
tinuous functions from Rþ to X (resp. from Rþ � Y to X ) with the
supremum norm.

� CðRþ;X Þ (resp. CðRþ � Y ;X Þ): the set of continuous functions from Rþ

to X (resp. from Rþ � Y to X ).
� LðX ;Y Þ: the Banach space of bounded linear operators from X to Y
endowed with the operator topology. In particular, we write LðXÞ when
X ¼ Y .

� LpðRþ;X Þ: the space of all classes of equivalence (with respect to the
equality almost everywhere on Rþ) of measurable functions f : Rþ ! X
such that k f k A LpðRþ;RþÞ.
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� L
p
locðR

þ;XÞ: stand for the space of all classes of equivalence of measurable
functions f : Rþ ! X such that the restriction of f to every bounded
subinterval of Rþ is in LpðRþ;X Þ.

Let p A ½1;yÞ. The space BSpðRþ;XÞ of all Stepanov bounded functions,
with the exponent p, consists of all measurable functions f : Rþ ! X such that
f b A LyðRþ;Lpð½0; 1�;X ÞÞ, where f b is the Bochner transform of f defined by
f bðt; sÞ :¼ f ðtþ sÞ, t A Rþ, s A ½0; 1�. BSpðRþ;X Þ is a Banach space with the
norm [17]

k f kS p ¼ k f bkLyðRþ;L pÞ ¼ sup
t ARþ

ð tþ1

t

k f ðtÞkp dt

� �1=p
:

It is obvious that LpðRþ;XÞHBSpðRþ;XÞHL
p
locðR

þ;XÞ and BSpðRþ;X ÞH
BSqðRþ;X Þ for pb qb 1.

For each p A ½1;yÞ, we denote by UCpðRþ � Y ;XÞ the set of all continuous
functions f : Rþ � Y ! X with the property that there exists a function Lf A
BSpðRþ;RþÞ satisfying Ee > 0, bd > 0 such that

sup
t A ½t�r; t�

k f ðt; uðtÞÞ � f ðt; vðtÞÞkaLf ðtÞe; for all t A Rþ and

u; v A Y with ku� vkY < d:

It is easy to see that UCpðRþ � Y ;X ÞHUCqðRþ � Y ;X Þ for 1a qa p < y.
Let a > 0, m ¼ dae denote the integer part of a and u : Rþ ! X . The

Caputo fraction derivative of u A Rþ of order a is defined by

Da
t uðtÞ ¼

ð t
0

gm�aðt� sÞuðmÞðsÞ ds; t > 0;

where gbðtÞ :¼
tb�1

GðbÞ , t > 0, b > 0, G is the Gamma function, and in case b ¼ 0,

set g0ðtÞ :¼ d0, the Dirac measure concentrated at the origin.
In order to give an operator theoretical approach to (1.1), we have the

following definition.

Definition 2.1 [14]. A closed and densely defined linear operator A is said
to ~oo-sectorial of angle y if there exists y A ½0; p=2Þ and ~oo A R such that its
resolvent exists in the sector

~ooþ Sy :¼ f ~ooþ l : l A C; jargðlÞj < p=2þ ygnf ~oogð2:1Þ

kðlI � AÞ�1ka M

jl� ~ooj ; l A ~ooþ Sy:

In the case ~oo ¼ 0; we merely say that A is sectorial of angle y.
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We should mention that in the general theory of sectorial operator, it is not
require that (2.1) holds in a sector of angle p=2. Our restriction corresponds to
the class of operators used in this paper.

Definition 2.2 [14]. Let m > 0, 0a a; ba 1 be given. Let A be a closed
and linear operator with domain DðAÞ defined on a Banach space X . We call A
the generator of an ða; bÞm-regularized family if there exist ~oob 0 and a strongly
continuous function Sa;b : R

þ ! LðXÞ such that flaþ1 þ mlb : Re l > ~oogH rðAÞ
and

laðlaþ1 þ mlb � AÞ�1
x ¼

ðy
0

e�ltSa;bðtÞx dt; Re l > ~oo; x A X :

Because of the uniqueness theorem for the Laplace transform, if m ¼ 0,
a ¼ 0, this corresponds to the case of a C0-semigroup whereas the case m ¼ 0,
a ¼ 1 corresponds to the concept of cosine family. For more details on the
Laplace transform approach to semigroups and cosine functions, we refer to [2].

Su‰cient conditions to existence and the integrability for the generators of
an ða; bÞm-regularized family are given in the following results.

Theorem 2.1 [14]. Let 0 < aa ba 1, m > 0 and ~oo < 0. Assume that A is
an ~oo-sectorial of angle bp=2, then A generates an ða; bÞm-regularized family Sa;bðtÞ
satisfying

kSa;bðtÞka
C

1þ j ~oojðtaþ1 þ mtbÞ ; tb 0;ð2:2Þ

for some constant C > 0 depending only on a, b.

Note that ðy
0

1

1þ j ~oojtaþ1
dt ¼ j ~ooj�1=ðaþ1Þp

ðaþ 1Þ sinðp=ðaþ 1ÞÞ
for 0 < a < 1, therefore Sa;bðtÞ is integrable on ð0;yÞ.

Theorem 2.2 (Hardy-Littlewood [2]). Let f A L1
locðRþ;XÞ and FðtÞ :¼Ð t

0 f ðsÞ ds. Assume that M :¼ suptbt tk f ðtÞk < y for some tb 0 and Fy A X.
If liml!0 f̂f ðlÞ ¼ Fy, then limt!y FðtÞ ¼ Fy, where f̂f ðlÞ :¼

Ðy
0 e�ltf ðtÞ dt.

3. Pseudo S-asymptotic o-periodicity of class r

For o > 0, define

C0ðRþ;XÞ ¼ f A BCðRþ;XÞ : lim
t!y

k f ðtÞk ¼ 0
n o

:

CoðRþ;XÞ ¼ f f A BCðRþ;XÞ : f is o-periodicg:
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Definition 3.1 [21]. A function f A BCðRþ;XÞ is called asymptotically o-
periodic if there exist g A CoðRþ;X Þ, j A C0ðRþ;X Þ such that f ¼ gþ j. The
collection of those functions is denoted by APoðRþ;X Þ.

Definition 3.2 [10]. A function f A BCðRþ;XÞ is said to be S -
asymptotically periodic if there exists o > 0 such that limt!yð f ðtþ oÞ � f ðtÞÞ
¼ 0. In this case, we say that f is S -asymptotically o-periodic. The collection
of those functions is denoted by SAPoðRþ;X Þ. It is clear that APoðRþ;X ÞH
SAPoðRþ;X Þ:

Definition 3.3 [19]. A function f A BCðRþ;XÞ is called pseudo S -
asymptotically periodic if there exists o > 0 such that

lim
T!y

1

T

ðT
0

k f ðtþ oÞ � f ðtÞk dt ¼ 0:

In this case, we say that f is pseudo S -asymptotically o-periodic. Denote by
PSAPoðRþ;XÞ the set of such functions, PSAPoðRþ;X Þ is a Banach space when
endowed with the supremum norm and SAPoðRþ;XÞHPSAPoðRþ;X Þ.

Definition 3.4 [19]. A function f A BCðRþ;XÞ is called pseudo S -
asymptotically o-periodic of class r (rb 0) if there exists o > 0 such that

lim
T!y

1

T

ðT
r

sup
t A ½t�r; t�

k f ðtþ oÞ � f ðtÞk dt ¼ 0:

Denote by PSAPo; rðRþ;XÞ the set of such functions, PSAPo; rðRþ;XÞ is a
Banach space when endowed with the supremum norm.

Definition 3.5 [19]. A function F A BCðRþ � Y ;X Þ is called uniformly
pseudo S -asymptotically o-periodic of class r (rb 0) if there exists o > 0 such
that

lim
T!y

1

T

ðT
r

sup
t A ½t�r; t�

sup
kzkYaR

kF ðtþ o; zÞ � Fðt; zÞk dt ¼ 0;

for all R > 0. Denote by PSAPo; rðRþ � Y ;XÞ the set of such functions.

Next, we show some properties of the space PSAPo; rðRþ;XÞ.

Lemma 3.1. Let rb 0, then
(i) PSAPo; rðRþ;XÞJPSAPoðRþ;XÞ.
(ii) PSAPo; rðRþ;XÞ is a closed subspace of BCðRþ;XÞ.
(iii) PSAPo; rðRþ;XÞ is a Banach space under the supermum norm.

Proof. From the estimate
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1

T

ðT
0

k f ðtþ oÞ � f ðtÞk dt

¼ 1

T

ð r
0

k f ðtþ oÞ � f ðtÞk dtþ 1

T

ðT
r

k f ðtþ oÞ � f ðtÞk dt

a
1

T

ð r
0

k f ðtþ oÞ � f ðtÞk dtþ 1

T

ðT
r

sup
t A ½t�r; t�

k f ðtþ oÞ � f ðtÞk dt;

it is easy to see that (i) holds.
Let fn A PSAPo; rðRþ;XÞ and fn ! f in BCðRþ;X Þ, then

1

T

ðT
r

sup
t A ½t�r; t�

k f ðtþ oÞ � f ðtÞk dt

¼ 1

T

ðT
r

sup
t A ½t�r; t�

k fnðtþ oÞ � fnðtÞk dt

þ 1

T

ðT
r

sup
t A ½t�r; t�

k f ðtþ oÞ � f ðtÞ � ð fnðtþ oÞ � fnðtÞÞk dt

a
1

T

ðT
r

sup
t A ½t�r; t�

k fnðtþ oÞ � fnðtÞk dt

þ 1

T

ðT
r

sup
t A ½t�r; t�

k f ðtþ oÞ � fnðtþ oÞk dt

þ 1

T

ðT
r

sup
t A ½t�r; t�

k f ðtÞ � fnðtÞk dt;

which yields that f A PSAPo; rðRþ;XÞ, then (ii) holds, therefore (iii) holds.
r

Lemma 3.2. Let r1 > 0, r2 > 0, then

PSAPo; r1ðRþ;X Þ ¼ PSAPo; r2ðRþ;XÞ:

Proof. Let r > 0, first we show that

PSAPo; rðRþ;XÞHPSAPo;2rðRþ;X Þ:ð3:1Þ

For f A PSAPo; rðRþ;XÞ, one has

1

T

ðT
2r

sup
t A ½t�2r; t�

k f ðtþ oÞ � f ðtÞk dt

a
1

T

ðT
2r

sup
t A ½t�r; t�

k f ðtþ oÞ � f ðtÞk dtþ 1

T

ðT
2r

sup
t A ½t�2r; t�r�

k f ðtþ oÞ � f ðtÞk dt
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a
1

T

ðT
r

sup
t A ½t�r; t�

k f ðtþ oÞ � f ðtÞk dtþ 1

T

ðT�r

r

sup
t A ½u�r;u�

k f ðtþ oÞ � f ðtÞk du

a
1

T

ðT
r

sup
t A ½t�r; t�

k f ðtþ oÞ � f ðtÞk dtþ 1

T

ðT
r

sup
t A ½u�r;u�

k f ðtþ oÞ � f ðtÞk du;

so

lim
T!y

1

T

ðT
2r

sup
t A ½t�2r; t�

k f ðtþ oÞ � f ðtÞk dt ¼ 0;

thus f A PSAPo;2rðRþ;X Þ. Hence (3.1) holds.
Now, let r1 > r2 > 0. If f A PSAPo; r1ðRþ;X Þ, then

lim
T!y

1

T

ðT
r1

sup
t A ½t�r1; t�

k f ðtþ oÞ � f ðtÞk dt ¼ 0:

From

1

T

ðT
r2

sup
t A ½t�r2; t�

k f ðtþ oÞ � f ðtÞk dt

¼ 1

T

ð r1
r2

sup
t A ½t�r2; t�

k f ðtþ oÞ � f ðtÞk dtþ 1

T

ðT
r1

sup
t A ½t�r2; t�

k f ðtþ oÞ � f ðtÞk dt

a
1

T

ð r1
r2

sup
t A ½t�r2; t�

k f ðtþ oÞ � f ðtÞk dtþ 1

T

ðT
r1

sup
t A ½t�r1;t�

k f ðtþ oÞ � f ðtÞk dt;

then

lim
T!y

1

T

ðT
r2

sup
t A ½t�r2; t�

k f ðtþ oÞ � f ðtÞk dt ¼ 0;

so f A PSAPo; r2ðRþ;X Þ, i.e., one has

PSAPo; r1ðRþ;XÞHPSAPo; r2ðRþ;X Þ:ð3:2Þ

On the other hand, since r1 > r2; there exists k A N such that 2kr2 > r1. By
(3.1), (3.2), one has

PSAPo; r2ðRþ;X ÞHPSAPo;2kr2ðR
þ;XÞHPSAPo; r1ðRþ;XÞ:

Thus, PSAPo; r1ðRþ;X Þ ¼ PSAPo; r2ðRþ;XÞ. The proof is complete. r

Remark 3.1. It is interesting that PSAPo; rðRþ;XÞ ¼ PSAPo;1ðRþ;X Þ
for all r > 0 by Lemma 3.2, but for r ¼ 0, it is not necessarily holds, i.e.,
PSAPo;0ðRþ;XÞ ¼ PSAPo;1ðRþ;X Þ is not true.
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Lemma 3.3. Let f A PSAPo; rðRþ;X Þ, then f ð� þ hÞ A PSAPo; rðRþ;XÞ for
all hb 0.

Proof. For hb 0,

1

T

ðT
r

sup
t A ½t�r; t�

k f ðtþ hþ oÞ � f ðtþ hÞk dt

¼ 1

T

ðT
r

sup
t A ½tþh�r; tþh�

k f ðtþ oÞ � f ðtÞk dt

¼ 1

T

ðTþh

rþh

sup
t A ½t�r; t�

k f ðtþ oÞ � f ðtÞk dt

¼ T þ h

T
� 1

T þ h

ðTþh

r

sup
t A ½t�r; t�

k f ðtþ oÞ � f ðtÞk dt

� 1

T

ð rþh

r

sup
t A ½t�r; t�

k f ðtþ oÞ � f ðtÞk dt;

then

lim
T!y

1

T

ðT
r

sup
t A ½t�r; t�

k f ðtþ hþ oÞ � f ðtþ hÞk dt ¼ 0;

which implies that f ð� þ hÞ A PSAPo; rðRþ;XÞ for all hb 0. r

We will establish some composition theorems for pseudo S -asymptotically o-
periodic function of class r.

Theorem 3.1. Let f A PSAPo; rðRþ � Y ;XÞ and there exists a constant
Lf > 0 such that

k f ðt; uÞ � f ðt; vÞkaLf ku� vkY ; t A Rþ; u; v A Y ;

then hð�Þ ¼ f ð�; uð�ÞÞ A PSAPo; rðRþ;XÞ if uð�Þ A PSAPo; rðRþ;Y Þ.

Proof. It is clear that f ð�; uð�ÞÞ A BCðRþ;X Þ. For e > 0, there exists Le > 0
such that

1

T

ðT
r

sup
t A ½t�r; t�

sup
kzkaR

k f ðtþ o; zÞ � f ðt; zÞk dta e;

1

T

ðT
r

sup
t A ½t�r; t�

kuðtþ oÞ � uðtÞkY dta e=Lf ;

for every T bLe, R > 0. For T bLe,
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1

T

ðT
r

sup
t A ½t�r; t�

k f ðtþ o; uðtþ oÞÞ � f ðt; uðtÞÞk dt

a
1

T

ðT
r

sup
t A ½t�r; t�

k f ðtþ o; uðtþ oÞÞ � f ðt; uðtþ oÞÞk dt

þ 1

T

ðT
r

sup
t A ½t�r; t�

k f ðt; uðtþ oÞÞ � f ðt; uðtÞÞk dt

a
1

T

ðT
r

sup
t A ½t�r; t�

sup
kzkaR

k f ðtþ o; zÞ � f ðt; zÞk dt

þ Lf

T

ðT
r

sup
t A ½t�r; t�

kuðtþ oÞ � uðtÞkY dt

a 2e;

implies that hð�Þ A PSAPo; rðRþ;XÞ. r

In the following, we establish another composition theorem which weakens
the assumptions on f .

Lemma 3.4. Let f A BCðRþ;XÞ, then f A PSAPo; rðRþ;X Þ if and only if for
any e > 0,

lim
T!y

1

T
mesðMT ; eð f ÞÞ ¼ 0;ð3:3Þ

where mesð�Þ denotes the Lebesgue measure and

MT ; eð f Þ ¼ t A ½r;T � : sup
t A ½t�r; t�

k f ðtþ oÞ � f ðtÞkb e

( )
:

Proof. Su‰ciency: From the statement of the Lemma it is clear that
k f k < y and for any e > 0, there exists T0 > 0 such that for T > T0,

1

T
mesðMT ; eð f ÞÞ <

e

2k f k :

Then,

1

T

ðT
r

sup
t A ½t�r; t�

k f ðtþ oÞ � f ðtÞk dt

¼ 1

T

 ð
MT ; e

sup
t A ½t�r; t�

k f ðtþ oÞ � f ðtÞk dt

þ
ð
½r;T �nMT ; e

sup
t A ½t�r; t�

k f ðtþ oÞ � f ðtÞk dt

!
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a
2k f k
T

mesðMT ; eð f ÞÞ þ
e

T

ð
½r;T �nMT ; e

dt

a
2k f k
T

mesðMT ; eð f ÞÞ þ
e

T

ðT
0

dt

a 2e;

so

lim
T!y

1

T

ðT
r

sup
t A ½t�r; t�

k f ðtþ oÞ � f ðtÞk dt ¼ 0:

That is f A PSAPo; rðRþ;X Þ.
Necessity: Suppose the contrary, that there exists e0 > 0, such that1

T
mesðMT ; eð f ÞÞ does not converge to 0 as T ! y. That is there exists

d > 0, such that for each n,

1

Tn

mesðMTn; e0ð f ÞÞb d for some Tn > n;

then

1

Tn

ðTn

r

sup
t A ½t�r; t�

k f ðtþ oÞ � f ðtÞk dt

¼ 1

Tn

ð
MTn ; e0

sup
t A ½t�r; t�

k f ðtþ oÞ � f ðtÞk dt

þ
ð
½r;Tn�nMTn ; e0

sup
t A ½t�r; t�

k f ðtþ oÞ � f ðtÞk dt

b
1

Tn

ð
MTn ; e0

sup
t A ½t�r; t�

k f ðtþ oÞ � f ðtÞk dt

b
1

Tn

mesðMTn; e0ð f ÞÞe0

b e0d;

which contradicts the fact that

lim
T!y

1

T

ðT
r

sup
t A ½t�r; t�

k f ðtþ oÞ � f ðtÞk dt ¼ 0:

Thus (3.3) holds. r

Theorem 3.2. Assume that f A PSAPo; rðRþ � Y ;XÞVUCpðRþ � Y ;X Þ,
p A ½1;yÞ, then hð�Þ ¼ f ð�; uð�ÞÞ A PSAPo; rðRþ;XÞ if u A PSAPo; rðRþ;Y Þ.
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Proof. It is clear that f ð�; uð�ÞÞ A BCðRþ;X Þ. Moreover, since f A
PSAPo; rðRþ � Y ;XÞVUCpðRþ � Y ;X Þ; for Ee > 0, there exists Le > 0, d > 0,
Lf A BSpðRþ;RþÞ such that

1

T

ðT
r

sup
t A ½t�r; t�

sup
kzkYaR

k f ðtþ o; zÞ � f ðt; zÞk dta e; for every T bLe; R > 0:

kF ðtÞk :¼ sup
t A ½t�r; t�

k f ðt; uðtþ oÞÞ � f ðt; uðtÞÞkaLf ðtÞe; if

kzðtÞkY :¼ kuðtþ oÞ � uðtÞkY < d; t A Rþ:

Denote

MT ; dðzÞ ¼ t A ½r;T � : sup
t A ½t�r; t�

kuðtþ oÞ � uðtÞkY b d

( )
:

~MMT ; dðzÞ ¼ ft A ½r;T � : kuðtþ oÞ � uðtÞkY b dg:

then ~MMT ; dðzÞHMT ; dðzÞ and limT!y
1

T
mesðMT ; dðzÞÞ ¼ 0 by Lemma 3.4.

So

1

T

ðT
r

sup
t A ½t�r; t�

k f ðt; uðtþ oÞÞ � f ðt; uðtÞÞk dtð3:4Þ

a
1

T

ð
~MMT ; dðzÞ

sup
t A ½t�r; t�

k f ðt; uðtþ oÞÞ � f ðt; uðtÞÞk dt

þ 1

T

ð
½r;T �n ~MMT ; dðzÞ

sup
t A ½t�r; t�

k f ðt; uðtþ oÞÞ � f ðt; uðtÞÞk dt

a
kFky
T

mesð ~MMT ; dðzÞÞ þ
e

T

ðT
r

Lf ðtÞ dt

a
kFky
T

mesðMT ; dðzÞÞ þ
e

T

X½T �

k¼0

ð kþ1

k

Lf ðtÞ dt

a
kFky
T

mesðMT ; dðzÞÞ þ
e

T

X½T �

k¼0

ð kþ1

k

Lf ðtÞp dt
� �1=p

a
kFky
T

mesðMT ; dðzÞÞ þ
½T � þ 1

T
kLf kS pe;

where kFky :¼ supt ARþkFðtÞk.
For T bLe, by (3.4), one has
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1

T

ðT
r

sup
t A ½t�r; t�

k f ðtþ o; uðtþ oÞÞ � f ðt; uðtÞÞk dt

a
1

T

ðT
r

sup
t A ½t�r; t�

k f ðtþ o; uðtþ oÞÞ � f ðt; uðtþ oÞÞk dt

þ 1

T

ðT
r

sup
t A ½t�r; t�

k f ðt; uðtþ oÞÞ � f ðt; uðtÞÞk dt

a eþ kFky
T

mesðMT ; dðzÞÞ þ
½T � þ 1

T
kLf kS pe;

Due to the arbitrariness of e, one has

lim
T!y

1

T

ðT
r

sup
t A ½t�r; t�

k f ðtþ o; uðtþ oÞÞ � f ðt; uðtÞÞk dt ¼ 0;

implies that hð�Þ A PSAPo; rðRþ;XÞ. r

Lemma 3.5. Let u A BCð½�r;yÞ;XÞ and assume that uj½0;yÞ A
PSAPo; rðRþ;XÞ, then ut A PSAPo; rðRþ;CÞ.

Proof. Note that

1

T

ðT
r

sup
t A ½t�r; t�

kutþo � utkC dt

a
1

T

ðT
r

sup
t A ½t�r; t�

sup
y A ½�r;0�

kuðtþ oþ yÞ � uðtþ yÞk
 !

dt

a
1

T

ðT
r

sup
t A ½t�2r; t�

kuðtþ oÞ � uðtÞk dt

a
1

T

ðT
r

sup
t A ½t�2r; t�r�

kuðtþ oÞ � uðtÞk dtþ 1

T

ðT
r

sup
t A ½t�r; t�

kuðtþ oÞ � uðtÞk dt

¼ 1

T

ðT�r

0

sup
t A ½t�r; t�

kuðtþ oÞ � uðtÞk dtþ 1

T

ðT
r

sup
t A ½t�r; t�

kuðtþ oÞ � uðtÞk dt

¼ 1

T

ð r
0

sup
t A ½t�r; t�

kuðtþ oÞ � uðtÞk dtþ 1

T

ðT�r

r

sup
t A ½t�r; t�

kuðtþ oÞ � uðtÞk dt

þ 1

T

ðT
r

sup
t A ½t�r; t�

kuðtþ oÞ � uðtÞk dt

a
1

T

ð r
0

sup
t A ½t�r; t�

kuðtþ oÞ � uðtÞk dtþ 2

T

ðT
r

sup
t A ½t�r; t�

kuðtþ oÞ � uðtÞk dt;
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By uj½0;yÞ A PSAPo; rðRþ;XÞ, it is easy to see that

lim
T!y

1

T

ðT
r

sup
t A ½t�r; t�

kutþo � utkC dt ¼ 0:

Hence ut A PSAPo; rðRþ;CÞ. The proof is complete. r

Lemma 3.6. Let fSðtÞgtb0 HLðX Þ be a strongly continuous family of
bounded and linear operators such that kSðtÞka fðtÞ, t A Rþ, where f A L1ðRþÞ
is nonincreasing. If f A PSAPo; rðRþ;X Þ, then

ðL f ÞðtÞ :¼
ð t
0

Sðt� sÞ f ðsÞ ds A PSAPo; rðRþ;X Þ; t A Rþ:

Proof. Note that

ðL f Þðtþ oÞ � ðL f ÞðtÞ ¼
ðo
0

Sðtþ o� sÞ f ðsÞ dsþ
ð t
0

Sðt� sÞ½ f ðsþ oÞ � f ðsÞ� ds

:¼ IðtÞ þ JðtÞ;

where

IðtÞ ¼
ðo
0

Sðtþ o� sÞ f ðsÞ ds; JðtÞ ¼
ð t
0

Sðt� sÞ½ f ðsþ oÞ � f ðsÞ� ds:

Since

1

T

ðT
r

sup
t A ½t�r; t�

kIðtÞk dta
1

T

ðT
r

sup
t A ½t�r; t�

ðo
0

fðtþ o� sÞk f ðsÞk ds

� �
dt

a
1

T

ðT
r

sup
t A ½t�r; t�

fðtÞ
ðo
0

k f ðsÞk ds

� �
dt

a
1

T

ðT
r

fðt� rÞ
ðo
0

k f ðsÞk ds

� �
dt

¼ 1

T

ðT�r

0

fðtÞ dt �
ðo
0

k f ðsÞk ds

� �

a
kfkL1

T

ðo
0

k f ðsÞk ds

� �
! 0; T ! y;

then

lim
T!y

1

T

ðT
r

sup
t A ½t�r; t�

kIðtÞk dt ¼ 0:ð3:5Þ
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Next, we will prove that

lim
T!y

1

T

ðT
r

sup
t A ½t�r; t�

kJðtÞk dt ¼ 0:ð3:6Þ

Since f A PSAPo; rðRþ;XÞ, f A PSAPoðRþ;X Þ by Lemma 3.1, then

lim
T!y

1

T

ðT
0

k f ðtþ oÞ � f ðtÞk dt ¼ 0:

lim
T!y

1

T

ðT
r

sup
t A ½t�r; t�

k f ðtþ oÞ � f ðtÞk dt ¼ 0:

Define

jTðsÞ :¼
1

T

ðT�s

0

k f ðtþ oÞ � f ðtÞk dt; s A Rþ;

then jT ðsÞ is decreasing on Rþ and

lim
T!y

jTð0Þ ¼ lim
T!y

1

T

ðT
0

k f ðtþ oÞ � f ðtÞk dt ¼ 0:

Moreover,

1

T

ðT
r

sup
t A ½t�r; t�

kJðtÞk dta
1

T

ðT
r

sup
t A ½t�r; t�

ð t
0

kSðt� sÞk k f ðsþ oÞ � f ðsÞk ds

� �
dt

a
1

T

ðT
r

sup
t A ½t�r; t�

ð t
0

fðt� sÞk f ðsþ oÞ � f ðsÞk ds

� �
dt

¼ 1

T

ðT
r

sup
t A ½t�r; t�

ð t�r

0

fðt� sÞk f ðsþ oÞ � f ðsÞk ds

� �
dt

þ 1

T

ðT
r

sup
t A ½t�r; t�

ð t
t�r

fðt� sÞk f ðsþ oÞ � f ðsÞk ds

� �
dt

:¼ J1ðTÞ þ J2ðTÞ;

where

J1ðTÞ ¼ 1

T

ðT
r

sup
t A ½t�r; t�

ð t�r

0

fðt� sÞk f ðsþ oÞ � f ðsÞk ds

� �
dt;

J2ðTÞ ¼ 1

T

ðT
r

sup
t A ½t�r; t�

ð t
t�r

fðt� sÞk f ðsþ oÞ � f ðsÞk ds

� �
dt:
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From Fubini’s theorem and f is nonincreasing, one has

J1ðTÞ ¼ 1

T

ðT
r

ð t�r

0

sup
t A ½t�r; t�

fðt� sÞk f ðsþ oÞ � f ðsÞk ds

 !
dt

a
1

T

ðT
r

ð t�r

0

fðt� r� sÞk f ðsþ oÞ � f ðsÞk ds

� �
dt

¼ 1

T

ðT
r

ð t�r

0

fðsÞk f ðt� r� sþ oÞ � f ðt� r� sÞk ds

� �
dt

¼ 1

T

ðT
r

ð t
r

fðs� rÞk f ðt� sþ oÞ � f ðt� sÞk ds

� �
dt

¼ 1

T

ðT
r

fðs� rÞ
ðT
s

k f ðt� sþ oÞ � f ðt� sÞk dt

� �
ds

¼
ðT
r

fðs� rÞ 1

T

ðT�s

0

k f ðtþ oÞ � f ðtÞk dt

� �
ds

¼
ðT
r

fðs� rÞjT ðsÞ ds

a

ðT
r

fðs� rÞjTð0Þ ds

a jTð0ÞkjkL1 ! 0; T ! y:

By f A PSAPo; rðRþ;XÞ, one has

J2ðTÞ ¼ 1

T

ðT
r

sup
t A ½t�r; t�

ð t
t�r

fðt� sÞk f ðsþ oÞ � f ðsÞk ds

� �
dt

a
1

T

ðT
r

fð0Þ sup
t A ½t�r; t�

ð t
t�r

k f ðsþ oÞ � f ðsÞk ds

� �
dt

a
fð0Þ
T

ðT
r

ð t
t�r

k f ðsþ oÞ � f ðsÞk ds

� �
dt

a
fð0Þ
T

ðT
r

ð t
t�r

sup
s A ½t�r; t�

k f ðsþ oÞ � f ðsÞk ds

 !
dt

a
rfð0Þ
T

ðT
r

sup
s A ½t�r; t�

k f ðsþ oÞ � f ðsÞk dt ! 0; T ! y:

So (3.6) holds.
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By (3.5), (3.6), one has

lim
T!y

1

T

ðT
r

sup
t A ½t�r; t�

kðL f Þðtþ oÞ � ðL f ÞðtÞk dt ¼ 0;

which means that Lf A PSAPo; rðRþ;XÞ: The proof is complete. r

4. Fractional di¤erential equations with delay

In this section, we establish some su‰cient criteria for the existence and
uniqueness of PSAPo; r solutions for (1.1).

We adopt the following concept of mild solution.

Definition 4.1 [14]. Suppose 0 < aa ba 1, m > 0. A function u A
Cð½�r;yÞ;X Þ is said to be a mild solution of (1.1) if u0 ¼ j1, u 0

0 ¼ j2 and
for t A Rþ,

uðtÞ ¼ Sa;bðtÞj1ð0Þ þ ðg1 � Sa;bÞðtÞj2ð0Þð4:1Þ

þ mðg1þa�b � Sa;bÞðtÞj1ð0Þ þ
ð t
0

Sa;bðt� sÞ f ðs; usÞ ds:

To establish our results, we introduce the following conditions:
ðH1Þ A is an ~oo-sectorial operator of angle bp=2 with ~oo < 0.
ðH2Þ f A PSAPo; rðRþ � C;XÞ.
ðH31Þ f satisfies the Lipschitz condition

k f ðt; fÞ � f ðt;cÞkaLf kf� ckC; f;c A C; t A Rþ:

where Lf > 0 is a constant.
ðH32Þ f satisfies the Lipschitz condition

k f ðt; fÞ � f ðt;cÞkaLf ðtÞkf� ckC; f;c A C; t A Rþ;

where Lf A BSpðRþ;RþÞ, pb 1.
ðH33Þ f satisfies the Lipschitz condition

k f ðt; fÞ � f ðt;cÞkaLf ðtÞkf� ckC; f;c A C; t A Rþ;

where Lf A BSpðRþ;RþÞVL1ðRþ;RþÞ, pb 1.

Theorem 4.1. Assume that ðH1Þ, ðH2Þ, ðH31Þ hold, then (1.1) has a unique
mild solution uðtÞ A PSAPo; rðRþ;XÞ if CLf < 1, where C is the constant defined in
Theorem 2.1.

Proof. By Theorem 2.1, A generates a uniformly integrable ða; bÞm-
regularized family Sa;bðtÞ on Banach space X . Let B ¼ fu : ½�r;yÞ ! X ju0
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¼ j1; u
0
0 ¼ j2; uj½0;yÞ A PSAPo; rðRþ;X Þg endowed with the metric dðu; vÞ ¼

ku� vkCðRþ;XÞ and let F : B ! B be the map defined by ðFuÞ0 ¼ j1,
ðFuÞ00 ¼ j2 and

ðFuÞðtÞ ¼ Sa;bðtÞj1ð0Þ þ ðg1 � Sa;bÞðtÞj2ð0Þ þ mðg1þa�b � Sa;bÞðtÞj1ð0Þð4:2Þ

þ
ð t
0

Sa;bðt� sÞ f ðs; usÞ ds; t A Rþ:

Let u A B be given,
(i) limt!ykSa;bðtÞj1ð0Þk ¼ 0 by (2.2), so Sa;bðtÞj1ð0Þ A C0ðRþ;X ÞH

PSAPo; rðRþ;XÞ.
(ii) By (2.2), one has supt>tktSa;bðtÞk < y for each t > 0. Since A is an

~oo-sectorial of angle bp=2, then kŜSa;bðlÞk ! 0 as l ! 0. Thus, by
the Hardy-Littlewood theorem (Theorem 2.2), we conclude that
limt!ykðg1 � Sa;bÞðtÞk ¼ 0: Hence ðg1 � Sa;bÞðtÞj2ð0Þ A C0ðRþ;X ÞH
PSAPo; rðRþ;XÞ.

(iii) Let 0 < e < b � a, then

kg1þa�b � Sa;bðtÞk

¼
ð t
0

g1þa�bðt� tÞSa;bðtÞ dt
����

����
¼ Gðb � a� eÞ

ð t
0

g1þa�bðt� tÞgb�a�eðtÞta�bþeþ1Sa;bðtÞ dt
����

����
aGðb � a� eÞ

ð t
0

g1þa�bðt� tÞgb�a�eðtÞta�bþeþ1kSa;bðtÞk dt;

By (2.2), one has

Gðb � a� eÞta�bþeþ1kSa;bðtÞka
~MMta�bþeþ1

1þ j ~oojtaþ1
¼

~MMt�bþe

1

taþ1
þ j ~ooj

; t > 0;

where ~MM is a constant. Since e < b, there exists a constant ~CC > 0 such
that

Gðb � a� eÞta�bþeþ1kSa;bðtÞka ~CC:

Therefore,

kg1þa�b � Sa;bðtÞka ~CC

ð t
0

g1þa�bðt� tÞgb�a�eðtÞ dt

¼ ~CCg1�eðtÞ ¼
~CCt�e

Gð1� eÞ ;

which shows that kg1þa�b � Sa;bðtÞk ! 0 as t ! y. Therefore, g1þa�b �
Sa;b A PSAPo; rðRþ;XÞ:
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(iv) For u A PSAPo; rðRþ;XÞ, us A PSAPo; rðRþ;CÞ by Lemma 3.5. It is
not di‰cult to see that f ðs; usÞ A PSAPo; rðRþ;XÞ by Theorem 3.1. By
Theorem 2.1, Lemma 3.6, one hasð t

0

Sa;bðt� sÞ f ðs; usÞ ds A PSAPo; rðRþ;XÞ:

By (i)–(iv), Fu A B, so F is well defined.
Moreover, let u; v A B, one has

kðFuÞðtÞ � ðFvÞðtÞka
ð t
0

kSa;bðt� sÞk k f ðs; usÞ � f ðs; vsÞk ds

aLf ku� vk �
ð t
0

C

1þ j ~ooj½ðt� sÞaþ1 þ mðt� sÞb�
ds

aCLf ku� vk;

which implies that

dðFu;FvÞaCLf dðu; vÞ:

By the Banach contraction mapping principle, F has a unique fixed point in B,
which is the unique PSAPo; r mild solution of (1.1). r

Theorem 4.2. Assume that ðH1Þ, ðH2Þ, ðH32Þ hold and

C 1þ j ~ooj�1=ðaþ1Þp

ðaþ 1Þ sinðp=ðaþ 1ÞÞ

 !
kLf kS p < 1;

then (1.1) has a unique mild solution uðtÞ A PSAPo; rðRþ;XÞ.

Proof. Define the operator F as in (4.2), it is easy to see that f ðs; usÞ A
PSAPo; rðRþ;XÞ by Theorem 3.2 and F is well defined similarly as the proof of
Theorem 4.1.

For u; v A B, one has

kðFuÞðtÞ � ðFvÞðtÞka
ð t
0

kSa;bðt� sÞk k f ðs; usÞ � f ðs; vsÞk ds

a ku� vk �
ð t
0

CLf ðsÞ
1þ j ~ooj½ðt� sÞaþ1 þ mðt� sÞb�

ds

a ku� vk �
ð t
0

CLf ðsÞ
1þ j ~oojðt� sÞaþ1

ds;

� If t ¼ m A N, in this case
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ð t
0

1

1þ j ~oojðt� sÞaþ1
Lf ðsÞ dsð4:3Þ

¼
ðm
0

1

1þ j ~oojðm� sÞaþ1
Lf ðsÞ ds

¼
Xm�1

k¼0

ð kþ1

k

1

1þ j ~oojðm� sÞaþ1
Lf ðsÞ ds

a
Xm�1

k¼0

1

1þ j ~oojðm� k � 1Þaþ1

ð kþ1

k

Lf ðsÞ ds

a
Xm�1

k¼0

1

1þ j ~oojðm� k � 1Þaþ1

ð kþ1

k

Lf ðsÞp ds
� �1=p

a 1þ
ð1
0

þ
ð2
1

þ � � � þ
ðm�1

m�2

� �
1

1þ j ~oojtaþ1
dt

� �
kLf kS p

a 1þ
ðy
0

1

1þ j ~oojtaþ1
dt

� �
kLf kS p

a 1þ j ~ooj�1=ðaþ1Þ
p

ðaþ 1Þ sinðp=ðaþ 1ÞÞ

 !
kLf kS p ;

� If t ¼ m� h, where 0 < h < 1. In this general case,ð t
0

1

1þ j ~oojðt� sÞaþ1
Lf ðsÞ ds ¼

ðm�h

0

1

1þ j ~oojðm� h� sÞaþ1
Lf ðsÞ ds

¼
ðm
h

1

1þ j ~oojðm� sÞaþ1
Lf ðs� hÞ ds

¼
ðm
0

1

1þ j ~oojðm� sÞaþ1
~LLf ðsÞ ds

a 1þ j ~ooj�1=ðaþ1Þp

ðaþ 1Þ sinðp=ðaþ 1ÞÞ

 !
k~LLf kS p ;

where ~LLf is defined by

~LLf ðsÞ ¼
0; 0a s < h;

Lf ðs� hÞ; sb h;

�

then k~LLf kS p ¼ kLf kS p . So we infer thatð t
0

1

1þ j ~oojðt� sÞaþ1
Lf ðsÞ dsa 1þ j ~ooj�1=ðaþ1Þp

ðaþ 1Þ sinðp=ðaþ 1ÞÞ

 !
kLf kS pð4:4Þ
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By (4.3), (4.4), one has

kðFuÞðtÞ � ðFvÞðtÞkaC 1þ j ~ooj�1=ðaþ1Þp

ðaþ 1Þ sinðp=ðaþ 1ÞÞ

 !
kLf kS p � ku� vk;

so

dðFu;FvÞaC 1þ j ~ooj�1=ðaþ1Þp

ðaþ 1Þ sinðp=ðaþ 1ÞÞ

 !
kLf kS p � dðu; vÞ:

By the Banach contraction mapping principle, F has a unique fixed point in B,
which is the unique PSAPo; r mild solution of (1.1). r

Theorem 4.3. Assume that ðH1Þ, ðH2Þ, ðH33Þ hold, then (1.1) has a unique
mild solution uðtÞ A PSAPo; rðRþ;X Þ.

Proof. Define the operator F as in (4.2). Let u; v A B, one has

kðFuÞðtÞ � ðFvÞðtÞka
ð t
0

kSa;bðt� sÞk k f ðs; usÞ � f ðs; vsÞk ds

a ku� vk �
ð t
0

CLf ðsÞ
1þ j ~ooj½ðt� sÞaþ1 þ mðt� sÞb�

ds

aC

ð t
0

Lf ðsÞ ds � ku� vk

aCkLf kL1 � ku� vk:

Similarly,

kðF2uÞðtÞ � ðF2vÞðtÞka
ð t
0

CLf ðsÞ
1þ j ~ooj½ðt� sÞaþ1 þ mðt� sÞb�

kðFuÞðsÞ � ðFvÞðsÞk ds

aC

ð t
0

Lf ðsÞkðFuÞðsÞ � ðFvÞðsÞk ds

aC2ku� vk
ð t
0

Lf ðsÞ
ð s
0

Lf ðtÞ dt
� �

ds

¼ C2ku� vk
ð t
0

ð s
0

Lf ðtÞ dt
� �

d

ð s
0

Lf ðtÞ dt
� �

a
C2

2!
ku� vk

ð t
0

Lf ðtÞ dt
� �2

a
ðCkLf kL1Þ2

2!
ku� vk:
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By the method of mathematical induction, we have

kðFnuÞðtÞ � ðFnvÞðtÞka Cn

n!
ku� vk

ð t
0

Lf ðtÞ dt
� �n

:

Moreover, since Lf ðtÞ A L1ðRþ;RþÞ,

kðFnuÞðtÞ � ðFnvÞðtÞka ðCkLf kL1Þn

n!
ku� vk;

which implies that

dðFnu;FnvÞa ðCkLf kL1Þn

n!
dðu; vÞ:

For su‰ciently large n, we have ðCkLf kL1Þn=n! < 1, by the Banach contraction
mapping principle, F has a unique fixed point in B, which is the unique
PSAPo; r mild solution of (1.1). r

5. Example

Consider the following fractional partial di¤erential equation with delay

Daþ1
t uðt; xÞ þ mD

b
t uðt; xÞð5:1Þ

¼ q2

qx2
uðt; xÞ � duðt; xÞ þ aðtÞ

ð0
�1

bðsÞ sin½uðtþ s; xÞ� ds;

where t A Rþ, x A ½0; 1�, 0 < aa ba 1, m > 0, d > 0, aðtÞ A PSAPo;1ðRþ;RÞ, with
initial and zero boundary conditions.

Let X ¼ ðL2ð½0; 1�;RÞ; k � kL2Þ and define the operator A on X by

Au ¼ q2

qx2
u� du

with

DðAÞ ¼ fu A L2ð½0; 1�;RÞ : u 00 A L2½0; 1�; uð0Þ ¼ uð1Þ ¼ 0g;
and

f ðt; jÞðxÞ ¼ aðtÞ
ð0
�1

bðsÞ sin½jðsÞðxÞ� ds; t A Rþ; j A Cð½�1; 0�;X Þ; x A ½0; 1�:

It is well know that A is a ~oo-sectorial operator with ~oo ¼ �d < 0 and angle
p=2 (and hence of angle bp=2 with ba 1) [14]. (5.1) can be rewritten as an
abstract system of the form (1.1), where uðtÞ ¼ uðt; �Þ. In addition, since aðtÞ A
PSAPo;1ðRþ;RÞ and

k f ðt; fÞ � f ðt;cÞka kak
ð 0
�1

jbðsÞj2 ds
� �1=2

kf� ckC; for all f;c A Cð½�1; 0�;X Þ;
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so ðH31Þ holds with Lf 1 kakð
Ð 0
�1 jbðsÞj

2
dsÞ1=2. By Theorem 4.1, we conclude

that (5.1) has a unique solution u A PSAPo;1 if CLf < 1.
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