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REMARKS ON SPACE-TIME BEHAVIOR IN THE CAUCHY

PROBLEMS OF THE HEAT EQUATION AND THE CURVATURE

FLOW EQUATION WITH MILDLY OSCILLATING INITIAL VALUES

Hiroki Yagisita

Abstract

We study two initial value problems of the linear di¤usion equation ut ¼ uxx and

the nonlinear di¤usion equation ut ¼ ð1þ u2xÞ
�1
uxx, when Cauchy data uðx; 0Þ ¼ u0ðxÞ

are bounded and oscillate mildly. The latter nonlinear heat equation is the equation of

the curvature flow, when the moving curves are represented by graphs. In the case of

limjxj!þyjxu 0
0ðxÞj ¼ 0, by using an elementary scaling technique, we show

lim
t!þy

juð
ffiffi
t

p
x; tÞ � ðFð�xÞu0ð�

ffiffi
t

p
Þ þ FðþxÞu0ðþ

ffiffi
t

p
ÞÞj ¼ 0

for the linear heat equation ut ¼ uxx, where x A R and FðzÞ :¼ 1

2
ffiffiffi
p

p
ð z
�y

e� y2=4 dy.

Further, by combining with a theorem of Nara and Taniguchi, we have the same result

for the curvature equation ut ¼ ð1þ u2xÞ
�1
uxx. In the case of limjxj!þ0jxu 0

0ðxÞj ¼ 0 and

in the case of supx ARjxu 0
0ðxÞj < þy, respectively, we also give a similar remark for the

linear heat equation ut ¼ uxx.

1. Introduction

In this paper, by using an elementary scaling argument, we study space-time
behavior in the Cauchy problem of the heat equation

utðx; tÞ ¼ uxxðx; tÞ; ðx; tÞ A R� ð0;þyÞ;
uðx; 0Þ ¼ u0ðxÞ; x A R;

�
ð1:1Þ

when the initial values u0ðxÞ are bounded and oscillate mildly. We also study
the Cauchy problem of the nonlinear di¤usion equation

utðx; tÞ ¼
uxxðx; tÞ

1þ ðuxðx; tÞÞ2
; ðx; tÞ A R� ð0;þyÞ;

uðx; 0Þ ¼ u0ðxÞ; x A R;

8<
:ð1:2Þ
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which is the equation of the curvature flow when the moving curves are
represented by graphs.

First, we mention criteria for stabilization of the solution uðx; tÞ to the
Cauchy problem of the heat equation ut ¼ uxx. From [3, 11, 4, 2] (e.g.), we see
the following:

Theorem 1. Let u0 A LyðRÞ and c A R. Then, the solution uðx; tÞ to (1.1)

satisfies limt!þy uðx; tÞ ¼ c if and only if u0ðxÞ satisfies limR!þy
1

2R

ðþR

�R

u0 �

ðxþ yÞ dy ¼ c. Moreover, uðx; tÞ satisfies limt!þy supx ARjuðx; tÞ � cj ¼ 0 if and

only if u0ðxÞ satisfies limR!þy supx AR
1

2R

ðþR

�R

u0ðxþ yÞ dy� c

����
����¼ 0.

On the other hand, Collet and Eckmann [1] gave a simple example of a bounded
initial value u0ðxÞ where the solution uðx; tÞ to (1.1) oscillates forever as
t ! þy:

Example. Let a function u0 A LyðRÞ with ku0kLyðRÞ ¼ 1 satisfy u0ðGxÞ ¼
ð�1Þn for all x A ½n!þ 2n; ðnþ 1Þ!� 2nþ1� when n ¼ 5; 6; 7; . . . . Then, the solu-
tion uðx; tÞ to (1.1) satisfies

lim
n!y

sup
ðx; tÞ A ½�L;þL�2

juðx; tþ ðnþ 1Þðn!Þ2Þ � ð�1Þnj ¼ 0

for all L > 0.

See also Krzyżański [5] for another example. So, the large-time behavior of a
solution uðx; tÞ to (1.1) with a bounded initial value u0ðxÞ may be complex.
Indeed, Vázquez and Zuazua [13] showed the general behavior is very complex:

Theorem 2. (i) Let u0 A LyðRÞ. Then, the set of accumulation points in
Ly
locðRÞ of fðestu0Þð

ffiffi
t

p
� Þgt>0 as t ! þy coincides with the set fðesfÞð � Þ j f A Ag,

where A is the set of accumulation points of fu0ðl � Þgl>0 as l ! þy in the weak-
star topology sðLy;L1Þ.

(ii) Let c > 0 and Bc ¼ f f A LyðRÞ j k f kLy a cg. Let Mc be the set of
f A Bc such that the set of accumulation points of f f ðl � Þgl>0 as l ! þy in the
weak-star topology sðLy;L1Þ is Bc. Then, Mc is dense with empty interior in Bc

with the weak-star topology sðLy;L1Þ.

They also showed the general behavior in a number of evolution equations on
RN is complex. However, the behavior may be rather simple, if the initial
value oscillates mildly. In this paper, we prove the following, which is a remark
on the long-time behavior in the Cauchy problem (1.1) when the initial value
u0ðxÞ A LyðRÞVC 1ðRnf0gÞ satisfies limjxj!þyjxu 0

0ðxÞj ¼ 0:
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Theorem 3. Let u0 A LyðRÞVC1ðRnf0gÞ and limjxj!þyjxu 0
0ðxÞj ¼ 0.

Then, the solution uðx; tÞ to (1.1) satisfies

lim
t!þy

sup
x A ½�L;þL�

juð
ffiffi
t

p
x; tÞ � ðFð�xÞu0ð�

ffiffi
t

p
Þ þ FðþxÞu0ðþ

ffiffi
t

p
ÞÞj ¼ 0

for all L > 0, where F ðzÞ :¼ 1

2
ffiffiffi
p

p
ð z
�y

e�y2=4 dy.

Corollary 4. Let u0 A LyðRÞVC1ðRnf0gÞ and limjxj!þyjxu 0
0ðxÞj ¼ 0.

Then, the set of accumulation points in Ly
locðRÞ of fðestu0Þð

ffiffi
t

p
� Þgt>0 as

t ! þy coincides with the set faFð� � Þ þ bFðþ� Þ j ða; bÞ A Ag, where FðzÞ :¼
1

2
ffiffiffi
p

p
ð z
�y

e�y2=4 dy and A is the set of accumulation points in R2 of fðu0ð�lÞ;

u0ðþlÞÞgl>0 as l ! þy.

We also prove the following two:

Proposition 5. Let u0 A LyðRÞVC1ðRnf0gÞ and limjxj!þ0jxu 0
0ðxÞj ¼ 0.

Then, the solution uðx; tÞ to (1.1) satisfies

lim
t!þ0

sup
x A ½�L;þL�

juð
ffiffi
t

p
x; tÞ � ðF ð�xÞu0ð�

ffiffi
t

p
Þ þ FðþxÞu0ðþ

ffiffi
t

p
ÞÞj ¼ 0

for all L > 0, where F ðzÞ :¼ 1

2
ffiffiffi
p

p
ð z
�y

e�y2=4 dy.

Proposition 6. Let u0 A C1ðRnf0gÞ and supx ARnf0gjxu 0
0ðxÞj < þy. Then,

the solution uðx; tÞ to (1.1) satisfies

juð
ffiffi
t

p
x; tÞ � ðFð�xÞu0ð�

ffiffi
t

p
Þ þ FðþxÞu0ðþ

ffiffi
t

p
ÞÞj

aGð�xÞ sup
y<0

jyu 0
0ðyÞj

 !
þ GðþxÞ sup

y>0
jyu 0

0ðyÞj
 !

for all ðx; tÞ A R� ð0;þyÞ, where F ðzÞ :¼ 1

2
ffiffiffi
p

p
ð z
�y

e�y2=4 dy and GðzÞ :¼
1

2
ffiffiffi
p

p
ðþy

0

e�ðz�yÞ2=4jlog yj dy.

Remark 1. (i) Let ða; bÞ A R2 and

u0ðxÞ ¼
a ðx < 0Þ;
b ðx > 0Þ:

�

Then, the solution uðx; tÞ to (1.1) satisfies

uð
ffiffi
t

p
x; tÞ ¼ aFð�xÞ þ bFðþxÞ

for all ðx; tÞ A R� ð0;þyÞ, where FðzÞ :¼ 1

2
ffiffiffi
p

p
ð z
�y

e�y2=4 dy.
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(ii) Let u1ðxÞ ¼ f1ðlogð�xÞÞ and u2ðxÞ ¼ f2ðlogðþxÞÞ. Then, xu 0
1ðxÞ ¼

f 0
1ðlogð�xÞÞ and xu 0

2ðxÞ ¼ f 0
2ðlogðþxÞÞ.

(iii) Let uðx; tÞ be the solution to (1.1). Then, the function

vðx; tÞ :¼ uðet=2x; etÞ
is the solution to

vtðx; tÞ ¼ vxxðx; tÞ þ
x

2
vxðx; tÞ; ðx; tÞ A R2;

vðx; 0Þ ¼ ðesu0ÞðxÞ; x A R:

8<
:

(iv) Because of (ii), (iii), Theorem 3 and Proposition 5, if two functions
a A LyðRÞVC1ðRÞ and b A LyðRÞVC1ðRÞ satisfy

lim
t!Gy

ja 0ðtÞj ¼ lim
t!Gy

jb 0ðtÞj ¼ 0;

then the solution vðx; tÞ to the equation

vtðx; tÞ ¼ vxxðx; tÞ þ
x

2
vxðx; tÞ

with the initial data

vðx; 0Þ ¼ 1

2
ffiffiffi
p

p
ð0
�y

e�ðx�yÞ2=4aðlogðy2ÞÞ dyþ 1

2
ffiffiffi
p

p
ðþy

0

e�ðx�yÞ2=4bðlogðy2ÞÞ dy

satisfies

lim
t!Gy

sup
x A ½�L;þL�

jvðx; tÞ � ðaðtÞFð�xÞ þ bðtÞFðþxÞÞj ¼ 0

for all L > 0, where F ðzÞ :¼ 1

2
ffiffiffi
p

p
ð z
�y

e�y2=4 dy.

Nara and Taniguchi [9] showed that the di¤erence between the solution to the
heat equation (1.1) and that to the curvature flow equation (1.2) with the same
initial value is of order Oðt�1=2Þ as t ! þy. Precisely, they given the following
theorem:

Theorem 7. Let e > 0. Suppose u0 A C2ðRÞ satisfies supx ARðju0ðxÞj þ

ju 0
0ðxÞj þ ju 00

0 ðxÞjÞ < þy and supx1;x2 AR;x10x2

ju 00
0 ðx1Þ � u 00

0 ðx2Þj
jx1 � x2je

< þy. Then, the

maximum interval of existence of the classical solution uðx; tÞ to (1.2) is ½0;þyÞ
and the solution uðx; tÞ satisfies

sup
t>0;x AR

t1=2 uðx; tÞ � 1

2
ffiffiffiffiffi
pt

p
ðþy

�y
e�ðx�yÞ2=4tu0ðyÞ dy

����
����< þy:

Therefore, by combining it with Theorem 3, we have the following remark on the
long-time behavior in the Cauchy problem (1.2):
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Corollary 8. Let e > 0. Suppose u0 A C2ðRÞ satisfies supx ARðju0ðxÞj þ

ju 0
0ðxÞj þ ju 00

0 ðxÞjÞ < þy, supx1;x2 AR;x10x2

ju 00
0 ðx1Þ � u 00

0 ðx2Þj
jx1 � x2je

< þy and

limjxj!þyjxu 0
0ðxÞj ¼ 0. Then, the solution uðx; tÞ to (1.2) satisfies

lim
t!þy

sup
x A ½�L;þL�

juð
ffiffi
t

p
x; tÞ � ðFð�xÞu0ð�

ffiffi
t

p
Þ þ FðþxÞu0ðþ

ffiffi
t

p
ÞÞj ¼ 0

for all L > 0, where F ðzÞ :¼ 1

2
ffiffiffi
p

p
ð z
�y

e�y2=4 dy.

Nara [8] showed that the di¤erence between the solution to the heat equation
on RN and that to the mean curvature flow equation on RN with the same
initial value is of order Oðt�1=2Þ as t ! þy, when the initial value is radially
symmetric. See [12, 6] for the di¤erence between the behavior of a disturbed
planar front in a bistable reaction-di¤usion equation and that of a mean curva-
ture flow with a drift term. See [10, 14, 12, 7] for other nontrivial large-time
behaviors in nonlinear di¤usion equations.

2. Proof

Lemma 9. The solution uðx; tÞ to (1.1) satisfies

sup
x A ½�L;þL�

juð
ffiffi
t

p
x; tÞ � ðaF ð�xÞ þ bFðþxÞÞj

a
1

2
ffiffiffi
p

p
ðþy

0

rLðzÞðju0ð�
ffiffi
t

p
zÞ � aj þ ju0ðþ

ffiffi
t

p
zÞ � bjÞ dz

for all ðL; tÞ A ð0;þyÞ2 and ða; bÞ A R2, where rLðzÞ :¼ supz0 A ½�L;þL� e
�ðz�z0Þ2=4.

Proof. From

uð
ffiffi
t

p
x; tÞ ¼ 1

2
ffiffiffi
p

p
ðþy

�y
e�ðx�yÞ2=4u0ð

ffiffi
t

p
yÞ dy

¼ 1

2
ffiffiffi
p

p
ðþy

0

e�ðxþzÞ2=4u0ð�
ffiffi
t

p
zÞ dzþ 1

2
ffiffiffi
p

p
ðþy

0

e�ðx�zÞ2=4u0ðþ
ffiffi
t

p
zÞ dz;

we see

uð
ffiffi
t

p
x; tÞ � ðaF ð�xÞ þ bF ðþxÞÞ ¼ 1

2
ffiffiffi
p

p
ðþy

0

e�ðz�ð�xÞÞ2=4ðu0ð�
ffiffi
t

p
zÞ � aÞ dz

þ 1

2
ffiffiffi
p

p
ðþy

0

e�ðz�ðþxÞÞ2=4ðu0ðþ
ffiffi
t

p
zÞ � bÞ dz:

So, we have the conclusion. 9
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Lemma 10. Let u0 A C 1ðRnf0gÞ and a > 0. Then, limjxj!þyjxu 0
0ðxÞj ¼ 0

implies limjsj!þyju0ðsaÞ � u0ðsÞj ¼ 0. Also, limjxj!þ0jxu 0
0ðxÞj ¼ 0 implies

limjsj!þ0ju0ðsaÞ � u0ðsÞj ¼ 0.

Proof. We see

ju0ðsaÞ � u0ðsÞj ¼
ð a
1

su 0
0ðszÞ dz

����
����a aþ 1

a

� �
sup

minfa;1=agajzjamaxfa;1=ag
jsu 0

0ðszÞj

a aþ 1

a

� �2
sup

minfa;1=agajzjamaxfa;1=ag
jszu 0

0ðszÞj

¼ aþ 1

a

� �2
sup

minfa;1=agjsjajxjamaxfa;1=agjsj
jxu 0

0ðxÞj:

So, we have the conclusion. 9

Proof of Theorem 3 and Proposition 5. We see

ju0ð�
ffiffi
t

p
zÞ � u0ð�

ffiffi
t

p
Þj þ ju0ðþ

ffiffi
t

p
zÞ � u0ðþ

ffiffi
t

p
Þja 4ku0kLyðRÞ

for all t > 0 and z > 0. Hence, because of rL A L1ðð0;þyÞÞ, we have the
conclusions by Lemmas 9 and 10. 9

Remark 2. (i) Let u1ðxÞ ¼ f1ðlogð�xÞÞ, u2ðxÞ ¼ f2ðlogðþxÞÞ and a > 0.
Then, limjzj!þyjf1ðzþ log aÞ � f1ðzÞj ¼ 0 implies lims!�yju1ðsaÞ � u1ðsÞj ¼ 0
and lims!�0ju1ðsaÞ � u1ðsÞj ¼ 0. Also, limjzj!þyjf2ðzþ log aÞ � f2ðzÞj ¼ 0
implies lims!þyju2ðsaÞ � u2ðsÞj ¼ 0 and lims!þ0ju2ðsaÞ � u2ðsÞj ¼ 0.

(ii) Because of (i) and Remark 1 (iii), if two functions a A LyðRÞ and
b A LyðRÞ satisfy

lim
t!Gy

jaðtþ bÞ � aðtÞj ¼ lim
t!Gy

jbðtþ bÞ � bðtÞj ¼ 0

for all b A R, then the solution vðx; tÞ to the equation

vtðx; tÞ ¼ vxxðx; tÞ þ
x

2
vxðx; tÞ

with the initial data

vðx; 0Þ ¼ 1

2
ffiffiffi
p

p
ð0
�y

e�ðx�yÞ2=4aðlogðy2ÞÞ dyþ 1

2
ffiffiffi
p

p
ðþy

0

e�ðx�yÞ2=4bðlogðy2ÞÞ dy

satisfies

lim
t!Gy

sup
x A ½�L;þL�

jvðx; tÞ � ðaðtÞFð�xÞ þ bðtÞFðþxÞÞj ¼ 0

for all L > 0, where F ðzÞ :¼ 1

2
ffiffiffi
p

p
ð z
�y

e�y2=4 dy.
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Proof of Proposition 6. From

uð
ffiffi
t

p
x; tÞ � ðFð�xÞu0ð�

ffiffi
t

p
Þ þ F ðþxÞu0ðþ

ffiffi
t

p
ÞÞ

¼ 1

2
ffiffiffi
p

p
ðþy

0

e�ðxþzÞ2=4ðu0ð�
ffiffi
t

p
zÞ � u0ð�

ffiffi
t

p
ÞÞ dz

þ 1

2
ffiffiffi
p

p
ðþy

0

e�ðx�zÞ2=4ðu0ðþ
ffiffi
t

p
zÞ � u0ðþ

ffiffi
t

p
ÞÞ dz

¼ 1

2
ffiffiffi
p

p
ðþy

0

e�ðxþzÞ2=4
ð z
1

ð�
ffiffi
t

p
yÞu 0

0ð�
ffiffi
t

p
yÞ

y
dy

� �
dz

þ 1

2
ffiffiffi
p

p
ðþy

0

e�ðx�zÞ2=4
ð z
1

ðþ
ffiffi
t

p
yÞu 0

0ðþ
ffiffi
t

p
yÞ

y
dy

� �
dz;

we see

juð
ffiffi
t

p
x; tÞ � ðF ð�xÞu0ð�

ffiffi
t

p
Þ þ FðþxÞu0ðþ

ffiffi
t

p
ÞÞj

a
1

2
ffiffiffi
p

p
ðþy

0

e�ðxþzÞ2=4
ð z
1

jð�
ffiffi
t

p
yÞu 0

0ð�
ffiffi
t

p
yÞj

y
dy

����
���� dz

þ 1

2
ffiffiffi
p

p
ðþy

0

e�ðx�zÞ2=4
ð z
1

jðþ
ffiffi
t

p
yÞu 0

0ðþ
ffiffi
t

p
yÞj

y
dy

����
���� dz

a
1

2
ffiffiffi
p

p
ðþy

0

e�ðxþzÞ2=4
ð z
1

sups<0 jsu 0
0ðsÞj

y
dy

����
���� dz

þ 1

2
ffiffiffi
p

p
ðþy

0

e�ðx�zÞ2=4
ð z
1

sups>0 jsu 0
0ðsÞj

y
dy

����
���� dz

¼ sups<0 jsu 0
0ðsÞj

2
ffiffiffi
p

p
ðþy

0

e�ðð�xÞ�zÞ2=4jlog zj dz

þ sups>0 jsu 0
0ðsÞj

2
ffiffiffi
p

p
ðþy

0

e�ððþxÞ�zÞ2=4jlog zj dz:

So, we have the conclusion. 9
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